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ON CENTRAL IDENTITIES EQUIPPED WITH SKEW LIE
PRODUCT INVOLVING GENERALIZED DERIVATIONS

SHAKIR AL, MOHAMMAD SALAHUDDIN KHAN AND MOHAMMED AYEDH

@Sl'ﬂ.ﬁ\(,‘l‘. Let R be a #ring. For any z,y € M, we denote the skew Lie
product of x and y by V[z, y] = zy — yx*. “An additive mapping F : R —
MR 1s called a generalized derivation if there exists a derivation d such that
Flzy) = Flz)y + xd(y) for all 2,y € R. The objective of this paper is to
chracterize generalized derivations and to describe the structure of prime rings
with invelution  involving skew Lie product. In particular, we prove that if ;i
18 a Z-torsion free prime ring with involution = of the second kind and admits
a generalized derivation (F, d) such that \J[;L',_F{;L’]] +v [:L', :L"'] £ Z(M) for all
x € N, then N is commutative or F = Fly, where Iy is the identity mapping
of M. Moreover, some related results are also obtained. Finally, we provide
two examples to prove that the assumed restrictions on our main results are
not superfluous.”
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1. INTRODUCTION

Let R be associative ring and d, F : B — R be additive mappings on .
Recall that d 1s called a derivations if d(zy) = d(z)y + zd(y) holds for all z,y € R.
“An additive mapping F : R — R is said to be left multiplier if F(xy) = F(z)y
holds for all =,y € M. An additive mapping F is called a generalized derivation
if there is a derivation on R satisfying F(xy) = Flz)y + zd(y) for all x,y € R.
The generalized derivation F with an associated derivation d is denoted by (F,d).
Obviously, any derivation is a generalized derivation, but the converse is not true
in general. A significant example is a map of the form F(z) = az + zb for all
x € R, where a and b are fixed elements of 8. Moreover, the concept of generalized
derivations includes both the concepts of derivations and left multipliers. Hence,
the concept of generalized derivation is a natural generalization of the concept of
derivation and left multiplier. Further, generalized derivations have been primarily
studied on operator algebras. Therefore, any investigation from the algebraic point
of view might be interesting (see for example Hvala [10] and Lee [12] where further
references can be looked).

This research is motivated by the recent work’s of Abbasi et al. [1] and Qi-
Zhang [16]. However, our approach is different from those authors [16]. A ring R
with an involution * is called a #-ring or ring with involution. Throughout, we let
R be a ring with involution * and Z(M), the center of the ring R. Moreover, the
sets of all hermitian and skew-hermitian elements of R will be denoted by H(R)
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and S(M), respectively. The involution is called the first kind if Z(R) € H(R),
otherwise S(R) N Z(M) # (0) (see [9] for details). A ring R is said to be 2-torsion
free if 2z = 0 (where = € R) implies » = 0. A ring R is called prime if a®Rb = (0)
(where a,b € R) implies @ = 0 or b = 0. For any =,y € R, the symbol [z, y] will
denote the Lie product zy — yz and the symbol ¥[z,y| will denote the skew Lie
product zy — yx*, where * is an involution on .

In 1995, Bell and Daif [7] showed that if % is a prime ring admitting a nonzero
derivation d such that d([z,y]) = 0 for all z,y € R, then R is commutative. Ali
et al. [5], studied the above mentioned result in the settings of prime rings with
involution by taking r* instead of y. Recently, Alahmadi et al. [2] extended this
result to the class of generalized derivations by proving that: let R be a prime ring
with involution of the second kind such that char(R)# 2. If R admits a generalized
derivation F such that F([z,z*]) = 0 for all x € R, then either F = 0 or R is
commutative. Most recently, Idrissi and Oukhtite [11] studied this problem in more
general setting. In fact, they established the following result: let | be a 2-torsion
free prime ring with involution of the second kind. IfR admits a nonzero generalized
derivation F associated with a derivation d, then M is commutative if and only if
F(lz,z*]) € Z(R) for all x € R (see also [4] and [6] for recent results).

