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ABSTRACT

The multiresponse semiparametric regression (MSR) model is a regression model with more than two
response variables that are mutually correlated, and its regression function is composed of parametric
and nonparametric components. The study objectives are propose a new method for estimating the
MSR model using smoothing spline. Also, find the confidence interval (CI) of parameters and the distri-
bution asymptotically of the model parameters estimator. Methods used in this study are reproducing
kernel Hilbert space (RKHS) method and a developed penalized weighted least squares (PWLS), and apply
pivotal quantity, central limit theorem, and theorems of Cramer-Wold and Slutsky. The results are an 100
(1-o)% CI estimate and an asymptotic normal distribution for the parameters of the MSR model. In con-
clusion, the estimated MSR model is a combined components estimate of parametric and nonparametric
which is linear to observation, and CIs of parameters depend on t distribution and estimator of parame-
ters is asymptotically normally distributed. Future time, this study results can be used as theoretical
bases to design standard growth charts of the toddlers which can then be used to assess the nutritional
status of the toddlers.
© 2023 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In regression modeling, determining estimators of regression
functions such as spline, kernel, PWLS, local linear, local polyno-

Regression models are widely applied to analyze functional
association between response and predictor variables for predic-
tion and interpretation purposes. Based on regression function
shapes, the regression models consist of parametric regression
(PR) and nonparametric regression (NR) models. The PR and NR
models combination forms semiparametric regression (SR) models.
The SR model will form MSR model when it has two or more vari-
ables of response that are mutually correlated.
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mial, is main problem. Some estimators were used to estimate
the regression functions, namely splines (Eubank, 1988; Wahba,
1990; Wang et al., 2000; Gu, 2002; Wang, 2011; Chamidah et al.,
2019b; 2020a; Fatmawati et al., 2019; Khan & Shahna, 2019;
Shahna & Khan, 2019; and Islamiyati et al., 2022;), kernel
(Yilmaz et al., 2021), PWLS (Lestari et al., 2020; 2022), local linear
(Chamidah et al., 2018; 2019c; 2020b), local polynomial
(Chamidah et al,, 2019a; Chamidah & Lestari, 2019). Next, both
kernel and spline estimators in multiresponse NR (MNR) models
and in NR model were discussed by Lestari et al. (2018; 2019)
and Osmani et al. (2019), respectively. The estimators mentioned
above except for the spline, are very dependent on the neighbors
of the target point (bandwidth). Hence, if these estimators are
applied to estimate fluctuated data model, we need small band-
width and this will give the estimation curve too rough. These esti-
mators only examine goodness of fit and not smoothness. Thus,
these estimators are less reliable for estimating the fluctuated data
models in the sub intervals, because these estimators will provide
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estimation results with large mean square errors (MSE). This is dif-
ferent from the spline estimator which considers fit and smooth-
ness factors. The ability of the spline estimators to estimate the
MNR model for prediction purposes has been discussed by
Fatmawati et al. (2019) and Lestari et al. (2020). Although there
have been several previous studies discussing these estimators
for estimating the regression function, these estimators were
applied to NR and MNR models only. This means that previous
researchers have not applied these estimators to estimate the
uniresponse semiparametric regression (USR) model.

Furthermore, several estimators in USR models have been dis-
cussed by researchers namely splines (Gao & Shi, 1997; Wang &
Ke, 2009; Diana et al, 2013; Mohaisen & Abdulhussein, 2015;
Ramadan et al, 2019; Aydin et al, 2019; Chen & Ren, 2020;
Fernandes et al., 2020; Chamidah et al., 2021), kernel (Yilmaz et al.,
2021). While, Amini & Roozbeh (2015), Roozbeh (2018), and
Roozbeh et al. (2020) estimated the restricted SR models using ridge,
and selected optimal shrinkage parameter and kernel smoother
bandwidth based on developed generalized cross validation (GCV)
criterion. But, these previous researchers discussed estimators in
USR models only. Although Wibowo et al. (2012) and Chamidah
et al. (2022) estimated the MSR model using penalized spline and
truncated spline, respectively, but these researchers have not yet
applied smoothing spline to estimate MSR model regression function.

