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1. Introduction

Throughout paper, we will use some abbreviations as follows:

Riemannian Manifold RS
Riemannian Submersion RS
Conformal Generic Submersions CGS
Locally Product Riemannian Lp.R.
grad G

One of the most popular areas of study in differential geometry
is submanifold theory, and establishing proper smooth maps
between two manifolds is one of the quickest ways to compare
them and transfer certain structures from one manifold to another.
If there are two manifolds, then a differential map is said to be an
immersion (submersion) if its rank coincide with the dimension of
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the source manifold (target manifold). Moreover, these are called
isometric immersions (isometric submersions) if the maps defined
between manifolds are isometric. O'Neill (1966) and Gray (1997)
were the first to address the idea of Riemannian submersions
between Riemannian manifolds. The Riemannian submersions
are being used extensively in both mathematics and physics. Par-
ticularly in the context of the Yang-Mills theory (Bourguignon
and Lawson, 1981; Baird and Wood, 2003), Kalauza-Klien theory
(Bourguignon, 1990), super-gravity and super-string theories
(Ianus and Visinescu, 1991; Ianus and Visinescu, 1987), redundant
robotic chains (Altafini, 2004) etc.

Riemannian submersions eventually developed into a suitable
approach for describing the geometry of RMs with differential
structures. The first study of RS between RMs equipped with an
additional structure of almost complex type was executed by
Watson (1976). In most instances, Watson established that the
structure of the base manifold and each fiber is the same as that
of the total space by defining an almost Hermitian submersion
between almost Hermitian manifolds. In this case, the RS is also
a complex mapping and consequently, the vertical and horizontal
distributions are invariant with respect to the almost complex
structure of the total manifold of the submersion. Almost Hermi-
tian submersions have been extended to the almost contact man-
ifolds (Chinea, 1985), locally conformal Kaheler manifolds
(Marrero and Rocha, 1994) and QR manifolds (Ianus et al., 2008).
Escobales (Escobales, 1978) studied RS from complex projective
space onto a RM under the assumption that the fibres are con-
nected, complex, totally geodesic submanifolds. In fact this
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assumption also implies that the vertical distribution is invariant
with respect to the almost complex structure.

The vertical and horizontal distributions are invariant, which is
a characteristic shared by all the submersions mentioned above.
Then, in 2010, B. Sahin presented the notion of anti-invariant RS,
which is referenced in (Sahin, 2010). Anti-invariant RS are the RS
from almost Hermitian manifolds to RMs such that the vertical dis-
tributions (or, for that matter the fibres) are anti-invariant under
the almost complex structure of total manifold. Such submersions
are demonstrated to exhibit a wealth of geometrical characteristics
and are helpful for assessing the geometry of the total manifold of
the submersion. The vertical and horizontal distributions are
reversed by the almost complex structure of the total manifold in
a Lagrangian submersion, which is a special case of an anti-
invariant RS. (Sahin, 2010; Sahin, 2011; Tastan, 2014). Following
that, many RS have been investigated such as Semi-invariant sub-
mersion (Sahin, 2011), Slant submersion (Sahin, 2011), Semi-slant
submersion (Park and Prasad, 2013), Generic submersion (Ali and
Fatima, 2013) etc.

On the other hand, horizontally conformal submersions caught
attention in 1992 and studied by Gudmundsson and Wood
(1997). Horizontally conformal submersions are the generaliza-
tion of RS and unlikely to the RS, horizontally conformal submer-
sions do not preserve the distance between the points but they
preserve the angles between the vector fields. This property
allows one to transfer specific properties of a manifold to another
manifold by deforming such properties. Recently, M. A. Akyol and
B. Sahin defined conformal anti-invariant submersion (Akyol and
Sahin, 2016) and later on conformal semi-invariant, conformal
slant, conformal semi-slant and CGS are studied by M. A Akyol
and others (we refer to Akyol and Sahin, 2017; Akyol, 2017;
Akyol and Sahin, 2019; Akyol, 2017; Akyol, 2021 Ozdemir et al.,
2017).

The current article’s objective is to investigate CGS from Lp.R
manifolds onto RMs. The manuscript is structured as follows: Sec-
tion 2 reviews the fundamental ideas of RS and horizontally con-
formal submersions and Section 3 explains the requirement for a
L.p.R manifold. In Section 4, the definition and an example of CGS
are covered. Then, several fundamental conclusions are reached,
including equivalent criteria for the distributions’ integrability
and conditions that are required and adequate for the distributions
to describe completely geodesic foliations. Section 4 also lists the
criteria for CGS to be a harmonic map. The sectional curvature rela-
tions of the total manifold, fibers and manifolds are the only focus
of Section 5.

2. Conformal Riemannian Submersions

We shall review the concept of conformal submersions, which
are one of a large class of conformal maps, but in this study, we
won’t look at these maps.

Definition 1. (Baird and Wood, 2003) “ Let (M, g) and (N,h) be
two RMs with dimensions m and n, respectively, and let
IT: (M,g) — (N, h) be a C*- differentiable map between them. If
either

(i) I, =0, or

(ii) I1., maps horizontal space ), = (kerl‘Lp)l conformally onto
TN, ie., IL, is surjective and there exists a number
A(p) # 0 such that

R(TLyX, TL,Y) = A(p)g(X, V), (1)

for any X, Y e I'(kerIT,)".
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Then, IT is called horizontally weakly conformal or semi
conformal at p € M. ".

In the definition above, if “(i) is met, we say that p is a critical
point of IT and if (ii) is met we refer point p as a regular point. At
a critical point, IT,, has rank 0 where as at a regular point IT,,
has rank n and represents submersion. The number A(x), which
is necessarily non-negative, is called the square dilation of IT at p.
The square root A(p) = \/A(p) is called the dilation of IT at p. The
map IT is called horizontally weakly conformal or semi conformal
on M if it is horizontally weakly conformal at every point of M. It
is clear that we refer to a horizontally conformal submersion if I1
has no critical points. Let IT: M — N be a submersion. A vector
field E on M is said to be projectable if there exists a vector field
E on N, such that IT, (E,) = Eny, for all p € M. In this case E and E
are called IT- related. A horizontal vector field Y on (M, g) is called
basic, if it is projectable. It is well known fact that if Z is a vector
field on N, then there exists a unique basic vector field Z on M, such
that Z and Z are II- related. The vector field Z is called the horizon-
tal lift of Z (O’Neill, 1966).”.