The main purpose of this paper is to study generalized derivations involving skew
Lie product on prime rings with involution. Further, we investigate the impact of
these mappings and describe the structure of prime *-rings which satisfy certain
#-differential identities. In particular, we prove that if R is a 2-torsion free prime
ring with involution * of the second kind and admits a generalized derivation (F, d)
such that V|z, F(z*)] + V[zr,z*] € Z(R) for all z € R, then R is commutative or
F = Fln, where Ifgis the identity mapping of . Moreover, some related results
are also obtained.” In fact, our results extend and unify some recent results proved
by several anthors (viz.; [1], [3] and [13] where further references can be found).
Finally, we provide two examples to prove that the assumed restrictions on our
main results are not superfluous.

2. MAIN RESULTS

We start this section by recalling some useful lemmas which are needed in %
proof of our results.

Lemma 2.1. [1, Lemma 4] “Let R be a prime ring with involution of the sec-
ond kind such that char(R) # 2. If V[z,z*| € Z(R) for all z € R, then N is
commutative.

Lemma 2.2, [14, Lemma 2.2] Let R be a prime ring with involution of the second
kind. Then z o x* € Z(R) for all z € R if and only if R is commutative.

Lemma 2.3. [14, Lemma 2.1] Let R be a prime ring with involution of the second
kind. Then [z, z*] € Z(R) for all x € R il and only if R is commutative.

Lemma 2.4, [15, Lemma 3] Let R be a prime ring and I a nonzero left ideal. If
R admits a nonzero derivation d such that [d(z), z] € Z(R) for all x € I, then R is
commutative.

Now, we begin our discussions with the following theorem.




ON CENTRAL IDENTITIES EQUIPPED WITH SKEW LIE PRODUCT 3

Theorem 2.5. Let R be a 2-torsion free prime ring with involution * of the sec-
ond kind. If M admits a generalized derivation (F,d) such that F(V|z,z*]) €
Z(M) for all x € R, then R is commutative or F =0

Proof. By the assumption, we have

(2.1) F(v[z,z"]) € Z(R) for all z € R.

By linearizing (2.1), we get

(2.2) F(V |z, y*]) + F(V[y,z*]) € Z(R) for all z,y € R.
Replacing « by xh in (2.2), where 0 # h € H(R) N Z(NR), we obtain

(2.3) (F(V[z,y*]) + F(V|y.z*])h + (V[z,y*] + V]y,z*])d(h) € Z(R).
Application of (2.2) gives

(2.4) (V[z,y*] + Y[y, 2*])d(h) € Z(R).

This implies that V[z,y"| + V[y.2*] € Z(R) for all z,y € R or d(h) = 0 for all
h e S(R)NZ(R). Suppose V|z,y* ]+ V[y, "] € Z(R) for all z,y € R. In particular,
for y = x, we have 2V[z,z*| € Z(R) . Since R is 2-torsion free, so V[z, z*| € Z(R)
for all = € M. Therefore, R is commutative by Lemma 2.1.
Now, if d(h) =0 for all h € H{R) N Z(N), then d(k) =0 for all k € S(R) N Z(R).
Thus from (2.2), we have
(2.5) Fley* —y*z*)+ Flyz* —z*y") € Z(M) for all z,y € K.
Replacing = by zk in (2.5), we get

(Floy" +y*a®) — Flyz* — 2*y"))k € Z(R).

The primeness of M yields that

(2.6) Floy* +y'2") — Flyz" —2*y") € Z(R) for all 2,y € R,
Combining (2.5), (2.6) and using the fact that % is 2-torsion free, we obtain
(2.7) Flzy") € Z(MR) for all z,y € K.

Replacing y by h in (2.7), where 0 # h € H(R) N Z(N), we get F(z) € Z(N) for
all z € R. Hence in view of [10, Lemma 3], we conclude that R is commutative or
JF = 0. This completes the proof of the theorem. |

Corollary 2.6. [1, Theorem 2| Let 2 be a 2-torsion free prime ring with involution
* of the second kind. If R admits a nonzero left centralizer T such that 7(V [z, z*]) €
Z(M) for all = € R, then M is commutative.

Corollary 2.7. Let % be a 2-torsion free prime ring with involution * of the second
kind. If R admits generalized derivations (F,d) and (G, g) such that F(¥[z,z*]) £
G(V[z,z*|) € Z(M) for all # € R, then R is commutative or F = FG.

