
Journal of King Saud University – Science 32 (2020) 544–549
Contents lists available at ScienceDirect

Journal of King Saud University – Science

journal homepage: www.sciencedirect .com
Original article
Applications of new integral transform for linear and nonlinear fractional
partial differential equations
https://doi.org/10.1016/j.jksus.2018.08.003
1018-3647/� 2018 Production and hosting by Elsevier B.V. on behalf of King Saud University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail address: Tarig.alzaki@gmail.com (T.M. Elzaki).

Peer review under responsibility of King Saud University.

Production and hosting by Elsevier
Mohamed Z. Mohamed a, Tarig M. Elzaki b,⇑
aDeanship of Preparatory Programs, Norhern Border University, Saudi Arabia
bMathematics Department, Faculty of Sciences and Arts-Alkamil, University of Jeddah, Saudi Arabia
a r t i c l e i n f o

Article history:
Received 8 April 2018
Accepted 9 August 2018
Available online 17 August 2018

Keywords:
Fractional partial differential equation
New integral transform method (NIT)
Adomian decomposition method (ADM)
a b s t r a c t

This study aims to obtain the approximate resolution of the fractional partial differential equation
through the help of unprecedented new integral transform (NIT) called Elzaki Decomposition Method
(EDM), applied to the new integral transform for fractional partial differential equations (PDEs). The
technique converges to the right solution, fractional partial differential equations. Some examples were
illustrated to confirm the accuracy of the method.
� 2018 Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Many of phenomena emerging from many scientific displaces
such as plasma physics, solid state physics, mathematical biology,
fluid dynamics and chemical kinetic are technicality partial differ-
ential equation (Miller and Ross, 1993; Podlubny, 1999; Mahdy
et al., 2015).

The new integral transform was proposed by tarig Elzaki to
enable solving ordinary and partial differential equation in time
domain. Several mathematical tools can be used to solve differen-
tial equation like Fourier, Laplace and Sumudu transform (Elzaki,
2011; Mohamed and Elzaki, 2014). For a broad spectrum of func-
tional equations, (ADM) is used with success (Adomian, 1994). This
method relies on infinite series to represent a solution and it is
often the case where the series converges to the accurate solution.
In (Bulut and Evans, 2002); (ADM) is applied to dissolve differential
equation. (El-Tawil et al., 2004) solved the differential equation
and then obtained results that were compared to the results
obtained by using standard (ADM). In this dissertation, we applied
(NIT) method to obtained accurate analytical and approximate
solutions to equation of fractional order.
The paper is structured as follows: in Section 2, the foundations
of the fractional calculus are presented. In Section 3, the methodol-
ogy of the study, we used (NIT) algorithm for PDEs. Section 4
contains the efficiency and strength of the method with illustrative
examples showing it. Stopping points are offered in Section 5.

2. Fundamental concepts of fractional theory

In this segment, we remark the subject requisite definitions and
attributes of the fractional calculus theory and ELzaki Transform.

Definition (1). A function hðsÞ; s > 0; is told to be in the space
Cg;g 2 R; if the yonder be a real number r > g such that
hðsÞ ¼ srh1ðsÞ; where h1ðsÞ 2 C 0;1½ Þ; clearly Cg � Cv if v 6 g:
Definition (2). let’s Riemann-Liouville fractional integral operator
of order tP 0; thenhðsÞ 2 Cg;gP �1; is known as, accordingly
(Miller and Ross, 1993; Podlubny, 1999; Mahdy et al., 2015);

JthðsÞ ¼ 1
CðtÞ

Zs
0

ðs� nÞt�1hðnÞdn t; s; n > 0; ð2:1Þ
Definition (3). Caputo fractional derivative of the left sided, h;
h 2 Cn

�1;n 2 N [ 0f g; is known as, accordingly

DthðsÞ ¼ @thðsÞ
@st

¼ Jr�t
@rhðsÞ
@sr

� �
; r � 1 < t 6 r; r 2 N: ð2:2Þ
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we hold properties of the operator (Miller and Ross, 1993;
Podlubny, 1999; Mahdy et al., 2015; Elzaki, 2011; Mohamed and
Elzaki, 2014; Adomian, 1994; Bulut and Evans, 2002; El-Tawil
et al., 2004; Arife and Yildirim, 2011; He, 1997; He, 1997; He,
1998; He, 1998; He, 1999; Wazwaz, 2007);

