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1. Introduction

Let us recall some definitions of various convex functions that
are known in the literature.

Definition 1.1 (Guo et al., 2016; Sarikaya et al., 2016). A function
f:ICR — R is said to be convex on the interval I, if for all x,y € I
and t € (0,1) it satisfies the following inequality:

fltx+ (1= t)y) <tf(x) + (1 = OF ). (1.1)

Definition 1.2 (Tun¢ et al, 2013; Park, 2015). A function
f:ICR — R is said to be MT-convex on I, if it is nonnegative and
for all x,y € I and t € (0, 1) it satisfies the following inequality:

Vi V11—t
Nl—_ff(XH W f). (1.2)

Example of such functions are:

fltx+ (1-t)y) <

(1) The functions f,g : (1,00) — R, where
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1
Y} — p —
fxX)=x" and gkx)=(1+x)", pe <0,1000>
(2) The function h : [1,3] — R, where

1
h(x) = (1+x2)", qe (O,W).

Notice that these functions are not convex.

Definition 1.3 Guo et al., 2016. If (X,.4) is a measurable space,
then f:X — R is measurable if f'(B) € A for every Borel set
B € B(R). A function f : R" — R is Lebesgue measurable if f ' (B) is
a Lebesgue measurable subset of R" for every Borel subset B of R.

Let us now consider a formal definition for co-ordinated convex
functions:

Definition 1.4 (Dragomir et al., 2000; Dragomir, 2001). A function
f:A— R is said to be convex on the co-ordinates on
A =[a,b] x [c,d| CR* with a<b and ¢ <d if for all t,A€(0,1)
and (x,y), (z,w) € A satisfies the following inequality:

fex+ (1 -0z, 2y + (1 = )w) < tAf(x,y) +t(1 = )f (x,w)

+ (1= 0f(zy) + (1 =61 = Hf(z,w).
(1.3)
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Definition 1.5 Samko et al., 1993. The incomplete beta function is
defined by

(a,b) /z“

For z = 1, the incomplete beta function coincides with the com-
plete beta function.

2)"'dz, a,b>0.

Throughout this paper we denote by L;(A) the set of all Lebes-
gue integrable functions on A as indicated by the authors in Guo
et al. (2016). Some integral inequalities of Hermite-Hadamard type

for co-ordinated convex functions on the rectangle in the plane R?
may be recited as follows:

Theorem 1.1 (Dragomir et al., 2000; Dragomir, 2001, Theorem 2.2).
Let f: A= [a,b] x [c,d] C R?> — R be convex on the co-ordinates on
A with a < b and ¢ < d. Then

(585 <3t [ (5
+ﬁ/cf(a+bvy)dy}
<G=aE=g 76//fxydydx
%{L</fxcdx+/fxd )
dL/ (/faydx+/fby ﬂ

<3 IF(@.0) 4 f(b.0) + fla.d) + f(b.d)].

Theorem 1.2 Guo et al.,, 2015, Theorem 2.1. Let f : QCR?> — R be
a twice partial differentiable mapping on Q° (the interior of Q) and
let A = [a,b] x [c,d] CQ° with a < b,c < d and 2L € L;(A). If

ox dy
is convex on the co-ordinates on A and q > 1, then the following
inequality holds:

[)x z’?y

1
1 /1\4
101 <5 (5) (1229 +£,3.2.2.1) 4 £,21.4.2)
+g,2.4.1.2)},

where

16
D=%-a@d—o

f

(") ﬁ/ff("%)dy
_ﬁ./;bf<x%l>dx+ / /fxydxdy}

[r1|fxy (a,0)[* +13fy(a,d) )| +13/fy (b, o)

+r4ufxy(b,d)|q]?

For more information on integral inequalities of the Hermite-
Hadamard type for various kinds of convex functions, the reader
is referred to the recently published papers (Park, 2013; Guo
et al., 2016; Meftah and Boukerrioua, 2015; Xi and Qi, 2015; Bai
et al.,, 2016), and the closely related references therein.

and

&q (r1,r2,73,74)

In this paper, we will establish more integral inequalities of the
Hermite-Hadamard type for MT-convex functions on the co-

ordinates on a rectangle A in the plane R2.
2. A definition and a lemma

Motivated by Definitions 1.1 and 1.3, we introduce the notion of
“co-ordinated MT-convex function”.