Proof. By the hypothesis, we have
F(V|z,z']) £ G(V[z,z"]) € Z(R) for all z € R.
This implies that
(F£G)(V[r,z"]) € Z(M) for all z € R.
Set H = F = G. Then, we have
H(V[z,z*]) € Z(R) for all x € R.
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Since H = F £ G is generalized derivation of R associated with the derivation d+ g
respectively. Therefore, in view of Theorem 2.5, we conclude that R is commutative

or F = FG. O

Corollary 2.8. [3, Theorem 2.2] Let R be a 2-torsion free prime ring with invo-
lution * of the second kind. If R admits a generalized derivation (F,d) such that

F(V|z,z*]) £ V[z,z*] € Z(R) for all z € R, then R is commutative or F = Fly

where Iy is the identity mapping of R.

Proof. If F = 0, then V[z,z*] € Z(M) for all z € M. Thus R is commutative by

Lemma 2.1. Now, we may assume that F # 0. By the assumption, we have
F(V[z,z*]) £ V[z.z*] € Z(R) for all z € R

This can be written as
(F £ In)(V][z,z*]) € Z(R) for all z € R,

where foy is the identity mapping of M. Since F & Iy is generalized derivation
of R associated with the derivation d, so from Theorem 2.5, we get the required
result. O

Corollary 2.9. [13, Theorem 1.11] Let R be a prime ring with involution of
the second kind such that char(R) # 2. I M admits a derivation d such that
d(V[z, z*|) £ V]z,z*] € Z(R) for all z € R, then R is commutative.

Theorem 2.10. Let R be a 2-torsion free prime ring with involution # of the second
kind. If R admits a generalized derivation (F,d) such that V[z, F(x)] € Z(R), then
M is commutative or F = (.

Proof. By the assumption, we have
(2.8) V|, Flx)] € Z(M)
for all = € M. By linearizing (2.8), we get
Ve, Fly)] + 9w, Fly)] € Z(R)
for all =,y € M. This implies that
(2.9) wF(y) — Fly)e* +yF(z) — Flz)y* € Z(R).
Replacing = by xh in (2.9), where 0 # h € H(R) N Z(R) and using it, we obtain
(2.10) (yx — zy*)d(h) € Z(R).

The primeness of R yields that yr — zy* € Z(R) or d(h) = 0. In the first case,
we have V[z,z*] € Z(M) for all © € M. Therefore, R is commutative in view of
Lemma 2.1. Now, Ed(h) = 0 for all h € H{W) N Z(R), then d(k) = 0 for all

= S(M) N Z(NR).” Replacing = by =k in (2.9) and using the fact that d(k) = 0,
where k € S(M) N Z(MR), we get

(xF(y) + Fly)z* +uF(x) — Flz)y*)k € Z(R).

By the primeness of !, we obtain
(2.11) o F(y)+ Fly)z* + yF(z) — Flz)y* € Z(R) for all z,y € R.
Subtracting (2.11) from (2.9), we have

(2.12) 2F (y)z* € Z(R)
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gr all r,y € M. Since R is 2-torsion free, we deduce that

(2.13) Fly)z* € Z(R).

Putting h in place of z, in (2.13) agdansing the primeness of M, we get
(2.14) Fly) E?\fﬂ) for all y € M.

Therefore, in view of Lemma 3 in [10], we conclude that either R is commutative
or F = 0. Thereby the proof is completed. |

Corollary 2.11. “Let R be a 2-torsion free prime ring with involution * of the
second kind. If M admits nonzero generalized derivations (F,d) and (G, g) such
that ¥ [z, F(x)] & ¥[z,G(z)] € Z(R) for all = € R, then either R is commutative or
Proof. By the hypothesis, we have
V|z, F(x)] £ V]z,G(x)] € Z(R) for all x € R,
This implies that
Uz, (F£G)(x)] € Z(R) for all z € R,
Set H = F £ ¢, then we obtain
¥z, Hiz)] € Z(R) for all = € R,
Since H = F £ G is generalized derivation of R associated with the derivation d+ g

respectively. Hence application of Theorem 2.10 yields that either R is commutative

or F = FG. O

Corollary 2.12. Let R be a 2-torsion free prime ring with involution = of the
second kind. If R admits a generalized derivation (F,d) such that v[z, F(x)] =
Y[z, x| € Z(R) for all z € M, then either R is commutative or F = Flyp, where Jo;
is the identity mapping of R.

