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In this article, we recover a variety of new families of shallow water wave and solitary wave solutions to
the (1+1)-dimensional Dullin ‘‘Gottwald” Holm (DGH) system by employing new extended direct alge-
braic method (NEDAM). The derived results are obtained in diverse hyperbolic and periodic function
forms. The attained solutions are new addition in the study of solitary wave and shallow water wave the-
ory. In addition, 3-dimensional, 2-dimensional, and contour graphs of secured results are plotted in order
to observe their dynamics with the choices of involved parameters. On the basis of achieved outcomes,
we may claim that the proposed computational method is direct, dynamics, well organized, and will
be useful for solving the more complicated nonlinear problems in diverse areas together with symbolic
computations.
� 2021 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Due to the swift development of symbolic computation soft-
ware systems, the construction of analytic (exact) solutions of non-
linear partial differential equations (NLPDEs) has a very prominent
place in the research of some nonlinear intricate phenomena com-
prehensively (Bhatti et al., 2020; Cao et al., 2021; Khan et al., 2019;
Marin et al., 2020; Seadawy et al., 2020; Seadawy et al., 2020). The
forms of solutions of NLPDEs, that are combined employing several
mathematical norms, are very substantial different sciences such
as plasma physics, ocean engineering, fluid dynamics, biophysics,
mathematical physics, chemistry, optical fiber,telecommunication,
quantum field theory, and many others (Chen, 2020; Iqbal et al.,
2018, 2020; Yang et al., 2020; Younis et al., 2020). In the recent
past, many mathematician and researchers have established sev-
eral efficient and powerful methodologies to retrieve exact solu-
tions in the forms of traveling wave or solitary wave such as, Lie
symmetry analysis, extended rational sine–cosine/ sinh-cosh
schemes (Rehman and Ahmad, 2020), extended auxiliary equation
method (Rezazadeh et al., 2019), ðG0

G2)-expansion function method
(Bilal et al., 2020), the extended fan sub-equation technique
(Younis et al., 2020), F-expansion function method (Seadawy
et al., 2020), Bernoulli sub-equation function method (Syam,
2019), expð�/ðnÞÞ-expansion function method (Abdou, 2019), the
new generalized rational function method (GERFM) (Younas
et al., 2021), ansatz approach, new U6-model expansion scheme
(Rehman et al., 2020), Lie symmetries (Olver, 2000; Bluman
et al., 2009), extended direct algebraic method and its modified
form (Çelik et al., 2021; Seadawy et al., 2018), extended mapping
method and Seadawy techniques (Khater et al., 2000; Seadawy,
2017; Seadawy et al., 2018) and several others (Ancol et al.,
2015; da Silva and Freire, 2020; da Silva and Freire, 2019;
Younas et al., 2020) were established for nonlinear physical models
(El-Hameed, 2020). In this studies, (1+1)-dimensional Dullin-
Gottwald-Holm (DGH) system is considered and analyzed analyti-
cally by deploying new extended direct algebraic method. It shows
the unidirectional propagation of surface waves in a shallow water
regime. Therefore, it is imperative to examine this considered
model analytically and derive the solutions. The DGH system is
read as (Dullin et al., 2001),
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wt þ c0wx � a2ðwxxt þ wwxxx þ 2wxwxxÞ þ 3wwx þ cwxxx ¼ 0; t > 0;

ð1Þ
where fluid velocity is denoted by wðx; tÞ in spatial direction x.
a2ða > 0Þ and c0

c represent squares of length scales, whereas

c0 ¼
ffiffiffiffiffiffi
gh

p
ðwhere c0 ¼ 2xÞ denotes the linear wave speed for dis-

turbed water at rest at spatial infinity. In this work, we will imple-
ment a mathematical technique NEDAM that will reveal a bunch of
exact solutions (Mirhosseni-Alizamini et al., 2020). We note that
the studied model has not yet been examined utilizing the NEDAM.
NEDAM is one of the robust method to look for the exact solutions
of NLPDEs. The layout of the article is arranged in the following
order: Analysis of NEDAM is presented in Section 2. Exact solutions
are revealed in Section 3. Results and discussion are displayed in
Section 4. The concluding remarks are given in last Section 5.
2. Analysis of NEDAM

A detail description is given below.
Step 1: NLPDE is defined in general form as follows:

Dðu;ut ;utt;ux;uxx; . . .Þ ¼ 0; ð2Þ
where D and u represent a polynomial and unknown function
respectively.