1: JtJrhðsÞ ¼ JtþrhðsÞ; t;r P 0:

2: Jttc ¼ Cðcþ1Þ
Cðtþcþ1Þ s

tþc; t > 0; c > �1; s > 0:

3: JtðDt
�hðsÞÞ ¼ hðsÞ �Pr�1

c¼0
hðkÞð0þÞ skc! ; s > 0; r � 1 < t 6 r:

ð2:3Þ
Definition (4). the new integral transform (NIT) is known as,
accordingly (Elzaki, 2011; Mohamed and Elzaki, 2014);

A ¼ h sð Þj j < N e
s
kj ; if s 2 �1ð Þi � 0 ; 1½ Þ

n o
Before the next formulation,

E h sð Þ½ � ¼ q
Z1
0

h sð Þe�s
q ds ¼ HðqÞ r P 0 ; k1 6 q 6 K2:

ð2:4Þ
Definition (5). If r � 1 < r 6 r; r 2 N; then the new integral trans-
form (NIT) of the fractional derivative Dr

� hðn; sÞ is,

E Dr
� hðn; sÞ�

� � ¼ Hðn;qÞ
qr �

Xr�1

k¼0

q2�rþkhðkÞðn;0Þ; r � 1 < r 6 r; ð2:5Þ

where Hðn;qÞ be the (NIT) hðn; sÞ (Mohamed and Elzaki, 2014).
:

3. The new integral decomposition (NIT)

The purpose of this subdivision is to talk about the use of The
(NIT) algorithm for linear and nonlinear fractional partial differen-
tial equation. We take the universal form of inhomogeneous linear
and Non-linear Partial Fractional differential equations of the
frame.

Dr
swðn; sÞ þMwðn; sÞ þ Ywðn; sÞ ¼ gðn; sÞ ; n; sP 0 ; r � 1 < r 6 r

ð3:1Þ
where Dr

s ¼ @r

@sr is the order fractional derivative differential equa-
tion, where M is the linear term operator, Y is a nonlinear part of
the equation above, and g is the exporter function. The Eq. (3.1) is
correlating with the initial and boundary conditions, as, accordingly

wðn;0Þ ¼ RðnÞ; wsðn;0Þ ¼ FðnÞ; 0 < r 6 1 ; 1 < r 6 2:

ð3:2Þ
Applying the (NIT) to both parties of Eq. (3.1), and referring to

the linearity of the (NIT), the result is:

E Dr
swðn; sÞ

� �þ E Mwðn; sÞð Þ þ E Ywðn; sÞð Þ ¼ E gðn; sÞð Þ; r > 0:

Applying the (NIT) property, we will get:

wðn;qÞ
qr �

Xr�1

k¼0

q2�rþkhðkÞðn;0Þ ¼ E gðn; sÞð Þ

� E Mwðn; sÞð Þ þ Ywðn; sÞð Þð Þ; r > 0:

Suppose w ¼ Pr�1

k¼0
q2�rþkhðkÞðn;0Þ;to will get
wðn;qÞ ¼ qrE gðn; sÞð Þ þ qrðwÞ
� qrE Mwðn; sÞð Þ þ Ywðn; sÞð Þð Þ; r > 0: ð3:4Þ

The criterion of the new integral decomposition method defines
the solution wðn; sÞ in sequences

wðn; sÞ ¼
X1
r¼0

wrðn; sÞ; ð3:5Þ

The Non-linear Formula is Decomposition as, accordingly:

Ywðn; sÞ ¼
X1
n¼0

An; ð3:6Þ

For the nonlinear, function Ywðn; sÞ the first Adomian polynomi-
als (Adomian, 1994), to will get:

E
X1
r¼0

wrðn;sÞ
 !