Proof. By the assumption, we have
V|z, F(z)] £ V[z,z] € Z(R) for all z € RA.
This can be written as
V|, (F £ In)(x)] for all z € R,

where Iy is the identity mapping of M. Since J + Iy are generalized derivations
of R associated with the derivation d, so from Theorem 2.10, we get either R is
commutative or F = Flyw, where Iy is the identity mapping of . O

Theorem 2.13. Let R be a 2-torsion free prime ring with involution # of the second
kind. If R admits generalized derivations (F, d) and (G, g) such that F(¥V [z, z*]) +
¥z, G(x)] € Z(M) for all x € R, then R is commutative or F =G = 0.

Proof. By the assumption, we have

(2.15) F(v|z,z*] + V[z,G(z)] € Z(R) for all x € R.

Expansion of (2.15) gives that

(2.16) Flo)r* + ad(x*) — Fla*)a* — (a")d (") + 2G(x) — G(x)z* € Z(R).
Replacing = by xh in (2.16), where 0 # h € H(R) N Z(R), we get

(2.17) (2zz* — (z%)? — 22)d(h) + (2% — zz*)g(h) € Z(R).
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Substituting zk in place of = in (2.17), where 0 # k € S(M) N Z(N), we obtain
((—2zz* — (z*)* — 2%)d(h) + (2% + zz*)g(h))k* € Z(R).
This implies that
(2.18) (—2zx* — (2%)? — 2%)d(h) + (2% + 22%)g(h) € Z(R).
Subtracting (2.18) from (2.17), we arrive
rx*(2d(h) — g(h)) € Z(NR) for all z € R.

This implies that either zz* € Z(M) or 2d(h) — g(h) = 0. If zz* € Z(M). Also
z*z € Z(M), hence rox* € Z[M), R is commutative by Lemma 2.2,
Now, if (2d — g)(h) = 0, then (2d — g)(z) = 0 for all z € Z(M) and so

(2.19) 2d(z) = g(z) for all z € Z(R).
Application of (2.19) in (2.17) gives that
(x? — (z*)2)d(h) € Z(R).

This implies that 2% — (z*)? € Z(R) for allz € Ror d(h) =0 forall h € H(R) N
Z(M). Consider the first case % — (2*)? € Z(N). Linearizing the last relation, we
get

(2.20) oy +yr —x'y' —y'x* € Z(M) for all z,y € K.
Replacing = by zk in (2.20) and 0 # k € S{R) N Z(R), we obtain

(zy +yx + 'y + 92"k € Z(R) for all o,y € R.
This gives that
(2.21) ry +yr + 'yt +ytat € Z(M) for all =,y € K.
From (2.20) and (2.21), we conclude that

Ty +yzr € Z(N) for all =,y € R.
In particular, z o z* € Z(R). Therefore, R is commutative by Lemma 2.2. Now, if
d(h) =0, then g(h) = 0 and so d(k) = g(k) =0 for all k € S(M) N Z(M) and hence
for all z € Z(R). Now, replacing = by =k in (2.16), we have
(—=F(z)z* — zd(z*) — F(z*)z* — 2*d(z*) + 2G(z) + G(z)z*)k? € Z(R).

Primeness of R forces that

(2.22) —Flz)r" —zd(z"*) — F(z")z* — 2d(z") + 2G(z) + G(x)z* € Z(R)
for all z € M. Combining (2.16) and (2.22), we obtain
(2.23) Flz")z* +ztd(z") — zG(z) € Z(R) for all z € K.

