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1. Introduction

In many branches of mathematics, applications of fixed point the-
ory are important. In fixed point theory, finding fixed points (FPs)
of generalized contraction maps became recognized as an interesting
area of research. Numerous authors have published many articles on
FP theorems and with different applications. The Banach contraction
concept in FP theory is generalized to FPs in bipolar metric spaces
(BPMS). In 2016, Mutlu and Giirdal (2016) proposed the concepts of
BPMS, and they have proved FP and coupled FP theorem for covariant
and contravariant maps. Mutlu et al. (2017) proved a coupled FP
theorem on BPMS. Giirdal et al. (2020) proposed FP results in ¢—y con-
tractive mappings in BPMS. Common FP theorem in BPMS was proven
by Kishore et al. (2018) using Caristi-type contraction. Kishore et al.
(2019a) proved a common coupled FP theorem in BPMS. Kishore et al.
(2019) proved a coupled FP theorem in partially ordered BPMS. Rao
et al. (2018) proposed a common coupled FP theorem in BPMS by using
Geraghty-type contraction. Kishore et al. (2021) proposed a coupled
FP theorem in BPMS in three covariant mappings. Mutlu et al. (2020)
proved a FP theorem in BPMS by using local and weakly contractive
mappings. Gaba et al. (2021) proved FP theorems in BPMS. Mani
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et al. (2022) proposed the concept of C*-algebra valued BPMS and
proved coupled FP theorems. Mani et al. (2023b) proved a FP theorem
in bipolar-controlled metric space. Mani et al. (2023a) proved a FP
theorem in C* -algebra valued BPMS using Banach and Kannan type
contraction. Ramaswamy et al. (2022) proved a FP theorem in C* -
algebra-valued BPMS using covariant and contravariant mappings. FP
theorems in parametric metric spaces was proven by Hussain et al.
(2014) . Rao et al. (2014) proved a common FP theorem in parametric
S-metric spaces. In 2016, Krishnakumar and Sanatammappa (2016),
extended complete parametric b-metric spaces to prove FP theorem
on continuous mappings. Tas and Ozgur (2018) given the parametric
N,-metric spaces and proved FP theorems, and Ozgur proposed para-
metric N,-metric space and proved the fixed-circle theorem. Younis
and Bahuguna (2023) proposed the controlled graphical metric type
spaces, with extended b-metric type spaces, graphical type spaces,
and integrated controlled metric type spaces. In 2023, Mudasir et al.
(2023) established a FP theorem in graphical spaces to propose solving
boundary value problems with two points in the fourth order that
express the deformations of elastic beams. Smarandache et al. (2020)
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have proposed quadruple neutrosophic theory. Younis et al. (2024)
proposed a FP theorem in graphical bipolar metric spaces. Ahmad et al.
(2023) introduced a FP theorem in graphical bipolar b-metric spaces
and applied it in covariant and contravariant maps. Bartwal et al.
(2020) introduced fuzzy bipolar metric space and established new FP
techniques. Riaz and Tehrim (2019) proposed bipolar fuzzy soft set
and bipolar fuzzy soft mapping to diagnose bipolar disorder and its
various forms accurately Riaz and Tehrim (2020) introduced bipolar
fuzzy soft topology based on bipolar fuzzy soft set. The crisp topology
is a generalization of the bipolar fuzzy soft topology. Mani et al. (2024)
introduced Menger probabilistic bipolar metric space and proved FP
theorems. Kumar et al. (2024) established FP theorems and presented
the concept of binary operations at the point of non-negative parameter
t to generate parametric metric space, which is a generalization of
parametric metric space. The new FP results in parametric b-metric
space was established by Hussain et al. (2015). Pasha et al. (2024)
proposed a FP theorem in bipolar parametric metric space. Motivated
by the previous work done in Pasha et al. (2024), in this study, we
prove FP theorems on BPPMS and introduce the concept of BPPvMS
(bipolar parametric v-metric space) without binary operation.

2. Preliminaries

We outline some fundamental definitions in this part. Bipolar metric
spaces were proposed and fixed point theorems were proven by Mutlu
and Giirdal (2016).

