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1. Introduction

In Escobedo and Herrero (1991), system of equations

ut � Mu ¼ vq; ð1:11Þ
v t � Mv ¼ up; ð1:12Þ
with x 2 RN;N P 1; t; p; q > 0 was studied in which boundedness
properties and blow-up of its solutions were analysed. After a few
years same authors studied global existence and uniqueness of
solutions for system (1.11), (1.12) in Escobedo and Herrero
(1993). Similar problems of parabolic nature arise in numerous
areas of applied mathematics and model many physical phenom-
ena, for instance, population dynamics, chemical reactions or heat
transfer.

Later in Gao and Gao (2013), blow-up and existence of solutions
to initial & boundary-value problems to non-linear hyperbolic and
parabolic systems including variable exponents were investigated.
Recently, the system of coupled (2 + 1)-D hyperbolic equations
utt � uxx � uyy þ avq ¼ 0; ð1:13Þ
v tt � vxx � vyy þ bup ¼ 0; ð1:14Þ

with q; p constants and a;b– 0 constants, has been studied in
Muatjetjeja and Khalique (2015) from the symmetry stand point.
Noether and Lie symmetry classification of (1.13)–(1.14) were
performed.

In this work, we examine a generalisation of system (1.13)–
(1.14), which we obtain by substituting arbitrary functions PðvÞ
and QðuÞ for vq and up, respectively in (1.13)–(1.14). Thus, we ana-
lyze generalised system of two coupled (2 + 1)-D hyperbolic
equations

utt � uxx � uyy þ PðvÞ ¼ 0; ð1:15Þ
v tt � vxx � vyy þ QðuÞ ¼ 0; ð1:16Þ

with PðvÞ;QðuÞ being arbitrary elements. The purpose of our study
is to classify Noether symmetries for system (1.15)–(1.16) and con-
struct conservation laws corresponding to Noether operators
admitted by system (1.15)–(1.16).

Lie symmetry analysis, originally developed by Sophus Lie
(1842–1899) in the latter half of the nineteenth century, is one
of the most systematic methods for studying differential equations.
Recently it has attracted a lot of attention from the scientists and
has been applied to different areas of research. See for example
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Ovsiannikov (1982), Ibragimov (1994-1996), Butt and Ahmad
(2020), Wang et al. (2016), Yildirim and Mohyud-Din (2010),

The paper is planned in followingmanner. In Section 2 we give a
few salient features regarding Noether point symmetries. Section 3
establishes Noether operators and corresponding conservation
laws for system (1.15)–(1.16) are obtained. In Section 4 we present
Concluding remarks.

2. Preliminaries and notations

We give some notations and results concerning the Noether
operators, which will be used later. See for example Noether
(1918) and Muatjetjeja and Khalique (2013) for details.

Let

Y ¼ s @

@t
þ n1

@

@x
þ n2

@

@y
þ g1 @

@u
þ g2 @

@v ð2:7Þ

be a vector field, where s; n1; n2;g1 and g2 are functions of
ðt; x; y;u; vÞ. The first prolongation is defined as

Y ½1� ¼ s @
@t þ n1 @

@x þ n2 @
@y þ g1 @

@u þ g2 @
@v þ f1t

@
@ut

þ f2t
@

@vt
þ f1x

@
@ux

þf2x
@

@vx
þ f1y

@
@uy

þ f2y
@

@vy
;

where

f1t ¼ Dtðg1Þ � utDtðsÞ � uxDtðn1Þ � uyDtðn2Þ;
f1x ¼ Dxðg1Þ � utDxðsÞ � uxDxðn1Þ � uyDxðn2Þ;
f1y ¼ Dyðg1Þ � utDyðsÞ � uxDyðn1Þ � uyDyðn2Þ;
f2t ¼ Dtðg2Þ � v tDtðsÞ � vxDtðn1Þ � vyDtðn2Þ;
f2x ¼ Dxðg2Þ � v tDxðsÞ � vxDxðn1Þ � vyDxðn2Þ;
f2y ¼ Dyðg2Þ � v tDyðsÞ � vxDyðn1Þ � vyDyðn2Þ
and

