
This is an open-access article distributed under the terms of the Creative Commons Attribution-Non Commercial-Share Alike 4.0 License, which allows others to remix, transform, 
and build upon the work non-commercially, as long as the author is credited and the new creations are licensed under the identical terms.

© 2025 Journal of King Saud University – Science - Published by Scientific Scholar

FulL Length Article

Approximation by Stancu variant of 𝜆𝜆𝜆𝜆-Bernstein shifted knots operators
associated by Bézier basis function
Ahmed Alamer, Md. Nasiruzzaman ∗

Department of Mathematics, Faculty of Science, University of Tabuk, Tabuk 7149, Saudi Arabia

A R T I C L E I N F O

MSC:
41A25
41A36
33C45

Keywords:
Bernstein basis polynomial
Bézier basis function
𝜆𝜆𝜆𝜆-Bernstein-polynomial
Shifted knots
Stancu operators
Ditzian–Totik uniform modulus of smoothness
Lipschitz maximal functions
Peetre’s K -functional

A B S T R A C T

The current paper presents the 𝜆𝜆𝜆𝜆-Bernstein operators through the use of newly developed variant of Stancu-
type shifted knots polynomials associated by Bézier basis functions. Initially, we design the proposed Stancu
generated 𝜆𝜆𝜆𝜆-Bernstein operators by means of Bézier basis functions then investigate the local and global
approximation results by using the Ditzian–Totik uniform modulus of smoothness of step weight function.
Finally we establish convergence theorem for Lipschitz generated maximal continuous functions and obtain
some direct theorems of Peetre’s 𝐾𝐾𝐾𝐾-functional. In addition, we establish a quantitative Voronovskaja-type
approximation theorem.

1. Introduction and preliminaries

One of the most well-known mathematicians in the world, S. N. Bernstein, provided the quickest and most elegant demonstration of one of
the most well-known Weierstrass approximation theorems. Bernstein also devised the series of positive linear operators implied by {𝐵𝐵𝐵𝐵𝑠𝑠𝑠𝑠}𝑠𝑠𝑠𝑠≥1. The
famous Bernstein polynomial, defined in Bernstein (2012), was found to be a function that uniformly approximates on [0, 1] for all 𝑓𝑓𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶[0, 1] (the
class of all continuous functions). This finding was made in Bernstein’s study. Thus, for any 𝑦𝑦𝑦𝑦 ∈ [0, 1], the well-known Bernstein polynomial has
the following results.

𝐵𝐵𝐵𝐵𝑠𝑠𝑠𝑠(𝑔𝑔𝑔𝑔; 𝑦𝑦𝑦𝑦) =
𝑠𝑠𝑠𝑠
∑

𝑖𝑖𝑖𝑖=0
𝑔𝑔𝑔𝑔
( 𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

)

𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦),

where 𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) are the Bernstein polynomials with a maximum degree of 𝑠𝑠𝑠𝑠 and 𝑠𝑠𝑠𝑠 ∈ N (the positive integers), which defined by

𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) =

⎧

⎪

⎨

⎪

⎩

(𝑠𝑠𝑠𝑠
𝑖𝑖𝑖𝑖

)

𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖(1 − 𝑦𝑦𝑦𝑦)𝑠𝑠𝑠𝑠−𝑖𝑖𝑖𝑖 for 𝑠𝑠𝑠𝑠, 𝑦𝑦𝑦𝑦 ∈ [0, 1] and 𝑖𝑖𝑖𝑖 = 0, 1,…

0 for any 𝑖𝑖𝑖𝑖 𝑖𝑖 𝑠𝑠𝑠𝑠 or 𝑖𝑖𝑖𝑖 𝑖𝑖 0.
(1.1)

Testing the Bernstein-polynomials’ recursive relation is not too difficult. The recursive relationship for Bernstein-polynomials 𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) is quite
simple to test.

𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) = (1 − 𝑦𝑦𝑦𝑦)𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠−1,𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦) + 𝑦𝑦𝑦𝑦𝑏𝑏𝑏𝑏𝑠𝑠𝑠𝑠−1,𝑖𝑖𝑖𝑖−1(𝑦𝑦𝑦𝑦).

In 2010, Cai and colleagues introduced 𝜆𝜆𝜆𝜆 ∈ [−1, 1] is the shape parameter for the new Bézier bases, which they called 𝜆𝜆𝜆𝜆-Bernstein operators.
This definition of the Bernstein-polynomials is defined as follows:

𝐵𝐵𝐵𝐵𝑠𝑠𝑠𝑠,𝜆𝜆𝜆𝜆(𝑔𝑔𝑔𝑔; 𝑦𝑦𝑦𝑦) =
𝑠𝑠𝑠𝑠
∑

𝑖𝑖𝑖𝑖=0
𝑔𝑔𝑔𝑔
( 𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

)