Step 2:
The variable g is defined to convert two variables x and t in a

single form using the following compound transformation.

uðx; tÞ ¼ HðgÞ; g ¼ x� ct; ð3Þ
On solving Eqs. (3) and (2), following ODE is obtained

PðH;H0;H00;H000; � � �Þ ¼ 0; ð4Þ
where P is a polynomial in H and its derivatives.

Step 3:
Consider the solutions of Eq. (4) in form of !ðgÞ is written as

HðgÞ ¼
Xn
i¼0

bi!
iðgÞ; bn – 0; ð5Þ

where bi ð0 6 i 6 nÞ are unknown and !ðgÞ satisfies the following
nonlinear ODE,

!0ðgÞ ¼ lnðBÞðlþ k!ðgÞ þ m!2ðgÞÞ; B – 0;1: ð6Þ
Further, Eq. (6) has the general solution.

(1) For k2 � 4lm < 0 and m– 0, there are five solutions,

!1ðgÞ ¼ � k
2m

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2m

tanB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2

g

0
@

1
A; ð7Þ

!2ðgÞ ¼ � k
2m

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2m

cotB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2

g

0
@

1
A; ð8Þ

!3ðgÞ ¼ � k
2m

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2m

tanB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
g

� �
� ffiffiffiffiffiffi

pq
p

secB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
g

� �� �
; ð9Þ

!4ðgÞ ¼ � k
2m

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2m

cotB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
g

� �
� ffiffiffiffiffiffi

pq
p

cscB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
g

� �� �
;