Dt ¼ @
@t þ ut

@
@u þ v t

@
@v þ utt

@
@ux

þ v tt
@

@vx
þ utx

@
@ux

þ v tx
@

@vx

þuty
@

@uy
þ v ty

@
@vy

þ � � � ;
Dx ¼ @

@x þ ux
@
@u þ vx

@
@v þ uxx

@
@ux

þ vxx
@

@vx
þ utx

@
@ut

þ v tx
@

@vt

þuxy
@

@uy
þ vxy

@
@vy

þ � � � ;
Dy ¼ @

@y þ uy
@
@u þ vy

@
@v þ uyy

@
@uy

þ vyy
@

@vy
þ uty

@
@ut

þ v ty
@

@vt

þuxy
@

@ux
þ vxy

@
@vx

þ � � � :
Recall, from calculus of variations, Euler–Lagrange operators

d
du ¼ @

@u � Dt
@
@ut

� Dx
@

@ux
� Dy

@
@uy

þ D2
t

@
@utt

þ D2
x

@
@uxx

þ D2
y

@
@uyy

þ � � � ;
d
dv ¼ @

@v � Dt
@

@vt
� Dx

@
@vx

� Dy
@

@vy
þ D2

t
@

@vtt
þ D2

x
@

@vxx
þ D2

y
@

@vyy
þ � � � :

Definition 1. A function Lðt; x; y;u;v ;ut;v t ;ux;vx;uy;vyÞ is a first
order Lagrangian of second order system of PDEs
E1 ¼ 0; ð2:8Þ
E2 ¼ 0; ð2:9Þ
if the system (2.8)–(2.9) is identical to Euler–Lagrange equations

dL
du

¼ 0;
dL
dv ¼ 0: ð2:10Þ
Definition 2. The operator Y of (2.7), is a Noether operator corre-
sponding to first order Lagrangian L of system (2.8)–(2.9) if there
exists potential functions B1;B2 and B3 that depend on
ðt; x; y;u;vÞ such that
Y ½1�ðLÞ þ LfDxðn1Þ þ Dyðn2Þ þ DtðsÞg
¼ DtðB1Þ þ DxðB2Þ þ DyðB3Þ: ð2:11Þ
We state the acclaimed Noether theorem.
Theorem 1. (Noether Noether, 1918) If operator Y given by (2.7) is
Noether corresponding to first order Lagrangian L of system (2.8)–
(2.9), then T ¼ ðT1; T2; T3Þ, where

T1 ¼ sLþ ðg1 � uts� uxn
1 � uyn

2Þ @L
@ut

þðg2 � v ts� vxn
1 � vyn

2Þ @L
@vt

� B1;
ð2:12Þ

T2 ¼ n1L þ ðg1 � uts� uxn
1 � uyn

2Þ @L
@ux

þðg2 � v ts� vxn
1 � vyn

2Þ @L
@vx

� B2;
ð2:13Þ

T3 ¼ n2L þ ðg1 � uts� uxn
1 � uyn

2Þ @L
@uy

þðg2 � v ts� vxn
1 � vyn

2Þ @L
@vy

� B3;
ð2:14Þ

represents a conserved vector of system (2.8)–(2.9) corresponding
to the operator Y.
3. Noether symmetries and conservation laws of the system
(1.15)–(1.16)

It can ready be confirmed that the system (1.15)–(1.16) possess
a first-order Lagrangian given by

L ¼ uyvy þ uxvx � utv t þ
Z

PðvÞdv þ
Z

QðuÞdu: ð3:15Þ

Substituting the above value of L in the determining Eq. (2.11)
and splitting on different derivatives with respect to u and v , one
obtains a linear homogeneous overdetermined system of PDEs

sv ¼ 0; su ¼ 0; n1u ¼ 0; n1v ¼ 0; n2v ¼ 0; n2u ¼ 0; n2t � sy ¼ 0;

n1t � sx ¼ 0; n1y þ n2x ¼ 0; g1
u þ g2

v � st þ n1x þ n2y ¼ 0;

g1
u þ g2

v þ st � n1x þ n2y ¼ 0;

g1
t ¼ �B1

v ; g2
t ¼ �B1

u; g1
x ¼ B2

v ; g2
x ¼ B2

u; g1
y ¼ B3

v ; g2
y ¼ B3

u;

g1QðuÞ þ g2PðvÞ þ st
R
PðvÞdv þ R

QðuÞdu� �þ n1x
R
PðvÞdv�

þ
Z

QðuÞduÞ þ n2y

Z
PðvÞdv þ

Z
QðuÞdu

� �
¼ B1

t þ B2
x þ B3

y :

