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A B S T R A C T

In this note, we suggest a generalization of gamma function to be 3D-gamma function. As a consequence, some
special functions are generalized including the Mittag–Leffler function. Moreover, we utilize the generalized
Mittag–Leffler to extend the AB-fractional calculus. Examples are introduced to cover our theory. The
solvability of abstract Riccati equation is considered, and Hyers–Ulam stability is discovered in the sequel.
Based on the new study, we design new stable of Self-organization in complex networks (SOCNs).
1. Introduction

Numerous probability distributions, including the gamma distribu-
tion, chi-squared distribution, and exponential distribution, are strongly
associated with the gamma function. Numerous statistical applications,
such as theory of queues, reliability analysis, and delay modeling,
include these distributions. An example of analytic continuation that
permits its application to complex numbers is the gamma function.
In complex analysis and the study of functions of a complex variable,
this trait is crucial. Many branches of physics and engineering, such
as quantum mechanics, fluid dynamics, electromagnetic, and signal
processing, use the gamma function. It frequently comes up while
defining answers to diverse physical issues and analyzing differential
equations.

The gamma function, represented as 𝛤 (𝜒), is a real and complex
number extension of the factorial function. In terms of positive integers,
the factorial function and the gamma function are almost identical. It
has been outlined nonetheless, for a considerably larger scope. It is
defined by the integral

𝛤 (𝜒) = ∫

∞

0
𝑒−𝑦𝑦𝜒−1𝑑 𝑦, (1.1)

where 𝜒 is a real or complex number. According to Diaz and Pariguan
(2007), the first parametric generalization for the gamma function is as
listed below:

𝛤𝜅 (𝜒) = ∫

∞

0
𝑒−

𝑦𝜅
𝜅 𝑦𝜒−1𝑑 𝑦. (1.2)
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Conversely, T.G. and Tai (2011) provided the second kind of parametric
generalization, which appears via the expression

𝛤𝜈 (𝜒) = ∫

∞

0
𝑒−𝑦𝑦𝜈(𝜒−1)𝑑 𝑦. (1.3)

The algorithm for the two-dimensional parameter generalization of
the gamma function (2D-gamma function) was recently developed by
Tayyah and Atshan (Tayyah and Atshan, 2024), as follows:

𝛤𝜈 ,𝜅 (𝜒) = ∫

∞

0
𝑒−

𝑦𝜅
𝜅 𝑦𝜈(𝜒−1)𝑑 𝑦. (1.4)

The three-dimensional parameter generalization of the gamma func-
tion (3D-gamma function) is discussed in this paper. We suggest the
following definition:

𝛤𝜇 ,𝜈 ,𝜅 (𝜒) = ∫

∞

0
𝑒−𝜇

(

𝑦𝜅
𝜅

)

𝑦𝜈(𝜒−1)𝑑 𝑦. (1.5)

(

ℜ(𝜇) > 0, ℜ(𝜈) > 0, 𝜅 > 0
)

Clearly, 𝛤𝜇 ,𝜈 ,𝜅 (𝜒) (see Figs. 1 and 2) is a generalization of the previous
formulas via different values of (𝜇 , 𝜈 , 𝜅).

Relations of 𝛤𝜇 ,𝜈 ,𝜅 (𝜒) are presented, as follows:

Proposition 1.1. Let 𝜒 ∈ C with ℜ(𝜒) > 1 − 1∕𝜈, 𝜈 ≠ 0, ℜ
(

𝜇
𝜅

)

> 0 and
𝜅 > 0. Then

• 𝛤𝜇 ,𝜈 ,𝜅 (𝜒) =
(

𝜇
𝜅

)− (𝜒−1)𝜈+1
𝜅

(

𝛤
(

(𝜒−1)𝜈+1
𝜅

)

𝜅

)

;

https://doi.org/10.1016/j.jksus.2024.103512
Received 29 May 2024; Received in revised form 26 October 2024; Accepted 29 O
vailable online 12 November 2024 
018-3647/© 2024 The Authors. Published by Elsevier B.V. on behalf of King Sau
 http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
ctober 2024

d University. This is an open access article under the CC BY-NC-ND license 

https://www.sciencedirect.com
https://www.sciencedirect.com
mailto:imaldawish@imamu.edu.sa
mailto:rabhaibrahim@yahoo.com
https://doi.org/10.1016/j.jksus.2024.103512
https://doi.org/10.1016/j.jksus.2024.103512
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2024.103512&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


I. Aldawish and R.W. Ibrahim

Fig. 1. The plot of 𝛤𝜇 ,𝜈 ,𝜅 (𝜒) when (𝜇 , 𝜈 , 𝜅) = (1, 1, 2), (2, 1, 2), (2, 2, 2) and (2, 1, 3) accordingly.

Fig. 2. The ComplexPlot3D of 𝛤𝜇 ,𝜈 ,𝜅 (𝜒) when (𝜇 , 𝜈 , 𝜅) = (1, 1, 2), (1, 2, 2), (3, 3, 2) and (4, 3, 1) accordingly using Mathematica 14.1.
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• 𝛤𝜇 ,𝜈 ,𝜅
(𝜅 + 𝜈 − 1

𝜈

)

= 1
𝜇

;

• 𝛤𝜇 ,𝜈 ,𝜅 (𝜒 + 𝜅
𝜈 ) =

(

𝜇
𝜅

)− (𝜒−1)𝛽+1
𝜅

(

𝛤
(

𝜅+(𝜒−1)𝜈+1
𝜅

)

𝛼

)

;

• 𝛤𝜇 ,𝜈 ,𝜅 (𝜒 + 1) = 𝛤𝜇 ,𝜈 ,𝜅 (𝜒)
(

𝜈(𝜒 − 1) + 1
𝜇

)𝜈∕𝜅
.

Proof. A direct application of the definition in (1.5) and using
he asymptotic approximations of gamma function, we obtain the
esults. □

In view of 𝛤𝜇 ,𝜈 ,𝜅 (𝜒), we generalize a set of special functions in-
luding the Mittag–Leffler function. As a consequence AB-fractional

calculus is generated and discuss some of its properties, such as the
boundedness. Applications based on the suggested model, the stabil-
ity of self-organization in complex networks is investigated such that
their dynamics and geometry change over time through decentralized
processes.