ð10Þ
2

!5ðgÞ ¼ � k
2m

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
4m

tanB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
4

g

0
@

1
A� cotB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
4

g

0
@

1
A

0
@

1
A: ð11Þ

(2) For k2 � 4lm > 0 and m– 0, there are five solutions,

!6ðgÞ ¼ � k
2m

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
2m

tanhB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
2

g

0
@

1
A; ð12Þ

!7ðgÞ ¼ � k
2m

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
2m

cothB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
2

g

0
@

1
A; ð13Þ

!8ðgÞ ¼ � k
2m

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
2m

tanhB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
g

� �
� i

ffiffiffiffiffiffi
pq

p
sechB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
g

� �� �
; ð14Þ

!9ðgÞ ¼ � k
2m

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
2m

cothB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
g

� �
� ffiffiffiffiffiffi

pq
p

cschB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
g

� �� �
; ð15Þ

!10ðgÞ ¼ � k
2m

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðk2 � 4lmÞ

q
4m

tanhB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
4

g

0
@

1
Aþ cothB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q
4

g

0
@

1
A

0
@

1
A: ð16Þ

(3) For lm > 0 and k ¼ 0, there are five solutions,

!11ðgÞ ¼
ffiffiffiffi
l
m

r
tanBð ffiffiffiffiffiffi

lm
p

gÞ; ð17Þ

!12ðgÞ ¼ �
ffiffiffiffi
l
m

r
cotBð ffiffiffiffiffiffi

lm
p

gÞ; ð18Þ

!13ðgÞ ¼
ffiffiffiffi
l
m

r
tanBð2 ffiffiffiffiffiffi

lm
p

gÞ � ffiffiffiffiffiffi
pq

p
secBð2 ffiffiffiffiffiffi

lm
p

gÞð Þ; ð19Þ

!14ðgÞ ¼ �
ffiffiffiffi
l
m

r
cotBð2 ffiffiffiffiffiffi

lm
p

gÞ � ffiffiffiffiffiffi
pq

p
cscBð2 ffiffiffiffiffiffi

lm
p

gÞð Þ; ð20Þ

!15ðgÞ ¼ 1
2

ffiffiffiffi
l
m

r
tanBð

ffiffiffiffiffiffilmp
2

gÞ � cotBð
ffiffiffiffiffiffilmp
2

gÞ
� �

: ð21Þ

(4) For lm < 0 and k ¼ 0, there are five solutions,

!16ðgÞ ¼ �
ffiffiffiffiffiffiffiffi
�l
m

r
tanhBð ffiffiffiffiffiffiffiffiffiffi�lmp

gÞ; ð22Þ

!17ðgÞ ¼ �
ffiffiffiffiffiffiffiffi
�l
m

r
cothBð ffiffiffiffiffiffiffiffiffiffi�lmp

gÞ; ð23Þ

!18ðgÞ ¼ �
ffiffiffiffiffiffiffiffi
�l
m

r
tanhBð2 ffiffiffiffiffiffiffiffiffiffi�lmp

gÞ � i
ffiffiffiffiffiffi
pq

p
sechBð2 ffiffiffiffiffiffiffiffiffiffi�lmp

gÞð Þ; ð24Þ

!19ðgÞ ¼ �
ffiffiffiffiffiffiffiffi
�l
m

r
cothBð2 ffiffiffiffiffiffiffiffiffiffi�lmp

gÞ � ffiffiffiffiffiffi
pq

p
cschBð2 ffiffiffiffiffiffiffiffiffiffi�lmp

gÞð Þ; ð25Þ

!20ðgÞ ¼ �1
2

ffiffiffiffiffiffiffiffi
�l
m

r
tanhBð

ffiffiffiffiffiffiffiffiffiffi�lmp
2

gÞ � cothBð
ffiffiffiffiffiffiffiffiffiffi�lmp
2

gÞ
� �

: ð26Þ

(5) For k ¼ 0 and m ¼ l, there are five solutions,

!21ðgÞ ¼ tanBðlgÞ; ð27Þ

!22ðgÞ ¼ �cotBðlgÞ; ð28Þ
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!23ðgÞ ¼ tanBð2lgÞ �
ffiffiffiffiffiffi
pq

p
secBð2lgÞ; ð29Þ

!24ðgÞ ¼ �cotBð2lgÞ �
ffiffiffiffiffiffi
pq

p
cscBð2lgÞ; ð30Þ

!25ðgÞ ¼ 1
2

tanBðl2 gÞ � cotBðl2 gÞ
� �

: ð31Þ

(6) For k ¼ 0 and m ¼ �l, there are five solutions,

!26ðgÞ ¼ �tanhBðlgÞ; ð32Þ

!27ðgÞ ¼ �cothBðlgÞ; ð33Þ

!28ðgÞ ¼ �tanhBð2lgÞ � i
ffiffiffiffiffiffi
pq

p
sechBð2lgÞ; ð34Þ

!29ðgÞ ¼ �cothBð2lgÞ �
ffiffiffiffiffiffi
pq

p
cschBð2lgÞ; ð35Þ

!30ðgÞ ¼ �1
2

tanhBðl2 gÞ þ cothBðl2 gÞ
� �

: ð36Þ

(7) For k2 ¼ 4lm, there is one solution,

!31ðgÞ ¼ �2lðkg lnBþ 2Þ
k2g lnB

: ð37Þ

(8) For k ¼ v;l ¼ rvðr – 0Þ and m ¼ 0, there is one solution,

!32ðgÞ ¼ Bvg � r: ð38Þ
(9) For k ¼ m ¼ 0, there is one solution,

!33ðgÞ ¼ lg lnB: ð39Þ
(10) For k ¼ l ¼ 0, there is one solution,

!34ðgÞ ¼ �1
mg lnB

: ð40Þ

(11) For l ¼ 0 and k– 0, there are two solutions,

!35ðgÞ ¼ � pk
mðcoshBðkgÞ � sinhBðkgÞ þ pÞ ; ð41Þ

!36ðgÞ ¼ � kðsinhBðkgÞ þ coshBðkgÞÞ
mðsinhBðkgÞ þ coshBðkgÞ þ qÞ ; ð42Þ

(12) For k ¼ v; m ¼ rvðr – 0Þ and l ¼ 0, there is one solution,

!37ðgÞ ¼ pBvg

p� rqBvg
: ð43Þ

In the above solutions, the generalized hyperbolic and trigonomet-
ric functions are defined as the following citegroup cite36,