Definition 2.1. We say that a function f : A — R is MT-convex on
the co-ordinates on A = [a, b] x [c,d] C R? with a < b and ¢ < d, if it
is nonnegative and for all t, 2 € (0, 1) and (x,y), (z,w) € A it satisfies
the following inequality:

Vi

f(l'X + (1 — t)Z7 }y + (] — A)W) < Wf(x,y)
VIA =7 \/A(l—t)f(z NGEL 1—A w)
+4\/ 1-1 (%, w) + 4./t =7 V) 4\F ‘

2.1)

Now, we give an example to show that a function can be MT-
convex on the co-ordinates on A without being convex on the
co-ordinates on A. The function f(x,y) : (1,00) x (1,00) — R, where

C C 1
fx,y)=x"+y° for ce (QW)

is MT-convex on the co-ordinates on A =
is not convex on the co-ordinates on A.

In order to prove our main results, we need the following
lemma.

(1,00) x (1, 00) while this

Lemma 2.1. Let f: QCR?> — R be a twice partial differentiable
mapping on Q° and let A = [a,b] x [c,d] € Q° with a < b,c < d and
€ L1 (A). Then the following equality holds:
16

0 ae (55 e [ 15
ra [ () raraa [ ﬂbf(X’y>dXdy}
:/] /] t).fxy<£a+<l—% b,%c+<172&>d>dtdﬂ
//t)fxy<<l——>a+§ (%) id)dtdz
_/01 _/OIU Xy< ( —%)b (1_f>c+ d)dtdi
J :

()x{)y

f

2

SR (S
Proof. By integration by parts, we have
[ Lol (e (-
bt ) [ e ()
[l (1-pie [t (-t (1)

a5 g [ L WWW]-

Similarly, we find
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t A A
>a+2b (1—§>c+§d>dtdﬂ,
a+b c+d 2 [ . [fa+b
(2 5 2)_d7C/C f<2 7Y)dy
atb

2 [ Yo e [ ]
//t)fxy< a+<1 ;>b,(1 )C+id>dtdﬂ

c+d

(a 7c§d>_dic/c f<a+b7y>dy
a)“( i/ ’ /ﬂ;f(x,y)dxdy} ,

sl (-

_ 4
" (b-a)d-o)

f

=

2 c+d
_b—a/%f<x’ 5 )dx—i-(b_

and
/ /t)fxy<< >a+ b2 (l—%)d)dtd),
7(bfa;l(d7c) f<a;b’cgd>7dzc/;f<a;b’y>dy

atb

_%/HTf( C+d>dx+(b ; d—c/ /foydxdy}.

This ends the proof. O

3. Some integral inequalities of the Hermite-Hadamard type

Now we start off to establish some integral inequalities of the
Hermite-Hadamard type for the above-introduced MT-convex
functions on the co-ordinates.

Theorem 3.1. Let f: QCR?> — R be a twice partial differentiable
mapping on Q° (the interior of Q) and let A = [a,b] x [c,d] € Q° with

a<b,c<d and oxdy€L1( ). If * is MT-convex on the co-

ox dy

ordinates on A and q > 1, then the following inequality holds:

2

1-2
()] < < ) {g,(a1,02,0z,03) + g,(a3, 02,02, 1)

+gq(azva17a37a2)+gq(a27a3aa17a2)}7
where
8q(r1,12,13,T4) = [HU (a,c) | +13lfy(a,d) } +13f, (b, C|

+4lfy (b, '],

al=

and
,/5 1 51\, /3 3 (33
@ =B (2 2) 2= B%(z 2)3 (2 i)’ ‘13‘3%(?’2)‘

Proof. By using Lemma 2.1 and by changing the variables u = t/2
and v = //2, we have

e [l (- (1o
oL (1) (1-5)e30)
el e
of e (-5 gege (1-5)9)
16{/2 /Zuv w(ua+ (1—u)b, ve+ (1 - v)d)|dudv

//UM

+/ / uvlf,,(ua+ (1 -u)b, (1 - v)c+ vd)|dudv
0 0

u)a+ub, (1 - v)c+ vd)|dudy

+'/07 /O-iuv|fxy((1 —u)a+ub,vc+ (1 - v)d)|dudv}.