The solution of above system is

n1 ¼ aðt; x; yÞ;
n2 ¼ bðt; x; yÞ;
s ¼ cðt; x; yÞ;
g1 ¼ �byu� jðt; x; yÞuþ hðt; x; yÞ;
g2 ¼ jv þ kðt; x; yÞ;
B1 ¼ �jtuv � htv � ktuþ nðt; x; yÞ;
B2 ¼ jxuv þ kxuþ hxv þ rðt; x; yÞ;
B3 ¼ jyuv þ kyuþ hyv þ sðt; x; yÞ;

ð�byu� juþhÞQðuÞþ ðjv þkÞPðvÞþ ct
R
PðvÞdv þ R

QðuÞdu� �
þax

R
PðvÞdv þ R

QðuÞdu� �þby
R
PðvÞdv þ R

QðuÞdu� �
¼ ðjxx þ jyy � jttÞuv þðkxx þkyy �kttÞuþðhxx þhyy �httÞv
þnt þ rx þ sy:

ð3:16Þ

The study of Eq. (3.16) results in 5 cases:

Case 1. P;Q arbitrary, but not as contained in cases 2–5 below.
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We have following six Noether point symmetries

X1 ¼ @

@t
; B1 ¼ n;B2 ¼ r;B3 ¼ s; nt þ rx þ sy ¼ 0; ð3:17Þ

X2 ¼ @

@x
; B1 ¼ n;B2 ¼ r;B3 ¼ s; nt þ rx þ sy ¼ 0; ð3:18Þ

X3 ¼ @

@y
; B1 ¼ n;B2 ¼ r;B3 ¼ s; nt þ rx þ sy ¼ 0; ð3:19Þ

X4 ¼y
@

@t
þ t

@

@y
; B1 ¼ n;B2 ¼ r;B3 ¼ s; nt þ rx þ sy ¼ 0; ð3:20Þ

X5 ¼x
@

@t
þ t

@

@x
; B1 ¼ n;B2 ¼ r;B3 ¼ s; nt þ rx þ sy ¼ 0; ð3:21Þ

X6 ¼y
@

@x
� x

@

@y
; B1 ¼ n;B2 ¼ r; B3 ¼ s; nt þ rx þ sy ¼ 0: ð3:22Þ

The invocation of the celebrated Noether theorem gives the six
conserved vectors corresponding to these six Noether symmetries:
T1
1 ¼ uyvy þ uxvx þ utv t þ

R
PðvÞdv þ R

QðuÞdu� n;

T2
1 ¼ �utvx � uxv t � r;

T3
1 ¼ �utvy � uyv t � s;

T1
2 ¼ uxv t þ utvx � n;

T2
2 ¼ uyvy � uxvx � utv t þ

R
PðvÞdv þ R

QðuÞdu� r;

T3
2 ¼ �uxvy � uyvx � s;

T1
3 ¼ uyv t þ utvy � n;

T2
3 ¼ �uyvx � uxvy � r;

T3
3 ¼ uxvx � uyvy � utv t þ

R
PðvÞdv þ R

QðuÞdu� s;

T1
4 ¼ yuxvx þ yuyvy þ tutvy þ yutv t þ tuyv t þ y

R
PðvÞdv

þy
R
QðuÞdu� n;

T2
4 ¼ �yutvx � tuyvx � yuxv t � tuxvy � r;

T3
4 ¼ tuxvx � tutv t � yutvy � tuyvy � yuyv t þ t

R
PðvÞdv

þt
R
QðuÞdu� s;

T1
5 ¼ xuxvx þ xuyvy þ xutv t þ tuxv t þ tutvx þ x

R
PðvÞdv

þx
R
QðuÞdu� n;

