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This paper investigates an optimal control framework for time-fractional quantum systems governed by the
Caputo time-fractional Schrodinger equation. The model incorporates a bilinear control term and accommodates
general bounded potentials, allowing for a broad range of quantum applications. We establish well-posedness
of the state equation using a Galerkin approximation and energy estimates adapted to the fractional setting.
Existence of an optimal control is proven via the direct method in the calculus of variations, and first-order
necessary optimality conditions are derived through a variational approach involving a suitably defined adjoint
system with a right-sided Caputo derivative. The theoretical results are illustrated with several numerical
examples, including a one-dimensional harmonic potential, a Gaussian wave packet in a square well, and a
two-dimensional harmonic oscillator. In each case, the proposed algorithm effectively steers the quantum state
toward the desired target while minimizing the control cost, demonstrating both accuracy and efficiency of the

method.

1. Introduction

Quantum control theory plays a fundamental role in various
advanced technologies. These include quantum computation, molecular
dynamics, quantum optics, and the manipulation of Bose-Einstein
condensates. The essential objective is to drive the quantum state of
a system from a specified initial configuration toward a desired target
state using admissible external controls. Conventional quantum control
formulations are typically based on the classical Schrodinger equation
with integer-order time derivatives, under the assumption of perfectly
coherent and Markovian dynamics. However, numerous experimental
results and theoretical analyses indicate that real-world quantum
systems frequently exhibit memory effects, anomalous transport, and
nonlocal temporal dependencies, which cannot be captured adequately
by such classical models (Gabrick et al., 2023; Jha, 2025; Laskin, 2002;
Pazy, 1983; Qayyum, 2024).

To address these limitations, fractional-order quantum models have
been introduced, providing a richer mathematical structure to describe
systems with hereditary properties and non-Markovian evolution. In
particular, the time-fractional Schrédinger equation involving the

Caputo derivative of order a [0,1] generalizes the standard case by
incorporating a memory kernel, enabling the modeling of subdiffusive
dynamics and long-range correlations. Theoretical investigations
have established results on existence, uniqueness, and stability for
such systems, along with qualitative descriptions of their dynamical
behavior (Das et al., 2025; Li et al., 2019; Naber, 2004; Ndairou et al.,
2023; Torres et al., 2024).

The field of fractional optimal control has also gained significant
attention, driven by applications in viscoelasticity, anomalous diffusion,
and various engineering systems (Bahaa , 2016; Bahaa, 2018; Bahaa,
2019). Its study involves the derivation of necessary and sufficient
optimality conditions and the design of efficient numerical techniques
for solving fractional differential equations. Analytical approaches
include variational formulations, Pontryagin-type maximum principles,
and Hamiltonian-based methods. The works of Bahaa and collaborators
(Abdel-Gaid et al., 2024; Bahaa et al., 2019) have contributed notably
to this area, covering optimality systems for fractional models with
state or control constraints, as well as extensions to problems involving
delays and infinite-dimensional spaces.

In recent developments, the control of fractional quantum systems
has become an active research direction. For example, the authors of
(Simon, 1987) analyzed distributed control problems for the time-
fractional dinger equation and derived necessary optimality conditions
via a Pontryagin framework, while (Badri, et al. 2019) proposed
numerical algorithms based on discretizations of the Caputo derivative.
Nonetheless, much of the existing literature remains restricted to
special cases or lacks extensive numerical validation against classical
benchmarks. Other computational strategies for fractional optimal
control include smoothness-adaptive time-stepping, modified hat-
function techniques, spectral discretizations, and decomposition-based
solvers (Alizadeh et al., 2017), (Ollitrault, 2021.; Tarasov, 2008), with
reviews in emphasizing the importance of numerical stability and
accuracy. In particular, the Grnwald-Letnikov approximation (Jajarmi,
et al., 2021) has been employed to discretize fractional derivatives
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efficiently, yielding stable and accurate simulations suitable for
engineering control tasks.

Fractional calculus itself has matured into a powerful mathematical
tool for the modeling of systems with memory and hereditary features,
supported by rigorous theoretical frameworks such as semigroup
theory (Proukakis, et al., 2025) and infinite-dimensional optimal
control (Mohammadzadeh, et al., 2018; Simon, 1987). Variational
principles (Agrawal, 2004) and Pontryagin-type conditions for the
Caputo derivative (Bahaa et al., 2018; Nemati et al, 2019) have been
instrumental in formulating and analyzing fractional optimal control
problems. These results have been extended to handle state or control
constraints (Bahaa, 2017), variable-order dynamics (Bahaa, 2018), and
problems defined on arbitrary time scales (Bahaa et al., 2019). Recent
studies have also addressed bang—bang control structures (Abdel-Gaid
et al., 2024; Bahaa, 2018; Bahaa et al., 2025) and explored operator-
theoretic techniques for nonlinear fractional systems (Jajarmi et al.,
2018; Naber, 2004).

In recent years, significant progress has been made in developing
numerical methods for solving fractional differential equations,
which are pivotal in modeling quantum systems with memory and
nonlocal effects. (Shams 2024) introduced higher-order Caputo-
type numerical schemes that enhance the accuracy and efficiency
of solutions for nonlinear fractional problems. Building upon this,
Shams and Carpentieri (Shams et al., 2025) proposed a stable Caputo-
type inverse fractional parallel scheme, improving the stability of
numerical solutions. Further advancements include the development
of high-order fractional parallel iterative methods by (Shams, et al.,
2023), which incorporate neural network-based acceleration to
achieve faster convergence. Additionally, Shams et al. 2021 suggested
a modified one-parameter family of Caputo-type fractional iterative
methods for solving polynomial equations, demonstrating higher-order
convergence. Complementing these developments, (Shams et al. 2025),
established iterative methods for the simultaneous determination of all
multiple and distinct roots of nonlinear polynomial equations, offering
high computational efficiency.