Using the MT-convexity of on the co-ordinates on A and

Ox[)y
the power-mean integral inequality, we have

|If|<16</%/%uvdud1/> {[// (\/TU——U“W o
o + mp‘wbd\q)dudvr

+J1’_”my | + \/iyxy
[ (i e + i wal

b0+ ﬁvxybdv)dudv}l

+ /1 A “”(W—{TW

e En
4/uv ol

ENGT

.l;

q v q
@ol + g a =g @9

1

4V\/”(_myb d) \q>dud1/]
\/l—u 1-v) foyad

Vo —u)
+ // (4\/—ufoyac{
Vuv q Vu(l-v) q ‘
+mmy(bic)| +4\/ﬁ\fxy(b,d)\ )dudv} }

1\
< (4) {gq a1,03,0y,03) + 84(03,02,0,01) + &q(A2,01,03,02) + &4(02, 03,01, az)}

This ends the proof. O

Remark 3.1. Under the assumptions of Theorem 3.1, when q = 1,
we have

()| < 4{g,(a1,02,02,03) + g,(03,02,02,01) + 84(A2, G103, 03) + 84 (a2,03,01,02) }.

Theorem 3.2. Let f: QCR? — R be a twice partial differentiable
mapping on Q° and let A=[a,b] x [c,d|CQ° with a<b,c<d. If
(;fdfy * is MT- convex on the co-ordinates on A and q > 1, then the fol-
lowing inequality holds:

—1\201-9)
()l < <72qq7 1) {gq(b1, by, by, b3) + g¢(b3, by, b, by)

+8¢(b2,b1,b3,by) + g4 (ba, b3, by, by)},

where g,(r1,12,73,14) is defined in Theorem 3.1 and
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(31 31\, /13 ,/13
=B (30) bon(ln(12). n-n(l)

Proof. By using Lemma 2.1 and by changing the variables u = t/2
and v = /2, we have

Iy <l6{/2 /7uv (ua+ (1-ub, vc + (1 - v)d)|dudv
0 0

bk
+/ /uv w((1
0 0

+/7 /iuv wua+ (1 —ub, (1 - v)c+ vd)|dudv
0 0

u)a+ub, (1 - v)c+ vd)|dudv

+/0 /0 uv|f,, (1 —wa+ub, vc+ (1 - v)d)|dudv}.

Now, by using the MT-convexity of |2|* on the co-ordinates on

dxﬁy
A and Hélder’s inequality, we have

1 1-4 11
3 [z £ a 7 (2 Juv q
I < 16(/0 A (uv) dudv) {[/ﬂ /0 (471 T [fiy(a. o)l

+7V\/UMUX},(LI O+ V\/itfxy o ¢ =W = 7) 4F \fxybd|q>dudv]q
+ / / (V W= ol +47V\/;foy(a,d)q
VoI =u) VA -uw(d-v) 1—1) i
+4m[fxy o+ foybd\q>dudy]
+ / / (4\/1‘7”% o 4%\@@,@\"
+Y 1;%‘” Ify (b, 0" 4\/“2__% (b,d) \q>dudv}
L] (e o + BTy
Vuv g, Vu(l q :
a0l T oo aude] }

_1\209)
< (quj) {8(b1,b2, by, bs) + g (b3, b2, by, by) + g4 (bz. b, b3, by) + g, (b2, b3, by, by) }.