In this study we develop a estimation method for the MSR
model, and determine the CI and asymptotic distribution of param-
eters estimator in the MSR model using smoothing spline. The
smoothing spline can handle data with too smooth or too coarse
character, and changes at certain sub-intervals. It considers both
goodness of fit stated by WLS function and smoothness of model
estimation stated by penalty function where balance between
them are controlled by smoothing parameters. The smoothing
spline becomes less practical when sample size n is large because
it uses n knots. To overcome this practical problem, in this article
we therefore provide asymptotic distribution determination of
parameters estimator in MSR model.

2. Materials and Methods

Suppose a paired dataset (Vi;, Xui1, Xkiz, - -+ » Xkigy » thits thizs -+ » ki, )»
k=1,2,---,p; i=1,2,---,n; q,+rx=n, where relationship
between (X1, X2, - -, Xigy» tit, tkiz - - - » tiir, ) and y,; meets the MSR
model:

Vi = i (Xuit, Xuiz, - -+ Xkig, ) + & (hits tiiz -+ - » i) + i (1)

where y,; is value of i" observation for k™ response,
fre(Xki1, Xkiz, - -+, Xkig,) is  unknown function for k™ response,
8 (tkin, teiz -+, tuir,) is unknown smooth function for k™ response
contained in Sobolev space W7 [ay, by, and &; is random error with
mean zero and variance 6.

The MSR model regression function in (1) is composed of para-
metric function component namely f, (xk,-l,xk,-z, e ,xk,-qk), and non-
parametric function components namely gk(tkn,tkiz»-»,t,d,k). So,
we use WLS method to estimate f (X1, Xk, - -, Xkg, ), and use
smoothing spline to estimate g (1, tw2 -, tkr,) by developing
PWLS method proposed by Wang et al. (2000). Next, we apply piv-
otal quantity, central limit theorem, and theorems of Cramer-Wold
and Slutsky to obtain CI and distribution asymptotically of the
model parameters estimator of MSR model.

3. Results
Following are results of this study including regression function

estimation, determination of CI parameter and asymptotic distri-
bution for parameter estimator of MSR model.
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3.1. Regression function estimation

We may present the MSR model (1) as follows:
Vi = Fr(Xei, Xuiz, -+ Xiig, ) = &k (Erin, iz« - » rir, ) + &k (2)
We can rewrite model (2) as follows:

Yii — XiiBe = 8e(tui) + & 3)

XiiBre = fie (Xt Xiiz, -+ Xiig, )

Suppose B, is the true WLS estimate of g,. Hence, we can
express model (3) as follows:

Vi = 8(tu) + & (4)
Yie = Y — XiiBr (5)
T T

Next, let y = (Vio¥s V)i &= (@885
e= (€& 81) s and  t=(tyty,---.t,;)  where

T T
Vi = (y]tlayiza"'7y7<nk> s e = (8, &2, Bkny) s
b = (tkhthv"'vtknk)T; and k=1,2,---,p.
Hence, we can present the MSR model (4) in the following
matrix equation:
y=g+¢ (6)

where E(g) = 0, Cov(g) = W' (namely).
The smoothing spline estimator of function g in model (6) can
be determined by solving the PWLS:

Min {N[(v; — ) Wi (Vi —81) + (5 — &) W, (v, &) + -
1. gpeWs

(%~ &) Wo(v; - 5,) 4 |

ap

by

(g (t) dtr+

22 /b2 (g(zm)(tz)>2dt2 ot A /bp (g;"” (tp))zdtp} ™)

a, ap

where N = 377 . n; Wy, W, - - -, W, are weight matrices that are
inverse of covariance matrix, g € W3'[a,b], and 1, /4p,---, 4, are
smoothing parameters that set the balance between good fit and
smoothness of estimation.