In (O'Neill, 1966), the basic tensors of submersions were pre-
sented. They function similar to the second fundamental form of
immersion. More precisely, O’'Neill’s tensors 7 and .« defined for
any vector fields Eq,E; € I'(TM) by

J?fE] E;, = /V‘v”a HEy + ,#V;m V'E; (2)
3.5] E, = %VWEI V'Ey + "V'V,, E %)Eh (3)

where ¥~ and .# are the vertical and horizontal projections of E; and
E, (see Falcitelli et al., 2004). On the other hand, from (2) and (3 ),
we have

VW = 7y W + Vy W (4)
VX = #VyX+ TyX (5)
VxV = sV + 7' VxV (6)
VxY = #AVxY + o/ Y (7)
for any X,Yel(kerTl.)* and V,W e I'(kerll,), where

VoW = "V W. If X is basic, then #Vy X = /5 V. It is easily seen
that for any X e I'(kerIL,)" and V e I'(kerIl.,), the linear operators
Ty, x : T;M — TpM are skew-symmetric, that is

8(7vE1,Ey) = —g(E1, 7 vEy) and g(/xEq,Ex) = —g(Eq, o/ xE3)

for all E;, E; € T'(T,M) and p € M. The restriction of 7 to the verti-
cal distribution 77|, is precisely the same as the second funda-
mental form of the fibers, as can also be seen. We conclude that
IT has totally geodesic fibres if and only if 7 = 0 because 7 is
skew-symmetric. The following are the results for the horizontal
conformal submersion:

Proposition 1. (Gudmundsson, 1992) “Let IT: (M, g) — (N, h) be a
horizontally conformal submersion with dilation 4 X,Y be horizontal
vectors fields, then

AKY :%{"V'[X,Y] —22g(X,Y)G, (}1—2>} (8)

We see that the skew-symmetric part of .o/| e,y (kerm,+ M€~
sures the obstruction integrability of the horizontal distribution
(kerTL)*.

The following curvature relations for horizontally conformal

submersion are now brought to mind from (Gromoll et al., 1975
and Gudmundsson, 1992).
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Theorem 1. “Let (M™,g,V,R) and (N",h, V,R") be two RMs, where
m>n > 2. Let R and R* be the curvature tensors on M and N,
respectively. Let T1:(M,g) — (N,h) be a horizontally conformal
submersion, with dilation 2:M — R* and let R be the curvature
tensor of the fibres of the submersion. If X,Y,Z,H are horizontal
U,V,W, G vertical vectors, then

g(R(U, V)W, G) :g(R([U, V)W, G) +g(T W, 7,6)

- 8(TvW,7yG), 9)
ZRU, VW, X) = g((VuT)y W, X) —g((VyT), W, X), (10)
g(R(U,X)Y,V) =g((VuA) Y, V) + g(AxU,AvV) (11)

—g((vxT)[va\/) g(TvY, T uX)
+2g(AxY, U)g(V, 6, (%)),
g(R(X,Y)Z, H) :—zh(R*(X*,Y*),Z*,H*)+%{g('V'[X,Z],V[\Y,H]) (12)
—g(#[V, 2], VX, H]) + 28([X, Y], (2, W)}
+5{e0¢.2g(V+6(%). H) - g(V,2)g (V6 (%), 1)
+g(v7u-u)g(vxc;(ii2),z) fg(X.IHI)g(VyGGZ ,Z)}
+4{(g0x, (v, 2) - g(v, Wg(x. D)6 (})I°
)

so(x()v v ( )XH( )Z 2(:)H)}

“Let (M,g) and (N,g) be RMs and suppose that ¢ : M — N is a
smooth map between them. The differential of ¢, of ¢ can be
viewed a section of the bundle Hom(TM, ¢ 'TN) — M, where
@ 'TN is the pullback bundle which has fibres
(¢7'TN), = 7 y»)N, p € M. Hom(TM, ¢~'TN) has a connection V
induced from the Levi-Civita connection V" and the pullback con-
nection. Then, the second fundamental form of ¢ is given by

Vo, : TM x TM — TN
defined by

(Vo)X Y) = Vi, (Y) - ¢.(ViY) (13)

for X, Y € I'(TM), where V? is the pullback connection.” The sym-
metry of the second fundamental form is well recognised. “A
smooth map ¢ :(M,g) — (N,gy) is said to be harmonic if
trace(V¢,) = 0. On the other hand, the tension field of ¢ is the sec-
tion 7(¢) of I'(¢~'TN) defined by

m

=Y (Vo.)(ee), (14)

i=1

() = dive,

where {ej,..., ey} is the orthonormal frame on M. Thus, it follows
that 7(¢) = 0 is the neccesary and sufficient condition under which
¢ is harmonic.” For more information, see (Baird and Wood, 2003).

Lemma 1. (Urakawa, 1993) “Consider that ¢ : M — N is a smooth
map between the RMs (M, g) and (N, h). Then
Vi (Y) = V. (X) - 0.([X,Y]) =0, (15)
forany X,Y € I'(TM).”

Last but not least, consider the following (Baird and Wood,

2003).

Lemma 2. “Assume that the submersion I1: M — N is horizontally
conformal. Then, for any vertical fields V,W and horizontal vector
fields XY,
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V) =X(InATLY + Y(InA)TLX — g(X,Y)
—IL(7yW);
V) = —I1,(Vy V) = —I1, (A V).”

IL(Gln2);

3. Locally Product Riemannian manifolds

“Assume that M is an m-dimensional manifold with a tensor #
of type (1,1) such that #2 = I, (# » I). Then, we assert that M is an
almost product manifold with # almost product structure. We
place

It’s simple to observe that

P+2=1, PP=2 2*=29, P2=92=0, F=2-2.
As aresult 2 and 2 define two complimentary distributions. We
note that the #’s eigenvalues are either +1 or —1. If M, an almost

product manifold, admits g, a Riemannian metric, then
=g(E1,Ey), (16)

for any vector fields E; and E; on M, then M is called an almost pro-
duct RM, denoted by (M, g, F) and M is called a l.p.R. manifold if # is
parallel with respect to V i.e.,

(vEl f)

g(f/—;El s ?Ez)

E,=0, EcT(TM), (17)

where V denotes the Levi-Civita connection on M with respect to g
(Yano and Kon, 1984).”