Linearizing (2.23) and using it, we get
(2.24) Fla® " + Fly )" +2"d(y") +y'd(z") — 2G(y) — yG(z) € Z(R).
Replacing = by zk in (2.24), we get

(=Flz")y" — Fly" )" —2"d(y") —y"d(z") — 2G(y) — yG(x))k € Z(R).
That is,
(225)  —F(a")y' — Fly*)a* — 2*d(y") — y*d(z*) — 2G(y) — yG(x) € Z(R)
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for all =,y € M. Adding (2.24) and (2.25), we have
(2.26) =G (y) +yG(z) € Z(M) for all z,y € K.
Put z = y = h in (2.26), where 0 £ h € H(R) N Z(N) we have
2hG(h) € Z(M).
This implies that
(2.27) Glh) € Z(M) for all h € H(R) N Z(R).
Replacing y by h in (2.26) where 0 # h € H(R) N Z(NR), we get
zG(h) + hG(x) € Z[R).
Taking the Lie product of above with z, we arrive at h[G(z), x| = 0 and hence
(2.28) [G(z),z] =0 for all z € R.
A linearization of (2.28) gives that
(2.29) [G(z),y] + [G(y).z] = 0 for all z,y € R.
Replacing = by hy in (2.29) and using (2.28), we get
hlg(y),y] =0,
which implies
[g(y),y] = 0 for all y € M.
Therefore, in view of Lemma 2.4 either g = 0 or R is commutative.” We proceed

the proof for the case g = 0, that is, R is noncommutative. Substitute zw for z in
(2.29), we get

(2.30) E[-r][w, y| + z[G(y),w] =0 for all z,y,w € R.
Replacing = by tx in (Z30), we obtain
(2.31) Je|w, y| + tzG(y),w] = 0 for all z,y, w,t € R.
Left multiplying @t in (2.30 ), we have
(2.32) tG(z)[w, y] + tx[G(y), w] :(;qor all z,y,w,t € R,
Subtracting (2.32) from (2.31), we get
(G(H)x —1G(x))[w, y) :&qor all .y, w,t € R,

Replacing w by rw in last relation, we get

(G(t)x —tG(x))rlw,y] =0 for all z,y, w,t,r € R.
Invoking ge primeness of R, we deduce that

(2.33) G(t)x = tG(x) for all z,t € K.
By using (2.33) in (2.26), we have
yG(x) € Z(R) %aﬂ z,y € R,

In particular for y = i, we have

(2.34) G(x) € Z(N) for all z € K.

Thus G = 0 by [10, Lemma 3]. Now, from (2.15@5 have V |z, F(z)] € Z(R) for all x €
R. Therefore, in view of Theorem 2.5, 7 = 0. This completes the proof of the the-
orem. O
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Corollary 2.14. “Let M be a 2-torsion free prime ring with involution * of the
second kind. If R admits a generalized derivation F such that F(V[z,z*]) +
W[z, F(z)] € Z(R) for all = € R, then R is commutative or F = (.

Theorem 2.15. Let R be a 2-torsion free prime ring with involution # of the second
kind. If R admits a generalized derivation (F,d) such that v[z, F(z*)] £ V|zr,z*| €
Z(R) for all z € R, then N is commutative or F = Fln, where I is the identity
mapping of R.

Proof. Firstly, we suppose that
(2.35) ¥z, F(z*)] + V[z,z*| € Z(R) for all x € R,

If 7 =0, then ¥[z,z*] € Z(R) for all * € R and hence R is commutative by
Lemma 2.1. Next, we assume that F # 0. By linearizing (2.35), we get

iz, Fy")] + Vly. F(z*)] + v[z,y"] + V[y. 2*] € Z(R).
This can be written as
(2.36) xF(y") = Fly")a" +yF(a") = F(x")y" +ay’ —y'z" +yz" — z'y" € Z(R).
Replacing = by xh in (2.36), where 0 # h € H(R) N Z(R), we get

(xFly*) — Fly' )" +yF(x*) — Fla* )y +ay* —y'z* +yx* —a"y*)h
+(yz* —z*y* )d(h) € Z(R).

By using (2.36) in last relation, we have
(yr* — x*y*)dlh) € Z(R).