�̃�𝑏𝑏𝑏𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖(𝜆𝜆𝜆𝜆; 𝑦𝑦𝑦𝑦), (1.2)
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The preconditioned iterative integration-exponential method is a novel iterative regularization method de-
signed to solve symmetric positive definite linear ill-conditioned problems. It is based on first-order dynamical 
systems, where the number of iterations serves as the regularization parameter. However, this method does not 
adaptively determine the optimal number of iterations. To address this limitation, this paper demonstrates that 
the preconditioned iterative integration-exponential method is also applicable to solving nonsymmetric positive 
definite linear systems and introduces an improved version of the preconditioned iterative integration-expo-
nential method. Inspired by iterative refinement, the new approach uses the residual to correct the numerical 
solution's errors, thereby eliminating the need to determine the optimal number of iterations. When the residual 
of the numerical solution from the initial preconditioned iterative integration-exponential method meets the ac-
curacy threshold, the improved method reverts to the original preconditioned iterative integration-exponential 
method. Numerical results show that the new method is more robust than the original preconditioned iterative 
integration-exponential method and eliminates the need for selecting regularization parameters compared to 
the Tikhonov regularization method, especially for highly ill-conditioned problems.
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1. Introduction

In recent years, ill-conditioned problems have attracted more and more attention and been widely used in engineering and mathematics fields, such 
as geodesy [1], geophysical exploration [2], signal and image processing [3, 4]. The solution methods of ill-conditioned equation have important 
research significance.

The ill-conditioned system can be expressed as the following form:

Ax b= (1)

where A� �
R
n n is an ill-conditioned matrix, x is solution b is observation. For an ill-conditioned system, a small disturbance in b or A can result in a 

significantly larger change in the solution x. This brings quite large difficulty when one solves the system (1) numerically. Thus, it is useless to use 
the conventional numerical methods to solve systems (1). To address this issue, iterative regularization methods such as Tikhonov regularization[5, 
6] (TR), the Landweber iteration [7], and direct regularization methods like truncated singular value decomposition [2, 8] (TSVD), modified truncat-
ed singular value decomposition [9], and modified truncated randomized singular value decomposition[10] have been developed and widely used. 
A common feature of these regularization methods is that their performance depends on various regularization parameters, such as the truncation 
order in TSVD, the Tikhonov regularization parameter, and the iteration number in iterative regularization methods. In recent years, iterative regu-
larization methods for ill-conditioned equations based on the numerical solution of dynamic systems have garnered attention [11–14]. 

The study on connections between iterative numerical methods and continuous dynamical systems often offers better understanding about iter-
ative numerical methods, and leads to better iterative numerical methods by using numerical methods for ordinary differential equations (ODEs) 
and devising ODEs from the viewpoint of continuous dynamical systems [15, 16]. For solving ill-conditioned linear systems, Ramm developed the 
dynamical systems method [11, 17]. Wu analyzed the relationship between Wilkinson iteration method and Euler method and proposed a new iter-
ative improved solution method to solve the problem of ill-conditioned linear equations [12, 18] . Enlightened by Wu’s work, Salkuyeh and Fahim 
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5-methyl-2-phenyl-4-(2-phenylhydrazono)-2,4-dihydro-3H-pyrazol-3-one (PDPA) was recently synthesized as 
a promising nuclear magnetic resonance (NMR) reference in studying the tautomeric structures of azo dyes. 
In this study, the interaction of PDPA derivatives with a single water molecule was studied using the density 
functional theory (DFT) method. The protonation reaction was proposed to identify the most basic center in the 
investigated species by computing the proton affinity (PA) and gas phase basicity (GB) values. The nature of the 
intermolecular hydrogen bond (IMHB) due to the interaction of the hydrogen atom of the water molecule and 
the nitrogen atom of the PDPA molecule was investigated using several aspects, including geometrical structures, 
quantum theory of atoms in molecules (QTAIM), natural bond orbital (NBO) analysis and the noncovalent 
interactions (NCIs) using the reduced density gradient (RDG) MAPS. Results revealed that the PDPA derivatives 
are medium potent and basic with average PA and GB values of 219.7 and 213.0 kcal/mol, respectively. The 
maximum PA and GB values of 228.5 and 221.7 were found for the PDPA-NH2 derivative, respectively, while 
the smallest ones of 213.5 and 206.7 for the PDPA-CN derivative, reflecting the effect of the nature of the 
substituted group. Our results revealed that IMHB has moderate strength and is strongly dependent on the 
nature of the substituted group. The results of QTAIM indicated that the average IMHB strength is 5.0 kcal/mol 
and that between the water molecule and thiazolidine-2,4-dione and its derivatives is 4.8 kcal/mol. Moreover, 
NBO analysis showed that the average IMHB strength is 6.7 kcal/mol. Results also revealed that substitution of 
the electron donating groups strengthens the IMHB, while that of the electron withdrawing groups weakens it. 