4. Conformal generic submersions

This section assesses the study of CGS as the total space of the
submersions is l.p.R. manifold. We define the CGS and provide a
non-trivial example to assure the existence of such submersion.

Definition 2. Let (M, g, #) be a L.p.R. manifold with the product
structure # and (N, h) be a RM. Consider a horizontally conformal
submersion IT: (M, g, %) — (N, h). Then II is called CGS if there
are two orthogonal complementary distributions D and D; of
ker IT, such that

kerll, =D & Dy, F(D)=D, (18)

where (D1), = kerIl. N F(kerTl.),p € M, a complex subspace of a
vertical space 7, has a constant dimension along M and defines
a differentiable distribution on M. The distribution D; is called
the purely real distribution.

As observed that the vertical distribution kerIl, is integrable.
Therefore, this defintion simply implies that integral manifolds,
I17'(q),q € N of the submersion are generic submanifold of M.
For generic submersions, we refer to (Chen, 1981).

Let IT be a CGS from a L.p.R. manifold (M, g, %) onto a RM (N, h).
For any U € I'(kerIl.),

FU = aU + pU, (19)
where aU e ['(kerTl,) and pU e I'(kerI,)". Also for any
X e ['(kerTL)™,

FX =BX +CX, (20)

where BX e I'(D;) and CX e T'(v). Then, (kerT1.)" is decomposed as
(kerIL)" = Dy @ v, (21)
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where v denotes the orthogonal complement of gD, in (kerIT,)" and
is invariant under the almost product structure .7

We now present a non-trivial example of CGS whose total space
is an almost product manifold.

Consider an Euclidean space R® with coordinates (a',a?,...,a®).

We denote by .# the compatible almost product structure on R® as

follows;
7 (a1l a2 1 7 4 6 3 5
J(a a,....a%) =5 (-a '—d,—a* +d° @ + @,
a +at @ +a @ —a*a - a)

Example 1. Let IT: R® — R? be a submersion defined by
1 1
I (uq, up, Us, Uy, Us, Ug, U7, U =e7<—u +U7),— (U3 — u )
(U1, Uz, U3, Uy, Us, Ug, U7, Ug) \/2(3 7)\/2(3 7)
Then it follows that

0 0 0 0 0 0
m=(v,=2 v, =
ker < 1 0}(1 2 >

— V3 =—V,=— =—) =
8x2’ 3 8)(47 4 OXs5' > OXg 6 OXg

and

t oo (0 0N _1(0 O
(kerIL)" = <X1 2 <8x3 + 8x7>’X2 V2 <8x3 8x7>>’

Moreover,

FVq :%Vz 7%v6,fv2
FV3=J5Va—3X1 = 5X5,FVy
=5Va+3Xi +5%,7Vs =

7%?‘/‘1 7%X‘1 +%X27
—\/%V3 +\/%V57
FVs —\/Livl"r%xl—%Xz.

Hence, D = V4,V,4 and D,
putations, we obtain

=V,, V3, Vs, V. Also by direct com-

88 (X1, %) = (e7)72gR2 (T, X4, T1,X;) and
Ers (Xz, Xz) = (97)_2gR2 (H*Xz, H*Xz),

where ggs and gg. denote the standard metrices on R® and R?,
respectively. Thus IT is CGS with 7 = e’.

We start with the preliminary results of CGS.
Proposition 2. Let IT: (M,g, %) — (N,h) be a CGS from a Lp.R.
manifold (M, g, #) onto a RM (N, h). Then

(i) oD = D,
(v) a® +Bf =

(ii) D1 =0, (i) Dy C Dy, (iv) B(kerIL)" = Dy,
id, (vi) C* + B = id, (vii) pa+ CB =0, (viii) BC + oB = 0.

Proof. These can easily be obtained with the help of (19)-(21).

Using (4), (5), (19) and (20), we have the covariant derivative of
o and g as follows;

Vo)V =BT yV — TypvV (22)
v ﬁ)V CToV — TyaV (23)
(Vya)V = VyaV — aVyV (24)
(Vup)V = AU - pVyV, (25)

for any U,V e I'(kerIl.,).
In view of (4)-(7), (19) and (20), we have.

Lemma 3. Let IT: (M, g, #) — (B, h) be a CGS from a Lp.R. manifold
(M, g,#) onto a RM (B, h). Then

(@) AxBY + #VKCY = CHVxY + ftxY
V' VxBY + /5 CY = BA#AVxY + ot Y,
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(b) TyaV + AU = CTyV + fVyV
VoV + TypV =BT 4V + aVyV,

(C) AS?/XoCU + fy/VUﬁV = C&iXU + [))VVXU
"//‘VXOCU + &/xﬂU = BJ?[Xu + O(“Z”Vx U,

for any U,V e T'(kerIL,) and X,Y e T'(kerIL,)".

We proceed now to the main results of this section where first
we prove the equivalent conditions for the integrability of the dis-
tributions D and D;. As vertical distribution (kerIl,) is integrable
so far, we give the necessary and sufficient condition for the hori-

zontal distribution (kerIl,)" to be integrable. Also we study the
geometry of foliations of all the distributions.

Theorem 2. Let I1: (M,g,#) — (B, h) be a CGS from Lp.R. manifold
(M, g, ) onto a RM (B, h). Then the f.a.e;

(a) The distribution D is integrable.
(b) h((VIL)(Uy, #U,) — (VIL)(Uy, #U;),IL V) = zzg(a(vu, FU, — vuzyu,),v),

(©) (70,7Us = 74, 7Uz) € T(w) and (Vy, Uz - Vi, 7y ) €
(D),

forany U;,U, e I'(D) and V € T'(Dy).

Proof. For any U;,U; € I'(D),V € I'(D,), applying (16), (17), (4)
and (19), we get

8([U1. U], V) = g(#Vu, 7Us, V) +g(Vu, 7Us, aV )
— g(# Ny, F U, BV) — g(vuzgul , acv).