T2
5 ¼ tuyvy � tutv t � xuxv t � tuxvx � xutvx þ t

R
PðvÞdv

þt
R
QðuÞdu� r;

T3
5 ¼ �xutvy � tuxvy � xuyv t � tvxuy � s;

T1
6 ¼ yuxv t � xuyv t þ yutvx � xvyut � n;

T2
6 ¼ yuyvy � yutv t þ xuxvy � yuxvx þ xuyvx þ y

R
PðvÞdv

þy
R
QðuÞdu� r;

T3
6 ¼ xutv t � xuxvx � yuyvx � yuxvy þ xuyvy � x

R
PðvÞdv

�x
R
QðuÞdu� s:

Case 2. P ¼ av þ b;Q ¼ cuþ k, a; b; c; k constants, a; c – 0.

Here we have two sub-cases, viz.,
2.1. b; k– 0. This subcase yields six Noether symmetries,

X1;X2;X3;X4;X5;X6 given by operators (3.17)–(3.22) and (2.12)–
(2.14) yields six conserved vectors corresponding to six Noether
symmetries given by
T1
1 ¼ uyvy þ uxvx þ utv t þ a

2 v
2 þ bv þ c

2u
2 þ ku� n;

T2
1 ¼ �utvx � uxv t � r;

T3
1 ¼ �utvy � uyv t � s;

T1
2 ¼ uxv t þ utvx � n;

T2
2 ¼ uyvy � uxvx � utv t þ a

2 v
2 þ bv þ c

2u
2 þ ku� r;

T3
2 ¼ �uxvy � uyvx � s;

T1
3 ¼ uyv t þ utvy � n;

T2
3 ¼ �uyvx � uxvy � r;

T3
3 ¼ uxvx � uyvy � utv t þ a

2 v
2 þ bv þ c

2u
2 þ ku� s;

T1
4 ¼ yuxvx þ yuyvy þ tutvy þ yutv t þ tuyv t þ a

2 yv
2 þ byv

þ c
2 yu

2 þ kyu� n;

T2
4 ¼ �yutvx � tuyvx � yuxv t � tuxvy � r;

T3
4 ¼ tuxvx � tutv t � yutvy � tuyvy � yuyv t þ a

2 tv
2 þ btv

þ c
2 tu

2 þ ktu� s;

T1
5 ¼ xuxvx þ xuyvy þ xutv t þ tuxv t þ tutvx þ x a

2 v
2 þ bxv

þx c
2u

2 þ kxu� n;

T2
5 ¼ tuyvy � tutv t � xuxv t � tuxvx � xutvx þ a

2 tv
2 þ btv

þ c
2 tu

2 þ ktu� r;

T3
5 ¼ �xutvy � tuxvy � xuyv t � tvxuy � s;

T1
6 ¼ yuxv t � xuyv t þ yutvx � xvyut � n;

T2
6 ¼ yuyvy � yutv t þ xuxvy � yuxvx þ xuyvx þ a

2 yv
2 þ byv

þ c
2 yu

2 þ kyu� r;

T3
6 ¼ xutv t � xuxvx � yuyvx � yuxvy þ xuyvy � a

2 xv
2 þ bxv

� c
2 xu

2 þ kxu� s:

2.2. b; k ¼ 0. Here we have seven Noether symmetry operators,
namely, X1;X2;X3;X4;X5;X6 given by operators (3.17)-(3.22) and X7

given by

X7 ¼ hðt; x; yÞ @
@u þ kðt; x; yÞ @

@v ; B
1 ¼ �htv � ktuþ n;

B2 ¼ kxuþ hxv þ r; B3 ¼ kyuþ hyv þ r; nt þ rx þ sy ¼ 0; ð3:23Þ

where hðt; x; yÞ; kðt; x; yÞ (arbitrary functions) satisfy ktt � kxx�
kyy þ ch ¼ 0; htt � hxx � hyy þ ak ¼ 0. Consequently, Theorem 1
yields seven conserved vectors given by

T1
1 ¼ uyvy þ uxvx þ utv t þ a

2 v
2 þ bv þ c

2u
2 þ ku� n;

T2
1 ¼ �utvx � uxv t � r;

T3
1 ¼ �utvy � uyv t � s;