1. Introduction

Azo dyes, which constitute over 65% of the synthetic dyes, are a 
huge and significant type of dyes. These dyes are used in some foods, 
textiles, and leather articles (Correia et al., 1994). Some examples 
include water-soluble azo dyes based on H-acid, J-acid, and γ-acid. Azo 
dyes have various biological applications in molecular data processing, 
such as in ion sensors and optical materials (Geng et al., 2015). Although 
useful, azo dyes can impact the quality of ground water by blocking 
light transmission, affecting photosynthesis, and reducing dissolved 
oxygen in water (Meghwal et al., 2020). Chemically, azo dyes consist of 
an aminobenzene group, including Ar-N=N-P(NH2)-Ar, Ar-N-N=P(C=O)-
Ar, and Ar-N=N-Ar, where Ar, P(C=O), P(NH2) (Zollinger 2003). The 
nature of the substituted groups on the phenyl ring plays a vital role in 
the discrepancy of the chemical and physical properties (solubility or 
color) of the azo dyes (Cerezo et al., 2015; Comez et al., 2016).

Among the numerous molecular properties that can be calculated 
for the molecular compounds are proton affinity (PA) and gas-phase 
basicity (GB), which are associated with the protonation reaction. 
PA and GB represent the negative values of the change in enthalpy 
(ΔH) and Gibbs free energy (ΔG), respectively. Furthermore, PA and 
GB properties are very useful in the investigation of proton donor and 
acceptor position. The determination of PAs using experimental methods 
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such as mass spectrometry (Valadbeigi and Farrokhpour, 2013), kinetic 
methods, calorimetry, ion cyclotron resonance (Blake et al., 2009), and 
ion mobility spectrometry (Tabrizchi and Shooshtari, 2003) is often 
challenging (Dixon and Lias, 1987). The accuracy of the experimental 
PA and GB values, as well as the challenges, difficulties, and quantities 
of the available materials, leads to the use of computational methods 
as alternatives. Most studies used Density Functional Theory (DFT) 
methods to calculate PA and GB quantities, which tend to calculate 
these quantities as accurately as the high-level ab-initio methods such as 
MP2 and CCTD (Rebber et al., 2006; Safi and Wazzan, 2021).

There are various types of noncovalent solute-solvent interactions 
(NCI), which cover the solvation progression of soluble molecules in 
media of interest. In particular, intermolecular forces, which can include 
hydrogen bonds and electrostatic interactions that lead to changes in 
the physiochemical nature of the azo dyes (Bani-Yaseen 2017). The 
interaction of water molecules can occur through implicit or explicit 
interaction. For explicit interactions, it is important to predict the most 
basic site that with the capability to interact with water molecules 
via intermolecular hydrogen bonds (IMHBs), which can occur by a 
protonation reaction (Safi and Omar 2014; Zhao and Zhang 2004).

IMHB is usually known as a weak non-covalent interaction involving 
a donor-acceptor pair. Quantum Theory of Atoms In Molecules (QTAIM) 
of Bader (Bader 1991) and Natural Bond Orbital (NBO) analysis 
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are repeatedly applied in the analysis of hydrogen bonds, including 
intermolecular and intramolecular H-bonds (Lamsabhi 2008; Safi 2016; 
Osman 2017; Bayoumy et al., 2020; El-Sayed et al., 2024). Analysis of 
the electron density at the bond critical point and its related topological 
parameters was compared with the results of traditional experiments 
such as X-ray measurements (Espinosa et al., 1996; Espinosa et al., 
1998).

A recent study (Deneva et al., 2019) synthesized and characterized 
two series of azo dyes derived from pyrazolamine and pyrazolone, 
which can be used as NMR reference in the study of the tautomerics of 
azo dyes. Of particular interest, 3-methyl-1-phenyl-4-(phenyldiazenyl)-
1H-pyrazol-5-amine (PDPA) was chosen for this study (Scheme 1). As 
can be seen in Scheme 1, PDPA exhibits an exceptional characteristic 
based on the presence of a variety of functional groups. These 
functional groups can theoretically facilitate the noncovalent solute-
solvent interactions with components present within its molecular 
environments. In the current study, the methyl group at position 5 of 
the pyrazol ring has been replaced by several groups with different 
natures, including H, NH2, NO2, CHO, Cl, F, and CN. We aim to provide 
insights into the explicit molecular solute-water interactions of PDPA 
using the DFT method. Protonation reaction was used to predict the 
most basic nitrogen atom that could explicitly interact with the water 
molecule. The nature of the intermolecular interactions between the 
PDPA derivatives and water molecule were analyzed and discussed 
in depth in terms of geometrical structures, QTAIM, NCI, and NBO 
analysis.

2. Computational details

Computational calculations and visualization of the investigated 
species were conducted using the Gaussian 09 software package 
(Gaussian09 2009) and Gaussview (Dennington et al., 2016), 
respectively. Geometries of PDPA derivatives were optimized, followed 
by frequency calculations employing the DFT method with B3LYP (Becke 
1996) functional and 6-311++g(d,p) level of theory in the gas phase. To 
improve the accuracy of the results, DFT-D3 and BJ-damping functional 
correction proposed by Grimme et al (S. Grimme 2010) was also used 
in geometry optimization. To achieve more reliable energy, single-point 
energy calculations were done using the B3LYP/6-311++g(3df,2p) level 
of theory. The selected level of theory was examined previously and 
found to compute accurate PA values (Nguyen and Chandra 1998; Safi 
2016). The explicit solvent effect was computationally examined at the 
same level of theory by the complexation of the PDPA molecule and its 
derivatives with a single water molecule. The corresponding PA and 
GB of PDPA and its derivatives were calculated using the following 
expressions:

PA H E ZPE E RT

GB G PA T S

elec vib
��� � � � � � � �

�

�
�

�

�
�

� �� � � �

�

�
�

�
�

�

�
�� �

5

2

��
�

(1)

Here, ΔEelec, ΔZPE, and ΔEvib represent, correspondingly, the 
differences between the total electronic energy, zero-point vibrational 
energy and temperature-dependent vibrational energy of reactants and 
products at T=298 K, between the neutral and protonated forms of PDPA 
derivatives. The (5/2)RT and T S∆  were taken as 1.48 and -6.28 kcal/
mol, respectively (Safi and Omar 2014). A second-order perturbation 
method in the NBO framework (Reed et al., 1988) was used to analyze 

the interactions between water molecules and PDPA derivatives. QTAIM 
analysis (Bader 1991) was performed using the Multiwfn software (Lu 
and Chen 2012). The NCI analysis, which is known as reduced density 
gradient (RDG), was performed using the independent gradient model 
(IGM) analysis based on promolecular density in the framework of 
Multiwfn sotware. RDG maps were visualized under VMD (Humphrey 
et al., 1996) and Gnuplot (Kelley 2004-2021) programs.

3. Results and discussion

The PDPA molecule has five nitrogen atoms, labeled N1, N2, N3, 
N4, and N5, which underwent protonation and consequently interacted 
with a water molecule during the solvation process via IMHB formation. 
A preliminary study based on pKa calculation as implemented in the 
Marvin sketch program (Cherinka et al., 2019) indicates that the N1 
atom is the most preferable center for protonation; see Fig. SM1 of 
the supplementary materials. It is also important to mention that 
protonation of PDPA-F and PDPA-NO2 has been excluded due to the 
reduction of the nitro group during the pKa calculations and high 
electronegativity of the F atom. Furthermore, the % protonated form 
(%P) increases and decreases as the power of the EDG increases and 
EWG decreases, respectively.

3.1 Analysis PA and GB results

The calculated PA and GB values of the investigated species using 
the DFT method have been displayed in Table 1. The corresponding 
total energies, zero-point energy (ZPE), and the thermal corrections 
for energies, enthalpies, and Gibbs free energies (TCE, TCH, and TCG) 
have been collated in Table SM1 of the supplementary materials. Our 
preliminary DFT calculations for the parent PDPA-H molecule show 
that N2 and N5 are the least basic atoms with PA values of 189.2 and 
189.2 kcal/mol, respectively; Whereas the competition between N1, 
N3, and N4 has been clearly observed. Based on these results, the PA 
and GB values of N1, N3, and N4 atoms have been considered in our 
discussion. It was found that N1 is more basic than N3 and N4. For the 
parent molecule, the PA and GB values of the N1 atom are higher than 
the corresponding ones for N3 and N4. The average PA and GB values of 
N1 and N2 atoms are 219.7 and 213.1 kcal/mol, respectively, compared 
with those of N3 (219.2 and 212.2 kcal/mol) and N4 (218.3 and 211.2 
kcal/mol) atoms. The average PA and GB values indicate that all atoms 
have almost the same basicity, with the N1 atom being the most basic. 
These results agree with those obtained by pKa calculation. These findings 
indicate that the PDPA molecule and its derivatives are moderate potent 
bases and their basicity is close to that of 5-metylhydantoin derivatives 
(PA=185-207 kcal/mol) (Safi and Frenking 2013), aniline (PA = 210 
kcal/mol) (Jolly 1991), and triazepines derivatives (PA = 207 kcal/
mol) (Safi and Lamsabhi 2007), with PA values of, 186.6-209.7 kcal/
mol. It was also found that the basicity of the PDPA molecule is much 
higher than that of Helium (PA= 42.6 kcal/mol) and lower than that of 
methanide (PA = 416.8 kcal/mol) (Jolly 1991).

Scheme 1. Schematic representation of the studied PDPA molecule and its derivatives. 
PDPA: Poly (2,5-dialkyl-phenylene) amine.

Table 1.  
Gas phase proton affinity (PA) and basicity (GB) (at 298 K, in kcal/mol) for 
different PDPA derivatives. 

PDPA derivatives PA (kcal/mol) GB (kcal/mol)

N1 N3 N4 N1 N3 N4

PDPA-H 223.5 220.0 218.6 217.1 212.7 211.6

PDPA-CH3 226.5 222.4 220.0 220.5 215.0 212.6

PDPA-NH2 228.5 219.1 225.2 221.7 212.0 218.0

PDPA-Cl 219.5 217.7 218.0 212.7 210.4 211.1

PDPA-F 216.5 216.0 216.8 209.7 209.4 209.5

PDPA-CHO 215.7 225.2 224.9 209.3 218.1 217.7

PDPA-CN 213.5 213.3 212.1 206.7 207.1 204.8

PDPA-NO2 213.5 220.1 210.9 206.8 212.9 203.9

219.7 219.2 218.3 213.0 212.2 211.2

PDPA: 5-methyl-2-phenyl-4-(2-phenylhydrazono)-2,4-dihydro-3H-pyrazol-3-one.