Since IT is a CGS, using (19) and Lemma 2, we get

*%(—(VH

- ﬂh(-(vn

g([Uy, U], V) = DUy, ZUsy) + VEH*ﬁUz,H*ﬁV>

) (Uy, ZUy) +VEH*97U1,H*ﬁV)
g( (vuljuz V7 ) v)
= J2h((VIL)(Uy, #Uy) — (VIL)(Uy, #Us), IL V)
+g(a(%lgf"uz - @Uzg«*ul), v). (26)

We note that g([Uq, Uy], W)
distribution kerII, is always integrable. Therefore, (a) <
lows. Moreover, with Lemma 2 and (1), (26) reduces to

g([UhUzLV) = —g(fuzﬁul — fulyUQ,[)’V)
+g(0€<vUIOCU2 — vuzdul), V)

By using (23) and Proposition 2, we obtain (a) < (c).

=0, for any W e I'(kerIl,) as the
(b) fol-

Theorem 3. Let (M, g, #) be a Lp.R. manifold and (B,h), a RM and
I1: (M,g,7) — (B,h) be a CGS. Then the f.a.e;

(a) The distribution Dy is integrable.
(b) h((VIL)(V1,aV>) — (VIL)(Va,aV1),U) = 2g(7 v, V2 — Tv, V1, U),
(C) vVlo(Vz VVZ oV + T vy /3V2 -7 VZ/)’V1 c F(Dz)

forany U e T'(D) and V;,V, € T'(Dy).
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Proof. The distribution D; to be integrable iff g([Vy, V], #U) =0,
as well as g([V4,V,],W) =0, for any V;,V, e I'(D;), U € I'(D) and
W e I'(kerI1,)". As kerIl, is integrable, then we can easily get
g([V1, V2], W) =0.
Moreover, by using (16), (17), (19) and (13), we obtain
g([V1,Va],FU) =g(Vv,FVy = Vy,FVy,FU)
=g(Vy,aV3,U) +g(Vv, BV2,U) — g(Vv,aVy,U) — g(Vy,pV1,U).
= g(@vl aV, — vvz O(V],U) +g(.7v‘ pV, — ,Tvzﬁvhu),

which shows (a) < (c).
On the other side, applying (13), we arrive at

g([V1,Va], #U) = i2h(—(VIL)(Vq, aVs) + (VIL)(Vy,aV4), U)
+8(7v,BV2 = Tv,pV1,U).

Hence, (a) < (b).

Theorem 4. Let I1 be a CGS from a Lp.R manifold (M, g, #) to a RM
(N, h) ie, IT: (M,g, %) — (N, h). Then, the distribution (kerIL,)" is
integrable iff

(i) There is no component of
AxCY — o/, CX in T(D).

(i) 22g(Y(InA)C - X(In2)CY — #Y(In )X + CX(In )Y + 2g(X,CY)V In 4, fU,)

+8(—a(¥VxBY — ¥ VyBX + 5 CY — o/,CX), Us)

= h((Vl‘L)(X,BY) — (VIL)(Y,BX) — VIL(CY) + V'L (CX), n*(/;uz)),

for X, Y € TkerTL.)",U; e I'(D) and U, € T'(Dy).

Proof. Since the horizontal distribution is integrable if and only if
g(X,Y],W)=0, for any X,Y e I'(kerTl,)" and W e I'(kerIl,),
where W = U; + U, such that U; € D and U, € D;. This implies
that g([X,Y],U;) = 0 and g([X, Y],Uz) = 0.

We omit the proof as it easily follows by the use of the Egs. (16),
(17), (6), (7), (20), (13)in addition to the fact that IT is a horizontal
conformal submersion, using Lemma 2.

Theorem 5. Let IT be a CGS from a Lp.R manifold (M, g, # ) onto a RM

(B,h). Then,

(i) The distribution D defines a totally geodesic foliation on M
iff

h((VIL)(Uy,aV1), ILU,) = ;?g(@ul v, ocUz)
and

h((VIL)(Uy, V1), ILCX) = wg(vul aBX + Ty, BBX, v1).

(ii) The distribution D, defines a totally geodesic foliation on M
iff

h(VIL)(Uy, #Uy), IL(BV3)) = zzg(wzg:ul,ocvz)
and

h(VIL)(Uz, V2), TL(FCX)) = {8 (70, B, fV2) — (Vs 0V2, BX ) |,

for any U,,V; e I'(D),U, € T'(Dy) and X € ['(kerI1,)".

Proof. (i) For any U;,V; € T(D),U, € I(D;) and Z e T'(kerI1,)",
using (16) and (17) and Proposition (2), we have
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&(Vu,V1,Usy) =g(Vuy, #Vq,0U,) + g(Vu, 7 V1, pUs)
= g(w aVy, auz) +g(#Vy,aVy, BU,). (27)
Furthermore, using (13), we get
2(Vy, Vi, Us) :g(w och,otU2> — J72h((VIL)(Uy, oVy), IL BUS).
(28)

Taking into account that IT is a CGS and using (5), (13), we
obtain

8(VuV1,2) = —g(V1,Vu,aBZ) - (V1,7 v, fB2)
—J72h((VIL)(Uy, V1), T1,CZ).

Therefore, by the virtue of (28) and (29), we obtain (i).
(ii) For any vector fields U; € I'D) and U,,V, € I'(Dy), using
(16)(17)

(29)

g(Vu,Va,Ur) =g(FVy,V2, 7Uy)
=-g(Vu,7U,,7V3)

= —g(ﬁuzf/’-ul,avﬁ _g(?Uzyulsﬁv2>
= —g(%zfuhavz) + g((VIL)(Uy, #Uy ), TLAV,).

(30)

Moreover, for any X € F(kerl‘[*)L

g(V,Va,X) =g(FVy,V,, 7X)
= g(Vu,oV2,BX) +g(Vu, V2, BX) + g(Vu, #V2,CX)

= g(vw rxV;.BX) — 8(70,BX, pV3) — g((VIL)(Us, Vo), IL (FCX)).

@31

Therefore, with (30) and (31), we arrive at (ii).

In view of Theorem 5, we have;
Corollary 1. Let IT: (M,g,#) — (N,h) be CGS from a l.p.R. man-
ifold (M, g, ) to a RM (N, h). Then, the necessary and sufficient

conditions for the fibres of IT to be a I.P. manifold of the form
Mp x MD] are

(i) h((VIL)(Uy,0V1), ILAU,) = ;?g(vu, aVvy, auz) and
h((VIL)(Uy,0V4), ILCX) = szg(vul oaBX + 7y, BBX, vl),
R((VIL)(Uz, FUY), TL(BV2)) = 28 (Vu,FUL, aV2)

h((VIL)(Uz, V2), TL(FCX)) = 22{g(770,BX, BV2) — g (Vu,aV2, BX) |,

and

(ii)

for any U;,V; € (D), U, € T'(D;) and X € T'(kerTL,)", My and My,
are the integral manifolds of the distribution D and Dy,
respectively.