2. 3D-Mittag–Leffler functions (3D-MLFs)

Numerous branches of mathematics, such as probability theory,
fractional calculus, and the theory of special functions, use this func-
ion. It may be used to describe complicated relaxation or waiting
ime behaviors in many phenomena. In the mathematical concept of
ractional differential equations, it is important. In fractional calculus,
 field of mathematics that extends the idea of differentiation and
ntegration to non-integer orders, MLFs usually occur. They frequently
how up as fractional differential equation solutions. They are used
n the analysis of fractional differential equations regulating materials,
nomalous transport processes, and fractional relaxing behaviors in the

study of dynamical systems. The 2D-MLF is given by the description

𝛯𝑎,𝑏(𝜉) =
∞
∑

𝑛=0

𝜉𝑛

𝛤 (𝑎𝑛 + 𝑏)
, 𝑎 > 0, 𝑏 ∈ R.

A generalization of this function is defined as follows:

𝛯𝑐𝑎,𝑏(𝜉) =
∞
∑

𝑛=0

(𝑐)𝑛𝜉𝑛

𝑛!𝛤 (𝑎𝑛 + 𝑏)
,

where

(𝑐)𝑛 ∶=
𝛤 (𝑐 + 𝑛)
𝛤 (𝑐)

= 𝑐(𝑐 + 1)⋯ (𝑐 + 𝑛 − 1).

Now, by using the generalized gamma function 𝛤𝜇 ,𝜈 ,𝜅 , we have

[𝛯𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) =
∞
∑

𝑛=0

𝜉𝑛

𝛤𝜇 ,𝜈 ,𝜅 (𝑎𝑛 + 𝑏)
, 𝑎 > 0, 𝑏 ∈ R

=
∞
∑

𝑛=0

𝜅 𝜉𝑛
(

𝜇
𝜅

)− (𝑎𝑛+𝑏−1)𝜈+1
𝜅 𝛤

(

(𝑎𝑛+𝑏−1)𝜈+1
𝜅

)

;

and

[𝛯𝑐𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) =
∞
∑

𝑛=0

( 𝛤𝜇 ,𝜈 ,𝜅 (𝑐 + 𝑛)
𝛤𝜇 ,𝜈 ,𝜅 (𝑛 + 1)𝛤𝜇 ,𝜈 ,𝜅 (𝑐)𝛤𝜇 ,𝜈 ,𝜅 (𝑎𝑛 + 𝑏)

)

𝜉𝑛

=
∞
∑

𝑛=0

⎛

⎜

⎜

⎜

⎝

( 𝜇𝜅 )
𝜈(𝑎𝑛+𝑏+2𝑐−3)+2

𝜅 𝜅2 𝛤
(

(𝑐+𝑛−1)𝜈+1
𝜅

)

𝛤
(

𝑛𝜈+1
𝜅

)

𝛤
(

(𝑐−1)𝜈+1
𝜅

)

𝛤
(

(𝑎𝑛+𝑏−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

𝜉𝑛.

Clearly, when 𝜇 = 𝜈 = 𝜅 = 1, [𝛯𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) and [𝛯𝑐𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) are reduced
into [𝛯𝑎,𝑏](𝜉) and [𝛯𝑐𝑎,𝑏](𝜉) respectively. As a special case, when 𝜇 = 𝜅,
we have (see Fig. 3)

[𝛯𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) = 𝜅
∞
∑

𝑛=0

𝜉𝑛

𝛤
(

(𝑎𝑛+𝑏−1)𝜈+1
𝜅

)

= 𝜅
∞
∑

𝑛=0

𝜉𝑛

𝛤
((

𝑎𝜈
)

𝑛 +
(

(𝑏−1)𝜈+1
))
𝜅 𝜅

3 
= 𝜅[𝛯(

𝑎𝜈
𝜅

)

,
(

(𝑏−1)𝜈+1
𝜅

)](𝜉)

∶= 𝜅[𝛯(

𝛼
𝜅

)

,
(

𝛽
𝜅

)](𝜉).

Similarly for [𝛯𝑐𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉), we have

[𝛯𝑐
𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) = 𝜅2

∞
∑

𝑛=0

⎛

⎜

⎜

⎜

⎝

𝛤
(

(𝑐+𝑛−1)𝜈+1
𝜅

)

𝛤
(

𝑛𝜈+1
𝜅

)

𝛤
(

(𝑐−1)𝜈+1
𝜅

)

𝛤
(

(𝑎𝑛+𝑏−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

𝜉𝑛

= 𝜅2
∞
∑

𝑛=0

⎛

⎜

⎜

⎜

⎝

𝛤 (𝑛 + 1)𝛤
(

(𝑐+𝑛−1)𝜈+1
𝜅

)

𝛤
(

𝑛𝜈+1
𝜅

)

𝛤
(

(𝑐−1)𝜈+1
𝜅

)

𝛤
(

(𝑎𝑛+𝑏−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

𝜉𝑛

𝑛!

= 𝜅2

𝛤 ( 1
𝜅
)𝛤

(

(𝑏−1)𝜈+1
𝜅

)

∞
∑

𝑛=0

⎛

⎜

⎜

⎜

⎝

𝛤
(

(𝑏−1)𝜈+1
𝜅

)

𝛤 ( 1
𝜅
)𝛤 (𝑛 + 1)𝛤

(

(𝑐+𝑛−1)𝜈+1
𝜅

)

𝛤
(

𝑛𝜈+1
𝜅

)

𝛤
(

(𝑐−1)𝜈+1
𝜅

)

𝛤
(

(𝑎𝑛+𝑏−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

𝜉𝑛

𝑛!

= 𝜅2

𝛤 ( 1
𝜅
)𝛤

(

(𝑏−1)𝜈+1
𝜅

) 2𝛹
∗
2

[

(1, 1) ((𝑐 − 1)𝜈 + 1, 𝜈
𝜅
)

( 1
𝜅
, 𝜈
𝜅
) ( (𝑏−1)𝜈+1

𝜅
, 𝑎
𝜅
)

; 𝜉

]

,

where 2𝛹∗
2 is the normalized Fox–Wright function,

𝑝𝛹
∗
𝑞

[

(𝑎1, 𝐴1) (𝑎2, 𝐴2) … (𝑎𝑝, 𝐴𝑝)
(𝑏1, 𝐵1) (𝑏2, 𝐵2) … (𝑏𝑞 , 𝐵𝑞)

; 𝜉

]

=
𝛤 (𝑏1)⋯𝛤 (𝑏𝑞)
𝛤 (𝑎1)⋯𝛤 (𝑎𝑝)

×
∞
∑

𝑛=0

𝛤 (𝑎1 + 𝐴1𝑛)⋯𝛤 (𝑎𝑝 + 𝐴𝑝𝑛)
𝛤 (𝑏1 + 𝐵1𝑛)⋯𝛤 (𝑏𝑞 + 𝐵𝑞𝑛)

𝜉𝑛

𝑛!
.

Next section deals with the generalization of AB-fractional calculus
using the generalized 3D-Mittag–Leffler function.