Definition 2.1 (Hussain et al, 2015). Let @ be a nonempty set and
7 ®@X®Px(0,0)— R be a function s.t.(such that):

(@) If z(I,m,v) =0 for all t > 0 then [ =m.

(b) If [ =m, then #([,m,t) =0, for all vt > 0.

(©) z(l,m,v) = z(m,[,v), for all t > 0,

(d) =(,m,v) < v(x(,b,t) + z(h,m,v)), for all t > 0 and [,m,h € @,
where v > 1.

The pair (@, ) is called a parametric v-metric space.

Definition 2.2 (Mutlu and Giirdal, 2016). Let @ and = be nonempty
sets and 7 : @ X & — R* be a function s.t.(such that):

(a) If z(p,w) =0 then 9o = w, for all (p,w) e DX =.

(b) If o = w, then x(p, w) =0, for all (o, w) € ® X E.

(¢) n(o,w) = n(w,o), forall p,w edN =.

(d) #(o, @) < 7(0,3) + n(a,3) + n(a, w), for all g, € ® and 3,w € =.

The triplet (@, =, x) is said to be BPMSs.

Next, we present the idea of BPPvMSs.

Definition 2.3. Let @ and = be nonempty sets and 7 : ®X =X (0, ) —
R* be a function s.t.:

(a) If z(p, w,v) =0 for all v > 0 then ¢ = w, for all (o, w) € ® x =.

(b) If o = w, then z(p, w,v) =0, for all t > 0 and (o, w) € D X =.

(©) #(o,w,t) = n(w,o,¢), forall t >0 and o, w € ®N =.

(d) (o, w,t) < v(n(o,3,v)+x(a,3,¢v)+x(a, w,v)), forallt > 0, o, € @
and 3, w € =, where v > 1.

The triplet (@, =, x,v) is called a BPPvMSs.

Example 2.1. Let @ = (-,0] and £ = [0, ) be equipped with
(o, w,v) =tlo—w|* forall p € ®, w € = and ¢ > 0. Easily one can
check that conditions (a)-(c). Next, we check the condition (d). For this,
ro.wv)=tlo-w| =tlo—3+a—;-a+w|

<3e(lo—3° +la—3° + la — w|)

= 3(x(0,3,t) + n(a, 3,¢) + zn(a, @, 1)).

Then, (&, =, 7,v) is a complete BPPVMS with v = 3. But it is not a
bipolar parametric metric space (BPPMSs).
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Remark 2.2. If we take v = 1, then we get BPPMSs in Pasha et al.
(2024).

We introduce covariant mapping, contravariant mapping, contrac-
tion mapping, convergent sequence, continuous mapping and Cauchy
sequence as follows:

Definition 2.4.

(A1) Let (@, =, n,v) be a BPPVMSs. Afterward, the set points @, = and
@ N = are referred to as left, right, and central points, and any
sequence on (@, =, z,v) that solely consists of left (or right, or
central) points is considered to be a left (or right, or central)
sequence.

(A2) Let (@, 5y, 7, vy) and (P,, =5, 7,,v,) be BPPVMSs and © : @, U
E| - @, U E, be a function. If 6(®|) C &, and O(5)) C 5,
then O is called a covariant map, or a map from (@, 5, 7, v;)
to (@,,5,,7m,v,) and this is written as © : (@, 5, 7.v) 3
(@, 5y 70, v). If O & (D), 5|, 7, v;) 3 (5,.D,,T,,v,) be a map,
furthermore © is said to be contravariant map from
(@, 5,7, v)) to (@,, 5,75, v,) and is referred as ©
(@, Ep, 7, v)) 2 (D, 55,15, 15).

Definition 2.5. Let (@, =, x,v) be a BPPVMSs. A left sequence {g,}
converges to a right point w iff for every # > 0 we can find an 0, € N
s.t. (g, w,t) < ¢ for all w > w and v > 0. In a similar way, a right
sequence {w,} tends to a left point o iff, for each # > 0 one can finds
an w, € N satisfying, whenever o > w,,t > 0, 7(0, @, t) < £.

Definition 2.6. Let (@, =, x,v) be a BPPVMSs.

(i) A sequence ({o,},{w,}) on the set ®x = is said to be bisequence
on (@, =, x).