¼ qrE gðn;sÞð Þ þqrðwÞ

�qrE M
X1
r¼0

wrðn;sÞ
 !

þ Y
X1
n¼0

AnðwÞ
 ! !

; r> 0:

ð3:7Þ
Finally, by using the two parties of the equation, we get the

repeated algorithm as the following

E w0ðn; sÞð Þ ¼ qrE gðn; sÞð Þ þ qrðwÞ ð3:8Þ

E w1ðn; sÞð Þ ¼ �qr E Mw0ðn; sÞ � A0 wð Þð Þð Þ: ð3:9Þ

E w2ðn; sÞð Þ ¼ �qr E Mw1ðn; sÞ � A1 wð Þð Þð Þ: ð3:10Þ
As accordingly, we conclude that the repeating relation is spec-

ified by:

E wrþ1ðn; sÞ
� � ¼ �qr E Mwrðn; sÞ � Ar wð Þð Þð Þ: r P 1: ð3:11Þ
Applying the inverse (NIT) Eqs. (3.8)–(3.11), to obtain:

w0ðn; sÞ ¼ ZðsÞ ð3:12Þ

wrþ1ðn; sÞ ¼ �E�1 qr E Mwrðn; sÞ � Ar wð Þð Þð Þð Þ; r P 1 :

ð3:13Þ
In which ZðsÞ is the function that comes from the origin term

and the specific initial condition. Now first applying The (NIT) of
the terms on the right hand side of Eq. (3.13) then applying inverse
Elzaki transform we get the value of u1;u2; :::un:::.

4. Illustrative examples

In this segment, we use the fractional new integral transform
decomposition method for solving Time- Fractional PDEs in a pipe.

Example 1. Consider the following one-dimensional linear inho-
mogeneous fractional wave equation (Adomian, 1994).

Drwsðn;sÞ þwnðn;sÞ ¼
s1�r

Cð2�rÞsinnþ scosn ; n;sP 0 ;0< s6 1:

ð4:1Þ
Subject to the initial condition:

wðn;0Þ ¼ 0: ð4:2Þ
Applying the (NIT) to both parties Eq. (4.1), to get:

wðn;qÞ ¼ q2wðn;0Þ þ qrE
s1�r

Cð2� rÞ sinnþ scosn
� �

� qrE wfðn; sÞ
� �

:

ð4:3Þ
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Using given initial condition Eq. (4.3), become

wðn;qÞ ¼ qrE
s1�r

Cð2� rÞ sinnþ scosn
� �

� qrE wfðn; sÞ
� �

: ð4:4Þ

For the nonlinear, function Ywðn; sÞ; the first Adomian polyno-
mials (Adomian, 1994), to obtain:

X1
r¼0

wrðn;qÞ ¼ qrE
s1�r

Cð2� rÞ sinnþ scosn
� �

� qrE
X1

r¼0
wrfðn; sÞ

h i
:

ð4:5Þ
Finally, by using the two parties of the Eq. (4.5), we get the

repeated algorithm as the following

w0ðn;qÞ ¼ qrE
s1�r

Cð2� rÞ sinnþ scosn
� �

; ð4:6Þ

wrþ1ðn;qÞ ¼ �qrE wrfðn; sÞ
� �

: ð4:7Þ
Applying the inverse (NIT) Eqs. (4.6) and (4.7), to obtain:

w0ðn; sÞ ¼ E�1 qrE
s1�r

Cð2� rÞ sinnþ scosn
� �� �

;

wrþ1ðn; sÞ ¼ �E qrE wrfðn; sÞ
� �� �

: ð4:8Þ
Consequently,

w0ðn; sÞ ¼ ssinn þ srþ1

ðrþ 1Þ! cosn; ð4:9Þ

w1ðn; sÞ ¼ � srþ1

ðrþ 1Þ! cosnþ
s2rþ1

ð2rþ 1Þ! sinn; ð4:10Þ

w2ðn; sÞ ¼ � s2rþ1

ð2rþ 1Þ! sinn�
t3rþ1

ð3rþ 1Þ! cosn; ð4:11Þ

By excluding the noise terms and holding the part that contains
the non-noise terms, we get the accurate solution of the Eq. (4.1).
Starting by w0, and repeating the process twice, we obtain the
accurate solutionwðn; sÞ ¼ ssinn.
Example 2. Consider the following one-dimensional linear inho-
mogeneous fractional Burgers equation (Odibat and Momani,
2009);