https://doi.org/10.1016/j.jksus.2024.103333
https://doi.org/10.1016/j.jksus.2024.103333
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In general, our results show that the stronger the EDG power is, 
the more basic the center is, while the stronger the EWG power is, the 
less basic the center is (Grabowski 2001; Safi and Frenking 2013; Safi 
and Omar 2014). For the N1 atom, results in Table 1 demonstrate that 
the maximum PA values of ∼229 and ∼ 227 kcal/mol correspond to 
-NH2 and -CH3 derivatives, respectively. These results can be attributed 
to the higher ability of the lone-pair electrons on the N atom of the 
NH2 group, as well as the inductive effect of the CH3 group, leading 
to an increase the electron density of the N1 atom, and consequently 
increasing the tendency of the N1 atom to interact with the incoming 
proton. On the other hand, the lowest PA value of 213.5 kcal/mol 
belongs to -CN and -NO2 derivatives, indicating that substitution of 
electron withdrawing groups decreases the electron density on the N1 
atom, and consequently, decreases the propensity of the interaction of 
the N1 atom with the proton. A similar interpretation can also be used 
for GB results. These results can be confirmed by investigating the NBO 
results. Data in Table SM2 show that the maximum occupancies of the 
neutral and protonated N1 atom, (LP

N
( )1

1
), of 1.9456 and 1.7682 a.u., 

respectively. Whereas the minimum occupancies for the same atom are 
1.9386 and 1.6336 a.u., respectively. Therefore, the intrinsic basicity 
of N1 atoms of the investigated derivatives can be arranged as follows: 
PDPA-NH2 > PDPA-CH3 > PDPA-H > PDPA-Cl > PDPA-F > PDPA-CHO > 
PDPA -CN ≈ PDPA-NO2.

For the N3 atom, an irregular decrease was observed in the PA and 
GB values of PDPA-NH2 derivative compared to the parent molecule, 
see Table 1. In contrast, an unexpected increase in the PA and GB 
values of PDPA-CHO and PDPA-NO2 derivatives compared to the parent 
molecule, which might be explained in terms of the formation of a weak 
IMHB between the proton and the oxygen atom of both -CHO and -NO2 
groups, resulting in reducing the potential of the positive charge of the 
incoming proton. For N4, the trends of PA and GB values are almost 

similar to N1, except for the PDPA-CHO molecule, which is 6.3 kcal/
mol higher than that of PDPA-H. It is found that the PA of the PDPA-
CHO derivative is higher than that of the parent molecule by 6.3 kcal/
mol. For both N3 and N4 atoms, the presence of the phenyl group, 
which is directly bonded to the azo-dye group, has a crucial role in 
decreasing the basicity due to the delocalization effect.

The geometries of the neutral and protonated (at N1) forms of some 
investigated derivatives, including PDPA-H, PDPA-NH, PDPA-CHO, 
and PDPA-NO2, have been shown in Fig. 1, while the other derivatives 
have been shown in Fig. SM2 of the supplementary materials. Full 
geometries of the protonated forms, at N2 and N3 atoms, are available 
from authors upon request.

A general inspection of the results obtained shows that the bond 
lengths and bond angles of the investigated derivatives exhibit the 
expected variation upon protonation. It is found that the most effective 
changes are located in the bond lengths and the bond angles neighboring 
the protonated nitrogen atom, while slight variations are observed 
for other bonds. The C5=N1 and N1-N2 bond distances lengthen with 
averages of, correspondingly, 0.050 and 0.003 Å, while the ∠N2N1C3 
angle increases with an average of 3.3°. In addition, the phenyl group 
attached to the pyrazole ring is twisted out of plane. It is also found 
that the average bond distances of N H i

i
� ��

�( ,� ,� � )1 3 4and , are 1.014, 
1.027, and 1.023 Å, respectively, which agree with the PA results. This 
signifies that the interaction between the N1 atom and the incoming 
proton is the strongest one.

3.2 Analysis of single water-PDPA interactions

Frontier orbital theory (FOT) affirms that the most reactive 
molecular orbitals (MO) in the molecule are the highest occupied and 
the lowest unoccupied molecular orbitals (HOMO and LUMO). The 

Fig. 1. Optimized structure of neutral and protonated forms at N1 atom of PDPA-H, PDPA-NH2, PDPA-CHO and PDPA-NO2 derivatives. Bond lengths, C5-N1, N1=N2 and N1-H+ in 
Å (black color), the ∠N2N1C5 bond angle in (°) (in red color) and the dihedral angle, φC5N1N2C6 in (°) are shown in blue color.
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energy gaps of the individual water and PDPA derivatives (ΔE) and 
those of water-PDPA interactions (ΔE1 and ΔE2) can be calculated using 
the following expressions Eq. (2). 

E E E

E E E

E E E
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H O
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H O
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2
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��

�
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�

�

�
��

�

�
�
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(2)

The corresponding EHOMO and ELUMO and HOMO-LUMO energy gaps 
(ΔE, ΔE1 and ΔE2) have been displayed in Table 2.