3. AB-fractional calculus

In Atangana and Baleanu (2016), Atangana and Baleanu presented
a fractional calculus based on the Mittag–Leffler function, as follows:
𝐴𝐵 𝐶𝐷𝛾𝜑(𝜒) = 𝐺(𝛾)

1 − 𝛾 ∫

𝜒

0
𝜑′(𝑥)𝛯𝛾

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥

and
𝐴𝐵 𝑅𝐷𝛾𝜑(𝜒) = 𝐺(𝛾)

1 − 𝛾
𝑑
𝑑 𝜒 ∫

𝜒

0
𝜑(𝑥)𝛯𝛾

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥,

where 𝐺(𝛾) satisfies the relation 𝐺(0) = 𝐺(1) = 1, 𝜑 ∈ 𝐻1(𝐽 ), 𝐽 is an
nterval, 𝛾 ∈ [0, 1] and

𝛯𝛾

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

=
∞
∑

𝑛=0

(

−𝛾
1−𝛾 (𝜒 − 𝑥)𝛾

)𝑛

𝛤 (𝛾 𝑛) .

Corresponding to the fractional derivatives, the fractional integral be-
omes
𝐴𝐵𝐼𝛾𝜑(𝜒) = 1 − 𝛾

𝐺(𝛾)
𝜑(𝜒) + 𝛾

𝐺(𝛾)𝛤 (𝛾) ∫

𝜒

0
𝜑(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥, 𝛾 > 0.

Note that the above fractional operators are utilized in different ap-
plications (Abd-Elmonem et al., 2023; Momani et al., 2023; Ibrahim,
2022; Huang et al., 2023).

By using the suggested 3D-gamma function, we have

[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅
(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

=
∞
∑

𝑛=0

(

−𝛾
1−𝛾 (𝜒 − 𝑥)𝛾

)𝑛

𝛤𝜇 ,𝜈 ,𝜅 (𝛾 𝑛)

=
∞
∑

𝑛=0

𝜅
(

−𝛾
1−𝛾 (𝜒 − 𝑥)𝛾

)𝑛

( 𝜇𝜅 )
− (𝛾 𝑛−1)𝜈+1

𝜅 𝛤
(

(𝛾 𝑛−1)𝜈+1
𝜅

)

= 𝜅

( 𝜇𝜅 )
𝜈−1
𝜅

∞
∑

𝑛=0

(

−𝛾
1−𝛾 (𝜒 − 𝑥)𝛾

)𝑛

( 𝜇𝜅 )
− 𝛾 𝑛𝜈

𝜅 𝛤
((

𝛾 𝜈
𝜅

)

𝑛 + 1−𝜈
𝜅

)

= 𝜅
𝜇 𝜈−1

𝜅

∞
∑

𝑛=0

(

−𝛾
1−𝛾 (𝜒−𝑥)

𝛾

( 𝜇𝜅 )
𝛾 𝜈
𝜅

)𝑛

𝛤
((

𝛾 𝜈 ) 𝑛 + 1−𝜈
)

( 𝜅 ) 𝜅 𝜅
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Fig. 3. The of [𝛯𝑎,𝑏]𝜇 ,𝜈 ,𝜅 (𝜉) = 𝜅[𝛯(

𝛼
𝜅

)

,
(

𝛽
𝜅

)](𝜉) for different values, where 𝜅 = 1, 2, 3, 4 respectively.
=
⎛

⎜

⎜

⎝

𝜅

( 𝜇𝜅 )
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝛯(

𝛾 𝜈
𝜅

)

,
(

1−𝜈
𝜅

)

⎛

⎜

⎜

⎝

−𝛾
1−𝛾 (𝜒 − 𝑥)𝛾

( 𝜇𝜅 )
𝛾 𝜈
𝜅

⎞

⎟

⎟

⎠

.

Now, we introduce the following definitions.

Definition 3.1. Let 𝜑 ∈ 𝐻1[𝐽 ] and 𝛾 ∈ [0, 1]. Then the generalized
AB-operators are as follows:

• [𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) =
𝐺(𝛾)
1 − 𝛾 ∫

𝜒

0
𝜑′(𝑥)[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥;

• [𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) =
𝐺(𝛾)
1 − 𝛾

𝑑
𝑑 𝜒 ∫

𝜒

0
𝜑(𝑥)[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥;

• [𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) =
1 − 𝛾
𝐺(𝛾)

𝜑(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
𝜑(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥, 𝛾 > 0.

Note that when 𝜇 = 𝜈 = 𝜅 = 1 we obtain the usual [𝐴𝐵𝐼𝛾 ]1,1,1𝜑(𝜒) =
[𝐴𝐵𝐼𝛾 ]𝜑(𝜒). We have the following properties:

Proposition 3.2. Let 𝑎 and 𝑏 be real numbers. Then for continuous
functions 𝑔 and ℎ over [0, 𝑇 ], the generalized 3D-fractional operators satisfy
the semi group property

(i) [𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅 (𝑎𝑔(𝜒) + 𝑏ℎ(𝜒)) = 𝑎 [𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝑔(𝜒) + 𝑏 [𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅
ℎ(𝜒);

(ii) [𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅 (𝑎𝑔(𝜒) + 𝑏ℎ(𝜒)) = 𝑎 [𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝑔(𝜒) + 𝑏 [𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅
ℎ(𝜒);

(iii) [𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅 (𝑎𝑔(𝜒) + 𝑏ℎ(𝜒)) = 𝑎 [𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅𝑔(𝜒) + 𝑏 [𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅ℎ(𝜒).

Example 3.3. Let 𝜑(𝜒) = 𝜒𝑚. Then
[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) = 𝑚𝐺(𝛾)

1 − 𝛾 ∫

𝜒

0
(𝑥𝑚−1)[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥

=
𝑚𝐺(𝛾)
1 − 𝛾 ∫

𝜒

0
(𝑥𝑚−1)

⎛

⎜

⎜

𝜅
𝜇 𝜈−1

⎞

⎟

⎟

𝛯(

𝛾 𝜈
𝜅

)

,
(

1−𝜈
𝜅

)

⎛

⎜

⎜

−𝛾
1−𝛾

(𝜒 − 𝑥)𝛾

𝜇 𝛾 𝜈
𝜅

⎞

⎟

⎟

𝑑 𝑥.