Within the context of quantum mechanics, the fractional Schrédinger
equation, originally introduced via Lévy path integrals in (Laskin,
2002) and further developed through rigorous analytical formulations,
has significantly broadened the scope for modeling quantum processes
exhibiting anomalous diffusion and spatial nonlocality. Subsequent
extensions incorporating Caputo-type time-fractional derivatives
have enabled the treatment of non-Markovian quantum dynamics
and memory effects, thereby enriching the mathematical structure of
quantum evolution equations (Ndairou and Torres, 2023; Torres and
Gal, 2024). Analytical and numerical investigations of such models have
addressed time-dependent potentials and inverse problems (Gasimov
and Mahmudov, 2024; Covi, 2020), as well as uniqueness, stability,
and regularity properties (Jin et al., 2015; Riiland, 2015), alongside
the development of reliable computational strategies for fractional
quantum systems.

Despite these advances, the optimal control of fractional quantum
systems remains a relatively nascent research area. Foundational
mathematical tools from infinite-dimensional analysis and compactness
theory, as developed in (Simon, 1987), together with recent studies
on fractional quantum dynamics and control (Torres and Gal, 2024),
have laid important groundwork. Nevertheless, several limitations
persist in the existing literature. For instance, the numerical treatment
of fractional optimal control problems presented in (Sweilam et al.
2013) does not provide a systematic derivation of first-order necessary
optimality conditions for time-fractional Schrédinger equations. In
contrast, the present work develops a rigorous variational framework
that yields explicit optimality conditions through an adjoint system
involving the right-sided Caputo derivative, a feature not addressed
in (Simon, 1987). Moreover, while Torres and Gal (2024) examine
fractional quantum dynamics and control for specific model settings,
their analysis does not include a comprehensive well-posedness theory
for the underlying state equation. By contrast, our approach establishes
existence and uniqueness results via a Galerkin approximation combined
with fractional energy estimates, providing a robust foundation for the
optimal control of general time-fractional quantum systems.
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The novelty of our work lies in the combination of several key
elements:

1. The introduction of a generalized optimal control framework
for time-fractional quantum systems governed by the Caputo
Schrodinger equation.

2. The proof of well-posedness for the state equation using Galerkin
approximations and fractional energy estimates.

3. The derivation of first-order necessary conditions for optimality,
utilizes a variational approach that involves the right-sided Caputo
derivative in the adjoint system.

4. A detailed numerical validation, demonstrating the accuracy and
efficiency of the method across various quantum systems with
smooth and discontinuous potentials.

By establishing a comprehensive and robust optimal control
framework for time-fractional Schrédinger equations, our work
provides the theoretical foundation needed for the control of general
fractional quantum systems with arbitrary potentials.

Despite these advances, a complete integration of fractional
optimal control theory with quantum systems governed by the Caputo
time-fractional Schrédinger equation remains limited. While the
theoretical and numerical foundations for fractional PDE control are
well established, there is a need for a rigorous derivation of optimality
systems tailored to such quantum models, supported by well-posedness
results and high-fidelity computational demonstrations. The present
work addresses this gap by formulating the optimal control problem
for a time-fractional Schrodinger equation with a bilinear control term,
proving the well-posedness of the state equation, establishing the
existence of optimal controls, deriving first-order necessary optimality
conditions via a variational approach with a right-sided Caputo adjoint
equation, and validating the framework with detailed numerical
experiments.

In this work, we use a quadratic performance index to steer the
quantum state towards a desired target while minimizing the control
effort. The quadratic form is a common choice in optimal control
problems due to its simplicity and computational efficiency. However, we
acknowledge that this approach does not fully capture nonlinearities or
physical energy limitations that may arise in realistic quantum systems,
such as quantum dissipation, energy consumption in quantum gates,
or quantum noise effects. These factors are critical when considering
practical applications of quantum control, particularly in systems where
energy costs or state constraints are essential considerations.

Contributions of this work. In this paper, we investigate the
optimal control of a quantum system described by the time-fractional
Schriodinger equationas represented in Eq. (1.1)

i “ Dy (x,t) = —Ay (x,t) + V(x)w (x,t)

Oy (0), () 2 (0,7), -

supplemented with Dirichlet boundary conditions and the initial
state t//(x,O) =y, (x) The control function u(t) is real-valued, scalar

in time, and belongs to an admissible set. The aim is to minimize the
quadratic performance index as shown in Eq. (1.2)

1 2 v (" 2
J(u):5j©|w(x,T)fwd(x)| dx+§j0|u(t)| d, (1.2)
where y; denotes the target state and y >0 is a regularization

parameter.

The main contributions can be summarized as follows:

* A complete derivation of the first-order necessary optimality
system for problem (1.1)-(1.2), obtained via a variational argument
combined with an adjoint equation formulated using the right-sided
Caputo derivative.

» Development of a stable and efficient computational framework that
employs the L1 time-stepping scheme for the fractional derivative,
coupled with a forwarda “backward sweep algorithm to compute
the optimal control.
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* Numerical demonstrations for various one- and two-dimensional
quantum systems with smooth, harmonic, and discontinuous
potentials, illustrating the applicability and performance of the
method.

* A comparative analysis of fractional-order dynamics (a <1) versus
the classical case (a =1), highlighting the influence of memory
effects on control energy, convergence behavior, and tracking
accuracy.

Numerical findings. Our simulations confirm that the proposed
approach can accurately and efficiently steer the system toward the
desired target state. Key observations include:

1. For harmonic potentials, the fractional model with o = 0.75 exhibits
smoother control profiles and reduced oscillations compared to the
classical scenario.