sinhBðgÞ ¼ pBg � qB�g

2
; coshBðgÞ ¼ pBg þ qB�g

2
;

tanhBðgÞ ¼ pBg � qB�g

pBg þ qB�g ; cothBðgÞ ¼ pBg þ qB�g

pBg � qB�g ;

sechBðgÞ ¼ 2
pBg þ qB�g ; cschBðgÞ ¼ 2

pBg � qB�g ;

sinBðgÞ ¼ pBig � qB�ig

2
; cosBðgÞ ¼ pBig þ qB�ig

2
;

tanBðgÞ ¼ �i
pBig � qB�ig

pBig þ qB�ig ; cotBðgÞ ¼ i
pBig þ qB�ig

pBig � qB�ig ;

secBðgÞ ¼ 2

pBig þ qB�ig ; cscBðgÞ ¼ 2i

pBig � qB�ig ;

where g is an independent variable and p; q > 0.
3

Step 4:
The N can be calculated using Eq. (4). For this reason, the homo-

geneous balancing principle is useful in equating the nonlinear
terms in Eq. (4) with higher derivatives.

Step 5:
The unknown constants can be obtained by substituting Eq. (5)

into Eq. (4) and equating the coefficients of !ðgÞ of similar power
to zero, we achieve a set of algebraic expressions. On solving these
equations through symbolic computation, we obtain sets of
solution.

3. Exact solutions

In order to resolve the governing model by employing NEDAM,
we operate the wave transformation uðx; tÞ=HðgÞ; whereg ¼ x� ct
and c – 0. Substituting the given transformation into Eq. (1),

a2cH000 � cH0 þ c0H
0 � a2HH000 þ cH000 þ 3HH0 � 2a2H0H00 ¼ 0; ð44Þ

where 0 represent derivative w.r.t g.
Integrating Eq. (44) one time w.r.t g and let the constant of inte-

gration equal to 0, turns into following

H00 a2ð�cÞ � cþ a2H
� �� c0 � cð ÞH � 3H2

2
þ 1
2
a2 H0� �2 ¼ 0: ð45Þ

By making balance between in Eq. (45), yields, n ¼ 2. So, the non-
trivial Eq. (45) transforms into following

HðgÞ ¼ b0 þ b1!ðgÞ þ b2!
2ðgÞ: ð46Þ

Putting Eq. (46) along its derivatives in Eq. (45) making the coeffi-
cients of similar powers of !ðgÞ to 0, we achieve a system of alge-
braic equations. On solving these equations through symbolic
computation, we seek clusters of solutions sets as follows

Family-1.

b0 ¼ �4clmln2ðBÞ; b1 ¼ �4ckmln2ðBÞ; b2 ¼ �4cm2ln2ðBÞ;a ¼ 0; c0 ¼ c � cln2ðBÞ k2 � 4lm
� �

:
n o

The emerging solutions of Eq. (1) are given in detail as
(1) For k2 � 4lm < 0 and m– 0,

� The trigonometric solutions

w1ðx; tÞ ¼ cln2ðBÞ k2 � 4lm
� �

tanB
1
2
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �2

þ 1

 !( )
:

ð47Þ

w2ðx; tÞ ¼ cln2ðBÞ k2 � 4lm
� �

cotB
1
2
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �2

þ 1

 !( )
:

ð48Þ

� The combo-trigonometric solutions

w3ðx; tÞ ¼ cln2ðBÞ k2 � 4lm
� �

tanB g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �
� ffiffiffiffiffiffi

pq
p

secB g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �� �2

þ 1

 !( )