Dr
swðn;sÞ¼wnnðn;sÞ�wnðn;sÞþ

2s2�r

Cð3�rÞþ2n�2; n;sP0 ;0<r61:

ð4:12Þ
Subject to the initial condition:

wðn;0Þ ¼ n2: ð4:13Þ
Applying the (NIT) to both parties Eq. (4.12), to get:

wðn;qÞ ¼ q2wðn;0Þ þ qrE
t2�r

Cð3� rÞ þ 2n� 2
� �

� qrE wnðn;qÞ � wnnðn;qÞ
� � ð4:14Þ

Using given initial condition Eq. (5.14) become,

wðn;qÞ ¼ q2n2 þ qrE
t2�r

Cð3� rÞ þ 2n� 2
� �

� qrE wnðn;qÞ � wnnðn;qÞ
� �

: ð4:15Þ

The nonlinear function Ywðn; sÞ; the first Adomian polynomials
(Adomian, 1994), to obtain;
X1
r¼0

wrðn; sÞ ¼ n2q2 þ qrE
t2�r

Cð3� rÞ þ 2n� 2
� �

� qrE
X1

r¼0
wrnðn;qÞ �

X1
r¼0

wrnnðn;qÞ
h i

: ð4:16Þ

Finally, by using the two parties of the Eq. (4.16), we get the
repeated algorithm as the following:

w0ðn;qÞ ¼ q2n2 þ qrE
t2�r

Cð3� rÞ þ 2n� 2
� �

; ð4:17Þ

wrþ1ðn;qÞ ¼ �qrE
X1

r¼0
wrnðn;qÞ �

X1
r¼0

wrnnðn;qÞ
h i

: ð4:18Þ

Applying the inverse (NIT) Eqs. (4.17) and (4.18), to obtain:

w0ðn; sÞ ¼ E�1 q2n2 þ qrE
t2�r

Cð3� rÞ þ 2n� 2
� �� �

;

wrþ1ðn; sÞ ¼ �E�1 qrE
X1

r¼0
wrnðn;qÞ �

X1
r¼0

wrnnðn;qÞ
h ih i

:

Consequently,

w0ðn; sÞ ¼ n2 þ s2 þ 2n� 2ð Þ s
r

r!
; ð4:19Þ

w1ðn; sÞ ¼ 2n� 2ð Þ s
r

r!
� 2

s2r

2r!
; ð4:20Þ

w2ðn; sÞ ¼ 2
s2r

2r!
; ð4:21Þ

w3ðn; sÞ ¼ 0: ð4:22Þ
Canceled noise terms of w0 satisfy Eq. (4.12), we find that the

exact solution is given by wðn; sÞ ¼ n2 þ s2:
Example 3. Consider the following nonlinear Time- Fraction KdV
equation (Wazwaz, 2007)

Drwsðn; sÞ � 3w2
n ðn; sÞ þ wnnnðn; sÞ ¼ 0; n; s P 0; 0 < r 6 1:

ð4:23Þ
Subject to the initial condition:

wðn;0Þ ¼ 6n: ð4:24Þ
Applying the (NIT) to both parties Eq. (4.23), we will get:

wðn; sÞ ¼ qrwðn;0Þ � qrE 3w2
nðn; sÞ þ wnnnðn; sÞ

� �
: ð4:25Þ

Using the given initial condition, Eq. (4.25) become,

wðn; sÞ ¼ 6nqr � qrE 3w2
nðn; sÞ þ wnnnðn; sÞ

� �
: ð4:26Þ

the nonlinear function Ywðn; sÞ; the first Adomian polynomials
(Adomian, 1994), to get,

X1
r¼0

wrðn;qÞ ¼ 6nqr � qrE
X1
r¼0

Ar þ
X1

r¼0
wnnnðn; sÞ

" #
: ð4:27Þ

The first few components of Ar polynomials are given by:

A0 ¼ w2
0n;

A1 ¼ ð2w0w1Þn;
A2 ¼ ð2w0w2 þ w2

1Þn;
Finally, by using the two parties of the Eq. (4.27), we get the

repeated algorithm as the following:

w0ðn;qÞ ¼ 6nq2; ð4:28Þ
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wrþ1ðn;qÞ ¼ �qrE
X1
r¼0

Ar þ wrnnnðn; sÞ
" #

ð4:29Þ

Applying the inverse (NIT) for Eqs. (4.28) and (4.29), to obtain:

w0ðn; sÞ ¼ 6n;

wrþ1ðn; sÞ ¼ �E�1 qrE
X1
r¼0

Ar þ wrnnnðn; sÞ
" #" #

:

Consequently,

w0ðn; sÞ ¼ 6n;
w1ðn; sÞ ¼ 6n 36

r! s
r;

w2ðn; sÞ ¼ 2ð6nÞ ð36Þ2
2r! s

2r;

w3ðn; sÞ ¼ ð6nÞð36Þ3 4
2r! þ 1

ðr!Þ2
h i

2r!
3r! s

3r;

ð4:30Þ

The other components of the EDM competence are determined
in an identical format, then approximate solution of (4.23) in
sequence,
Table 1
Results of four term approximate solution of Example (3). Where (EADM) Elzaki Adomian

s f r ¼ 0:94 r ¼ 0:9

EADM

0.01 0 0.1000 0 0
0.2000 1.0237 0.9935
0.3000 2.0474 1.9871
0.4000 3.0711 2.9806
0.5000 4.0949 3.9742
0.6000 5.1186 4.9677
0.7000 6.1423 5.9612
0.8000 7.1660 6.9548
0.9000 8.1897 7.9483
1.0000 9.2134 8.9419

10.2372 9.9354

Fig. 1. The plot of solution of Example
wðn;sÞ ¼6n 1þ36
r!
srþ2

ð36Þ2
2r!

s2rþð36Þ3 4
2r!

þ 1

ðr!Þ2
" #

2r!
3r!

s3rþ�� �
" #

And when r ¼ 1; we obtain the exact solution of the nonlinear
KdV Equation (Wazwaz, 2007) (see Table 1 and Fig. 1).
Example 4. Consider the following nonlinear Time- Fraction
differential equation (Wazwaz, 2007);

Drwsðn; sÞ � 2
n2

s
wðn; sÞwnðn; sÞ ¼ 0; n; s P 0; 1 < r 6 2 : ð4:31Þ

Subject to initial condition:

wðn;0Þ ¼ 0 ; wnðn; Þ ¼ n: ð4:32Þ
Applying the (NIT) to both parties Eq. (4.31), we will get:

wðn;qÞ ¼ q2wðn;0Þ þ qwnðn;0Þ þ qrE 2
n2

s
wðn; sÞwnðn; sÞ

" #
; ð4:33Þ

Using given initial condition Eq. (4.33) become,
Decomposition Method.

6 r ¼ 0:98 r ¼ 1 exact

0 0 0
0.9658 0.9404 0.9375
1.9317 1.8808 1.8750
2.8975 2.8212 2.8125
3.8634 3.7617 3.7500
4.8292 4.7021 4.6875
5.7951 5.6425 5.6250
6.7609 6.5829 6.5625
7.7268 7.5233 7.5000
8.6926 8.4637 8.4375
9.6585 9.4042 9.3750

4.3, when s ¼ 1:01 and n ¼ 0 : 1.
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wðn;qÞ ¼ qnþ qrE 2
n2

s
wðn; sÞwnðn; sÞ

" #
; ð4:34Þ

The Nonlinear function Ywðn; sÞ; the first Adomian polynomials
(Adomian, 1994), to will get

X1
r¼0

wrðn;qÞ ¼ qnþ qrE 2
n2

s
X1

r¼0
Ar

" #
; ð4:35Þ

The first few components of Anðx; tÞ polynomials are given by:

A0 ¼ w0w0n;

A1 ¼ w0w1n þ w1w0n;

A2 ¼ w0w02 þ w2w0n þ w1w1n;

ð4:36Þ

Finally, by using the two parties of the Eq. (4.35), we get the
repeated algorithm as the following

w0ðn;qÞ ¼ qn; ð4:37Þ
Table 2
Results of four term approximate solution of Example (4). Where (EADM) Elzaki Adomian

s 1 r ¼ 1:94 r ¼ 1:96

EADM

1.1 0 0 0
0.1000 0.1105 0.1105
0.2000 0.2239 0.2238
0.3000 0.3435 0.3432
0.4000 0.4735 0.4726
0.5000 0.6197 0.6176
0.6000 0.7906 0.7862
0.7000 0.9993 0.9906
0.8000 1.2659 1.2493
0.9000 1.6208 1.5902
1.0000 2.1086 2.0540

Fig. 2. The plot of solution of Exampl
wrþ1ðn;qÞ ¼ qrE 2
n2

s
X1

r¼0
Ar

" #
: ð4:38Þ

Applying the inverse (NIT) Eqs. (4.37) and (4.38), to obtain:

w0ðn; sÞ ¼ ns; ð4:39Þ

wrþ1ðn; fÞ ¼ E�1 qrE 2
n2

s
X1

r¼0
Ar

" #" #
: ð4:40Þ

Consequently,

w0ðn; sÞ ¼ ns;
w1ðn; sÞ ¼ 2n3

ðrþ1Þ! s
rþ1;

w2ðn; sÞ ¼ 16n5

ð2rþ1Þ! s
2rþ1;

w3ðn; sÞ ¼ 32�6
ðrþ1Þ! þ 24

ððrþ1Þ!Þ2
h i

ð2rþ1Þ!n7
ð3rþ1Þ! s

3rþ1;

ð4:41Þ
Decomposition Method.

r ¼ 1:98 r ¼ 2 exact

0 0 0
0.1105 0.1104 0.1104
0.2237 0.2236 0.2236
0.3429 0.3425 0.3425
0.4718 0.4709 0.4708
0.6156 0.6137 0.6131
0.7820 0.7781 0.7761
0.9824 0.9745 0.9697
1.2337 1.2190 1.2097
1.5616 1.5348 1.5237
2.0033 1.9560 1.9648

e 4.4 when, s ¼ 1:1 and n ¼ 0 : 1.
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wðn; sÞ ¼ nsþ 2n3

ðrþ 1Þ! s
rþ1 þ 16n5

ð2rþ 1Þ! s
2rþ1

þ 32� 6
ðrþ 1Þ!þ

24

ððrþ 1Þ!Þ2
" #

ð2rþ 1Þ!n7
ð3rþ 1Þ! s3rþ1 ð4:42Þ

When r ¼ 2; Eq. (4.42) becomes:

wðn; sÞ ¼ nsþ 1
3
ðnsÞ3 þ 2

15
ðnsÞ5 þ 17

315
ðnsÞ7 þ � � � : ð4:43Þ

On the side, we catch sight of that the development of the func-
tion wðn; sÞ ¼ tanðnsÞ; according to the Taylor series in the vicinity
of s ¼ 0; is will get:

wðn; sÞ ¼ nsþ 1
3
ðnsÞ3 þ 2

15
ðnsÞ5 þ 17

315
ðnsÞ7 þ 0

s
n

� 	8

: ð4:44Þ

Therefore, we conclude that: wðn; sÞ ¼ tanðnsÞ; that is the accu-
rate solution of Eq. (4.31) in the statusr ¼ 2 (see Table 2 and
Fig. 2).
5. Conclusions

New transform decomposition method has been utilized to
apply to find an exact solution of Fractional Partial Differential
Equations, with constant coefficients. Definitions and theorems
are introduced, and special formulas of Mittage -Leffler function
are observed with their proofs, it is concluded that the new
decomposition transform is a potent, effective and reliable instru-
ment to determine the resolution of fractional partial differential
equations.
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