This ends the proof. O

Remark 3.2. Under the assumptions of Theorem 3.2, when g = 1,
we have

[I(f)|lesgq (b1, ba, ba, b3) + g4 (b3, by, ba, b1) + g4 (b2, b1, b3, by)
+gq(b27b3>blyb2)~

Theorem 3.3. Let f: QCR?> — R be a twice partial differentiable
mapping on Q° and let A =[a,b] x [c,d]CQ° with a<b,c<d. If

P q
% is MT-convex on the co-ordinates on A and q > 1, then the fol-

lowing inequality holds:

qa-1 (42q- 1)\
"‘f)‘<2<2q—1>< g1 >

X {84(C1,€2,C3,Ca) + 8¢(Ca, €3, C2,C1) + g4 (C2, C1,Ca, C3) + 84(C3,Ca, €1, C2) },

where g,(r,12,73,14) is defined in Theorem 3.1 and
51 31 51 13
aB(32)8(z2) @=8(G2)8(G2)
33 31 33 13

o 8(32)8(22) «=m(z2)m(z2)

Proof. By using Lemma 2.1, the MT-convexity of |2 * on the co-

axc’)y
ordinates on A, Holder’s inequality and changing the variables
u=t/2and v = 1/2, we have

1o 14 1o
P ! 7 (2 Vuv q
\If|<16</0 /o uv dudy) {[/0 /o u<74 e [fy(a,0)l

+47V\/uﬂ[fxy(a.d)" 4V\/—[fxybc| pyI-ud-o) \fxybd\">dudy]i
PALE foyaw

e =

(@0 +
\/f
14\‘;_1 Dif .| )dudo|

+

NoeEm)
P LI
[y,

q Vuv q
s PN g
VA —-u)(1-2)

4F Jif .0 4;Mfoy(b‘d)\">dudvr

[ A et
Vuv

Vu(l-vo) q i
v e 4mlf“<”"”‘>"”d””
_ a-1 (42q-1)\:
S22q-1\ g-1

x {84(C1,€2,C3,Ca) + 84(Ca, C3,C2,C1) + &4 (C2, €1, Ca, C3) + 84(C3,Ca,C1,C2) }.

+

+

A A A SA

+

Theorem 3.3 is thus proved. O

Theorem 3.4. Let f: QCR? — R be a twice partial differentiable
mapping on Q° and let A=[a,b] x [c,d|CQ° with a<b,c<d. If
[;)qu is an MT- convex on the co-ordinates on A,q > 1 and

q = r,s > 0, then the following inequality holds:

1 (@17 .
1< (3) <<2qfr71><2q7s71>>

x {gq(d,da,d5,C4) + 84(da, d3,da, d1) + 84(da, d1, da, d3) + 8, (d3, da, di, da) },

where g, (r1,12,13,74) is as defined in Theorem 3.1 and
11 31 31 13
d] _Bl(r+2 Z)Bl( 2,j>, dzzB%(r 2 2)31( +2,2>,
1
2

13 31 13 3

q
Proof. From Lemma 2.1, the MT-convexity of } on the co-

[)xz)y
ordinates on A, Hélder’s inequality and changing the variables
u=t/2and v = 1/2, we have

u,\@e(/%/%“qﬁ L.dudy> {[// (WTVW off

1

4\/17—1}ny ) + 4\/11(1_ [f(b.0)" + m[fxy b,d) {")dudu}
+ // u1/’<" Qw02 @) 4V\/___ny(ad\
+4V¢”(_]__ny o + Wwb d){")dudv}

R = — .

AT 0+ 4vaybd<")dudv}

M”‘(WV\ A= @)

Taya ﬂl [fy 0" 4‘@— [f(b.d) \")dudy] }
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1 (a-17
<<E> <(2qfr71><2q7s71>>

X {gq(d1,dy,d3,Ca) + 84(da, d3,d,d1) + g4 (da, di,da, d3) + g, (d3,ds, dv, da) }.

Theorem 3.4 is thus proved. O

Remark 3.3. Under the assumptions of Theorem 3.4, when
r=s=q, we have

()| < 4{gy(d1,d2,d3,C4) + g4(da, d3,dz,d1) + g, (d2, d1,da, d3) + g4(d3,da, dy,da) }.
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