(i) Both {¢,} and {w,} is convergent, then the bisequence
({04}, {m,)) is said to be convergent. If {¢,} and {w,} both
converge to a same point u € @ N £, then the bisequence is said
to be biconvergent.

(iii) A bisequence ({g,}, {w,}) on (@, =, x,v) is said to be a C-biseq,
if for each # > 0, we can find a number w, € N, satisfies the
positive integers , p > wy,t > 0, 7(g,,, @,, 1) < £.

Definition 2.7. Let (®,, 5, 7;,v,) and (®,, =5, 7,,v,) be BPPVMSs.

(i) The mapping O : (@, =, 7,,v|) 3 (D,, 55,7, 1,) is said to be
left continuous at g, € @, if each sequence {w,} C =, with
w, — 0y we have O(w,) - 0(gy) on (D,, =, 75, V).
(ii) The mapping @ : (@, 5}, 7;,v|) 3 (@,, =), 7,,v,) is said to be
right continuous at w, € = if each sequence {p,} C @, with
po — @y We have O(p,) — O(w,) on (D,, =,, ), V).
(iii) A contravariant map ©
is continuous iff it is continuous as a covariant map ©
(D, E, 7, vp) B (Dy, 55,75, V).

(§D1,51,7T1»V1) s (4)2,52,7[2,%)

Definition 2.8. Let (@, =, 7, v,) and (®,, =), 7,, v,) be BPPvMSs and
¢ > 0. A covariant map O : (@, 5, 71, v))3(D,, Z,, 7, v,) S.t.

7,(0(0), O(w),¢) < ¢pr (0, w,v) for all t > 0,0 € @), w € 5|,
or a contravariant map O : (@, 5y, 7y,v;) S (@,, 55, 15, V,) S.t.
7,(0(w@), O(0), %) < ¢pm (0, @,v) for all t > 0,0 € |, w € Z|,

is called Lipschitz continuous. If ¢ = 1, then covariant or contravariant
map is called non-expansive, and if it is obtained for a ¢ € (0, 1), it is
called a contraction.
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3. Main results

This part concerns to study Banach, Kannan’s and Reich type fixed
point theorems on BPPVMS with an examples. Here C-biseq means
Cauchy bisequence

Theorem 3.1. Consider (&, =, r,v) to be a complete BPPvMS and a
covariant contraction © : (®,=,x,v) = (®, =, x,v). Then the map O :
@ U E - @ U E has a UFP (unique fixed point).

Proof. Consider ¢)€ @, and wye=. For all w € N, let O(¢,,) = 0,41 and
O(w,) = w,,;.- Then ({o,}, {w,}) is a bisgquence on (@, £, x,v). Say
Q = 71(0g, Wy, ¥) + 7(0g, @y, v) and A, 1= Y22 Then, for all w,x €N,

1-vE "

(0> Wy ) = w(O(0—1), O(w,,_1), ¥)

< Pr(0p-1, W1, )

< ¢?n(og, @y, ©), (3.1)
and also,

(0> Wiy 1> t) = 7(O(0,,-1), O(w@,,), ¥)

< (041, Wy T)

< ¢”m(0p. @y, V). (3.2)
Using (3.1) and (3.2), we get

T(Qsxs Weps ©) L V(T(Oppp > Wpp1> ©) + (0, Wyy 1, ©) + (0, @, T))
SVA(Opypr Wpy1» T) + VPR
< V27f(0w+w Wi, ©) + Vz”(owH’ (AN )
+ vzﬂ:(owﬂ, Wy, t) +vh? Q2
SV (Opir Tpynr ©) + (P + v Q2

SV T Opes Dy ©) + (VT o 020 +v9p") Q2
< (Vx+l¢w+lc 4ot V2¢m+l + V¢m)g

o
< v

= - Am’
1-vg
and similarly z(o,,, @, .. t) < A,. Let £ > 0. Since ¢ € (0, 1), we can
find an w, € N satisfying 4, = ]V_¢VU 7 < é Then

700> @y, V) S V(T (0 Ty V) + Ty Wiy ©) + (04> @5 1))

<34y, <7,

and ({¢,}, {w,]}) is a C-biseq. Since ({¢,}. {w,}) converges, (®, =, x,v)
is complete, and it biconverges to X € @ n = and