ð49Þ

w4ðx; tÞ ¼ cln2ðBÞ k2 � 4lm
� �

cotB g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �
� ffiffiffiffiffiffi

pq
p

cscB g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �� �2

þ 1

 !( )

ð50Þ

w5ðx; tÞ ¼
1
4
cln2ðBÞ k2 � 4lm

� �
cotB

1
4
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �
� tanB

1
4
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lm� k2

q� �� �2

þ 4

 !( )

ð51Þ
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(2) For k2 � 4lm > 0 and m– 0, various exact solutions are
constructed.

� The kink solution

w6ðx; tÞ ¼ f�cln2ðBÞ k2 � 4lm
� �

tanhB
1
2
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �2

� 1

 !
g

ð52Þ

� The singular solution

w7ðx; tÞ ¼ �cln2ðBÞ k2 � 4lm
� �

cothB
1
2
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �2

� 1

 !( )
:

ð53Þ

� The complex kink-antikink solution

w8ðx; tÞ ¼ �cln2ðBÞ k2 � 4lm
� � �1þ tanhB g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �
� i

ffiffiffiffiffiffi
pq

p
sechB g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �� �2
 !( )

: ð54Þ

� The mixed singular solution

w9ðx; tÞ ¼ �cln2ðBÞ k2 � 4lm
� �

cothB g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �
� ffiffiffiffiffiffi

pq
p

cschB g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �� �2

� 1

 !( )
:

ð55Þ

� The kink-singular solution

w10ðx; tÞ ¼ f�1
4
cln2ðBÞ k2 � 4lm

� �
cothB

1
4
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� ��

þ tanhB
1
4
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �

� 2Þ cothB
1
4
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �
þ tanhB

1
4
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4lm

q� �
þ 2

� �
g: ð56Þ

(3) For lm > 0 and k ¼ 0.

� The trigonometric solutions

w11ðx; tÞ ¼ �4clmln2ðBÞ tanB g
ffiffiffiffiffiffi
lm

pð Þ2 þ 1
� �n o

: ð57Þ

w12ðx; tÞ ¼ �4clmln2ðBÞ cotB g
ffiffiffiffiffiffi
lm

pð Þ2 þ 1
� �n o

: ð58Þ

� The combined form of trigonometric solutions

w13ðx; tÞ ¼ �4clmln2ðBÞ tanB 2g
ffiffiffiffiffiffi
lm

pð Þ � ffiffiffiffiffiffi
pq

p
secB 2g

ffiffiffiffiffiffi
lm

pð Þð Þ2 þ 1
� �n o

:

ð59Þ

w14ðx; tÞ ¼ �4clmln2ðBÞ cotB 2g
ffiffiffiffiffiffi
lm

pð Þ � ffiffiffiffiffiffi
pq

p
cscB 2g

ffiffiffiffiffiffi
lm

pð Þð Þ2 þ 1
� �n o

: ð60Þ

w15ðx; tÞ ¼ clmln2ðBÞ � cotB
1
2
g
ffiffiffiffiffiffi
lm

p� �
� tanB

1
2
g
ffiffiffiffiffiffi
lm

p� �� �2

� 4

 !( )
:

ð61Þ
(4) For lm < 0 and k ¼ 0.

� The kink solutions

w16ðx; tÞ ¼ 4clmln2ðBÞ tanhB g
ffiffiffiffiffiffiffiffiffiffi�lmpð Þ2 � 1

� �n o
: ð62Þ
4

� The singular solution

w17ðx; tÞ ¼ 4clmln2ðBÞ cothB g
ffiffiffiffiffiffiffiffiffiffi�lmpð Þ2 � 1

� �n o
: ð63Þ

� Complexion combo types solutions

w18ðx; tÞ ¼ 4clmln2ðBÞ �1þ tanhB 2g
ffiffiffiffiffiffiffiffiffiffi�lmpð Þ � i

ffiffiffiffiffiffi
pq

p
sechB 2g

ffiffiffiffiffiffiffiffiffiffi�lmpð Þð Þ2
� �n o

: ð64Þ

w19ðx; tÞ ¼ 4clmln2ðBÞ cothB 2g
ffiffiffiffiffiffiffiffiffiffi�lmpð Þ � ffiffiffiffiffiffi