A larger EHOMO value is known to accelerate the atom’s tendency to 
donate electrons, while a lower ELUMO increases the atom’s propensity 
to accept electrons. Examination of Table 2 indicates that the PDPA-
NH2 derivative has the highest capability to donate electrons to water 
molecules, while the PDPA-NO2 derivative has the lowest. Contrarily, 
the PDPA-NO2 derivative has the maximum ability to accept electrons, 
while PDPA-NH2 has the minimum. These results clearly indicate that 
as the substitution of EDG increases, the electron density of the lone 
pair of electrons on N1 increases, consequently increasing its ability 
to donate electrons to the LUMO of the water molecule. In contrast, 
the substitution of EWG decreases the electron density on N1 therefore 
increasing it’s ability to accept electrons from water molecules. It is 
also found that the studied PDPA derivatives are characterized by small 
energy gaps, which lie in the range of 3.565-3.732 eV, signifying that 
they are chemically reactive and kinetically unstable.

Insight of the above findings, the question to be addressed is 
whether the electron’s flow is more favorable. The results in Table 2 
clearly indicate that � ��E E

2 1
� , signifying that the electrons flow can 

take place from the HOMO of PDPA derivatives to the LUMO of water. 
This means that the interaction between the H2O and PDPA molecules 
might have occurred by the interaction of the lone pair of electrons of 
the N1 atom of PDPA derivatives and the hydrogen water molecule. It 
is also found that as the power of EDG increases, the N1…H interaction 
power increases. Contrarily, EWG substitution decreases the strength of 
the N1…H interaction. Therefore, it can be predicted that the strength 
of N1…H interaction can be arranged as follows: PDPA -NH2 > PDPA 
-CH3 > PDPA -H > PDPA -Cl > PDPA -F > PDPA -CHO > PDPA -CN > 
PDPA -NO2.

The solvent effect was explicitly performed by the interaction of 
PDPA derivatives with single water molecules at the N1 atom through 
the formation of IMHB. Fig. 2 shows the geometrical structures of the 
PDPA-water complexes. The first inspection of Fig. 2 shows that the 
bond distance of N1…H in the PDPA-water complexes lies between 
1.926 – 2.379 Å. Among the investigated complexes, the longest N1…H 
bond of 2.379 Å was found for the PDPA-NO2.H2O complex, which is 
attributed to the possible formation of another IMHB with 2.290 Å 
between the hydrogen water molecule and the oxygen NO2 group. On 
the other hand, the shortest IMHB of 1.953 Å, corresponds to the PDPA-
NH2.H2O complex.

In general, our results indicate that as the power of EWGs increases, 
the length of the IMHB decreases, which can be explained by the 
increase in electron density at the N1 atom and vice versa. It is also 
found that as the strength of EDG increases, the hydrogen bond angle, 
∠N1HO, increases. Contrary, as the strength of EWG increases, the 
∠N1HO decreases, see Fig. 2.

The intermolecular interactions between the water molecule and 
the PDPA derivatives can be represented by plotting the scatter plot 
of δ ginter/intra (a.u.) vs. sign(λ2)ρ (a.u.) and the corresponding RGD maps, 
see Fig. 3 and Fig. SM3 of the supplementary materials. As seen in 
Figs. 3 and SM3, the intermolecular region has been represented by 
red dots, while the intramolecular interactions have been represented 
by black dots. The density of the red region reflects the strength of 
the intermolecular interactions between water molecules and PDPA 
derivatives. The density of the red dot is directly proportional to the 
intermolecular interaction. It is obvious from Fig. 3 that minimum 
intermolecular interaction corresponds to the PDPA-NO2.H2O complex, 
which the maximum one belongs to, correspondingly, PDPA-NH2.H2O 
complex.

The above results have been confirmed by the estimation of the 
interaction energy (E

int
) of the PDHP H O� PDHP H O+

2 2
 .  reaction 

using the following expression: 

E E E E
int complex PDAP H O

� � �( � )
� 2

(3)

Here, E
complex

, E
PDPA

 and E
H O2  are the single point energies with 

the corrected ZPE of PDPA-water complexes, PDPA derivatives and 
water molecule, respectively. The corresponding E

int
 values have 

been listed in Table 3. The corresponding energies, ZPE and Thermal 
corrections have also been displayed in Table SM1.