Based on Eq.(6), it is easy to show that the covariance matrix of
random errors in MSR model (1) is:

W — diag (w;l,w;l, . ,w;l) (8)
o Uk(%.Z) Ok(1ny)
Ok2,1) O Ok(2.ny)
where w, ! = ) . , and
’ ' 2
Okn.1)  Okng.2) Ok,
k= 1727""p'

Solution to optimization PWLS in (7) is obtained by using RKHS
method. We can read details of RKHS in Aronszajn (1950), Eubank
(1988), Wahba (1990), Gu (2002), and Wang (2011). Firstly, we
express the model (4) into general smoothing spline regression
model (Wang, 2011):

Y = ‘gtkigk + &k 9)

wherei =1,2,--- ,ng; k=1,2,---.p; g € % is a function which
unknown and smooth contained in Hilbert space %; and %, € ¥
is a linear function and bounded.
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Suppose we may decompose the Hilbert space %, into direct
sum of two subspaces %, and .# such that we have:

Gy =F D Ay (10)

where 7, is orthogonal to . Hence, for every function
g €%, k=1,2,--- pcan be expressed as follows:

& =fr+he fr € iy i € A

Next, if {5k1 Ly Okt 76kmk} is

basis of space %, and

{&a, &+ Ekn, } 1s basis of space #, then we can express every
function g, € %, k=1,2,---,p as follows:
my ny
gk = Z Ckrékr + Z dkséks = 5£ck + :zdk? Ckrs dks cR (]1)
r=1 s=1
T T
where Ok = (Bt1, 612>+, Okm, ) €= (Ca,Cha,- 5 Ckemy) s

. - N
&= (&, Ekm,) 5 and

di = (di,diz, - diem, )"

Hereinafter, since %, € % is bounded linear function and
g €%, k=1,2,--- p then we have:

D(l/fk,’gk = B(/tki (fk + hk) = D(l}fki(fk) + gtki(hk)
= fi(ti) + M (tei)

= 8i(twi) (12)

Based on Eq. (12) and Riesz representation theorem (Wang,
2011), there is a representer wy; € % of £, such that:

L8k = (Wi &) = 8i(tii)3-8k € Yk
where (-,-) notates a product of inner. By considering Eq.(11)
and inner-product properties, the following equation is obtained:

8 (ti) = (i, 3€x + &dy) = (o, 3 + (W, &dy) (13)
Next, by using Eq. (13) for k = 1 we get:
g1 (tri) = (wyi, 01¢1) + (w1;, E1dy) (14)

Hence, based on Eq. (14) fori=1,2,---,n; we have:

g (t) = (& (tn). . & (tm)) =Are; +Bidy
where ¢; = (Cn,Clz,"',Clml)T; d, = (dn,dlz,“',dlm)T;
(w11, 011) <6011751m1>
A = : : ; and
<601n1,511> <w1n1761m1>
(11, &41) (w11, E1ny )
By = : :
<601n1-,Cfn> <w1npf1n,>
Similarly, we get:
2,(t2) = Ay¢; + Bady, g5(t3) = Ascs + Bsd;
g, (ty) = AyC, +Byd,.

Therefore, generally, the following expression of g(t) is
obtained:

gt) = (&(t). &), .&t)"

= (AlchAzcz,-u,Apcp) + (Bidy, B2d27~~-7dep)T
:diag(Al,Az,---,Ap)(c{,c;---,cf,)T
+ diag(B, B, By) (d].d}...dl)’
=Ac+Bd (15)
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where N = >%_m; M = >"%_,my; A is a matrix with dimension
N x M; ¢ is a vector with dimension M x 1; B is a matrix with
dimension N x N; and d is a vector with dimension N x 1. Gener-
ally, based on Eq.(15), the MSR model (6) can be written as follows:

y ' =Ac+Bd+¢ (16)