2. In cases with discontinuous potentials, the fractional dynamics
require less control energy and produce smoother transitions,
reflecting the inherent memory effects.

3. The I? tracking error || y/(T) Z ||L2 can be reduced by up to 25%

for fractional o under the same regularization parameters.

4. A turnpike-like structure in the optimal control is preserved even in
the fractional setting, with near-constant control values over large
portions of the time horizon.

The proposed methodology is general and can be extended to multi-
control setups, higher spatial dimensions, and stochastic fractional
quantum systems.

The structure of the paper is as follows: Section 2 summarizes
the key mathematical tools, including the definition of the Caputo
fractional derivative and the functional spaces employed in the analysis.
In Section 3, we present the formulation of the fractional optimal
control problem together with the admissible control set and the cost
functional. Section 4 is devoted to proving the well-posedness of the
state equation, establishing the existence and uniqueness of solutions.
The existence of an optimal control is addressed in Section 5. First-
order necessary conditions for optimality, obtained via a variational
framework and the associated adjoint equation, are derived in Section
6. Section 7 reports a series of numerical experiments illustrating the
performance of the proposed method on several fractional quantum
control scenarios. Section 8, studies an important consideration in
the numerical solution of fractional differential equations, which is
the stability of the method, particularly when the fractional order f
approaches the extreme values of 0 or 1. Section 9, in this section, we
provide a detailed error analysis to quantitatively validate the proposed
method. Finally, Section 10 offers concluding observations and outlines
potential avenues for future work.

2. Mathematical Preliminaries

The fundamental definitions and notational standards needed to
formulate and analyze the fractional quantum control problem are
compiled in this part. After reviewing the Caputo fractional derivative
and its fundamental characteristics, we go on to discuss the function
spaces needed for the time-fractional Schrédinger equation’s weak
formulation.

2.1 Caputo fractional derivative

Let ¢ e (0,1) and f e c! ([O,T]). The Caputo derivative of order a
is defined by (see Agrawal, 2004; Bahaa, 2016).

e f(t)zr(; [ s o,

1—oc) o(t—s)*

where I'(-) denotes the Gamma function. This operator generalizes
the classical first-order derivative while ensuring that the derivative of
a constant function is zero.
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2.2 Useful properties

Some important properties of the Caputo derivative include:
Linearity.
For constants a,be R,

CDf‘ (af(t) + bg(t)) = aCDf‘f(t) + bCDf‘g(t).

Power functions.
If f(t) =t# with B >0, then

r(p+1)
r(p-a+1)

Cpeth = the.

Classical limit.
Asa 1, lim “rf(t)=Lf(e),
a—1" dt

recovering the standard derivative.

2.3 Function spaces

Consider a bounded domain D < R™ with a smooth boundary oD.
We denote by (Kilbas et al., 2006)

Hy(D)={¢ e H'(D)|¢|,p=0}

The Sobolev space of functions with square-integrable first
derivatives that vanish on the boundary.
For functions that depend on time, we employ the Bochner space.

Lz(o,T;H;(D)):{n;(o,f)%Hg(p) [ ;||n(-,s)||2l(p)ds<oo},

which consists of H(l) (D) -valued functions that are square-integrable
in time.
We also define the fractional-order Sobolev-type space.

H, (O,T;Lz (D)) - {n e LZ(O,T;Lz(D)) | €DPp e 12 (o,r;L2 (D))}

where CDSB denotes the Caputo fractional derivative of order
B € (0,1) with respect to time s.

The set of admissible controls is defined as

Uy = {v el? (O,r) | Voo < v(s) <v

max foralmosteverys e [O,T:‘} s

where v, are fixed real constants representing control

bounds.

and v .

n X

2.4 Weak solution

Let ¢, € 12 (D) denote the prescribed initial quantum state. We say
that a function (Kilbas et al., 2006).

¢ Hpy (0,552%(D)) 22 (0,553 (D))
is a weak solution of the fractional Schrodinger system
i’ CDfd)(r,s) = —Ad)(r,s) + W(r)¢(r,s) + v(s)¢(r,s),

if, for every test function § e Hé (D) and almost every se (0,1),
the identity

[ #plo(es)e (x)ar= [ vo(r.s)-ve (r)+w(x)o(r.s)c (r)
+v(s)¢ (r,s)g (r)dr



Bahaa and Ahlam

is satisfied.
This variational form is the foundation for employing energy
methods and deriving the associated optimality system.

3. Problem Statement and Well-Posedness

We study an optimal control problem for a quantum system whose
dynamics are governed by the Caputo time-fractional Schrédinger

equation. Let D cR™ denote a bounded spatial region with a
sufficiently smooth boundary 6D, and let 7 >0 represent the terminal
observation time. Our objective is to identify a control function from the
admissible set that minimizes a given performance criterion, subject to
the fractional evolution constraints imposed by the governing quantum
model.

3.1 Controlled state dynamics

For a control input veU, cI? (O,r), The state evolution is
governed by

iﬂCqub(r,s) r,s|e Dx(0,t
=—A¢(r,s)+W(r)¢(r,s)+v(s)¢(r,s), ( ’ ) ( ’ }
¢(r,s)=0, (r,s)ean(O,r}, (3.1

¢(r’0):¢o(r): TED,

where in Eq. (3.1), W(r represents a given real-valued potential,
and ¢, € 12 (D) denotes the initial quantum state.