T1
2 ¼ uxv t þ utvx � n;

T2
2 ¼ uyvy � uxvx � utv t þ a

2 v
2 þ bv þ c

2u
2 þ ku� r;

T3
2 ¼ �uxvy � uyvx � s;

T1
3 ¼ uyv t þ utvy � n;

T2
3 ¼ �uyvx � uxvy � r;

T3
3 ¼ uxvx � uyvy � utv t þ a

2 v
2 þ bv þ c

2u
2 þ ku� s;
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T1
4 ¼ yuxvx þ yuyvy þ tutvy þ yutv t þ tuyv t þ a

2 yv
2 þ byv

þ c
2 yu

2 þ kyu� n;

T2
4 ¼ �yutvx � tuyvx � yuxv t � tuxvy � r;

T3
4 ¼ tuxvx � tutv t � yutvy � tuyvy � yuyv t þ a

2 tv
2 þ btv

þ c
2 tu

2 þ ktu� s;

T1
5 ¼ xuxvx þ xuyvy þ xutv t þ tuxv t þ tutvx þ x a

2 v
2 þ bxv

þx c
2u

2 þ kxu� n;

T2
5 ¼ tuyvy � tutv t � xuxv t � tuxvx � xutvx þ a

2 tv
2 þ btv

þ c
2 tu

2 þ ktu� r;

T3
5 ¼ �xutvy � tuxvy � xuyv t � tvxuy � s;

T1
6 ¼ yuxv t � xuyv t þ yutvx � xvyut � n;

T2
6 ¼ yuyvy � yutv t þ xuxvy � yuxvx þ xuyvx þ a

2 yv
2 þ byv

þ c
2 yu

2 þ kyu� r;

T3
6 ¼ xutv t � xuxvx � yuyvx � yuxvy þ xuyvy � a

2 xv
2 þ bxv

� c
2 xu

2 þ kxu� s;

T1
7 ¼ �hv t � kut þ htv þ ktu� n;

T2
7 ¼ hvx þ kux � kxu� hxv � r;

T3
7 ¼ hvy þ kuy � kyu� hyv � s:

Case 3. P ¼ avq þ b;Q ¼ cup þ k, with q; p;a; b; c; k constants,
a; c– 0.

This case has two subcases.
3.1. b; k– 0; p; q– � 1; 2pþ 2qþ 5� pq– 0.
Six Noether operators X1;X2;X3;X4;X5;X6 given by generators

(3.17)-(3.22) are obtained. The invocation of Theorem 1 yields
the following corresponding conserved vectors:

T1
1 ¼ uyvy þ uxvx þ utv t þ a

qþ1 v
qþ1 þ bv þ c

pþ1u
pþ1 þ ku� n;

T1
2 ¼ �utvx � uxv t � r;

T1
3 ¼ �utvy � uyv t � s;

T2
1 ¼ uxv t þ utvx � n;

T2
2 ¼ uyvy � uxvx � utv t þ a

qþ1 v
qþ1 þ bv þ c

pþ1u
pþ1 þ ku� r;

T2
3 ¼ �uxvy � uyvx � s;

T3
1 ¼ uyv t þ utvy � n;

T3
2 ¼ �uyvx � uxvy � r;

T3
3 ¼ uxvx � uyvy � utv t þ a

qþ1 v
qþ1 þ bv þ c

pþ1u
pþ1 þ ku� s;

T4
1 ¼ yuxvx þ yuyvy þ tutvy þ yutv t þ tuyv t þ a

qþ1 yv
qþ1

þbyv þ b
pþ1 yu

pþ1 þ kyu� n;

T4
2 ¼ �yutvx � tuyvx � yuxv t � tuxvy � r;

T4
3 ¼ tuxvx � tutv t � yutvy � tuyvy � yuyv t þ a

qþ1 tv
qþ1 þ btv

þ c
pþ1 tu

pþ1 þ ktu� s;

T5
1 ¼ xuxvx þ xuyvy þ xutv t þ tuxv t þ tutvx þ a

qþ1 xv
qþ1 þ bxv

þ c
pþ1 xu

pþ1 þ kxu� n;