{0(@,)} = {4} > REDPNE,

guarantees that {@(w,)} has a unique limit. Since © is continuous
O(w,) — ON), so O(N) = N. Hence X is a FP of O. If & is any FP
of O, then O(h) = h suggests that 7 € ® N = and we have

R, h,v) = 2(OR), O(7),v) < 7(R, A, v),

where 0 < ¢ < 1, that implies (N, s,t) =0, and so R =h. []
Example 3.2. Let ® = [-2,0] and £ = [0,2] be equipped with
(o, w,v) = tlo—w|* for all p € &, w € = and ¢t > 0. Furthermore,

(@, =, 7,v) is a complete BPPVMS with v = 3. Define © : dUZ 3 dUE
given by

¢, ifoe[-2,0]
=47
0, if o€(0,2],
VoeE®UZE. Let o€ @ and w € =, then

#(00.0w.v) = |£ - 0|
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T
< =|lo—w|.
Sle— =l

Hence, the axioms of Theorem 3.1 are fulfilled, and © owns a UFP ¢ = 0.

Example 3.3. Suppose that £ = {£,[R) : £, (R)
is an lower triangular matrices over R}, @ = {U, (R) V., (R)
is an upper triangular matrices over R}, and the operator z : ® X £ —
R* defined by

(2]
(', 4,v) =t Z |W1j —Osj|2,
ij=1

forall v > 0, I' = (@Wj)yxe € @ and 4 = (0jj)px, € =. Furthermore
(@, 2, 7,v) is a complete BPPVMS. Define © : ® U 5 =3 @ U = given by

W
(%)

for all I' = (@) e € U,y(R) U L,,(R). Now,

@
7(ON).04).0= 15 ¥ oy~ oyl
ij=1

S}

v 2
< 3 |mi; — 04l
ij=1
w
v 2
=5 Z |@i;5 — oy
ij=1
=¢n(4,1,v),

for all I' = (@;j)xe € @ and 4 = (0j;)yx € =. Thus, the conditions of
Theorem 3.1 are fulfilled with ¢ = é, and © owns a UFP (0, Opxe) €
v, (R)u L, (R) where 0 is the null matrix.

WXW

Theorem 3.4. Let (®, =, x,v) be a complete BPPvMS and a contravariant
contraction © : (@, =, x,v) S (@, =, x,v). Thenthemap @ : ®UE - QUE
has a UFP.

Proof. Let g, € @. For each w € N, define 6(¢,,) = w, and O(w,) =
0u+1- Then ({o,}, {w,,}) is a bisequence on (@, =, ). Say
2w
o= mzz(()o, ™), t).

Then for all w, x € Z7,
7(04 Wy, 1) = 7(O(@,,_1), O(0,,), t)

< (04, Wy—15t)

= ¢pn(O(w,_1), O(04-1): 1)

< PP T(0p1s Ty, )

< ¢*1(09, @y, ¥)
= (- 9K,
<A, (3.3)

(011 Wy V) = 7(O(w,,), O(0,,), ¥)
< ¢pn(o,, @, t)
< ¢* 70y, @y, v). B4
Using (3.3) and (3.4), we get
7(Outic> Weps V) S V(T (Oppicr Wiog 15 V) + (0o 15 Tpt 15 1) + (01> Ty 1))
S VIO Topi 15 ) + (V2T + v** Dz (0p, @y, ¥)
< VZ”(0w+w Wi, V)
+ v27r(0w+2, W0, t) + v27r(om+2, Wy, t)
+ (vt + v Dx(0g, o, )

2
<v ”(0w+m We42s t)
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+ (V2¢2w+4 + V2¢2w+3 + v¢2w+2 + V¢2w+1)7[(00’ @, t)

-1
< ve 77"(0{1)+K’ Wpti—1> t)
+ (VK—1¢2w+2K‘—2 4o+ V¢2w+l)7[(00,’wO,t)
< (VK71¢2w+2w71 + fol¢2w+21(72 + VK71¢201+2K73 4o
20+1
+ v ) (0y, @, t)

v ¢2w+1

7(0g, Wy, T
=15 (00, @, t)