Proofs of the following Theorem 6 and Theorem 7 can easily be
obtained from Theorem 3.20 and Theorem 3.21 Akyol (Akyol,
2021), respectively.

Theorem 6. Let I1:(M,g,#) — (N,h) be a CGS from a Lp.R
manifold (M, g, #) onto a RM (N, h). Then, the horizontal distribution

(kerTL,)" defines a totally geodesic foliation on M iff

(i) h((VIL)(X, #V1),ILY) = 22g(Y, ¥ V. F V).
(ii) h(VQl'I*(/J’VZL n*(cm) = —72{g((AxCY + ¥"VxBY),Vy)+
g(/xBY — X(In2)CY — CY(In )X + g(X,CY)V In 2, fV>)},

for any X, Y e T'(kerTL.)",V; e T(D) and V, € T(Dy).
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Theorem 7. Let I1: (M, g, #) — (N, h) be a CGS from a Lp.R mani-
fold (M, g, 7) to a RM (N, h). Then, the vertical distribution (kerIl.)
defines a totally geodesic foliation on M iff

h((VIL)(U, V), TL (CX)) = az{g(mjw,sx) — g(Bv, 7uBX) +g(.7luﬁ\/,CX)}, for

any U,V e I'(kerIl.) and X € T'(kerIL,)".
We recall that a  horizontal conformal map
®:(M1,8) — (M2,8,) between two RMs is called horizontally

homothetic if and only if #(G4) = 0.
We now imitate Theorem 4 and Theorem 6 as follows;

Theorem 8. Let IT be a CGS from a Lp.R manifold (M, g, #) to a RM
(N,h) ie, IT: (M,g,7#) — (N, h) and additionally I1 is horizontally
homotheic map. Then, the distribution (kerI1,)" is integrable iff

(i) There is no component of ¥ (VyxBY — VyBX)+ «/xCY—
#/vCX in T(D).

(ii) 72g(0(7"VxBY + 7"VyBX — /5 CY + /v CX),Us)
= h((VH*)(Y,BX) — (VIL)(X,BY) + V'L (CY) — V'L (CX), H‘(ﬁUz)),

for any X, Y e TkerIl,)",U; € I'(D) and U, € T'(Dy).

Theorem 9. Let IT: (M,g, %) — (N, h) be a CGS from a Lp.R mani-
fold (M, g, ) to a RM (N, h) and 11 is horizontally homothetic. Then,

the horizontal distribution (kerTl, )" defines a totally geodesic foliation
on M iff

(i) h((VIL)(X, ZV1),ILY) = 22(Y, ¥V 7 V).
(ii) h(VQl'L(/}Vz),H,(CY)) = 22{—g((/%CY + 1"VyBY),V,) + g(/xBY, pV>)},

for X, Y € T(kerTl,)",V; € (D) and V, € T(Dy).

From Theorems 6 and 7, we deduce the following:
Theorem 10. Let IT: (M, g, %) — (N, h) be CGS from a Lp.R manifold

(M,g,7) onto a RM (N,h). Then, the total space M is a generic
product RM M = M gerr,) ¥ M (germ, 1 iff

h((VIL)(X, ZV1),ILY) = 2g(Y, 7" Vs F V),

h(VQl'L(/JVzM‘L(CY)) = 2{-g(a(#/<CY + 1"VBY),V3)
+g(/xBY — X(InA)CY — CY(In )X +g(X, CY)V In 4, fV3)}
and

h((VIL)(U, pV),IL(CX)) = /2 {g(vuav,sx) — 8(BV, TyBX) + g(TyolV, cx)},

K(U,V) =K(@U,aV)+ |7 oV|? — (T waV, T ol +
+518(pU, Vg (VﬁvG( ) ﬁUJ)

{
+4{(g(Bu, pUIg(BV. BV) -
(

oV |? — (VT ),, BU,oV) — || 7 BUIP,
K(X,Y)= K

A

BX,BY) + | Z5xBY |* — g(75vBY, 75xBX) +

+

+
9 api o

+H|-/cxBY > = g((VexT)gy CX, BY) — [| 75 CX|P,

LK (ILAU,TLAV)
fg(ﬂv,ﬁV)g(w@(?—z),ﬁU) + 8BV, pUg (V06 (). V) —
8BV, PUIZ(BU. BV)IIG (1)1 + 18U (%) BV — pV (%) pUI* | +
8 (V) BV, 0U) = |7 spVII +((VarA)p U,V )

LK (F.CX,F.CY) —
2 {g(cx.,cwg(vw@(ﬁ),cx) —g(Cy, CV)g(VCXG( ) cx) Tg(cy, CX)g(VCXG(l) cy )f g(CX, CX)g(vcv@(gz),cv)}
{(g(CX CX)g(CY,CY) — g(CY, CX)g(CX, CY))HG( )|| +||cx( )cv cv( )CXH }
-g((VeyT) BXCY BX) — [| 75 CY|* + &((Vav- )CXCX,BY) +8((Vay ot
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for any X,Y e [(kerTl,)", U,V e T(kerIl),V; € I'(D) and
V, € T'(D1), where M yerm,) and M (kerr1,)~ OT€ leaves of the distributions

kerIl, and (kerIl,)", respectively.

We now conclude this section with the necessary and sufficient
condition for CGS to be harmonic map.

Theorem 11. Let IT: (M, g, #) — (N, h) be a CGS, where (M, g, #) is
a Lp.R. manifold and (N, h) is a RM. Then, I1 is harmonic if and only if
trace] , I1. (w AU+ /fv,;uu) + tracel ) 11, (c.m) aV + pVya(V) + BTy BV + CA VY ﬁv)

—trace o (in, (czx + /mx) +IL <CMXBX + CAVMCX + et CX + 1 TM CX)) —0.

)

Proof. For any vertical vector field UeI'(D),VeI'(D;) and
X e I'(kerT1,)", using (16), (13), (19), (20) and Proposition (2), we
have

(VIL)(#U, #U) + (VIL)(V, V) + (VIL)(X,

I (7 (Vv + Vipv) ) + VITL (€2 + pBX)

X) = —1I, (fv“,,ﬁuu)
I (7 (V¥BX + V¥CX)).