T5
2 ¼ tuyvy � tutv t � xuxv t � tuxvx � xutvx þ a

qþ1 tv
qþ1 þ btv

þ c
pþ1 tu

pþ1 þ ktu� r;

T5
3 ¼ �xutvy � tuxvy � xuyv t � tvxuy � s;
T6
1 ¼ yuxv t � xuyv t þ yutvx � xvyut � n;

T6
2 ¼ yuyvy � yutv t þ xuxvy � yuxvx þ xuyvx þ a

qþ1 yv
qþ1 þ byv

þ c
pþ1 yu

pþ1 þ byu� r;

T6
3 ¼ xutv t � xuxvx � yuyvx � yuxvy þ xuyvy � a

qþ1 xv
qþ1 þ bxv

� c
pþ1 xu

pþ1 þ bxu� s:

3.2. b; k ¼ 0; p ¼ 5; q ¼ 5.
In this case, we obtain four extra Noether symmetries namely

X7 ¼ ðy2 þ x2 þ t2Þ @
@t þ 2tx @

@x þ 2ty @
@y � ut @

@u � vt @
@v ;

B1 ¼ uv;B2 ¼ 0;B3 ¼ 0;
X8 ¼ �2xt @

@t þ ðy2 � x2 � t2Þ @
@x � 2xy @

@y þ ux @
@u þ vx @

@v ;

B1 ¼ 0;B2 ¼ uv ;B3 ¼ 0;
X9 ¼ �2yt @

@t � 2yx @
@x þ ðx2 � t2 � y2Þ @

@y þ uy @
@u þ vy @

@v ;

B1 ¼ 0;B2 ¼ 0;B3 ¼ uv ;
X10 ¼ 2t @

@t þ 2x @
@x þ 2y @

@x � u @
@u � v @

@v ; B
1 ¼ 0;B2 ¼ 0;B3 ¼ 0:

Employing the Noether theorem we obtain the following new
extra four nontrivial conserved vectors corresponding to these
extra four Noether point symmetries:

T1
7 ¼ 1

6 ft2bu6 þ x2bu6 þ y2bu6 þ 6tv tuþ t2av6 þ x2av6 þ y2av6

�6uv þ 6t2uyvyþ
6x2uyvy þ 6y2uyvy þ 6t2uxvx þ 6x2uxvx þ 6y2uxvx þ 6tvut

þ12tyvyut þ 12txvxut

þ12tyuyv t þ 12txuxv t þ 6t2utv t þ 6x2utv t þ 6y2utv tg;
T2
7 ¼ 1

3 ftxbu6 � 3tvxuþ txav6 þ 6txuyvy � 3tvux � 6tyvyux

�6tyuyvx � 6txuxvx � 3t2vxut � 3x2vxut � 3y2vxut

�3t2uxv t � 3x2uxv t � 3y2uxv t � 6txutv tg;
T3
7 ¼ 1

3 ftybu6 � 3tvyuþ tyav6 � 3tvuy � 6tyuyvy � 6txvyux

�6txuyvx þ 6tyuxvx � 3t2vyut � 3x2vyut � 3y2vyut

�3t2uyv t � 3x2uyv t � 3y2uyv t � 6tyutv tg;

T1
8 ¼ 1

3 f�txbu6 � 3xv tu� txav6 � 6txuyvy � 6txuxvx � 3xvut

�6xyvyut � 3t2vxut � 3x2vxut þ 3y2vxut � 6xyuyv t

�3t2uxv t � 3x2uxv t þ 3y2uxv t � 6txutv tg;
T2
8 ¼ 1

6 f�t2bu6 � x2bu6 þ y2bu6 þ 6xvxu� t2av6 � x2av6

þy2av6 � 6uv � 6t2uyvy � 6x2uyvy þ 6y2uyvy þ 6xvux

þ12xyvyux þ 12xyuyvx þ 6t2uxvx þ 6x2uxvx � 6y2uxvx

þ12txvxut þ 12txuxv t þ 6t2utv t þ 6x2utv t � 6y2utv tg;
T3
8 ¼ 1

3 f�xybu6 þ 3xvyu� xyav6 þ 3xvuy þ 6xyuyvy þ 3t2vyux

þ3x2vyux � 3y2vyux þ 3t2uyvx þ 3x2uyvx � 3y2uyvx

�6xyuxvx þ 6txvyut þ 6txuyv t þ 6xyutv tg;