= ¢A,
<A,

(0> Wepyie> V) L V(T (0pys Weys ©) + (0 y 1> Wy ©) + M0y 1> Wepyics T))
< (v + v¢2’“+1)7r(00, @, ©) + VI (0gyy 1> Tippcs T)
< (V¥ +vg** (g, o, t) + vzzr(gmH, Wei1s )
+ vzzr(gm+2, Wi t)
+ vzn(oa,+2, (2 )
< (VPP 4 vt £ 220N 4 V2¢2w+3)”(00’ @ 1)

2
+v ”(0(u+2’ ww+r(’t)

< (V¢2w + V¢2w+1 4ot VK¢2(4)+2K—1)”(00W0’ t)
+ VK”(0w+K’ wm+l(’ t)
< (V¢2w + V¢2w+1 4ot Vx'¢2w+21(—1
+ VK¢2(1)+2K)7.[(00’ @y, t)
20
17
< ¢
1-vg
=A

(09, @y, t)

o
Now, since 0 < ¢ < 1, for any # > 0, we can find an integer w, satisfying
V¢2n0+l l

w = mﬂ(%,wo,f) <3
Hence
(0> Wp: V) £ 700> Wy ¥) + (00> Wy > V) + 7 (05 W ¥)

<3K,, <7,

and ({o,}, {w,}) is a C-biseq. Since (&, =, z,v) is complete BPPVMS,
({04}, {w,}) converges and has convergent C-biseq and it biconverges.

Let {o,} = N, {w,} — N, where X € @ n =. Since the contravariant
map O is continuous

{oqa} = R,

which results in

{w,} =1{0(0,)} > ON),
and combining this with {w,} — X gives O(X) = N. Let # be a FP of 0,
then ©(7) = h implies h € @ N = so that
(X, h,t) = 7(OR), O(h), )
< ¢r(X, 7, v),

which gives #(X,,vt) = 0. Hence N =h. [

Example 3.5. Let ® = {0,1,2,7} and = = {0,%,%,%,3} be equipped
with 7(o, w,t) = t|o — w|* for all p € @, w € = and v > 0. Furthermore,
(@, =, 7,v) is a complete BPPVMS with v = 3. Define ® : dUZ 2 dUE
given by

¢, ifoef0,2,7},
@(o)={8 cel2n)

ifoe (3. 4.1.1,3),

Voe®UE. Let o€ @ and w € =, then we can easily get

(0w, B9,t) < %ﬂ(o,w,r).
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Therefore, conditions of Theorem 3.4 are satisfied and © has a UFP
0=0.

In conclusion, we construct a theorem derived from Kannan’s FP
result (Kannan and R, 1968).

Theorem 3.6. Let© : (®,=Z,n,v) S (@, =, n,v), where (@, =Z,n,v) is a
complete BPPvMS and let a € (0, %) satisfies

7(Ow, Op,1) < a(x(o, Op,t) + 7(Ow, w, 1)) (3.5)

holds for all v >0, o € ® and w € =. Then the map © : ®UE - P U =
has a UFP.

Proof. Assume that g, € @, for all positive integer w, We clarify
w, = Og, and ¢,,| = Ow,. By (3.5), we have

(0> Weys V) = 7(OW,_1, 00, V)
< a(x(o,, O0,,t) + 7(Ow,_,, @,_1,t))
= a(7(0y> Wy ¥) + 7(0ps W15 1))

for all integers w > 1. Then,

(0 Wy t) < ﬁn(gw, W,_1,t).

From (3.5), we have

(04 Wey_1,v) = 1(Ow,,_1,00,_;,1)

A

L a(7(04-1,00,_1,t) + 71(Ow,_, @,_|,v)

W(7(0gy—1> T y_1:t) + 7(0» W15 1)),

so that

a

7(0p> Wey—1,t) < 1 7(0p—1> W41, Y).