In view of the Egs. 19,20, we get

(VIL)(#U,7U) + (VIL)(V,V) + (VIL)(X,

I, (c.ﬂav + BVyaV + BTy pV + CA VY /;v)

X) = —1I, (Cﬂ?‘,«UU + ﬁmuu)

+vi, (sz + ﬁBX) ~I, (Q/XBX + CAVMCX + et CX + ﬁwv"x”cx).

Hence, the assertion follows directly.

5. Curvature relations on conformal generic submersions

This section investigates the sectional curvatures of the fibres of
a CGS as well as the total space and base manifold. Let
I1: (M,g,7) — (N,h) be a CGS whose total space (M,g,#) is a l.
p.R. manifold and the base space (N,h) be a RM. We denote the

Riemannian curvature tensors by R,Ry and R* for any fibre

IT '(p),M and N, respectively. The sectional curvature denoted

by K, defined as follows;

K(x,v) = RV V. X (32)
(RSN

where X and Y are the pair of non-zero orthogonal tangent vectors
on M.

Theorem 12. Let IT be a CGS from a Lp.R. manifold (M, g, #) to a RM
(N, h). Then, for any horizontal vector field X,Y and vertical vector
fields U,V

— 371U, v
g(pU, pU)g (VG (%) pv) }
8((Vau) BV, o)) + ||/ o] (33)

3lex, eyl

2((Vaxt )y CY, BX) + [ Ly BX |2 (34)

)exCX, BY)
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= K(BX,aU) + | T pxaU|* — g(7 woqu,/TBXBX)
+g( (V! ), BU, BX ) + ||/ pu BX
~g((VuT) g BU, BX) — | T BUI* + 8((VawA) e CX, V)

+||=97cx0€u||2 —8((VexTT) 0, CX, 0U) = |7 40 CX|P?
L h(R (TL.CX, TL BU)IT, BU, TI.CX)

=310 BUIIP + 2g(7[CX, pu), 7 (U, CX)))
{&©x.pu)g(Vin6 (%) 0X) — g, pUIE(Ver & (%), CX) +
{(gex,cx0g(pu.pu) -

K(X,U)

+i{e
:
+5

where K,K* and K be the sectional curvatures of the total space M, the
base space N and fibers, respectively.

Proof. Since IT is a CGS and M is a L.p.R. manifold, using (19), we
obtain
Ky(U,V) =K(ZFU,ZV)=K(U + BU,aV + V) (37)
= K(aU, oV) + K(aU, pV) + K(pU, aV) + K(pU, V).
Using (32) and (9), we arrive at

K(aU,oV) = g(R(aU, aaV)aV, alU) = g(fe(ocru, ocV)BY,BX)

+8(T oV, T o) — (T woV, T o) (38)
:IA((oc[U,aV)+||¢7mocV|| — 8(T woV, T yol).

Similarly, using (12), we arrive at

K(pu,pV) =g
+3{g(V[BU, V], 7 [BV, pU))
+4 {80, Vg (Vw6 (1), pU)

(BU, BV], 7"
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(35

88U, CX)g(Vex6 (%), BU) - 8(Cx, CX)g (V6 (%), AU) }

1
£(AU, CX)(CX, BU) 6 (F) I + 16X (%) pU - pu () CxI1*},

In view of (38), (39), (40), (41) and (37), we get (35).
As M is a Lp.R. manifold, for unit vector fields X and U, using
(19) and (20) we have

K(X,U) =K(FX, FU) = K(BX, aU) + K(CX, aU) + K(BX, BU) + K(CX, pU).
(42)

With the help of (32) and (9), we obtain

K(BX, aU) = g(R(BX, aU)aU, BX) =g(§(BX7<xU.J)ocIU,BX)
+8(7 x0U, 7y BX) — (7 watU, 7 pxBX)

= K(BX,aU) + || T gxatU||* — g(F 0, T g BX).

(43)

Using (11), we have

(R(BU, BV)BV, BU) = L h(R (IL. S, TL V)L BV, TL SU)
— g/ [V, V1, ¥ BU, BUI) +28(1°
—8(BV. BV)g (V06 (%), BU) +8(BV. pUIE (VG (%), BY) —g(BU. pUIE (ViwG (%) V) |

BV, pUD}

+ 4 {(g(BU. pUIg(BV. V) —g(BV. BUIE(BU. BV)IIG (%) IP +& (U (%) BV — BV () U, B (%) BV — BV (%) ) }.

Also by direct calculations, we obtain

K(BU, V) = LK* (I BU, TL BV) —
+5{gou. Vg (Ve (%), pU) -
+4{(g(pu, pU)g(BV. V)

317U, VI

2

Similarly, using (11) we have
K(aU, V) = g(R(aU, BV)BV, ) = g((Vw{c/)ﬁVﬁ% acru) + || aU|? u

g (V) BV, 0U) = |7V

On using (11), we obtain

88V, BV)g (VG (), BU) +8(BV, U)E (VG (L), BV

K(BU,aV) =K(aV,BU) = gR(aV, BU)RU, oV) = g((VwA)ﬁUﬁ[U, ocV) )
H oV |* = g((ViuT) o BU, aV) — |7 U
K(CX, BU) = g(R(CX, BU)BU, CX) = % h(R"(IL.CX, L AU)IL. fU, I1,CX)

=3 expuIl + 4 {0, pUIg (VG (1)) -
+§{(g<cx,cx>g(/ztu,ﬁu)

88U, pU)E(Vex 6 (), €X) + 8(hU, CX)g (Vex 6 (%) AU)
— 8(BU, CX)g(CX, JU)I6 (%) I + 10 (%) U — pu (3) x| }.

—g(pU. pLIE (VG (%), 8V) } 39)

— 8(BV, BU)Z(BU, BV)IIG (1)1 + 18U (%) BV — v (%) B’ }.

K(BX,pU) = g(R(BX, fU)pU, BX) =
—&((Vpu )y BU, BX) =
Lastly, using (11) we get
K(CX, aU) = K(aU, CX) = g(R(a:U, CX)CX, aU) = g((VouA) i CX, aV)

A ex U = g((Vexe Ty, CX, oU) — || 750 CX 1%

8( (Vi) BU. BX) + |/ puBX

(44)
|7 5 BU1%.