Hereafter, to obtain regression function estimation of MSR
model (16), we determine the solution to PWLS (7) which can be
presented as follows:

ke G

2 ) L 2
win {wisi” | = win { Wiy ~ )"}
<Yy

2
with constraint [ (g}c”’)(tk)) dty < 4 7, > 0. Solution to the

L3
PWLS optimization is same as the solution to the following PWLS
optimization:

p by 2
Min SNy - g'Wy -+ Y A [ (gw) d
gk«(wrzn[ak.bk]{ kz:]: k ( k k) k

(17)

where 41,5,
parameters set the balance between N~'(y*

/p are smoothing parameters. These smoothing

-8)'W(y -g), as
2

goodness of fit, and >°%_ )k] (gk (t )) dt; as the smoothness.

To solve PWLS optimization (17), we decompose the penalty in
(17) such that we get:

z;k / (gt ))zdtk — d"$Bd

where ¢ = diag(iln,, Z2ln, ., Apl
of fit:
Ty -g'Wy -g =N
Hence, by combining penalty and goodness of fit, we obtain
PWLS optimization whose solutions are:

¢ (A'D'WA) “ATD 'wy

1 ). Also, we get the goodness
) g g

'(y* — Ac — Bd)'W(y" — Ac — Bd)

-1
and.d = Dlw[ A(AT 1WA) ATD’IW}y*

where D = WB + N¢lI. Therefore, the estimated regression func-
tion in nonparametric component of MSR model (1) or (6) is:

g =Ac¢+Bd =Hy' (18)
where H, = A(ATD’1WA>_1ATD’1W
+ BD’lw{l - A(ATD*1WA)”ATD4W] (19)
Based on Eq. (3), we can express Eq. (18) as:

g=Hy =H,(y-Xp) (20)
Hence, the sum of squared errors (SSE) is given by:

Q =1y —Xp— (H,(y - Xp)I'ly - Xp — (H,(y - Xp))] 21)
Next, by minimizing the SSE, we obtain the estimation of

parameter  namely B as follows:

B=[Xa-H) - H)X| XTU-H)TA-H)y (22)

where B is a WLS estimator for parameters in parametric com-
ponent of MSR model (1). Furthermore, by substituting Eq. (22)
into Eq. (18), we get estimator of g as follows:
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g=H |- x(xT(l “H) (- H,»,)X)i]XT(I “H)"1-H)|ly (23)

where g is smoothing spline estimator for regression function g
in nonparametric component of MSR model (1).

Finally, by considering MSR model (1) and based on estimation
results given by equations (22) and (23), we obtain MSR model
estimation based on smoothing spline as follows:

y = (Hpar + Hnanpar)y = Hy (24)
H = Hpar + Hnonpar;
Hyar = X[X(1— )" (1~ H)X] X0 H,)" (1~ H,); and Hoomar =

where

-1
H, {1 —X(XT(-H)TA-H)X) X" - H)" (- H,)|.
Based smoothing spline in MSR model, estimator of g given in

(23) is called weighted partial smoothing spline estimator of
regression function of MSR model (1).

3.2. Determining confidence interval of g

To determine a CI, we use pivotal quantity (Sahoo, 2013). We
assume that ¢;; in (1) follows Normal distribution that independent
and identic with mean zero and variance ¢ or we write
& 1.1.dN(0, 0%) where ¢ is unknown. Next, the 100(1 — )% ClI
for By, k=1,2,---,p;i=1,2,---,n is designed such that we have
a pivotal quantity of parameter f;:

(P )
Var(ﬁki)

Tii (Vig> Xuit» + + » Xkigy Ehits -+ » ki) =

_ (Bki - :Bki) (25)

(MSE(2) (QTQ>f1

Q=(1-H) I-H)X,

(v-o(a'e) 'a'y) (y-a(a'e) 'oTy)
(Zi,l ”k) =My (14q+7x)

where MSE(A) =

. B is the i element for k™ response

-1
of parameters vector g, and (QTQ)_ is diagonal element of
u

-1
(QTQ> . We can use GCV or CV instead of MSE to overcome over
fitting (Amini & Roozbeh, 2015; Roozbeh, 2018; and Roozbeh et al.,
2020).