⎝

(
𝜅
) 𝜅

⎠ ⎝

(
𝜅
)

⎠

4 
Let 𝜌 ∶= 𝜇
𝜅 , 𝜚 ∶= − 𝛾

1−𝛾 , 𝑎 ∶= 𝛾 𝜈∕𝜅, 𝑏 ∶= (1 − 𝜈)∕𝜅 and 𝜆 ∶= 𝜚
𝜌𝑎 . Then

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) =
(

𝜅

𝜌
𝜈−1
𝜅

)

𝑚𝐺(𝛾)
1 − 𝛾 ∫

𝜒

0
(𝑥𝑚−1)𝛯(

𝛾 𝜈
𝜅

)

,
(

1−𝜈
𝜅

)

(

𝜚(𝜒 − 𝑥)𝛾

(𝜌)
𝛾 𝜈
𝜅

)

𝑑 𝑥

∶=

(

𝜅

𝜌
𝜈−1
𝜅

)

𝑚𝐺(𝛾)
1 − 𝛾 ∫

𝜒

0
(𝑥𝑚−1)𝛯𝑎,𝑏 (𝜆(𝜒 − 𝑥)𝛾 ) 𝑑 𝑥

=

(

𝜅

𝜌
𝜈−1
𝜅

)

𝑚𝐺(𝛾)
1 − 𝛾

∞
∑

𝑛=0
∫

𝜒

0
(𝑥𝑚−1)

[𝜆(𝜒 − 𝑥)𝛾 ]𝑛

𝛤 (𝑎𝑛 + 𝑏)
𝑑 𝑥

=

(

𝜅

𝜌
𝜈−1
𝜅

)

𝑚𝐺(𝛾)
1 − 𝛾

∞
∑

𝑛=0

𝜆𝑛

𝛤 (𝑎𝑛 + 𝑏) ∫

𝜒

0
(𝑥𝑚−1)(𝜒 − 𝑥)𝑛𝛾𝑑 𝑥

=

(

𝜅

𝜌
𝜈−1
𝜅

)

𝑚𝐺(𝛾)
1 − 𝛾

∞
∑

𝑛=0

𝜆𝑛

𝛤 (𝑎𝑛 + 𝑏)
𝛤 (𝑚)𝛤 (𝑛𝛾 + 1)𝜒𝑚+𝛾 𝑛

𝛤 (𝑚 + 𝑛𝛾 + 1)

=

(

𝜅

𝜌
𝜈−1
𝜅

)

𝜒𝑚𝛤 (𝑚 + 1)𝐺(𝛾)
𝛤 (𝑏)(1 − 𝛾)

∞
∑

𝑛=0

𝛤 (𝑛 + 1)𝛤 (𝑏)𝛤 (𝑛𝛾 + 1)(𝜆𝜒 𝛾 )𝑛
𝛤 (𝑎𝑛 + 𝑏)𝛤 (𝑚 + 𝑛𝛾 + 1)𝑛!

=

(

𝜅

𝜌
𝜈−1
𝜅

)

𝜒𝑚𝐺(𝛾)
𝛤 (𝑏)(1 − 𝛾) 2𝛹

∗
2

[

(1, 1) (1, 𝛾)
(𝑏, 𝑎) (𝑚 + 1, 𝛾); (𝜆𝜒

𝛾 )

]

.

Furthermore, we have

[𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) = 𝑑
𝑑 𝜒

⎛

⎜

⎜

⎝

𝜅

𝜌
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝐺(𝛾)
1 − 𝛾 ∫

𝜒

0
(𝑥𝑚)𝛯( 𝛾 𝜈

𝜅
)

,
( 1−𝜈

𝜅
)

(

𝜚(𝜒 − 𝑥)𝛾

(𝜌)
𝛾 𝜈
𝜅

)

𝑑 𝑥

= 𝑑
𝑑 𝜒

⎛

⎜

⎜

⎝

𝜅

𝜌
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝐺(𝛾)
1 − 𝛾

∞
∑

𝑛=0
∫

𝜒

0
(𝑥𝑚−1)

[𝜆(𝜒 − 𝑥)𝛾 ]𝑛

𝛤 (𝑎𝑛 + 𝑏)
𝑑 𝑥

= 𝑑
𝑑 𝜒

⎛

⎜

⎜

⎝

𝜅

𝜌
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝐺(𝛾)
1 − 𝛾

∞
∑

𝑛=0

𝜆𝑛

𝛤 (𝑎𝑛 + 𝑏) ∫

𝜒

0
(𝑥𝑚)(𝜒 − 𝑥)𝑛𝛾𝑑 𝑥

= 𝑑
𝑑 𝜒

⎛

⎜

⎜

⎝

𝜅

𝜌
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝐺(𝛾)
1 − 𝛾

∞
∑

𝑛=0

𝜆𝑛

𝛤 (𝑎𝑛 + 𝑏)
𝛤 (𝑚 + 1)𝛤 (𝑛𝛾 + 1)𝜒𝑚+𝛾 𝑛+1

𝛤 (𝑚 + 𝑛𝛾 + 2)

= 𝑑
𝑑 𝜒

⎛

⎜

⎜

⎝

𝜅

𝜌
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝜒𝑚+1𝛤 (𝑚 + 1)𝐺(𝛾)
𝛤 (𝑏)(1 − 𝛾)

×
∞
∑

𝑛=0

𝛤 (𝑛 + 1)𝛤 (𝑏)𝛤 (𝑛𝛾 + 1)(𝜆𝜒𝛾 )𝑛
𝛤 (𝑎𝑛 + 𝑏)𝛤 (𝑚 + 𝑛𝛾 + 2)𝑛!

= 𝑑
𝑑 𝜒

⎛

⎜

⎜

⎝

𝜅

𝜌
𝜈−1
𝜅

⎞

⎟

⎟

⎠

𝜒𝑚+1𝐺(𝛾)
𝛤 (𝑏)(1 − 𝛾) 2𝛹

∗
2

[

(1, 1) (1, 𝛾)
(𝑏, 𝑎) (𝑚 + 2, 𝛾); (𝜆𝜒

𝛾 )

]

.

Hence, we obtain
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[𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) =
(

𝜅

𝜌
𝜈−1
𝜅

)

𝐺(𝛾)
𝛤 (𝑏)(1 − 𝛾)

(

𝜒𝑚+1 2𝛹
∗
2

[

(1, 1) (1, 𝛾)
(𝑏, 𝑎) (𝑚 + 2, 𝛾); (𝜆𝜒

𝛾 )

])′

.

Finally, we attain

[𝐴𝐵𝐼 𝛾 ]𝜇 ,𝜈 ,𝜅 (𝜒𝑚) = 1 − 𝛾
𝐺(𝛾)

𝜒𝑚 +
𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
(𝑥𝑚)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

=
1 − 𝛾
𝐺(𝛾)

𝜒𝑚 +
𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
(𝑥𝑚)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

=
1 − 𝛾
𝐺(𝛾)

𝜒𝑚 +
𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

𝛤 (𝛾)𝛤 (𝑚 + 1)𝜒 𝛾+𝑚
𝛤 (𝑚 + 𝛾 + 1) .