3.2 Control goal

The task is to find a control function v eU,, that achieves the
minimum of the quadratic cost functional as represented in Eq. (3.2):

1) o) -leppar 5]

where ¢, € I2(D) denotes the prescribed target configuration at the
final time, and « > 0 is a regularization weight.

v(s) 2 ds, (3.2)

4. Existence and Uniqueness of the State Solution

We now establish the well-posedness result for the governing
fractional equation.
Theorem 4.1 (Well-posedness of the weak formulation)

Assume B €(0,1), ¢, € I*(D), We L* (D), and v e U,,.
, where:

* ¢, is the initial condition of the quantum state,

+ W is a bounded potential in L” (D),

» v is the control function belonging to the admissible control set

Ugug-

Then there exists a unique weak solution ¢ to the system Eq. (3.1)
satisfying the following regularity condition:

¢ < H (0,551 (D)) (0,553 (D).
Furthermore, ¢ depends continuously on the input data (qbimt,v).
Proof. We prove the existence and uniqueness of a weak solution

s <1 (0,551 (D)) 220,553 (D).
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to the state Eq. (3.1) by the standard Galerkin approximation
method, followed by uniform a priori estimates and compactness/pass-
to-the-limit arguments.

4.1. Step 1: Galerkin approximation and semi-discrete system

To prove the existence of a weak solution, we use the Galerkin
method, a standard technique to reduce an infinite-dimensional
problem to a finite-dimensional one. We approximate the solution ¢ by
projecting it onto a finite-dimensional subspace of test functions.

4.1.1. Orthonormal basis construction:

Let {¢,, }‘;';:1 denote the orthonormal eigenfunctions of the Dirichlet
Laplacian —A in H(l) (D):

ALy =Kl Cm € HY(D)s O<iy iy <oy

forming an orthonormal basis of 12 (D)

4.1.2. Trial space and approximation:

For MeN, define the trial space V,, := span{gl,...,gM}. We
approximate the solution by

M

t (07) = ear, ()¢, (%):

r=1

where the coefficient vector ¢, (r) = (CM’1 (T),..,CM’M (r ))-r satisfies
the

4.1.3. Galerkin-projected equations: for each index s =1,...,M,

i# ¢p%¢ (7)), ={7A0y 7) Wy (7
< DYy )Cs>L2(D) <A¢ (52) + Wo (7) 4.1)

+V(1)¢M (-,1),§s>.

Using the orthonormality of {Cm and the Laplacian eigenvalue
relation, Eq. (4.1) reduces to an M -dimensional linear fractional ODE

system for ¢, (r):
i’ CDf‘cM (7:) =Ay cy (r)+ By, (r) Cy (r),
Where

* A, is diagonal matrix with entries —x,
* By (r) has components [B,, ()] =((W +v()),,{,) -

4.1.4. Initial condition: The initial value c,, (O) is given by the I? -
projection of ¢, .. onto the trial space V,,, i.e. cM(O) = PVM ((pinit).

From the standard theory of linear fractional differential
equations (cf. Diethelm (Diethelm, 2010) and Jin-Lazarov-Zhou (Jin
et al., 2015)), this finite-dimensional system has a unique solution.

Cy € C([O, rmax];RM), and thus ¢, is well defined.

4.2. Step 2: Uniform energy bounds. Now, we derive uniform energy
bounds for ¢, that are independent of M. Take the 12(D) — inner product

of the Galerkin-projected Eq. (4.1) with ¢,, (~,r) and extract the real part.
Using linearity together with the self-adjointness of —A and W, we have

RGP DLy by 2y~ KAby + Woy + V(0 byy)-
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4.2.1. We then estimate the individual terms as follows:

4.2.1.1. Fractional time term. For complex-valued ¢,,, the following
standard inequality holds (cf. [30, 34]):

1
RDL Gy b)) = 5 COF Ny I 4.2)

() ()’

where in Eq. (4.2), C is a constant depending on B. This inequality
ensures that the time-fractional term contributes positively to the
energy of the solution.

It follows from the scalar inequality m(EDﬁ z) Z%Dﬂ |z [*

applied pointwise and integrated; for real functions y, one has
D# ( yz) /2< yDPy and the complex case follows by taking real parts.

Multiplication by the constant i? yields
R DLy sby) = R(7) RED by by) =317 ) HCDPhyg4),

and since %(iﬁ)¢0 for ﬁe(O,l), inequality (4.2) provides a

coercive control of the time-fractional term, up to constants depending
only on .

4.2.1.2. Spatial and potential terms. Integration by parts for the Laplacian
together with W e L” (D) and bounded v(r) (the I? bounds and

pointwise constraints on V), imply L” bounds in this setting) gives
RAdydh) =l Vg I

Wy by W,

()’

2
193 1P

(2) (p)’

and

RO (<)) = v ()] 10 1

Combining the above, we arrive at the fractional differential
inequality as represented in Eq. (4.3)

2

byl
o o

for some n,,n, >0 depending only on § and || W ||L°°

C
Dl

(4.3)

(o)

4.3. Step 3: Use of the fractional Gronwall inequality. We now integrate
inequality (4.3) in the fractional sense and apply a fractional Gronwall

lemma ((Kilbas et al., 2006) or (Thm.~3.1)). Since v € 1? (O,T and all
coefficients are bounded, the Gronwall estimate yields a constant C >0
(independent of M ) such that

193 1L, (o) 11y ||L2[0’T;H6 (D)JS c,

where C depends only on || ¢, HL2

B IWIL, ,and

%
) oy o)
7T ,butnoton M.
Furthermore, from the Galerkin formulation and the above bound,
we deduce a uniform estimate for the Caputo fractional derivative in
the dual space:

1D gy <c,

(O,T;H_I(D)]
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again with C independent of M. This follows from the fact that
the right-hand side -” ¢,, + W¢,, +v(r)¢M is uniformly bounded in
2 (O,T;H’l(D)).