Our results show that the average E
int

 value is -5.0 kcal/mol, which 
belongs to moderate IMHB. The maximum E

int
 value of -6.6 kcal/mol 

corresponds to PDPA-NH2.H2O, while the minimum one of -4.2 kcal/
mol belongs to the PDPA-CN.H2O complex, illustrating the significant 
role of the nature of substituted groups in the strengthening or the 
weakening the IMHB. Furthermore, a second-order NBO perturbation 
analysis clearly depicts the interaction between the lone pairs of 
electrons on the N1 atom of PDPA derivatives, LP

N
( )1

1
 nonbonding 

orbital, and the �
H�O
*  antibonding orbitals of water molecule (LP

N
( )1

1
)  

→ �
H�O
* ), resultsing in a stabilization energy (ECT). This ECT enhances 

system stabilization by intermolecular charge transfer. According to 
Table 3, the ECT value ranges from 0.62 to 9.7 kcal/mol, ensuring a 
moderate strength IMHB. The existence of an additional electron 
transfer is also observed in the case of PDPA-NH2.H2O and PDPA-NO2.
H2O complexes. The extra stabilization of the PDPA-NH2.H2O complex 

Table 2.  
Frontier orbital energies of water and PDPA derivatives (EHOMO and ELUMO in 
eV), and the energy gaps values (ΔE, ΔE1 and ΔE2 in eV) of PDPA derivatives 
and water molecule. 

Derivative EHOMO ELUMO ΔE ΔE1 ΔE2

H2O -8.788 -0.634 8.155 - -

PDPA-H -5.836 -2.172 3.664 6.616 5.202

PDPA -CH3 -5.766 -2.127 3.639 6.661 5.132

PDPA -NH2 -5.727 -2.114 3.613 6.674 5.093

PDPA -Cl -6.028 -2.321 3.707 6.467 5.394

PDPA -F -6.053 -2.321 3.732 6.467 5.419

PDPA -CHO -6.063 -2.446 3.617 6.342 5.429

PDPA -CN -6.253 -2.578 3.675 6.210 5.619

PDPA -NO2 -6.323 -2.758 3.565 6.030 5.689

Average -6.006 -2.355 3.652 6.434 5.372

Fig. 2. Optimized structure of PDPA-H2O complexes and its derivatives as obtained 
using B3LY{/6-311++G(d,p) level of theory. The intermolecular hydrogen bond 
length and bond angle between PDPA and water N3…H as shown in blue and red colors, 
respectively. Units are in Å for N3…H bond length and in (°) for ∠N1HO bond angles.
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Table 3.  
Interaction energy, Eint, electron transfer energy, ECT, which corresponds to the LP

N
( )1

1
) → �

H�O
* ;), and IMHB energy, EHB, (in kcal/mol), as well as the topologi-

cal parameters computed at the BCP (3,−1) of the IMHB, including ρBCP(r), ∇2ρ(r), (G(r), H(r), and V(r), and the bond order (BO) of the PDPA-water complexes. 
ECT values between brackets correspond to the (LP( )2 O) → �

N�H
*  and (LP( )2 O) → �

H�O
*  interactions, respectively. Eint, ECT and EHB are in kcal/mol, topological 

parameters are in a.u., and BO is unitless.

Species Eint ECT ρρBCP( )r ���BCP
2 ( )r b G(r) H(r) V(r) G(r) BO EHB

PDPA-H.H2O -4.8 9.0 0.0275 0.0867 0.0205 -0.0012 -0.0193 0.0205 0.94 6.1

PDPA-CH3.H2O -5.0 9.7 0.0285 0.0883 0.0212 -0.0009 -0.0202 0.0212 0.96 6.4

PDPA-NH2.H2O -6.6 9.5 (3.4) 0.0295 0.0924 0.0225 -0.0006 -0.0219 0.0225 0.97 6.9

PDPA -Cl.H2O -4.5 6.4 0.0237 0.0775 0.0175 -0.0019 -0.0156 0.0175 0.89 4.9

PDPA -F.H2O -4.4 6.5 0.0235 0.0772 0.0173 -0.002 -0.0153 0.0173 0.89 4.8

PDPA-CHO.H2O -4.7 5.5 0.0223 0.0753 0.0167 -0.0022 -0.0145 0.0167 0.87 4.5

PDPA-CN.H2O -4.2 5.5 0.0223 0.074 0.0164 -0.0021 -0.0143 0.0164 0.87 4.5

PDPA-NO2.H2O -5.5 0.6 (1.6) 0.011 0.0395 0.0082 -0.0017 -0.0065 0.0082 0.79 2.0

Average values -5.0 6.7 0.02354 0.0764 0.89750 0.01754 -0.0016 -0.0160 0.01754 5.0

Fig. 3. Scatter plots of δginter/intra (a.u.) vs. Sign(λ2)ρ (a.u) of some PDPA-water complexes. The corresponding RGD maps are superimposed at the top right of each panel. The red dots 
correspond to the intermolecular interactions, while the black dots correspond to the intramolecular interactions. The corresponding plots of the other species have been shown in 

Figure SM3 of the supplementary materials

is due to the ((LP( )2 O) → �
N�H
* ) interaction, which is associated with 

an ECT of 3.4 kcal/mol. On the other hand, the interaction between the 
nonbonding orbitals of oxygen nitro group with antibonding orbitals 
of the O-H of water molecule ((LP( )2 O) → �

H�O
* ), which is associated 

with ECT of 1.6 kcal/mol, destabilizes the PDPA-NO2.H2O complexes.