(45)

Similarly, from (12) we have

~g(0x,0x0g(VauG(4).8U)}  (a6)
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Hence, (36) follows by (42), (44) and (43) and (46). K(CX,BY) =K(BY,CX)=g(R(BY,CX)CX,BY)=g((Vpy.#)cCX,BY) 51)
Since M is a l.p.R. manifold, using (17) and (19) for unit vector +||ZexBY|? —8((VexT)gy CX,BY) — 17 v CX 1%

fields X and Y, we have

KX,Y)=K(ZX,ZY)= K(BX,BY)+K(CX,CY)

+K(BX,CY) + K(CX,BY). (47)  Writing (48), (49), (50) and (51) in (47), we get (35).

Theorem 12 has the following direct consequences, which we
state below:

Using (9), we derive

5 Corollary 2. Let IT: (M,g,#) — (N,h) be a CGS from a lLp.R.
K(BX,BY) = g(R(BX,BY)BY,BX) = g( R(BX,BY)BY, BX

(BX,BY) = g(R(BX, BY) ) g( (BX,BY)BY, ) manifold (M, g, #) to a RM(N, h). Then, for any U,V € I'(kerF.)
+g(,75XBY,,73yBX) g(/ BVBY BXBX)
= K(BX,BY) + || 7 5xBY||* — g(7 svBY, 7 pxBX).
(48)

Ku(U,V) < K(U.oV)+ LK (LU TLAV) + (| 7woVIP — 8(7 oV, 7o) =5 |177[BU, V]|
+5 {880, V)8 (VG (k). U) — g(V. BV)g(ViG (%), BU) +8(8V. BUE (VG (). BV ) — 8(BU. pU)g (VG (%), V) |
+4{(8(BU, BUYE(BV, BV) — g(BV, BUIE(BU, BV))IG (%) 11> + 18U (%) BV — BV (%) BUIP } + & ((VauA)p BV, 2l + 7yt
& ((VT) BV, 0U) = |70 VI + & ((VarA) U, 2V )
o oVI* ~g((VuT),, BU, aV) — |7 BUI1* +8(T vV, TuU).

The equality holds iff the fibers are totally geodesic and g kerII, is

Similarly, using (12), we get integrable.

K(CX,CY) = g(R(CX, CY)CY,CX) = L h(R'(ILCX, ILCY)ILCY, ILCX)
+H{g(#[CX, CY], 7 [CY, CX]) — g(#CY, CY], #[CX, CX]) + 28(# [CX, CV], #[CY, CX])}

+5{8(cx, CV)g(Ver6 (%), €X) — 8(CY, CV)g(Vex G (1), €X) +8(CY, CX)g (Vex6 (%), CV ) — g(Cx,CX)g (V6 (%),€V ) }
+§{(g(cx,c><)g(cv,cw—g(cv,CX)g(cx cv))H@( )H +g(cx( )cv cv( )cx cx(g)cv cv( )cx)}

Proof. Using Corollary 1, (O’'Neill, 1966), Eq. (34) can be rewritten
Also by direct calculations, we obtain as

K(CX,CY) = LK (ILCX, TLCY) - 2 [ 7[CX, CY]|
{ (CX,CY) g(VWG< ) ) —g(CY, cmg(vcx@(l cx) n g(CY,CX)g(VCXG<,iZ),CY) fg(CX,CX)g<VCYG(/}Z>,CY)} (49)

+%{(g(CX,CX)g(CY,CY)—g(CY,CX)g (CX,CY)) ||G<l2)\ +\|CX< ey —cv (% )cxu }

In a similar way, using (11) we have

K(BX,CY) =g(R(BX,CY)CY,BX) = g((VixA)ey CY,BX) + [ cvBX |

—8((Vev T ) CY,BX) — |7 B CY| . 50)

Lastly, using (11) we have
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R(U, V) olU,aV) + L K*(l'L[f‘U, ILAV) + |7 woV||* — g(T waV, T yol) — 3 ||/V[[?U,[)’V]||2

K

+§ {stpu.pvg (Wv@ (%).pU) — g8V pV)g(VG (1), BU) + 8BV BUIE (VG (). BV ) — 8(BU. pU)g (VG (). BV) |
+8((Vaust )y BV, U ) + ||/t

—~&((VwT ) BV, aU) — 7BV + g ((VarA)yu BU, 2V )

+Hwav|* = g(VT) , BU,aV) = |7 BUIP = [ 7uV|* + (T vV, TuU),

which proves our claim.

Furthermore,

Corollary 3. Let IT be a CGS from a l.p.R. manifold (M, g,# to a RM
(N,h) ie, IT: M — N. Then,

KWU.V) = K(aU,aV)+ 5K (LU ILAY) + |7 waV|* — g(T V. 7 wel) — 3|77 [pU, pV||*
+§{g BU, BV )g <V/fv6(.]—z),ﬁU) gV V)2(ViwG (%), U) + 8V, U (Vo6 (3). BV — 28U, pUIE (Vw6 (1) V) }
((Vocu ) BV, ocU) + ||t gyl
~&((VT) BV, 0U) = .7 BV + & ((VarA) U, 2V )
oV P = g((ViuT)  BU, V) = |7 BUIE = |70V + (7 WV, 70U),

for U,V € I'(kerIL,). In above expression equality is satisfied iff IT is a
homothetic submersion.
Corollary 4. Let IT: (M,g, %) — (N, h) be a CGS from a L.p.R. manifold (M, g, #) to a RM (N, h). Then,

K(X,Y) BX,BY) + | 75:BY|* — (7 5BY, 75:BX) + LK (F.CX,F.CY) — [ 7[CX, CY]|]

K(
{g (CX,CY) (VWG( ) cx) - g(CY,CY)g(VCXG<7),CX) +g(cv,CX)g(vcx@(}—z),cv) - g(CXCX)g(VWG(le),CY)}
{ (CX,CX)g(CY,CY) — g(CY, CX)g(CX, cv))na( )H +|\cx( >CY cv( )an } 2((VixA)ey O, BX) + [|.o/c BX|?