T1
9 ¼ 1

3 f�tybu6 � 3yv tu� tyav6 � 6tyuyvy � 6tyuxvx � 3yvut

�3t2vyut þ 3x2vyut � 3y2vyut � 6xyvxut � 3t2uyv t

þ3x2uyv t � 3y2uyv t � 6xyuxv t � 6tyutv tg;
T2
9 ¼ 1

3 f�xybu6 þ 3yvxu� xyav6 � 6xyuyvy þ 3yvux þ 3t2vyux

�3x2vyux þ 3y2vyux þ 3t2uyvx � 3x2uyvx þ 3y2uyvx

þ6xyuxvx þ 6tyvxut þ 6tyuxv t þ 6xyutv tg;
T3
9 ¼ 1

6 f�t2bu6 þ x2bu6 � y2bu6 þ 6yvyu� t2av6 þ x2av6

�y2av6 � 6uv þ 6yvuy þ 6t2uyvy � 6x2uyvy þ 6y2uyvy

þ12xyvyux þ 12xyuyvx � 6t2uxvx þ 6x2uxvx � 6y2uxvx

þ12tyvyut þ 12tyuyv t þ 6t2utv t � 6x2utv t þ 6y2utv tg;
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T1
10 ¼ 1

3 f3v tuþ 3utv þ btu6 þ atv6 þ 6tuxvx þ 6xutvx þ 6xv tux

þ6tuyvy þ 6yutvy þ 6yv tuy þ 6tutv tg;
T2
10 ¼ 1

3 f�3vxu� 3uxv þ bxu6 þ axv6 � 6tutvx � 6tv tux � 6xutv t

þ6xuyvy � 6yuxvy � 6yuyvx � 6xuxvxg;
T3
10 ¼ 1

3 f�3vyu� 3uyv þ byu6 þ ayv6 � 6tutvy � 6tv tuy � 6yutv t

�6xuxvy � 6xuyvx þ 6yuxvx � 6yuyvyg:

3.3. b; k ¼ 0.
We get five subcases. See Muatjetjeja and Khalique (2015).

Case 4. P ¼ aebv þ c, Q ¼ deku þ r, a; b; c; d; k;r constants,
a; d – 0.

This case gives six Noether operators X1;X2;X3;X4;X5;X6 given
by generators (3.17)-(3.22) and corresponding six conserved vec-
tors are

T1
1 ¼ uyvy þ uxvx þ utv t þ a

b e
bv þ d

k e
ku þ cv þ ru� n;

T2
1 ¼ �utvx � uxv t � r;

T3
1 ¼ �utvy � uyv t � s;

T1
2 ¼ uxv t þ utvx � n;

T2
2 ¼ uyvy � uxvx � utv t þ a

b e
bv þ d

k e
ku þ cv þ ru� r;

T3
2 ¼ �uxvy � uyvx � s;

T1
3 ¼ uyv t þ utvy � n;

T2
3 ¼ �uyvx � uxvy � r;

T3
3 ¼ uxvx � uyvy � utv t þ a

b e
bv þ d

k e
ku þ cv þ ru� s;

T1
4 ¼ yuxvx þ yuyvy þ tutvy þ yutv t þ tuyv t þ a

b e
bvyþ d

k e
kuy

þcyv þ ryu� n;

T2
4 ¼ �yutvx � tuyvx � yuxv t � tuxvy � r;

T3
4 ¼ tuxvx � tutv t � yutvy � tuyvy � yuyv t þ a

b e
bv t þ d

k e
kut

þctv þ rtu� s;

T1
5 ¼ xuxvx þ xuyvy þ xutv t þ tuxv t þ tutvx þ a

b e
bvxþ d

k e
kux

þcxv þ rxu� n;

T2
5 ¼ tuyvy � tutv t � xuxv t � tuxvx � xutvx þ a

b e
bv t þ d

k e
kut þ ctv

þrtu� r;
T3
5 ¼ �xutvy � tuxvy � xuyv t � tvxuy � s;

T1
6 ¼ yuxv t � xuyv t þ yutvx � xvyut � n;

T2
6 ¼ yuyvy � yutv t þ xuxvy � yuxvx þ xuyvx þ a

b e
bvyþ d

k e
kuy

þcyv þ ryu� r;

T3
6 ¼ xutv t � xuxvx � yuyvx � yuxvy þ xuyvy � a

b e
bvxþ d

k e
kux

þcxv þ rxu� s:

Case 5. P ¼ a lnv þ b;Q ¼ c lnuþ k;a; b; c; k constants with
a; c – 0.