This implies that (yz* — z*y*) € Z(M) or d(h) = 0. Now, if (yz* —2*y*) € Z(R)
for all z,y € MR, then R is commutative by Lemma 2.1. Now, if d(h) = 0 then
we have d(k) = 0 for all & € §(R) N Z(M). Replacing = by xk in (2.36), where
0# ke S(M)n Z(M) and using the fact that d(k) = 0, we get

(aF(y") + Fly')e* —yF (") + Flz" )y +xy’ +y'a" —yz* +2'y" )k € Z(R).
This gives
aF(y') + Fly* ) —yFla®) + Flo' W' +oy® +y'c" —ya* +2*y" € Z(R).
Combining the last expression with (2.36), we arrive at
20 F(y") + 2vy* € Z(R)
for all z,y € M. Since R is 2-torsion free prime ring, we deduce that
(2.37) rF(y') +zy" € Z(R) for all 7,y € R.
Replacing = by h and y by y* in (2.37), where 0 # h € H(R) N Z(R), we get
Fly) +ye Z(R) for all y € R

That is,

(F+ In)(y) € Z(R) for all y € N,
where In is the identity mapping of R. Since F + In is a generalized derivation of
R, in view of [10_. Lemma 3] either R is commutative or F = —[y.
Now consider the case [z, F(z*)] — V[z, %] € Z(R) for all z € R. Proceeding the
same lines with necessary variations, we get the required result. O
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Corollary 2.16. [1, Theorem 3| Let R be a 2-torsion free prime ring with involution
# of the second kind. If R admits a left centralizer T such that V[z, T(z*)] £
V|z,*] € Z(R) for all € R, then either 7 is a centralizer or M is commutative.

Corollary 2.17. [13, Theorem 1.5] Let R be a prime ring with involution of
the second kind such that char(R) # 2. If R admits a derivation d such that
Y[z, d(z*)] £ V[z,z*] € Z(R) for all z € R, then R is commutative.

Theorem 2.18. Let R be a 2-torsion free prime ring with involution # of the second
kind. If R admits a generalized derivation (F,d) such that |z, F(x)] + V]z,z*] €
Z(M) for all = € R, then R is commutative.

Proof. We have
(2.38) V|z, F(z)] + V]z,z*] € Z(R) for all 2 € R.
Expansion of (2.38) gives that
(2.39) rF(z) — F(z)z" + 22" — ()% € Z(M) for all z € A
Replacing = by xh in (2.39), where 00 # h € H{R) N Z(R), we get

(xF(x) — Flz)z* +zz* — (x*)?)h? + (22 — z2®)d(h) € Z(R).
By using (2.39) in last relation, we have

(x? — zx*)d(h) € Z(R).

The primeness of R vields that 2 — zz* € Z(M) for all z € R or d(h) = 0 for all
he H(R) N Z(NR). First we consider the case

(2.40) 2 — rz* € Z(M) for all z € K.

Substituting zk in place of = in (2.40), where 0 # k& € S(R) N Z(MN), we find that
(2% + zz*)k* € Z(R) for all z € R,

which gives that

(2.41) 2 + rx* € Z(M) for all = € K.

Subtracting (2.40) from (2.41) and using the fact that QR is 2-torsion free, we obtain
rx* € Z(R) for all z € R. This further implies = o 2* € Z(R) for all z € RK.
Therefore R is commutative by Lemma 2.2.
On the other hand, if d(h) = 0, then d(k) = 0 for all k € S(R) N Z(R) and so
d(z) =0 for all z € Z(R). Replacing = by zk in (2.39), we get

(zF(x) + Flz)r* —zr* — (2% € Z(R) for all = € R,
This implies that

(2.42) rF(z) + Flz)z* —zz* — ()% € Z(M) for all z € K.
Combining (2.39) and (2.42), we get

(2.43) o F(z) — (x*)? € Z(R) for all = € R,
Linearization of (2.43) gives that

(2.44) o F(y) +yF(z) — 'y —y'z" € Z(R) for all =,y € R.

Replacing = by zk in last relation, where 0 # & € S(M) N Z(R), we get
(zF(y) + yF(z) + "y +y*2* )k € Z(R) for all 2,y € R
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By the primeness of M, we have
(2.45) o F(y) +yF(z)+ 2ty +y'z* € Z(R) for all 2,y € R.