pq
p

cschB 2g
ffiffiffiffiffiffiffiffiffiffi�lmpð Þð Þ2 � 1

� �n o
: ð65Þ

w20ðx; tÞ ¼ clmln2ðBÞ cothB
1
2
g
ffiffiffiffiffiffiffiffiffiffi�lmp� �

þ tanhB
1
2
g
ffiffiffiffiffiffiffiffiffiffi�lmp� �� �2

� 4

 !( )
: ð66Þ

(5) For k ¼ 0 and m ¼ l.

� The periodic solutions

w21ðx; tÞ ¼ �4cl2ln2ðBÞ tanBðlgÞ2 þ 1
� �n o

: ð67Þ

w22ðx; tÞ ¼ �4cl2ln2ðBÞ cotBðlgÞ2 þ 1
� �n o

: ð68Þ

� Combined periodic solutions
w23ðx; tÞ ¼ f�4cl2ln2ðBÞ tanBð2lgÞ �
ffiffiffiffiffiffi
pq

p
secBð2lgÞð Þ2 þ 1

� �
g
ð69Þ

w24ðx; tÞ ¼ f�4cl2ln2ðBÞ �cotBð2lgÞ �
ffiffiffiffiffiffi
pq

p
cscBð2lgÞð Þ2 þ 1

� �
g:
ð70Þ

w25ðx; tÞ ¼ cl2ln2ðBÞ � cotB
lg
2

� �
� tanB

lg
2

� �� �2
� 4

� �	 

: ð71Þ

(6) For k ¼ 0 and m ¼ �l.

� The exact traveling wave solutions

w26ðx; tÞ ¼ �4cl2ln2ðBÞ tanhBðlgÞ2 � 1
� �n o

: ð72Þ

w27ðx; tÞ ¼ �4cl2ln2ðBÞ cothBðlgÞ2 � 1
� �n o

: ð73Þ

w28ðx; tÞ ¼ �4cl2ln2ðBÞ �1þ �tanhBð2lgÞ � i
ffiffiffiffiffiffi
pq

p
sechBð2lgÞð Þ2

� �n o
: ð74Þ

w29ðx; tÞ ¼ �4cl2ln2ðBÞ �cothBð2lgÞ �
ffiffiffiffiffiffi
pq

p
cschBð2lgÞð Þ2 � 1

� �n o
: ð75Þ

w30ðx; tÞ ¼ cl2ln2ðBÞ 4� cothB
lg
2

� �
þ tanhB

lg
2

� �� �2� �	 

: ð76Þ

(7) For k2 ¼ 4lm.

� Plane wave solutions

w31ðx; tÞ ¼
4clm kn lnðBÞ k2 � 4lm

� �ðkn lnðBÞ þ 4Þ � 16lm
� �

k4n2

( )
:

ð77Þ
(8) For l ¼ 0 and k– 0.

� Mixed type hyperbolic solutions
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w32ðx; tÞ ¼
4ck2pln2ðBÞ coshBðkgÞ � sinhBðkgÞð Þ

coshBðknÞ þ p� SinhdðkgÞð Þ2
( )

: ð78Þ

w33ðx; tÞ ¼
4ck2qln2ðBÞ coshBðkgÞ þ sinhBðkgÞð Þ

coshBðkgÞ þ qþ sinhBðkgÞð Þ2
( )

: ð79Þ

(9) For l ¼ 0; k ¼ v and m ¼ rv.