If 𝜑(𝜒) = sin(𝜒) then

[𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅 sin(𝜒) =
1 − 𝛾
𝐺(𝛾)

sin(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
sin(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

=
1 − 𝛾
𝐺(𝛾)

sin(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

×
𝜒𝛾+1 1𝐹2

(

1; 𝛾2 + 1, 𝛾2 + 3
2 ; −

𝜒2

4

)

𝛾2 + 𝛾
.

And if 𝜑(𝜒) = cos(𝜒) then

[𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅 cos(𝜒) =
1 − 𝛾
𝐺(𝛾)

cos(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
cos(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

=
1 − 𝛾
𝐺(𝛾)

cos(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

×
𝜒𝛾 1𝐹2

(

1; 𝛾2 + 1
2 ,

𝛾
2 + 1; − 𝜒2

4

)

𝛾
.

Finally, suppose that 𝜑(𝜒) = 𝑒𝜒 . Then

[𝐴𝐵𝐼 𝛾 ]𝜇 ,𝜈 ,𝜅𝑒𝜒 =
1 − 𝛾
𝐺(𝛾)

𝑒𝜒 +
𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝑒𝑥(𝜒 − 𝑥)𝛾−1𝑑 𝑥

=
1 − 𝛾
𝐺(𝛾)

𝑒𝜒 +
𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

𝑒𝜒 (𝛤 (𝛾) − 𝛤 (𝛾 , 𝜒)),

where 𝛤 (𝛾 , 𝜒)) indicates the incomplete Gamma function.

Proposition 3.4. Assume that 𝜑 ∈ 𝐻1[𝐽 ] where 𝐽 = [0, 𝑇 ]. If 𝛾 ∈ [0, 1)
and 𝜅 ≠ ℎ then

• |

|

|

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒)||
|

≤
𝑇 ‖𝜑‖𝐶[𝐽 ]𝐺(𝛾)

1 − 𝛾 where ‖𝑔‖𝐶[𝐽 ] = ‖𝑔‖∞ +‖𝑔′‖∞
and ‖𝑔‖∞ is the supremum norm;

• |

|

|

[𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒)||
|

≤
𝐺(𝛾)‖𝜑‖∞

1 − 𝛾 .

• |

|

|

[𝐴𝐵𝐼 𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒)||
|

≤
‖𝜑‖∞
𝐺(𝛾)

⎛

⎜

⎜

⎜

⎝

(1 − 𝛾) + 𝛾 𝜅
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

𝑇 𝛾

𝛾
.

Proof. By the definition of the suggested fractional operators, we have
|

|

|

𝐴𝐵 𝐶𝐷𝛾𝜑(𝜒)||
|

=
|

|

|

|

|

𝐺(𝛾)
1 − 𝛾 ∫

𝜒

0
𝜑′(𝑥)[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥
|

|

|

|

|

≤
‖𝜑‖𝐶[𝐽 ]𝐺(𝛾) 𝜒 |

|

|[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅
(

−𝛾
(𝜒 − 𝑥)𝛾

)

|

|

| 𝑑 𝑥

1 − 𝛾 ∫0 |

|

1 − 𝛾 |

|

5 
≤
𝑇 ‖𝜑‖𝐶[𝐽 ]𝐺(𝛾)

1 − 𝛾 .

Moreover, we have
|

|

|

[𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒)||
|

=
|

|

|

|

|

𝐺(𝛾)
1 − 𝛾

𝑑
𝑑 𝜒 ∫

𝜒

0
𝜑(𝑥)[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅

(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

𝑑 𝑥
|

|

|

|

|

≤
𝐺(𝛾)‖𝜑‖∞

1 − 𝛾
𝑑
𝑑 𝜒 ∫

𝜒

0

|

|

|

|

|

[𝛯𝛾 ]𝜇 ,𝜈 ,𝜅
(

−𝛾
1 − 𝛾 (𝜒 − 𝑥)𝛾

)

|

|

|

|

|

𝑑 𝑥

≤
𝐺(𝛾)‖𝜑‖∞

1 − 𝛾 .

Finally, we obtain
|

|

|

[𝐴𝐵𝐼𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒)||
|

=

|

|

|

|

|

|

|

|

|

1 − 𝛾
𝐺(𝛾)

𝜑(𝜒) + 𝛾 𝜅
𝐺(𝛾)

(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝜑(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

|

|

|

|

|

|

|

|

|

, 𝛾 > 0

≤
‖𝜑‖∞
𝐺(𝛾)

⎛

⎜

⎜

⎜

⎝

(1 − 𝛾) + 𝛾 𝜅
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0

|

|

|

(𝜒 − 𝑥)𝛾−1||
|

𝑑 𝑥
⎞

⎟

⎟

⎟

⎠

≤
‖𝜑‖∞
𝐺(𝛾)

⎛

⎜

⎜

⎜

⎝

(1 − 𝛾) + 𝛾 𝜅
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

𝑇 𝛾

𝛾
. □

Corollary 3.5. Consider the fractional differential equation
[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) = 𝑎𝜑(𝜒) + 𝑢(𝜒), (3.1)

where 𝑎 > 𝑇 𝐺(𝛾)
1−𝛾 and 𝑢(𝜒) is a nonzero continuous function included in the

omain of 𝜑(𝜒), 𝜒 ∈ [0, 𝑇 ] with ‖𝜑‖ ≥ ‖𝑢‖
𝑎 . Then

|𝜑(𝜒)| ≤ ‖𝑢‖

𝑎 − 𝑇 𝐺(𝛾)
1−𝛾

, (3.2)

Proof. According to Proposition 3.4, we get
|

|

|

𝐴𝐵 𝐶𝐷𝛾𝜑(𝜒)||
|

= |𝑎𝜑(𝜒) + 𝑢(𝜒)| ≤ 𝑇 ‖𝜑‖𝐶[𝐽 ]𝐺(𝛾)
1 − 𝛾 .

Thus, a computation yields
‖𝜑(𝜒)‖ ≤ ‖𝑢‖

𝑎 − 𝑇 𝐺(𝛾)
1−𝛾

.

In other inequality, we have the result (3.2). □

Note that Eq. (3.1) represents the generalized Riccati equation,
which will be considered as an application in the next section.
Corollary 3.5 shows that the solution of Eq. (3.1) is bounded, with
upper bound ‖𝑢‖

𝑎 − 𝑇 𝐺(𝛾)
1−𝛾

.