-1

Hereinafter, if Z = Q(QTQ) Q", then MSE(%) in (25) is given

by:
y'(1-2)y
(ki) = (1 + g + 1)
y'Py

= 26

(X hoime) — (1 + g + 1) (26)

where P = (I -Z). Hence, the pivotal quantity (25) can be
expressed as follows:

MSE()) =

Tii (Vig> Xuit s+ * » Xeigy Ehit>  * » Eiry )
(ﬁki - ﬁla’)

vy (QTQ)
»
(Z ”k) =1 (14+qy+7y)

k=1

un

The pivotal quantity (27) follows a t-student distribution with
(3h_imk) — k(1 + gy + 1) degree of freedom.
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Furthermore, to determine the 100(1 - «)% CI for By,

k=1,2,.---,p;i=1,2,---,n, we must take the solution to proba-
bility equation:
PlLi < Tii (Vi Xkits -+, Xuigy» ki, -+ thir,) < Uni] =1 — (28)

where L;; is lower limit of CI and U, is upper limit of CI, and
(1 — o) is level of confidence. Next, we substitute Eq.(27) into Eq.
(28) so that we get:

(ﬁki - ﬁki)
I (Q'Q)
(217: nk> I ( >ii

k=1

PiL; <

=1-ua (29)

< Uy
1

We can write Eq.(29) as:

P(Bki7U§ﬁkiS/ﬁki7L):17a (30)

where =L/ (——Y®  V); U=Uy <ﬂ7wv>;
. \/((Zizlﬂk)*“k(pﬂlk*rk) ) k\/ (Z::1"k)*”k(1+‘h+rk)
1 1
V::@fﬂ)landzl—(4;99> Q' =1-Z

un
If interval length of ClI is shortest then the ClI is good. Therefore,
we find values of L;; € R and U); € R that results length of CI in (30)

is the shortest. If length(L,;, Uy;) is length of Clin (30), then we have:
length(Ly;, Uy) =

Bii — L y'Py \'
(Z nk) = Me(1 + G + 1)

k=1

~ T
— | B — Ui 5 y'Py \Y
(Z ”k) = M(1+ G + 1)
P

T
y'Py v

= (Ui — L) -
(Ene) - mect +a-+m)

Hence, the shortest length of CI for g,; is determined by taking
the solution to optimization:

min {length(Ly;, Uy)}

Ly Uki€R
T 31)
= min < (Uy — L) . y'Py '
ki-Yki (Z nk) o nk(l +qk +rk)
k=1
that meets the condition:
LIZ,’“ T(s)ds=1—oor K(Uy) — K(Liy) — (1 —a) =0 (32).

where T()

t(zzan)*"k(]*%*rk)
probability of t(ZL"k)

represents distribution of probability of
and K(-) represents distribution of cumulative
I, Next, by applying Lagrange
method, it results equation as follows:
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T
y'Py v

R(Lii, Uwi,7) = (Uni — L) 5
(/Z nk) = (T4 gy + 1)
k=1

+

V(K (Un) — (1-a)) (33)

where 7y is constant of Lagrange. Hereafter, the following equa-
tions are obtained:

K(Lw) —

6R(Lgiukl>y) — 0« — yTPy Vv
N (Z nk) = (1 + g + 1)
—9K' (L) =0 (34)
8R(Lgijukl7 V) -0 : yTPy Vv
. (ZnO—m“]+%+m)
k=1
+9K'(Uy) =0 (35)
E)R%Lkgi;];my) =0<= K(Uk) —K(Ly) —(1—-a)=0 (36)
From equations (34) and (35), we obtain the following
relationship:
K'(Ly) = K'(Uy) (37)