-

If we say ¢ := ﬁ, then we have ¢ € (0, 1) since a € (0, %). Now
(0, @, t) < 677 (09, Wy, V), (3.6)

”(O(m We—1» v) < ¢2w—1”(00’ W), v). (37)

For all p,w € N, using (3.6) and (3.7), we get

”(00)’ D> t) < v(”(oa)’ We» v+ ”(0w+1 > Wy, t) + ”(0(u+1 > Wy, t))

< (V™ + v D0y, @y, ¥) + V(044 1. @, 1)

< (V™ +vg? ! 4 e+ VPP 1(0p, g, 1),
if p > w, and

7(04, @ V) S V(011 T, ©) + T(0 )y 1, Wy 15 V) + 70y, Wy 15 ¥))

< (vt 4 v¢2”+2)7r(00, @, t) + V(04 Wy 5 T)

S W v 4 e VOB T(0g, T, ) + VOO, Ty, T)

< (V¢2p+1 + V¢2p+2 IR Va¢2w+1)”(003w0at)s

if p < w. Since ¢ € (0, 1). Therefore ({g,},{w,}) is a C-biseq. Since
(@, =, z,v) is complete. Then {g,} - N, {(w,}] =N and X € dU E. Since

{00,} = {w,} = R, 7(OR,O09,,t) = 7(OR, N, v).
On the other hand,

n(OR, g, v) < a(x(,, O0,, t) + 7(OR, R, 1)) = a(x(0,, @,

(28

t) + 7(ON, N, v)),

which in turn implies that 7(OR, R, t) < ax(ON, N, v). Hence OX = \. If
h is any FP of O, then ©n = h implies that 7 is in @ n =. Then

7N, h,t) = (O, Oh,v) < a(z(R, OX, v) + 7(Oh, h, 1))
=a(z(N, N, v) + 7(v, h,v)) = 0.

Consequently X =7. []
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Example 3.7. Let @ = [-10,0] and & = [0,10] be equipped with
(o, w,v) = tjo—w|* for all p € &, w € = and ¢t > 0. Furthermore,
(@, =, ,v) is a complete BPPVMS with v = 3. Define © : dUZ 2 dUE
given by
O(p) = E ,VoeduE.

Let o € @ and w € =, then

(0w, @g,t)—t( >(w g)

sa() (Il +Io)
oz () (el +1)

98
7921 <7r(o, O9,v) + n(w, Ow, t))

= an(w,0,%).

Hence, the axioms of Theorem 3.6 are fulfilled with a« = ﬁ and @
owns a UFP ¢ = 0.

Finally, we prove a theorem motivated by the Reich type FP theo-
rem (Reich, 1971).

Theorem 3.8. Let (d, =, n,v) be a complete BPPvMS. Define the map as

O, E5 rv)s (@ 5 v st
7(Ow, Op,t) < an(w, o0,t) + kx(w, Ow, t) + va(Oo, 0, ¢), (3.8)
for all w € = and ¢ € ®, where a,k,v > 0 s.t. a + k + v < 1. Then the

map © : U E - @ U E has a UFP.
Proof. Let w, € =. Define ¢, = Ow,, and w,,,, = Og,, for all ® € N.
By (3.8), we have

(W s 04y, V) = 7(O0,,_1, O, T)
< an(w,, 0y_1,t) + kn(w,, Ow,,t) + va(Oo,_|, 041, t)

= (@ + V(@ 01, ) + KT(W,,, 0y, 1),

for all integers w > 1. Then,

a+v
(W, 0gyr ) < < T )n(ww, Op—1-1)-

From (3.8), we have
”(wm’ Ow-1s t) = ”(@ow—l ) @wm—l ’ t)
L an(w,_1,0ph-1,v) + ka(w,_|,0w,_,1)
+ va(00,_, 04—1, 1)
= (@ + K)T(Tyy_1, 0g—1, 1) + V(T 015 V),

SO

a+ kK
(Wys 01> ) < (1 )ﬂ(ww_l,ow_l,t).