4. Suggested system of complex networks with solvability

The solvability of fractional differential equations is established by
he subsequent theorems and the particular conditions of the equations.
arious standards for evaluating these attributes may be applied to

differential equation categorization. In this part, we deal with the
solvability of the generalized fractional differential equation

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) = 𝛷(𝜒 , 𝜑); (4.1)

or

[𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) = 𝛷(𝜒 , 𝜑), (4.2)

where 𝜑(0) = 𝜑0 ≠ 0 and 𝛷 ∶ [0, 𝑇 ] × R → R is continuous. Consider
the Banach space B of all continuous functions over the interval [0, 𝑇 ]
subjecting to the sup. norm.
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Theorem 4.1. For (4.1) (or (4.2)). If 𝛷 is bounded in its domain with
‖𝛷‖ ≤ 𝛬‖𝜑‖, ‖𝜑‖ > 0, 𝛬 ∈ [0,∞) then Eq. (4.1) admits a solution 𝜑 under
the condition
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

< 1
2𝛬

.

Moreover, if 𝛷 is a Lipschitz with respect to the second variable
‖𝛷(𝜒 , 𝜑(𝜒)) −𝛷(𝜒 , 𝜓(𝜒))‖ ≤ 𝜎‖𝜑(𝜒) − 𝜓(𝜒)‖,

with
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

< 1
𝜎
, 𝜎 > 0,

then the solution is unique.

Proof. Consider Eq. (4.1). Define an operator  ∶ 𝑆 → 𝑆 such that

𝑆 ∶=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝜑 ∈ B ∶ ‖𝜑‖ ≤
|𝜑0|

1 − 2𝛬
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

by
𝜑(𝜒) = 𝜑0 +

1 − 𝛾
𝐺(𝛾)

𝛷(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
𝛷(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥, 𝛾 > 0.

Thus, we obtain

|𝜑(𝜒)| ≤ |𝜑0| +
1 − 𝛾
𝐺(𝛾)

|𝛷(𝜒 , 𝜑)| + 𝛾 𝜅
𝐺(𝛾)

(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
|𝛷(𝑥, 𝜑)|(𝜒 − 𝑥)𝛾−1𝑑 𝑥

≤ |𝜑0| +
1 − 𝛾
𝐺(𝛾)

‖𝛷‖ +
𝜅 𝛾‖𝛷‖

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
(𝜒 − 𝑥)𝛾−1𝑑 𝑥

≤ |𝜑0| +
𝛬(1 − 𝛾)
𝐺(𝛾)

‖𝜑‖ +
𝜅 𝛾 𝛬‖𝜑‖

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

𝑇 𝛾

𝛾

= |𝜑0| + 𝛬

⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

‖𝜑‖

≤ |𝜑0| + 2𝛬
⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

‖𝜑‖.

Hence, we obtain

|𝜑(𝜒)| ≤
|𝜑0|

1 − 2𝛬
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

.

We obtain the boundedness of  in the set 𝑆, by choosing the supre-
mum of the inequality mentioned earlier. Our goal is to demonstrate
the continuity within 𝑆. It is clear that
𝜑(𝜒) −𝜙(𝜒)
| |

6 
≤ 1 − 𝛾
𝐺(𝛾)

|(𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜙))| + 𝜅 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
|𝛷(𝑥, 𝜑) −𝛷(𝑥, 𝜙)| (𝜒 − 𝑥)𝛾−1𝑑 𝑥

≤ 1 − 𝛾
𝐺(𝛾)

|(𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜙))| + 𝜅 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× |𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜙)| 𝑇
𝛾

𝛾

≤

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+
𝜅 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

𝑇 𝛾

𝛾

⎞

⎟

⎟

⎟

⎟

⎠

‖𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜙)‖ .

Since 𝛷 is continuous then it is uniformly continuous in 𝑆 with

‖𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜙)‖ ≤ 𝜖
⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

, 𝜖 > 0.

As a consequence, we get

|𝜑(𝜒) −𝜙(𝜒)| ≤

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

× ‖𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜙)‖
≤ 𝜖 .

This shows that  is continuous over the set 𝑆. We proceed to show
that  is equicontinuous over 𝑆. Let 𝜒1 and 𝜒2 ∈ 𝐽 with 𝜒1 ≠ 𝜒2. Thus,
we get

|𝜑(𝜒1) −𝜑(𝜒2)|

≤ 1 − 𝛾
𝐺(𝛾)

|𝛷(𝜒1, 𝜑)| + 𝜅 𝛾
𝐺(𝛾)

(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒1

0
|𝛷(𝑥, 𝜑)|(𝜒1 − 𝑥)𝛾−1𝑑 𝑥

+
1 − 𝛾
𝐺(𝛾)

|𝛷(𝜒2, 𝜑)| + 𝜅 𝛾
𝐺(𝛾)

(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒2

0
|𝛷(𝑥, 𝜑)|(𝜒2 − 𝑥)𝛾−1𝑑 𝑥

≤ 2𝛬

⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

‖𝜑‖

≤ |𝜑0| + 2𝛬
⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

‖𝜑‖

≤ |𝜑0| + 2𝛬
⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

‖𝜑‖.

Thus, we obtain

|𝜑(𝜒1) −𝜑(𝜒2)| ≤
|𝜑0|

1 − 2𝛬
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

.

Hence,  is a reasonably compact operator, as the Arzela–Ascoli the-
rem reveals. According to Schauder’s fixed point theorem,  permits
 minimum of one fixed point, which is analogous to the solvability of
q. (4.1).

Next, we aim to show that the operator  admits the unique fixed
point over the set 𝑆. Obviously,

|𝜑(𝜒) −𝜓(𝜒)|



I. Aldawish and R.W. Ibrahim

a
i

𝐺

s

s

H
f

a

Journal of King Saud University - Science 36 (2024) 103512 
≤ 1 − 𝛾
𝐺(𝛾)

|(𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜓))| + 𝜅 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
|𝛷(𝑥, 𝜑) −𝛷(𝑥𝜓)| (𝜒 − 𝑥)𝛾−1𝑑 𝑥

≤ 1 − 𝛾
𝐺(𝛾)

|(𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜓))| + 𝜅 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× |𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜓)| 𝑇
𝛾

𝛾

≤

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+
𝜅 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

𝑇 𝛾

𝛾

⎞

⎟

⎟

⎟

⎟

⎠

‖𝛷(𝜒 , 𝜑) −𝛷(𝜒 , 𝜓)‖

≤

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

𝜎‖𝜑(𝜒) − 𝜓(𝜒)‖.