Combining (2.44), {2.45) and using the fact that 9 is 2-torsion free, we obtain
oyt +ytat € Z(M) for all z,y € R. In particular, we have rox* € Z(R). Therefore,
R is commutative by Lemma 2.2. [

Theorem 2.19. Let R be a 2-torsion free prime ring with involution # of the second
kind. If R admits a generalized derivation (F,d) such that V[z, F(z)] + [z,2*] €
Z(R) for all z € R, then M is commutative.

Proof. Assume that
(2.46) Vz, Flz)] + [z,2"] € Z(R) for all z € R,
By linearizing (2.46), we get
Vz, Fly)] + Yy, Fly)] + [z, 9] + [y, 2*] € Z(R) for all z,y € K.
Expansion of the above expression gives that
(247)  =F(y) — Fly)a* +yFlz) — Flz)y" +oy" +ya* —a'y—y'z € Z(N)
for all =,y € M. Replacing = by zh in (2.47), where 0 #£ h € H(R) N Z(R), we get
(2.48) (yz — xy*)d(h) € Z(M) for all z,y € R and h € H(RK) N Z(R).

This implies yr — zy* € Z(M) or d(h) = 0. In first case, we have V[z, z*] € Z(R)
for all £ R and hence R is commutative in view of Lemma 2.1.

Now, if d(l) = 0, then d(k) = 0 for all k € S(R)NZ(R). Replacing = by zk, where
0+# ke SM)NZ(M) in (2.47), we obtain

(aF(y) + Fly)z* +yF(z) — Flz)y" +zy* —yz* + 2"y — y'z)k € Z(R).
Invoking the primeness of R, we have
(249)  oF(y) + Fly)a" +yF(z) — Flaly" +zy" —yz" + 2"y —y'z € Z(R)
for all z,y € M. Subtracting (2.49) from (2.47), we arrive
(2.50) 2F (y)z* — 2yx* + 22"y € Z(M)
for all ,y € M. Since R is 2-torsion free prime ring, we deduce that
(2.51) Fly)z* —yz* + 2"y € Z(R).
for all =,y € M. Putting h in place of z* in (2.51), we get
Fly)h € Z(R) for all y € R,

which implies
Fly) € Z(R) for all y € K.
In view of [10, Lemma 3|, we conclude that either R is commutative or F = 0.

In the latter case from (2.46). we have [z,2*] € Z(R) for all z € R, hence R is
commutative by Lemma 2.3." This completes the proof. O

Theorem 2.20. Let R be a 2-torsion free prime ring with involution # of the second
d. If R admits a generalized derivation (F,d) such that V|z, F(z*)| £ (zoz*) €
Z(R) for all = € R, then M is commutative.
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Proof. First, we considegethe case
(2.52) V|z, F(z")] + (zroz) € Z(R) for all z € R.

IfF=0, ml zox* € Z(MR) for all z € R and hence R is commutative by Lemma
2.2. Now, assume that F # 0. L'ﬁarization of (2.52) yields that

Vz, Fly*)] + vz, Flz*)] + (z o y*) + (y o 2*) € Z(R)
for all x,y ﬁl This can be further written as
(253 =zF(y") = Fly")z" +yF(a") - Fla")y' + oy’ +y'z+yx" + 2"y € Z(R)
forgl z,y € R. Replacing « by xh in %3), where 0 h € H(M) N Z(R), we get
(xF(y" ) —F (" )" +yF (z")—F (g + 2y +y " wtyx +a" y)h+(yz* —z"y" )d(h) € Z(R).
By using (2.53) in last relation, we have
(v — By)d(h) € Z(),

“'151 implies (yz* —2*y*) € Z(R) or d(h) = 0. Now, i (yz* — z*y"*) € Z(R) then
R 18 commutative by Lemma 2.1.” 7, if d(h) = 0 then we have d(k) = 0 for all
k€ S(M)NZ(MR). Replacing = by xk m (2.53), where 0 # k € S(R) N Z(R), we get