� Plane wave solution

w34ðx; tÞ ¼ �4cprv2ln2ðBÞBgv rðp� qÞBgv þ p
� �

p� qrBgv
� �2

( )
: ð80Þ

Where g ¼ x� ct, for all above solutions.
4. Results and discussion

A comparison is given of our acquired results to some available
published work. Previous work has been done on this dynamical
model. Generalizations of the Camassa-Holm and the Dullin-
Gottwald-Holm equations were investigated from the perspective
of existence of global solutions, criteria for wave breaking phenom-
ena and integrability. They proved the existence and uniqueness of
solutions of the Cauchy problem through Kato’s technique. In
(Mustafa, 2006), the authors determined the existence and unique-
ness of low regularity solutions of the governing model. In (Zhou
et al., 2013), peakon-antipeakon interaction with the aid of direct
computation was constructed. Exact solutions have been discussed
by using traveling-wave transformation and the exp-function tech-
nique in (Can et al., 2009). Tian et al. (2005) analyzed peaked solu-
tion by assuming 2a2xþ c ¼ 0. In (Meng et al., 2011), periodic
Fig. 1. Plots of solution (47) for the parameters c ¼ �

5

waves solutions have been recovered by integral bifurcation and
semi-inverse approaches. The ansatz method to retrieve 1-soliton
solution was also discussed. The categorization of bounded travel-
ing wave solutions have been constructed in (da Silva, 2019). In
diverse parameter regions, the dynamical deportment of traveling
wave solutions and its bifurcations have been given in (Yu et al.,
2016). The qualitative approach of planar systems to secure the
bounded exact solutions were discussed (Zhong and Deng, 2017).
The results obtained are exceptional and unique in comparison
to previous findings in the literature. The periodic, kink, singular,
anit-kink, combo kink-anti kink, and rational function (plane wave)
solutions, which are appeared in Eqs. (47), (52), (56), (62), (64),
(74) and (80) as exhibited in Figs. 1–7 respectively. The achieve-
ments reported in this article may be valuable in clarifying the true
meaning of numerous nonlinear advancement circumstances that
develop in various domains of nonlinear sciences.
5. Concluding remarks

In this research work, we examined the new exact traveling
wave structures to (1+1)-dimensional DGH system through math-
ematical technique known as NEDAM. By employing this men-
tioned norm we recovered several exact in the form of
hyperbolic and trigonometric. The results obtained are exceptional
and unique in comparison to previous findings in the literature. In
addition, 3-dimensional, 2-dimensional, and corresponding con-
tour graphs of earned outcomes are sketched in order to observe
their dynamics with the choices of involved parameters. The out-
comes retrieved in this article may be valuable in clarifying the
true meaning of numerous nonlinear advancement circumstances
that develop in various domains of applied sciences.
1:5; c ¼ 0:8; m ¼ 1:7; k ¼ 0:7;l ¼ 0:75 and B ¼ e.



Fig. 3. Plots of solution (56)for the parameters c ¼ �1:1; c ¼ 0:7; m ¼ 1:2; k ¼ 0:75;l ¼ �0:65:5 and B ¼ e.

Fig. 2. Plots of solution (52) for the parameters c ¼ �2; c ¼ 1:5; m ¼ 0:7; k ¼ 1:1;l ¼ �0:7:5 and B ¼ e.
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Fig. 5. Plots of solution (64) for the parameters p ¼ 1:7; q ¼ 1:5; c ¼ 1:4; c ¼ 0:3; m ¼ 0:9; k ¼ 0:7;l ¼ �0:5 and B ¼ e.

Fig. 4. Plots of solution (62) for the parameters c ¼ 1:5; c ¼ 1:3; m ¼ 0:6;l ¼ �0:9:5 and B ¼ e.
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Fig. 7. Plots of solution (80) for the parameters p ¼ 0:7; q ¼ 1:7; c ¼ 1:5; c ¼ 1:4; r ¼ 2; k ¼ 2:4;v ¼ 1:3 and B ¼ e.

Fig. 6. Plots of solution (74) for the parameters p ¼ 1:7; q ¼ 0:7; c ¼ 1:5; c ¼ 0:8;l ¼ 0:55 and B ¼ e.
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