4.4. Step 4: Compactness and passage to the limit. By the Banach-Alaoglu
theorem and the uniform estimates obtained above, there exists a
subsequence (still denoted by ¢,,) and a limit function ¢ such that

fyy — ¢ in 2 (O,T;H(l) (D)), s "¢ weak - *in [* (O,T;Lz (D)),
and
CthPM —~n weakly in I? (O,T;H’1 (D))

By the compact embedding result of Aubin-Lions-Simon type
adapted to fractional time regularity (Simon,1987), the bounds on ¢,,
together with those for its Caputo time derivative imply

¢y —> ¢ strongly in 12 (0,7’;L2 (D))

Using these convergences, we can pass to the limit in the Galerkin
formulation (4.1) to obtain, for all p e Hé (D) and almost every
Te (O,T ),

(1 <0t} (-aofe) - wole)v(e)o()

and hence n = CDTﬂ ¢ . Therefore, ¢ is a weak solution belonging to
the stated function space.

4.5. Step 5: Uniqueness. Let ¢(1) and ¢(2) be two weak solutions
corresponding to the same control v and initial datum ¢, and set

o= ¢(1) 7¢(2). Then o satisfies

i? Cprﬁw:—AaHW co+v(r) , w(-,0)=0’ ®|;p=0.

Repeating the energy estimate of Step 2 for ®w (the source term
vanishes) gives

Cph| w(f)ufz(p)s c(1+|v(f)|)|| w(r)ufz(v) .

Applying the fractional Grénwall inequality (or equivalently the
Mittag-Leffler decay estimate) and using || a)(O) ||§2 (D): 0 yields
I w(t) HEZ(D)E 0 forr e [O,T}, hence o = 0. This proves uniqueness.

Conclusion. We have constructed a weak solution ¢ in the class
o<1 (0.7312(D)) 12 0,753 (D)),

established uniform a priori bounds, passed to the limit in the
Galerkin approximation, and proved uniqueness. This completes the
proof.

5. Existence of an Optimal Control

We consider the formulation Eq. (5.1).
i Dl g(x,7)
= —A¢(x,r) + W(x)d)(x,r) + v(r)d)(x,r),
$(x.7)=0,
6(x0) =4 [x).

(x,r) € DX(O,T},

(x,r) e an(o,T],(s,l)

xeD,
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with the cost Eq. (5.2)

7(v)-3 leT)dy(x)Pax I lv(e)Par, (5.2)
and the admissible set
V= {v el? (O,T) P Vin v(r) <Vax a.e.in[O,T]}.

5.1. Theorem 5.1 (Existence of optimal control (Alternative notation):

Assume ¢,¢; € 2 (D), WelL” (D), B e (0,1) and V), is nonempty,

closed, and convex. Then there exists v < V4 Such that

I(v*)= inf I(v).

veVyq

Proof. Direct method in the calculus of variations.
5.1.1. Step 1: Minimizing sequence and boundedness. Choose {v, },.; < V4
with

lim I(vn) = inf Z(v) =17

n—ow velyg inf*

By the pointwise bounds v, <v, (r) SVoax €5 {vn} is bounded

in L” (O,T) and hence in I (O,T) .

5.1.2. Step 2: Weak limit of controls. By Banach—Alaoglu, there exists.
vierl? (O,T ) and a subsequence (not relabeled) such that

v, = v' weakly in I2 (O,T).

Since ), is convex and closed, it is weakly closed; thus viey 2d-

5.1.3. Step 3: Convergence of states. Let ¢, (resp. ¢") be the weak
solution of (5.1) driven by v, (resp. Vo). By well-posedness, {¢n}
is bounded in

HP (O,T;Lz (D)) A2 (O,T;H(l) (D)).

Aubin-Lions (fractional version) yields, up to a subsequence,
¢, —> ¢* strongly in 12 (O,T;L2 (D)),

b, (T) >4 (T) strongly in I (D)

5.1.4. Step 4: Lower semicontinuity. The mapping v>—>||v||2 is
weakly lower semicontinuous, hence *(0.7)

L)
<
|v ||L2(0,T) 11m1nf||v ||2

Plor)”
By strong convergence at t =7 ,

* _ 2 _1i _ 2
16°(7) -4, 2 )= tim 114, (7) -4, o)
Therefore,

I( )<hmmfl'( ) T

inf*
n—o

Conclusion. v* attains the infimum of 7 over V 24> hence is an
optimal control.
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Uniqueness of optimal control (Under strict convexity)

If the cost functional is strictly convex (e.g., due to the regularization
term with y > 0) and the control-to-state map is linear (or sufficiently
smooth), then the optimal control is unique.

6. Optimality Conditions

In this section, we derive the first-order necessary conditions for
the optimality of the control problem (3.1)-(3.2). Using a variational
approach, we introduce the corresponding adjoint system and
characterize the optimal control.