Additional understanding of the nature of the IMHB in PDPA-water 
complexes can be obtained by analyzing the AIM results of Bader’s 
theory (Bader 1991). Analysis of the BCP’s properties was usually 
utilized to estimate the hydrogen bond strength (Nguyen and Chandra 
1998; Lamsabhi 2008; Safi 2016). The most relevant results topological 
properties, including the electron charge, ρBCP(r), computed at the BCP 
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(3,−1) for the IMHB and its related parameters, including Laplacian 
(∇2ρ(r)), Lagrangian and Hamiltonian kinetic energies (G(r) and H(r), 
and the potential electron density (V(r), have been displayed in Table 3. 
The corresponding molecular graphs have been shown in Fig. 3. It was 
discovered that ρBCP(r) and ��BCP

r
2

( )  values fall within the hydrogen 

bond range with averages of 0.0253 and 0.0816 a.u., respectively, 
indicating that the investigated IMHB belongs to medium interaction 
(Nguyen and Chandra 1998; Lamsabhi 2008). The largest ρBCP(r) 
(0.0924 a.u.) was reported for the PDPA-NH2.H2O complex, while the 
smallest value (0.0395 a.u.) was for the PDPA-NO2.H2O complex. Our 
results in Table 3 strongly affirm that substitution of the EDGs increases 
the ρBCP(r) and its related topological parameters, while substitution 
of EWGs decreases the ρBCP(r) and its related topological parameters. 
Furthermore, the IMHB energy and its bond order (BO) were evaluated 
as EHB = -V(r)/2) (Espinosa et al., 1998), and BO= |V(r)|/G(r) and 
their results have been displayed in Table 3. Our results show that 
the average value of the BO is 0.91, with maximum and minimum BO 
values corresponding to PDPA-NH2.H2O and PDPA-NO2.H2O complexes, 
respectively. It is also found that EHB values are ranged from 1.6 to 
6.9 kcal/mol, which confirm the results of Eint and ECT, in agreement 
with similar systems (Nguyen and Chandra 1998; Lamsabhi 2008; Safi 
2016).

The NCI’s plot is useful in illustrating the correlation between 
strong directional attractions with the localized atom-atom contacts 
and the molecular division having weak interactions. The color-filled 
RDG isosurfaces and the scatter plots of the Hessian of the electron 
density, Sign(λ2)ρ, for some PDPA-water complexes have been shown 
in Fig. 4, while the other plots have been shown in Fig. SM4 of the 
supplementary materials. Examination of RDG isosurfaces indicate 
three different regions, which correspond to (i) weak interaction forces 
(green color) that occur between the atoms in the molecule, (ii) strong 
field interactions (red arrow) belong to steric effect of the aromatic rings 
and (iii) hydrogen bond interactions (blue color). A close examination 
of the 3D-Isosurface of color scaling of weak interactions diagram (NIC, 
Fig. 4 (right)) indicates that the interactions between LP(1)N1 (proton 
acceptor) and the proton donor (hydrogen water molecule) are stronger 
in case of NH2 and CH3 derivatives compared to the others. Except for 
the PDPA-NO2.H2O complex, the presence of another IMHB field is 
indicated by the presence of blue circle (assigned by a blue arrow). A 
weak IMHB field was also observed between the oxygen nitro group 
(-NO2 derivative) and the hydrogen water in case of PDPA-NO2. Also, 
another IMHB region was observed between the oxygen water molecule 
and the amino hydrogen atom in the case of PPDPA-NH2.H2O complex. 
These results agreed with NBO results as discussed above.

Fig. 4. RDG maps (left) and Scatter plots of RDG (a.u.) versus Sign(λ2)ρ (a.u) (right) of some PDPA-water complexes, including PDPA-H.
H2O, PDPA-NH2.H2O, PDPA-CHO.H2O, and PDPA-NO2.H2O. Note: Molecular graphs based on QTAIM are superimposed (left images, orange 

points, and yellow lines). QTAIM: quantum theory of atoms and molecules.
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Conclusions

Several derivatives of polyfunctional azo dye pyrazole-based 
(PDPA) were computationally studied for explicit solvent effects. The 
protonation sites were identified using two strategies based on DFT 
and pKa calculations. Results reveal that pKa, as a rapid calculation, 
is useful for identifying the protonation sites with some limitations, 
especially for -F and -NO2 groups. On the other hand, DFT/ B3LYP(6-
311++G(3df,2p) predicts the appropriate site for protonation based on 
PA values. The PA and GB values suggest that PDPA and its derivatives 
are potent and basic, and the nature of the substituted group has a 
great impact on the intrinsic basicity. The stronger the EDGs, the higher 
the PA and GB values, while the stronger the EWGs, the lower the PA 
and GB values. The PDHP-water interaction shows a moderate-strength 
intermolecular hydrogen bond between the nitrogen atom and the 
water molecule. Interaction energies, NBO analysis, and topological 
properties within the framework of the QTAIM concluded that the 
PDPA-NH2.H2O complex has the strongest IMHB, while the PDPA-CN.
H2O and PDPA-NO2.H2O complexes have the weakest one. Based on 
the results obtained in this article, the research can be extended to 
study the non-covalent interactions between the between the PDPA 
and its derivatives with different solvents, including protic and aprotic 
solvents.
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