The Eq.(37) implies Ly; = Uy; or L; = —U,,. Since, Ly; = Uy; is not
satisfied, then the shortest CI can be determined from the L,; and
U,; values which fulfill:

Lyi

T(s)ds = h T(s)ds =

—00 Uyi

o
3 (38)
By using (1 — o) level of confidence , the L;; and Uy; values which

fulfill condition (38) can be obtained from the t,—,
(Zk,lﬂk)*"k(HQka)

distribution table.
Consequently, the shortest smoothing spline CI for parameters
of MSR model fulfills the following probability:

y'Py

P| By — Uk V| <Bu< B
(Z le) — (1 4+ q + 1)
T
+ Uy y'Py Vil=1-«

p
(E ”k) —M(1+ g, + 1)
=

where value of U can be determined from Eq.(38) which is
Ju,, T(s)ds = 4. Hence, we have:

~ y'Py ~
p |:[’)ki - t(;;Nnk<1+qk+rk))\/<1\]"lk(le) < B < B

y'Py _
+ t(%;N—nk(1+qk+rk)) \/(N T+ Qe t rk)V> :| =1-«
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N:ink

k=1

Finally, by using distribution of t-student, the 100(1 — )% Cls
parameters B, k=1,2,---,p;i=1,2,---,n, of MSR model (1) are:

. y'Py
(ﬂki L gNny(11g0m0) \/(m\l)) %)

-1 -1
where N=3%? m; V= (QTQ) o P=I- Q(QTQ) Q'
u
Q= (I-H,)"(I1- H,)X; and H; is given in (19). The asymptotic dis-
tribution of B,; is Normal as presented by Theorem 2 in section 3.3.

3.3. Determining asymptotic distribution

For investigating asymptotic distribution of 3, we consider the
following lemmas and theorem.

Lemma 1. Suppose H, is

g= (g1 (t),--- ’gp(t))T then.

matrix presented in (19) and

(- uwe < [ e

P
N= Z N
k=1
Proof of Lemma 1. Suppose g in (23) is a estimator of smoothing

spline function g which makes the PWLS (7) is minimum, then for
0 <w; < c and g € W7'[a, b] we have:

2 2 b
(- H)wel <N (1- B w2 [ (g o) ae
a
Mg

:le g i) +;L/1b[§(m)}2dt

i=1

2 b
’WO—HDM&H+A/ g™ dt
a

=
=

1 ot — wie(t))? ’ (m)1?
SN (wiglt) - wigt)? + 4 g de

i=1

=[P [g™]*dt. O

Lemma 2. If H; is matrix as given in (19) and . — 0 or g™ (t) =0
then

3

HTM@ =0

Nﬂoc \/_' Z‘
p

N = an
k=1

Proof of Lemma 2. With a little algebraic explanation, we obtain:

(1w

3

N 5
2

(1w, [ (1w )we],
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—— Mmax

< x| [(1- #)we ‘Z’

Consequently, we have relationship:

WZ‘ HT Wg ‘ <\/1TT /

le

HT Wg‘

HT Wg

_ 1 T T 32

o (g'Wa - H;)(1- H] ) wg)
For 7 — 0 or g™ (t) = 0, Lemma 1 gives:

3

[(l-H{)Wg]j'3=o(1) or Lim =0.

()

Vi v

0.

Theorem 1. If H; is matrix presented in (19) and 2 — 0 or g™ (t) = 0
then
X'[(I-H] ) Wg+We] 4

N D* N(0,0%%9) as N — oo,

N= ink
k=1

Proof of Theorem 1. Here, we apply the Cramer-Wold theorem
(Cramer & Wold, 1936; Sen & Singer, 1993). Firstly, a vector a is
given such that:

ax’ [(l - HT) Wg + Wa}
VN S

]

(Xa); [<WS»+((1—HI)Ws)j] . .
i is zero mean independent ran-

namely Z; has

ZjVar(Zj) _ aTO'ZE( Zl 1W1)a+ (aTZa) %ZJ(KI - HI)Wg]j)?