6.1. Theorem 6.1 (First-order necessary optimality conditions)

Let u e U4 be an optimal control with associated state v solving

(3.1). Then there exists an adjoint state.
peH (0,131 () 220,15y ()

such that the following optimality system holds:
« State equation as represented in Eq. (6.1):

i*Cpy” (x,t) =-Ay" (x,t) + V(x)q/* (x,t)

(1o () ) <2 (07 6.
v () =0 xt) conx(0.7], |
v (x,0)=yy(x), xeQ

* Adjoint equation as represented in Eq. (6.2):
i CDf‘p(x,t)
= —Ap(x,t)+V(x)p(x,t)+u
p(x,t) =0,
plT) v (e7) valx),

()p(xt). (x.t)eQx(0,T),
(x,t)ea2x(0,T), (6.2)

xeQ,

where CD;’ denotes the right-sided Caputo fractional derivative.
* Variational inequality as represented in Eq. (6.3):

Jol o ot st o

Proof. Let u” e U,q be an optimal control with associated state v
For any admissible variation h e I? (O,T) such that

u, = u +ehe Uyg
for all sufficiently small ¢, let v, be the corresponding state solving
v, (x,O) =y, (x)
The Gateaux derivative of J in the direction h is
d =
u, )|, 0—%j d("))‘/’("’T)dx

+ yIO (t)h(t)dt,

i* CD;’WS =-Ay, +Vy,_ +u, (t) v,

where
. dy,
vo=—=l
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satisfies the linearized state equationas shown in Eq. (6.4):
i*CDy = —Ay + Vi +u (t)y +h(t)y ", v (x,0)=0. (6.4)

To remove y from the derivative, we introduce the adjoint state p
solving (6.2). Applying the fractional integration-by-parts identity (see
[30]) to (6.4) and (6.2) gives

mJ.Q("’* (xT)-vq (x))mdx - SRJ-:<h(t)y/* (t)’P(t)>Lz(Q) dt.

Therefore, the directional derivative of 7 is
d « .
Lt [ 0oy 0ol ()

Since u” is optimal, this derivative must be nonnegative for all

T

0

h=u-u" with ue U,q> which is exactly the variational inequality
(6.3).

7. Numerical Example: 1D Harmonic Potential

We now illustrate the proposed optimal control formulation on a
one-dimensional fractional quantum system with a harmonic potential.
The spatial domain is Q =[0,1], the terminal time is T =1, and the
fractional order is set to « =0.8.

7.1 Problem setup

We consider the controlled time-fractional Schrédinger equation as
represented in Eq. (7.1):

i Dy () =_22_*g(x,t)+[%x2 vult) x].,,(x,t),
X
xe(o,l),te(o,T],

7.1

subject to the initial condition

v (x,O) = sin(ﬂx),

and homogeneous Dirichlet boundary conditions
v (0.t)=y(1t)=0.

The desired state is specified as

vy (x,t) = e’tsin(frx).

The set of admissible controls is

Uy = {u eI? (O,T) | —2< u(t) <2 a.e.in[O,T]}.

The cost functional is given in Eq. (7.2)

sw-2[f)

with the regularization parameter 1 =0.01.

(o) va(wo)Paxa 2 () pa, o2
0

7.2 Numerical discretization

The spatial domain Q =[0,1] is discretized using a uniform grid with
N, =50 interior points, resulting in a spatial step size h,, =1/ (N . 1).
The Laplacian operator is approximated by the standard second-order
finite difference scheme.

For the time discretization, we employ the L1 scheme for the Caputo
derivative:
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Optimal Control u(t)

L

15
1.0
0.5

0.0

Control

-0.5

-1.0

NREIRRNRRRARAARE

0.0 0.2 0.4 0.6 0.8 1.0
Time

Fig. 1. Optimal control function u" (t) for the 1D harmonic potential example.
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Fig. 2. Comparison between the computed final state y " (x,T ) and the desired
target state v, (x,T).

n-1
vy )
k=0

where

b, = (k+ D7 — ke,

The control variable u(t) is updated iteratively using a gradient

descent method with step size § =0.01, and projected onto U/, at each
iteration to enforce the admissibility constraints.

7.3 Results

After 1000 iterations of the gradient descent method, the optimal
control u*(t) was obtained. Fig. 1. Convergence of the numerical

solution. This figure illustrates the L? error norm between the numerical
solution ¢,, and the exact solution ¢, for different values of M
(number of basis functions). The plot shows that as M increases,
the error decreases, demonstrating the second-order convergence
of the Galerkin method. The inset provides a zoomed-in view of the
convergence rate, with a calculated convergence rate of approximately
Fig. 2. Time evolution of the quantum state in a 1D harmonic potential.
The figure shows the spatial probability distribution of the quantum
state at different time instances, with the system evolving from an
initial Gaussian packet. The plots demonstrate the anomalous diffusion
behavior as predicted by the fractional Schrodinger equation. The
fractional dynamics introduce memory effects that cause the wave packet
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to spread slower than expected from classical diffusion, highlighting the
importance of the fractional order in modeling quantum transport.

7.4 Numerical example 2: Gaussian wave packet in a square potential well

We consider the one-dimensional time-fractional Schrédinger
equation with Caputo derivative of order a = 0.9as represented in Eq.
(7.3):

i’ CDf‘(// (x,t) =-— Zil/; (x,t) + V(x)u/ (x,t) + u(t) u (x)(// (x,t), (7.3)

for x e [0,1}, te [O,TJ , with T =1. The potential corresponds to an
infinite square well as shown in Eq. (7.4):

v B 0, O<x«<l1,
(x) " ]oo, otherwise. 7.4)

The initial condition is chosen as a Gaussian wave packet as
represented in Eq. (7.5):

v (x,0)= exp[—so(x - 0.3)2}”‘0", k, =57, (7.5)

and the control coupling function is ,u(x):sin(rcx). The desired
final state vy, (x) is the first excited eigenfunction of the infinite well
represented in Eq. (7.6):

V4 (x) = \/E sin (an). (7.6)

The cost functional is represented in Eq. (7.7):

T
J(“):%IIW(-,T)—% I +%J-O|u(t) ? dr, 1=0.01. (7.7)

7.5. Numerical discretization

The spatial domain is discretized using N, =100 grid points. We
apply the Crank—Nicolson method for the spatial derivatives and the L1
scheme for the Caputo derivative in time. The control u(t) is updated
using a gradient-based algorithm, where the gradient is computed from
the adjoint Eq. (7.8):

Optimal control (Double-well potential)
2.0t

u(t)

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3. Optimal control u(t) for example 2.
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Fig. 4. Comparison between |y/ (x,T)| and |y/d (x)| for example 2.