If we say p := '”K “ and g := ‘”V , then we have p,g € (0,1). Now
T( Wy, 040 %) < gz“’fr(wo, 00 ), (3.9)
(W, 01, 1) < pro ! (@, 0, ©)- (3.10)

For all natural numbers o < p, using (3.9) and (3.10), we have

(W, 0,5, V) S V(T(B,y, 04y V) + T( W15 0y ¥) + (W15 0,5 1))
< Vﬂ'(’ww, [ v)+ wr(‘wwH, Ow) + Vzﬂ'(wwﬂ’ Opils t)
+ Vz”(wm+2’ Ow+1> t)

+ otV (@, .0, 1, 0) VO (@, 0, 1. ) + VO 1(w,, 0, 1)

< ngwﬂ(woa 09, ) + VP2m+l7f(woa 09, ) + V2g2m+27f(woa 09 t)

+ V2" P 1(wy, 09, 1)
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+ Vg a(wy, 09, V) + VO 7 2(w0, 09, 1)
+v gZPH(Wo, 0o t)
— (Vng + V2g2w+2 L4 ngZp)ﬂ_(wo’ao, t)

+ (Vpr-H + v2p2w+3

+ etV Pzﬂ_l)”(w(y(’m )
< ng“) 1 77(1”0700’ )+ Vp2m+l
1-vg?

For all natural numbers p < w, we have

1
v )ﬂ(wo,ou, ©).

(W, 0, V) SV(T(D 41,0, V) + T(D )y 150,115 V) + 7(W,, 0,41, 1))

2
Sva(W,41,0,, V) + V(W 41, 0,11, V) + V I(B 15,041, T)

+ vzﬂ(wp”,gﬁ_z,t)

+ e+ Vi(w, y, 0p-1, V) +ViT(W,, 0, 1, t) + V(W 04, T)
< vpH a(@y, 09, ) + Vg r(wy, 09, ©) + V: pP T (g, 04 )

+ V282 1 (wy, 00, ©)

+ o+ v g2 2 1 (my, 04, T) + VO P2 (T, 09, T)

+vig “’ﬂ(wo,go,t)

= (Vg Vg2 b 1y g2 (. 0y, 1) + (g 4 2P
+ oty pzm_l)lr(wo,ao, )

< vg2"+2< 1 _lvgz >ﬂ(w0,00, ) + vt ( 1 _1 o )”(Wos(’u’ T).

Therefore, ({w,},{0,}) is a C-biseq. Since (@,Z=,7,v) is complete
BPPWMS, {w,} — ¢,{0,} — ¢ where e € @ U =. Since

{Ow,} ={0,} = ¢, 7(O¢,O0w,,t) > 1(Oc,e¢,1).
On the other hand,

7(O¢, 0w, ¢v) < an(w,, ¢, t) + kn(w,, Ow,,t) + vr(Oe, e, t)

= an(w,, ¢,t) + k1(w,, 04, t) + v (Oe, ¢, ).

Therefore, 7(O¢,¢,t) < va(Oe,e,t). Hence Oc = ¢. If v is any FP of O,
then Ot = ¢, shows that t € ® n =. Then

z(e,t,tv) = 1(O¢, Or,v) < an(t,e,t) + kx(e, Oc, t) + vr(Or, ¢, v)
= an(t,e,v)
< z(e,v,v).

Consequently e =t. []

Example 3.9. Consider @ = [0,1], and = = [1,2] be gifted with
(o, w,v) = tjo—w|* for all p € &, w € = and ¢ > 0. Furthermore,
(@, =, 7,v) is a complete BPPVMS with v = 3. Define ® : dUZ 2 dUE
given by

O,V(JG(DUE.

Let o € @ and w € =, then

(0w, 00,v) = %Io —w|* = %Iw —ol’ < %lr(w,o, v) = an(w, 0, 1)
Thus, the axioms of Theorem 3.8 are fulfilled with a = 1, k=v=0

2
and © owns a UFP unique ¢ = 1.
4. Fractional differential equation’s application