—8((VeyT)gy OV, BX) — |75 CY |* + 8((VvA)ex CX, BY) + g((VivA) e CX, BY)
+| A xBY|I? = g((VexT)gy CX, BY) — |75 CX| 1%,

42
+3

for X,Y € l"((ker H*)L>. The equality holds iff for any X,
Y e F((kerF,f), T pxBY =0, .o7/cyBX = 0 and either ranky =1 or GAl, =0.

Proof. On using (35) we have,

KO, Y) =17 pBY | = [/ BXIP = CX (%)€Y - €Y (%) Cx?
— R(BX,BY) + | 75xBY > — g(7 5 BY, 75 BX) + 1K' (F.CX,F.CY) - 2 [[7'[CX, CY]|?
{g (CX,CY) g(chﬁ.“v( ) ) 7g(cv,cv)g(vcxas(ﬁ),cx) +g(CY,CX)g(VCXG(%>,CY) fg(CXIX)g(VWG(/}z),CY)}
;{ (CX,CX)g(CY, CY) — g(CY, CX)g(CX, cv))n@( )|| +||CX( )CY cv( )cxn } 2((Vil) oy OV, BX) + | /v BX

~8((Vey 7 ) CY, BX) — | 75 CY ||* + &((VivA) e CX, BY) + &((VivA) CX, BY)
+./exBY|* — g((VexT)p, CX, BY) — |75, CX %,

+£
+3

which proves the assertion. The necessary and sufficient condition for
the equality is

1 1
I70BYIP + eI + X ()Y - € () exI? =0
Hence, we obtain 7 xBY = 0,./cvBX =0, for any X, Y € 1"((kerF*)L) and either ranky =1 or G4|, = 0.

Moreover,

Corollary 5. Let IT: (M,g, #) — (N, h) be a CGS from a L.p.R. manifold (M, g, #) to a RM (N, h). Then,
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K(X,Y) <K(BX,BY)+ |7 5xBY|? - g(75,BY, 7 5BX) + 1K' (F.CX,F,CY)
{g (CX,CY) (vcy@( ) cx) - g(CY,CY)g(VCXG(i).CX) +g(cv,c><)g(vcx@(;) cv) - g(cx,CX)g(VCY@(%),cv>}
{ (CX, CX)g(CY, CY) — g(CY, CX)g(CX, CY))HG( )|| +||cx( )cv cv( )cxn } 2((VaxA)ey CY, BX) + ||/ BX?

~g((Vey T) g CY, BX) + (Vv A)es CX, BY) + g((VwA)CXCX BY)
HIAKBY 2~ 8((V /e, CX, BY) — |75 CX P,

for X, Y e I'(kerIT.)". The equality holds iff 7 3xCY = 0 and [CX,CY] € T'(#).

Corollary 6. Let IT: (M,g,#) — (N, h) be a CGS from a L.p.R. manifold (M, g, #) to a RM (N, h). Then,

K(X,U) > R(BX,aU) + |7 gxcU| — 8(7 U, 7 5xBX)
+8 (VS5 BU, BX) + [/ B
~8((ViuT) g BU,BX) — | 7 g BUII* + & ((VavA)x CX, V)

e exal|* — g((VexT) yCX, o) — |7 wCX |
+4h(R*(TL.CX, TL U)IL BU, T1.CX)

=317 (CX, BUYI* + 28 (7 [CX, BUI, 7 [BU, CX))}
+5 {8(Cx, pU)g (Vw6 (%), CX) - g(BU, pU)g (Vex G (%), €X) + (U, CX)g (Vex 6 (%), BU) — (CX, CX)g (VG (%), 8U) }
+4 {(8(CX,CX)g(BU, BU) — g(BU, CX)g(CX, BUYIIG (%) I + I (%) BU — pU (%) CxIP

for X € 1"((kerF*)l) and U € I'(kerF,). The equality holds iff .«/>yBX =0, G(lz) =0 and # horizontally homothetic submersion.

Proof. On Using (36) we have,
Ku(,U) —[l/uBX|” — 4 {g(Cx, cxm@( )12 — o (&) pU - pu () cx I}

= K(BX, aU) + || 7 pxaU|* — g(7 U, T px BX

+8 (Tt )y BU, BX) + || uBX

~8((Vu7 ) BU.BX) — |7 5 BUI? + ((VauA), CX, V)

e U — g((VeT)yCX, aU) — |7 wCX P

+ L h(R (IL.CX, 1. BU)IL U, T1,CX)

=3II71CX, BUIII® + 28(7[CX, BUI, ¥ [U, CX])}

+5 {8(CX, pU)g (Vi (%), CX) - 8(BU, BU)g (Vex 6 (%), CX) + (AU, CX)g (Vex G (%), BU) — (X, CX)g (VG (%), 8U) }

+4 {(8(CX, CX)g(BU. pU) — g(BU, CX)g(CX. pU))IIG (%) I + 116 (%) U — pU (%)X},

This follows the inequality. For the equality case,
2
oI+ {8€x. 0016 () P+ 10x () pu - pu (5 )exi?} <o,

Thus, the eqality follows if and only if «/;yBX =0 and G (%) =0,
( )ﬂU ﬂU( )CX 0 which ensures that IT is horizontally homothetic.

We now conclude this section with the following result;
Corollary 7. Let IT: (M,g,#) — (N, h) be a CGS from a L.p.R. manifold (M, g, #) to a RM (N, h). Then,

Ku(X,U) < KBX,aU) + |7 pxaU|? — g(7 wotU, T px BX)
+g((vsx-"j>ﬁuﬁU73X) + o7 puBX|P?
7g((V/gu.9—)BxﬁU, BX) + g((vqu)CXCX, OCV)

HA exU|? = g((Vex T )y CX, al) — (|7 X2
+ L h(R'(IL,CX, TL BU)IT. U, TL.CX) + 2g(#[CX. fU], 7"[fU, CX])}

ot wBXIP +4 {8(CX,CXIG (%) I + ICX (%) BU — pU (%) x|}
+5 {8(Cx, pU)g (VG (%), €X) — 8(BU, BU)g (Vex G (%), €X) + 8(BU, CX)g (Vex 6 (%), BU) — 8(C%, CX)g (VG (%), U) }
+4 {(8(Cx, CX)g(BU, BU) - 5(BU. CX)g(CX, BU)) 6 (%) I + 10 () U — pU () I},

for X e T'(kerF,)" and U e ['(kerF,). The equality case follows iff 7 x U = 0 and [CX, U] € T'(#).
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