2

_i* CDf‘p(x,f) = —;{—g(x,t) + V(x)p(x,t) + u(t) u(x)p(x,t), (7.8)

with final condition as represented in Eq. (7.9):

p(x,T):u/(x,T)fu/d(x). (7.9)

7.6. Results

Fig. 3 effect of optimal control on the quantum state. This figure
compares the state evolution of the quantum system with and without
control. The control strategy used here minimizes the quadratic
performance index, steering the quantum state towards the target state
while minimizing control effort. The plots show the state convergence
as a function of time, highlighting the effectiveness of the proposed
optimal control framework. Additionally, the control effort required
for state manipulation is also presented, demonstrating the balance
between control accuracy and energy expenditure. Fig. 4 compares the
modulus of the final state with that of the desired target state. The
results indicate that the control successfully drives the Gaussian packet
towards the target eigenstate.

7.7. Example 3: 2D Harmonic oscillator

We now extend the formulation to a two-dimensional quantum
system on the square domain

Q=[0,1}<[0,1},

governed by the time-fractional Schridinger equation as represented
in Eq. (7.10):

2 2
i* CD{'y (x,y,t) __|&v + v
o o2

1( 2 2
{5( Ly )+u(t)xij(x,y,t),
subject to homogeneous Dirichlet boundary conditions:

u/(x,y,t) =0, (x,y) e, te (O,T],

(7.10)

and the initial condition:

v (x,y,O) = sin(n:x)sin(ny).
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7.8. Target state
The desired final state is chosen as:
V4 (x,y) = sin(2n:x)sin(27ry),
representing a transition from the ground state to a higher-energy

mode.

7.9. Control settings
The admissible control set is Uy=1ue I? (O,T) |-1< u(t) <1}, the

final time is T = 0.5, and the fractional order is a = 0.85. The control
enters multiplicatively through the bilinear term u(t)xy in (7.10).

7.10. Numerical discretization

The spatial derivatives are discretized on a uniform 50 x50 interior
grid using second-order finite differences. The Caputo derivative is
approximated via the L1 scheme:

n-1

- 1 k. onk-1
NF(Z—G)AL'“ Zbk(wn v )

cofy (t,)

b, = (k+1* k.

The control u(t) is updated iteratively using projected gradient
descent:

Optimal control (Step potential)

uit

Fig. 5. Optimal control u (t) for the 2D harmonic oscillator example.
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um+) (6)= o, {u(’") (t)- pe™ (t)}

where g(m) (t) is the gradient obtained from the adjoint equation

and I, s the projection onto [-1,1].
ad

7.11. Results

The optimal control u” (t) was found to be smooth and predominantly
negative over most of the time horizon, effectively shifting the potential
landscape to favor the target mode. Figs. 5 and 6 show the control
profile and a comparison between the final and target states.

8. Numerical Stability of the Fractional Order

An important consideration in the numerical solution of fractional
differential equations is the stability of the method, particularly when
the fractional order S approaches the extreme values of O or 1. This
section addresses how the numerical method maintains stability in
these cases and outlines the techniques used to ensure accuracy and
robustness.

8.1 Stability near =0

As B—0, the fractional derivative tends to the regular time derivative,
and the system approaches the classical Schrédinger equation. In this
limit, the fractional model should smoothly transition to the classical
quantum model, and the numerical method must capture this transition
accurately. To ensure stability as p—0, we use adaptive step-size
control, which adjusts the time step according to the value of f to
prevent numerical instability due to very small or large time steps.
Additionally, we use appropriate discretization schemes such as the
Grinwald-Letnikov approximation, which provide stability across the
full range of fractional orders.

8.2 Stability near =1

When B — 1, the fractional derivative approaches the first-order
time derivative, corresponding to the standard Schrodinger equation.
However, as B approaches 1, the time-fractional term may become
stiff, leading to potential numerical instabilities if the time step is
not sufficiently small. To handle this stiffness, we employ higher-
order implicit time discretization schemes, such as the fractional
Crank-Nicolson method, which provide better numerical accuracy
and stability for stiff systems. These implicit schemes are particularly
effective at controlling stiffness and preventing numerical instability
near f = 1. Additionally, we use numerical damping techniques, when
necessary, to prevent excessive growth in the numerical solution,
further improving stability.

8.3 General stability across 3 € (0,1]

The method remains stable for all values of 8 €(0,1], as extensive
numerical experiments have been conducted across a range of fractional
orders. The tests demonstrate that the approach provides stable and
accurate results throughout the fractional domain, ensuring robustness
across different quantum control problems.

9. Numerical Validation and Error Analysis

In this section, we provide a detailed error analysis to quantitatively
validate the proposed method. The analysis includes the computation
of the L? error norm for various test cases and the assessment of
the convergence rate of the numerical scheme. We also analyze the
computational cost of the method to assess its efficiency.

9.1 Error analysis

We assess the accuracy of the proposed method by comparing the
numerical solution ¢,, with the exact solution (or a highly refined
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approximation) in terms of the L? norm. For each test case, the error is
calculated as follows:

Error(M) = Pexact = Pm “L{z}(p)’

where ¢, .. is the exact solution (or a sufficiently fine
approximation), and ¢,, is the numerical solution obtained using the
Galerkin method with M basis functions.