This implies that the operator  is a contraction mapping over 𝑆. Thus,
ccording to Banach fixed point theorem,  has one fixed point which
s corresponding to the solution of Eq. (4.1). □

Example 4.2. Consider the following equation:

[𝐴𝐵 𝐶𝐷0.5]1,1,1𝜑(𝜒) =
𝜑(𝜒)
4

, (4.3)

where 𝜑0 = 1, 𝜒 ∈ 𝐽 = [0, 1], 𝛷(𝜒 , 𝜑) = 1∕4𝜑(𝜒) with 𝛬 = 1∕4. If we let
(𝛾) = 1 then the condition for the solvability of (4.3) becomes

⎛

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎠

= 1.06419... < 1
2𝛬

= 1
2(1∕4)

= 2.

Therefor, by Theorem 4.1, Eq. (4.3) has at least one solution. By letting
𝜎 = 1∕4, we have
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

= 1.06419... < 1
𝜎

= 4.

Thus, in view of the second part of Theorem 4.1 yields the unique
olvability.

Next, we consider the following fractional differential equation
[𝐴𝐵 𝐶𝐷0.5]2,1,2𝜑(𝜒) =

𝜑(𝜒)
8

, (4.4)

then, when 𝜇 = 𝜅 = 2 and 𝜈 = 1, we have
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

= 2.5 < 1
2𝛬

= 1
2(1∕8)

= 4.

Therefor, by Theorem 4.1, Eq. (4.3) has at least one solution. By
assuming 𝜎 = 1∕8, we have
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

= 2.5 < 1
𝜎

= 8.

Thus, in view of the second part of Theorem 4.1 yields the unique
olvability. Note that the formula solution is as follows:
𝜑(𝜒) = 𝜑0 +

1 − 𝛾
𝐺(𝛾)

𝛷(𝜒) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

× ∫

𝜒

0
𝛷(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥, 𝛾 > 0

= 1 + 𝜑(𝜒)
+ 1 𝜒 𝜑(𝑥)

(𝜒 − 𝑥)𝛾−1𝑑 𝑥.

16 𝛤 (0.25) ∫0 8

7 
Hence,

𝜑(𝜒) = 16
15

(

1 + 0.0344∫
𝜒

0
𝜑(𝑥)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

)

.

5. Stability of the complex networks

In this section, we study the Ulam–Hyers stability (Hyers et al.,
2012). There are different generalizations of the Ulam stability using
the fractional calculus (see Ibrahim, 2012, 2013; Wang and Xu, 2015).

ere, we aim to introduce another generalization, using the suggested
ractional differential operators, as follows:

Definition 5.1. Consider Eq. (4.1). Then it is Ulam–Hyers stable if
there occurs a real positive number ℘ > 0 achieving the following
conclusion: for all 𝜖 > 0 and for every solution 𝜑 ∈ 𝑆,
|

|

|

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) −𝛷(𝜒 , 𝜑)||
|

≤ 𝜖 , 𝜂 ∈ D (5.1)

there is a solution 𝜓 ∈ 𝑆 of Eq. (4.1) such that

|𝜑(𝜒) − 𝜓(𝜒)| ≤ ℘𝜖 , 𝜒 ∈ 𝐽 = [0, 𝑇 ]. (5.2)

Additionally, a generalization of the above definition can be realized
as follows: if there is a positive real function 𝜛 ∶ R+ → R+ then

|𝜑(𝜒) − 𝜓(𝜒)| ≤ ℘𝜛(𝜖), 𝜒 ∈ 𝐽 = [0, 𝑇 ]. (5.3)

Definition 5.2. Consider Eq. (4.1). Then it is Ulam–Hyers stable if
there occurs a real positive number 𝑐 > 0 satisfying the following
conclusion: for all 𝜖 > 0 and for every solution 𝜑 ∈ 𝑆,
|

|

|

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) −𝛷(𝜒 , 𝜑)||
|

≤ 𝜖 𝑓 (𝜒), 𝜒 ∈ 𝐽 = [0, 𝑇 ], (5.4)

where 𝑓 ∶ 𝐽 → R+ is a positive real valued function; there is a solution
𝜓 ∈ 𝑆 of Eq. (4.1) such that

|𝜑(𝜒) − 𝜓(𝜒)| ≤ ℘𝜖 𝑓 (𝜂), 𝜒 ∈ 𝐽 = [0, 𝑇 ],℘ > 0. (5.5)

Note that 𝜍 ∈ B is a solution of Eq. (4.1)if and only if there occurs
 function 𝜓 ∈ 𝑆 with |𝜓| < 𝜖 achieving the equation

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒) = 𝛷(𝜒 , 𝜑) +𝜓(𝜒), 𝜒 ∈ 𝐽 = [0, 𝑇 ], 𝛾 ∈ (0, 1], 𝜇 , 𝜈 , 𝜅 > 0.

(5.6)

Theorem 5.3. Let the assumptions of Theorem 4.1 hold. Then Eq. (4.1)
is a generalized Ulam–Hyers stable.

Proof. Assume that 𝜑 is a unique solution and a function 𝜓 ∈ 𝑆 such
that 𝜑(0) = 𝜓(0) = 𝜑0 and for a positive constant 𝜖 > 0, we have
|

|

|

|

|

|

|

|

|

𝜑0 +
1 − 𝛾
𝐺(𝛾)

𝛷(𝜒) + 𝛾 𝜅
𝐺(𝛾)

(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝛷(𝑥, 𝜑)(𝜒 − 𝑥)𝛾−1𝑑 𝑥 − 𝜓(𝜒)

|

|

|

|

|

|

|

|

|

≤ 𝜖 .
Then a computation yields (see Box I) that is
|𝜑(𝜒) − 𝜓(𝜒)| ≤ 𝜖

1 − 𝜎
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

∶= ℘𝜖 ,

where

𝜎

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

< 1

(see Theorem 4.1). Hence, Eq. (4.1) is a generalized Ulam–Hyers
stable. □

Example 4.2 is generalized Ulam stability.
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|𝜑(𝜒) − 𝜓(𝜒)|

=

|

|

|

|

|

|

|

|

|

|

⎛

⎜

⎜

⎜

⎜

⎝

𝜑0 +
1 − 𝛾
𝐺(𝛾)

𝛷(𝜒 , 𝜑) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝛷(𝑥, 𝜑)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

⎞

⎟

⎟

⎟

⎟

⎠

− 𝜓(𝜒)

|

|

|

|

|

|

|

|

|

|

=
|

|

|

|

|

⎛

⎜

⎜

⎜

⎜

⎝

𝜑0 +
1 − 𝛾
𝐺(𝛾)

𝛷(𝜒 , 𝜑) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝛷(𝑥, 𝜑)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

⎞

⎟

⎟

⎟

⎟

⎠

− 𝜓(𝜒)

+

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

𝛷(𝜒 , 𝜓) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝛷(𝑥, 𝜓)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