Next, the following assumptions (A1, A2, A3) are given:

where Z; =
dom variable,

mean 0 and variance

(Al)t_zzlnk 1_12 le;k:‘hz’...’p‘
(A2). X4,X3, -+, Xy, follow a distribution that independent and

identic with mean zero and covariance X, and the third absolute
moment is finite.

(A3). nlim S W =19 < oo.
| — 00
Taking into account the assumptions (A1, A2, A3) and Lemma 1,
then for 1 — 0 or g™(t) =0, 3 ;Var(Z;) converges to a’g?Zva.

Hence, we have:
— HZ)Wg]jD

ZE|ZJ|3 = \/LNT ZE(‘(Xa)jgl(Wg)j n
(-

#EI(X@J?E(\(W&)
sl

Hence, we have relationship::
1
;E|Zj|3 < E|(Xa), (W max (E’ (W), >

Since Lemma 2 and the third absolute moment of (We); is finite,

the Y°E|Z;|’ leads to zero. Hence, 3°,Z; converges to N(0,a"62Xva)
namely Normally distributed. OI.
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Based on these lemmas and theorem, estimator $ is asymptot-
ically normally distributed. More details for this are given in the
following theorem.

Theorem 2. If § is parameters estimator of smoothing spline in
parametric component the MSR model (1), and 2 — 0 or g™ (t) =0
then.

m(ﬁ - ﬂ) “4p N(O,GZZ’HT]) as N — oo

N:ink

k=1

Proof of Theorem 2. We can express vN (E - ﬂ) as

-1
R xT(l—HDwx xT[(l—
w(i-n) - (U
Hence, we obtain:
(xT(LH,T)wx> -
b
From Theorem 1, we have:
KWW Wil 2 b N(0, g250) as — oc.

Next, by applying Slutsky theorem (Sen & Singer, 1993), we
obtain:

m(ﬁ _ /;) LY)) N(O,JZZ*W-]) as — oo. O,

Hf)Wg+W8] X"H'We
VN - UN }

P _ _ TH'We P
Szl 1forNﬂoo;andx%W‘H0,asNaoc.

4. Discussion

The estimated regression function of MSR model is a combina-
tion between the estimated parametric component namely 3, and
the estimated nonparametric functions namely g. In this case, f is
a WLS estimator for parameter f contained in component of para-
metric and g is smoothing spline regression function estimator of g
contained in component of nonparametric of the MSR model.
Hence, the smoothing spline MSR model estimation is to be linear
to observations y where its hessian matrix H given by Eq.(24) is
also a combination between hessian matrix of parametric compo-
nent, Hp,, and hessian matrix of nonparametric component,
Hnonpar-

In interval estimation concept, a good CI is the one with the
shortest interval length. Therefore, we determine lower limit value
of CI (L;) and upper limit value of CI (Uy;) such that length of ClI is
the shortest. The shortest Cls for parameters of MSR model are
given in Eq. (39) that depend on t-student distribution because
variance of population is unknown. Hereafter, for more statistical
inference purposes, the asymptotic distribution of MSR model
parameters estimator was also undertaken, and finally we

obtained that estimator # in (22) is asymptotically normally dis-
tributed, namely N(O, 622’10") as given in proof of Theorem 2.

5. Conclusion

The estimated MSR model is a composed estimations between
component of parametric and component of nonparametric, and
its functional relationship is linear to observation. Also, the
100(1 — «)% Cls for parameters f; (k=1,2,---,p;i=1,2,---,1)

follow distribution of t-student namely t(%:Nink(quw)), and the

estimator § is asymptotically normally distributed. Future time,
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this study results can be used as theoretical bases to design stan-
dard growth charts of the toddlers for assessing the nutritional sta-
tus of the toddlers.
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