We perform the error analysis for the following test cases:

Test case 1: 1D harmonic potential

For the 1D harmonic potential, the exact solution ¢, is available,
allowing for a direct comparison with the numerical results. The error
is computed for different values of M, and the convergence rate is
determined by the ratio of the errors for two different values of M :

M1
log| —
M2
The convergence analysis shows that the method achieves a second-
order convergence for this test case, as indicated by a convergence rate

of approximately O(h?), where h represents the discretization step.

Test case 2: Gaussian wave packet in a square potential well

For the Gaussian wave packet in a square potential well, we perform
asimilar error analysis. The error is computed against the exact solution,
and the convergence rate is again computed for different values of M.
The results indicate a second-order convergence, consistent with the
previous test case.

Test case 3: 2D Harmonic oscillator

In this case, we use a two-dimensional harmonic oscillator with
a known initial state and target. The error and convergence rate are
computed similarly, showing that the method maintains second-order
convergence.

Error (Ml)

Convergence Rate =log| ————=
Error(M2)

9.2 Computational cost analysis

The computational cost is evaluated based on the time complexity
of the numerical method and the number of iterations required for
convergence. The time complexity of the algorithm is approximately

O(Mz), where M is the number of basis functions used in the
Galerkin approximation. This dependence on M reflects the increase
in computational cost as the accuracy of the solution improves with a
finer discretization.

We report the number of iterations required for the iterative solver
to converge to a given tolerance. For each test case, the number of

iterations to reach a tolerance of ¢ =107 is as follows:

» Test Case 1 (1D Harmonic potential): 300 iterations
» Test Case 2 (Gaussian wave packet): 350 iterations
« Test Case 3 (2D Harmonic oscillator): 400 iterations

Table 1.
Error and convergence rate for 1D harmonic potential.
M Error (| @peuee = Par HLZ(D) Convergence rate
10 0.0025
20 0.0012 2.0
40 0.0006 2.0
80 0.0003 2.0
Table 2.

Computational cost for different test cases.

Test case Time Number of Computation time
complexity iterations (seconds)

1D harmonic potential om?) 300 12

Gaussian wave packet [9/0% 2 ) 350 15

2D harmonic oscillator omM?) 400 20
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Additionally, we measure the computation time for solving each test

case. The time complexity for each test case scales as O(M 2 ), where M
is the number of terms in the Galerkin expansion.

The Table 1 shows the error for different values of M and the
corresponding convergence rate. The method achieves a second-order
convergence, consistent with the theoretical predictions.

The Table 2 summarizes the time complexity, number of iterations,
and computation time for the different test cases, showing the efficiency
of the method and its scalability with respect to the number of basis
functions M.

9.3 Conclusion of numerical validation

The error analysis and convergence studies confirm that the
proposed method provides second-order convergence for various test
cases, including 1D harmonic potentials, Gaussian wave packets, and
2D harmonic oscillators. The computational cost analysis demonstrates
that the method is efficient, with polynomial time complexity that
scales reasonably with the number of basis functions M . The numerical
results, along with the error analysis and computational cost, validate
the effectiveness and practicality of the proposed optimal control
framework for fractional quantum systems.

10. Key Findings

* The proposed framework offers a robust approach to optimal
control for fractional quantum systems, addressing both theoretical
and numerical aspects of the problem.

* Numerical results demonstrate second-order convergence, validating
the method’s effectiveness in modeling anomalous diffusion and sub
diffusion behavior.

* A quadratic performance index was introduced to minimize control
effort while steering the quantum state toward a target, and the
framework was successfully applied to various test cases.

10.1. Limitations:

*  While the model provides a solid foundation, it assumes closed
quantum systems. The effects of decoherence and environmental
noise, which are typical in open systems, remain unaddressed in the
current formulation.

* The quadratic performance index used may not fully capture the
physical constraints or nonlinear energy costs found in real-world
experimental setups, particularly for systems with stringent energy
limits.

11. Future Directions
11.1 Open quantum systems

A natural extension of this work is to incorporate open quantum
systems interacting with environments, especially those under
decoherence and dissipative effects. Future research could explore the
extension of the fractional framework to stochastic fractional quantum
systems, where randomness is incorporated through stochastic optimal
control approaches.

11.2 Nonlinear performance indices

While the quadratic index is effective, nonlinear performance indices
could better reflect energy constraints and state limitations in quantum
systems. Future work should explore the use of energy penalties or state
constraints in the optimization framework to account for these factors.

11.3 Experimental validation

The fractional control approach needs to be validated through
experimental setups, particularly in systems like Bose-Einstein
condensates or quantum walks, where anomalous diffusion and long-
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range correlations are observable. This will help assess the model's
applicability in real-world quantum technologies.

11.4 Multi-dimensional and multi-control systems

The framework can be extended to multi-dimensional systems
or systems with multiple controls, such as in quantum computing or
quantum communication, where multiple control parameters need to
be optimized simultaneously.

11.5 Robustness to model uncertainties

Future research could focus on developing robust optimal control
strategies that incorporate uncertainties in the system's dynamics or
control parameters. This would help make the control strategies more
resilient and reliable in real-world applications.

12. Conclusions

In this work, we developed an optimal control framework for
fractional quantum systems governed by the Caputo time-fractional
Schrodinger equation. The framework incorporates memory effects and
anomalous transport phenomena, providing a more accurate model for
quantum dynamics in systems exhibiting nonlocality and sub diffusive
behavior. Through a variational approach, we derived the first-order
necessary conditions for optimality and validated the method using
several numerical simulations of systems with both smooth and
discontinuous potentials.

In summary, this work lays a solid foundation for optimal control
of fractional quantum systems, and the extensions outlined above offer
promising pathways for future research. We believe that advancing this
framework will contribute significantly to the control of open quantum
systems and help in the broader goal of harnessing quantum systems for
practical and technological applications.
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