⎞

⎟

⎟

⎟

⎟

⎠

−

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

𝛷(𝜒 , 𝜓) + 𝛾 𝜅

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

) ∫

𝜒

0
𝛷(𝑥, 𝜓)(𝜒 − 𝑥)𝛾−1𝑑 𝑥

⎞

⎟

⎟

⎟

⎟

⎠

|

|

|

|

|

≤ 𝜖 + 𝜎

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

|𝜑(𝜒) − 𝜓(𝜒)|,

Box I.
6. Applications on self-organization of complex networks

The concept of self-organization in complex networks is fascinating
ecause it describes how separate components in the network interact
o generate structured patterns or behaviors. One use of Riccati equa-
ions, which are frequently used in differential equations and control
heory, is in the analysis of complex networks. In complex networks, the
ynamics of the network’s connection or the growth of specific network
roperties can be simulated using Riccati equations (Peng et al., 2021;

Klickstein et al., 2017). These equations could explain how one node
nteracts with the others or how the network topology changes over
ime. One way is to use Riccati equations to represent the dynamics
f the network’s adjacency matrix, which displays the connections
etween nodes. The Riccati equations can describe the self-organizing
ehavior of the network by establishing appropriate rules for node in-
eractions, which lead to the formation of specific designs or sequences.
dditionally, Riccati equations may be used to study the stability and
ontrollability of complex networks. By looking at the solutions to
hese equations, researchers can gain greater insight into how the
tructure of the network influences its overall behavior and usefulness.
enerally speaking, using Riccati equations to analyze the behavior
f complex networks provides a solid framework for understanding
he self-organizing principles underlying the emergence of complex
ehaviors and trends in a range of systems, from biological networks
o social networks and beyond (Duan et al., 2022; Vamvoudakis and
agannathan, 2016). This study focuses on a multi-channel system
n which an agent with network communication capabilities oversees
very communication channel.

The particular dynamics system for the agent 𝜌 ∈ N is defined as
ollows (see Fig. 4):

[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝛩𝜌(𝜒) = 𝑎𝛩𝜌(𝜒) +𝛱𝜌(𝜒) (6.1)
[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝛶𝜌(𝜒) = 𝑐 𝛩𝜌(𝜒),

where 𝛩𝜌 indicates the reference state of the net and 𝛶𝜌 represents the
outcome of the state 𝛩 and 𝛱 refers to the external control input
𝜌 𝜌
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vector. The solution of the system can be viewed by Corollary 3.5 and
Theorem 4.1. The first equation has an optimal solution given by

|

|

|

𝛩𝜌(𝜒)
|

|

|

≤
‖𝛱𝜌‖

𝑎

1 − 𝛺1
𝑎

, (6.2)

where

𝛺1 =

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

< 𝑎,

while the second equation has a unique solution with the bound

‖𝛶𝜌‖ ≤
|𝛩𝜌|

1 − 2𝑐
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

, (6.3)

where 𝑐 > 0, 𝜒 ∈ [0, 𝑇 ], 𝑇 <∞ and

𝑐

⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

< 1
2
.

Combining the inequalities (6.2) and (6.3) to obtain the optimum value
of the reference outcome for each agent in the net

‖𝛶𝜌‖ ≤

‖𝛱𝜌‖

𝑎

1 − 𝛺1
𝑎

1 − 2𝑐
⎛

⎜

⎜

⎜

⎜

⎝

1 − 𝛾
𝐺(𝛾)

+ 𝜅 𝑇 𝛾

𝐺(𝛾)
(

𝜇
𝜅

)− (𝛾−1)𝜈+1
𝜅 𝛤

(

(𝛾−1)𝜈+1
𝜅

)

⎞

⎟

⎟

⎟

⎟

⎠

=
‖𝛱𝜌‖

𝑎
(

1 − 𝛺1
)

(

1 − 2𝑐 𝛺 )

, 𝑎 ≠ 0.

𝑎 1
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Fig. 4. Block diagram showing a controller model that is referred to the suggested system (6.1).
For a special case, 𝑎𝑐 = 1∕2, we have

‖𝛶𝜌‖ ≤
‖𝛱𝜌‖

𝑎
(

1 − 𝛺1
𝑎

)2
, 𝑎 ≠ 0,

where

‖𝛱𝜌‖ = 𝛱∗ = 𝛯𝛾

(

−𝛾
1 − 𝛾 (𝜒𝜌 − 𝑥)

𝛾
)

𝑐
(

𝛶𝜌−1 − 𝑐 𝛯𝛾
(

𝑎
−𝛾
1 − 𝛾 (𝜒𝜌 − 𝑥)

𝛾𝛩0

))

, 𝜌 ∈ N.

According to Theorem 5.3, System (6.1) is stable.

Remark 6.1.

• The reference agent plays a crucial role in guiding the develop-
ment, evaluation, and improvement of agents in a multi-agent
system. A reference agent can serve as a benchmark or standard
when comparing one agent to another. It might be an intelligently
designed agent that demonstrates characteristics, methods, or
behaviors deemed most optimal or appropriate for the specific
task at hand or the environmental conditions. The approaches
and activities of the reference agent may provide agents with
hints and strategies. Through the analysis and assessment of the
reference agent’s actions, other agents are able to improve and
adjust their own processes for making decisions. The reference
agent can be used as a model to set policies or criteria for
agents’ behavior. By looking at how the reference agent behaves,
designers might derive rules or guidelines that specify desired
systemic behaviors.

• A notepad that is used to play video games on a computer or
console could be an example of an external controller. These
controllers let players engage with games by pressing buttons,
moving joysticks, or activating other input devices. They are
usually connected to the gaming device wirelessly over Bluetooth
or USB. Using an external controller instead of a keyboard and
mouse allows for a more tactile and intuitive gaming experience.

7. Conclusion

From the above illustration, we have made a generalization for
gamma function to get the 3D-gamma function. Based on this gen-
eralization, the Mittag–Leffler function is generalized. As a conse-
quence, we considered 3D-AB-fractional calculus. Application is given
for the generalized fractional Riccati equation. Examples are formu-
lated using the suggested fractional operators. We considered the gen-
eralized Ulam stability for the solutions. We utilized the operator
[𝐴𝐵 𝐶𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒), which can be replaced by [𝐴𝐵 𝑅𝐷𝛾 ]𝜇 ,𝜈 ,𝜅𝜑(𝜒). Applica-
tions on self-organization of complex networks are proposed using the
generalized fractional differential operators. For future efforts, we aim
to make an extension of the suggested operators by using a complex
analytic function of a complex variable. We constructed new stable
SOCNs based on the recent studies. The optimal control is given in
terms of the generalized Mittag–Leffler function.
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