For this case we obtain six Noether operators given by (3.17)-
(3.22). The invocation of Noether theorem yields

T1
1 ¼ uyvy þ uxvx þ utv t þ av lnv þ cu lnuþ bv þ cu� av

�cu� n;

T2
1 ¼ �utvx � uxv t � r;

T3
1 ¼ �utvy � uyv t � s;
T1
2 ¼ uxv t þ utvx � n;

T2
2 ¼ uyvy � uxvx � utv t þ av lnv þ cu lnuþ bv þ cu� av

�cu� r;

T3
2 ¼ �uxvy � uyvx � s;
T1
3 ¼ uyv t þ utvy � n;

T2
3 ¼ �uyvx � uxvy � r;

T3
3 ¼ uxvx � uyvy � utv t þ av lnv þ cu lnuþ bv þ cu� av

�cu� s;
T1
4 ¼ yuxvx þ yuyvy þ tutvy þ yutv t þ tuyv t þ yðav lnv þ cu lnu

þbv þ cu� av � cuÞ � n;

T2
4 ¼ �yutvx � tuyvx � yuxv t � tuxvy � r;

T3
4 ¼ tuxvx � tutv t � yutvy � tuyvy � yuyv t þ tðav lnv þ cu lnu

þbv þ cu� av � cuÞ � s;
T1
5 ¼ xuxvx þ xuyvy þ xutv t þ tuxv t þ tutvx þ xðav lnv þ cu lnu

þbv þ cu� av � cuÞ � n;

T2
5 ¼ tuyvy � tutv t � xuxv t � tuxvx � xutvx þ tðav lnv þ cu lnu

þbv þ cu� av � cuÞ � r;

T3
5 ¼ �xutvy � tuxvy � xuyv t � tvxuy � s;
T1
6 ¼ yuxv t � xuyv t þ yutvx � xvyut � n;

T2
6 ¼ yuyvy � yutv t þ xuxvy � yuxvx þ xuyvx þ yðav lnv þ cu lnu

þbv þ cu� av � cuÞ � r;

T3
6 ¼ xutv t � xuxvx � yuyvx � yuxvy þ xuyvy � xðav lnv þ cu lnu

þbv þ cu� av � cuÞ � s:

Remark. It should be pointed out that Noether symmetry clas-
sification of (1.15)–(1.16) prompted five main cases and few sub-
cases for the functions PðvÞ and QðuÞ. So altogether we obtained
eight different cases for the functions PðvÞ and QðuÞ. It can be
clearly seen that only one case, namely 3.3, was studied in
Muatjetjeja and Khalique (2015). All the other seven cases are
new results in the paper. .
4. Concluding remarks

In this work, a complete Noether symmetry classification for
the generalised system of coupled (2 + 1)-dimensional hyperbolic
Eqs. (1.15)–(1.16) was performed with respect to the first order
Lagrangian. This resulted in obtaining five cases and several sub-
cases for functions PðvÞ and QðuÞ which gave Noether symmetries.
Thereafter, corresponding to each of these Noether operators
found, we presented the conservation laws. The work on the
underlying problem was motivated by the recent work done in
Muatjetjeja and Khalique (2015). However, the results obtained
therein were not complete because the work in Muatjetjeja and
Khalique (2015) was restricted to self-interaction power functions.
Thus, in the present work no essential restriction on non-zero arbi-
trary self-interaction functions was placed. Also, one can see that
all the results related to Noether classification obtained in
Muatjetjeja and Khalique (2015) can be derived from the present
work. Therefore, the results of the present work are new and more
general.
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