(xF(y") + Fly)e" —yF(x") + Flot)y' +ay* +y'e —yz® —a'y)k € Z(R).
gnis implies that
oF (') + Fy")e* —uF (@) + Fa )y + oy +y'c —ya* — o'y € Z(R).
Combining (2.53) with the above expression, we ge
2o F(y*) + 2zy" + 2y"x € Z(N)
for all =,y € M. Since MR is 2-torsion free prime ging, we deduce that
(2.54) zF(y" ) + 2y +y'r € Z(M) for all z,y € R.
Replacing = by h and y by ¥ in (2.54), where 0 # h € H(R) N Z(MR), we get
Fly) + 2y € Z(R) for all y € R.
This can be written as
(F +2Iy)(y) € Z(MR) for all y €28,

where Iy is the identity mapping of M. Since F + 20y 18 a generalized derivation
of R, so by [10, ma 3| R is commntative or F = —2[y;. Suppose if F = —2Iy,
then from (2.52) have

V[, —2z"] + (zoz") € Z(R) for all z € R.
This implies 9
(2.55) 2(x*)" — [z, 2%] € Z(R) for all = € A.
Replacing = by kx in (2.55), where 0 # k € S(R) N Z(NR), we find that
(2(x*)2 + [z, 2*])k? € Z(R) for all = € R.
The primeness of R gives that :
(2.56) 2(z*)? + v, 1*] € Z(R) for all z € R.

Subtracting (2.55) from (2€IM) and using the fact that R is 2-torsion free, we obtain
[z,z*] € Z(R) for all z € R. Therefore, R is commutative in view of Lemma 2.3.
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The proof in case we hﬁthﬁ relation V|z, F(z*)] — (zoz*) € Z(N) for all z € R
goes through similarly is proves the theorem completely. |

Corollary 2.21. [1, Theorem 4] “Let R be a 2-torsion free prime ring with involu-
tion * of the second kind. If R admits a left centralizer T such that V[z, T (2*)] £
(zox*) e Z(R) for all x € R, then either T is a centralizer or R is commutative.”

The following example justifies the fgpm that the condition of second kind invo-
lution in Theorems 2.10, 2.19 and 2.20 15 indispensable.

Example 2.1. Let R = {(i 2) | a,b,e,d € Ry, “Then M is a 2-torsion free

prime ring under the usual matrix addition and multiplication. Define mappings
F.% R — A such that

a b 0 —b a b)’ d b

A=) ) ()
Clearly, X* = X for all X € Z(M) ie, Z(M) C H(M) hence '+ is of the first
kind involution. Further, it can be easily check that F is a generalized dorimtion
of R induced by the derivation d = F and whsﬁos the identities V[X, F(X)] €
Z(R), VX, F(X)|+[X. X*] € Z(R) and V[X, F(X*)] £ (X o X*) € Z(R) for all
X € M. But, R is not commutative and F is a nonzero non-identity mapping of
NR. Therefore, the assumption of second kind involution in Theorem 2.10, Theorem
2.19 and Theorem 2.20 is essential.

Next example shows that primeness of the ring in our results is an essential
condition.

Example 2.2. Let T = R x C, where R is same as in Example 2.1 with involution
#1 and generalized derivation f same as in above example, C is the ring of complex
numnbers with conjugate involution #y. Hence, T is a 2-torsion {ree noncommutative
semiprime ring. Now define an involution * on T, as (z,y)* = (z*',y*?). Clearly,
# is an involution of the second kind. Further, we define the mappings F and G
from T to T such that F(z,y) = (f(z),0) and G(z,y) = a(0,y) for all (z,y) € T,
where a is a nonzero fixed element of T. It can be easily checked that F and G are
generalizod derivations of T and satistying the following identities

G(v[X, X" ] )€ Z(T) forall X € T;
i) V[)i]'_ )] € Z( )for'i]lXET
i V[)i)i]fv[)i}_ e Z(Tforall X €T
w V[)&}' )+ [X. XY e Z(T)forall X € T2
v) VX, F(X*)] £ (XoX*) e Z(T)for all X € T
However, T is not commutative and F, § are nonzero non identity mappings of
T. Hence, in Theorems 2.5, 2.10, 2.13, 2.19 & 2.20, the hypothesis of primeness is
essential.

CONCLUSION

Pthe present paper, we studied the action of generaliz rivations on prime
rings with involution involving skew Lie product. Moreover, we describe the struc-
tures of prime rings and generalized derivations.
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