Fractional differential equations (FDEs) can be used to model and
examine physical systems that exhibit constant interactions or distri-
butions. In engineering study, they are frequently employed to derive
correlations between numbers or to offer a more thorough explanation
of phenomena than differential equations (Thabet et al., 2023b). They
provide a structure to grasp the intricate interactions and behaviors
encountered in a variety of engineering systems. Implicit differential
equations (FDEs) possess a multitude of uses in engineering research.
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In this section, we demonstrate that the FDE has a unique solution. In
engineering, this type of differential equation is commonly used. They
are essential for research in magnetic field assessment for radars, con-
trol mechanisms, structural evaluation, digital circuit analysis, material
science, heat exchange, fluid circulation simulation, data processing
operations, and mechanical design fatigue. And which are useful to
medical imaging, non-destructive testing, inverse and geophysics prob-
lems related to sound waves for spreading of waves, ophthalmology
and diffraction studies. These formulas offer an adaptable structure for
interactions, comprehending and evaluating continuous distributions in
a range of engineering domains. Younis and Singh (2022) examined
the necessary conditions for the existence of solutions to a specific
category of fractional differential equations and Hammerstein integral
equations. The presence of positive solutions and their abundance for
nonlinear fractional differential equations were examined by Bai and Lii
(2005). Unbounded solution of multi-order ¢-Hilfer fractional implicit
pantograph system established by Thabet et al. (2023a). For more
details about fractional operators typos one can see in Abdeljawad et al.
(2023), Podlubny (1999).

We study several significant definitions of fractional calculus the-
ory. For a function w € ([0, 1], the Riemann-Liouville derivative of
fractional order 6 > 0 is defined as

1 d¢ /“ w(x)dx
T'(u—26)dut Jo (u—x)o-u+l
where u € [0, 1], [§] is the integer part of §, and I is the well known
gamma function.

=Dlw(u),

Now, let us assume the fractional differential equation as given by

‘Dlw(u)+ g(u, ww) =0,
w(0) = w(l) =0, (4.1)

0<u<l, 1<o<2,

such that g : [0,1] X R — R represents a continuous function, and ¢D?
is the Caputo derivative of fractional order ¢ and it is given as

1 ¢ w' (x)dx

o —
T'u—09) Jo (u—x)o-u+l

Let @ = (C[0,1],[0, 00)) = {g : [0,1] — [0, c0) be a continuous function}.
Let = = (C[0,1],(=c0,0]) = {g : [0,1] = (—00,0] be a continuous function}.
Define = : @ x & — R* is given by

r(w, @', )=t sup o) - o'W
uel0,1]

for all (w,w’) € @ x £ and v > 0. From definition conditions of (a),
(b) and (c) are fulfilled. Next, we prove definition conditions of (d).
Regarding this,

o) - @' W] = tlow) — Ow) — o) + OW) + o) — @' (W)
< tlw) — OW)|? + tlow) — OW) + tlow) — @' W)

Taking the supremum on both sides, we get
(@, w',v) < 2(w, 0,0) + 7(0,0,0) + 7(0, @', v),

forallt > 0, o,w € ® and O,w’ € =. Then (®, =, x,v) is a complete
BPPvMS.

Theorem 4.1. Consider the fractional boundary value problem (4.1).
Assume that the subsequent conditions are satisfies as follows:

(i) there are ue[0,1], ¢ €(0,1) and (w,w’) € D X E s.t.
lgu, @) — g, @")| < Volww) — o' W);
1
(i) / |G, x)|%dx < 1.
0

Then, Eq. (4.1) owns one solution in ® U =.
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Proof. The main problem (4.1) is similar to the succeeding integral
identity

1
w(u) = / Gu, x)g(u, w(x))dx,
0

where
W, 0<x<u<l,
G X) =3 oot
L 0<u<x<l
I'(o)

Now, we introduce the covariant mapping ©®: @ U = — @ U = as given
by

1

Ow(u):/ G(u, x)g(u, w(x))dx.
0

Now

t|Oww) — 0w’ W)|* =t

1
/ Ou, x)g(u, w(x))dx
0

1 2
- / G, x)gu, w' (x))dx

1 1
< r/ |c<u,x>|2dx/
0 0

2
< ¢t|w(u) - m’(u)| .

2
g, w(x) — g(u, @' (x))| dx

Taking the supremum on both sides, we get
7(Ow, 0w’ ,v) < pr(w, w', v).

Thus, the axioms of a Theorem 3.1 are verified, then problem (4.1)
owns one solution. []

5. Conclusion

In this article, we introduced BPPvMS and proved Banach, Kannan’s,
Reich type FP theorems. And we have given suitable examples for our
obtained outcomes. An illustrative application to a fractional differen-
tial equation is presented. Kumar et al. (2024) introduced generalized
parametric bipolar metric space and proved FP theorems. It is an
interesting open problem to introduce generalized parametric bipolar
v-metric space and prove FP theorems.
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