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Abstract In this paper, we apply the exp-function method to construct generalized solitary and
periodic solutions of modified Zakharov—Kuznetsov equation which play a very important role
in mathematical physics and engineering sciences. The suggested algorithm is quite efficient and
is practically well suited for use in these problems. Numerical results clearly indicate the reliability
and efficiency of the proposed exp-function method.

© 2010 King Saud University. All rights reserved.

1. Introduction

This paper is devoted to the study of a nonlinear evolution
equation which is called the Zakharov—Kuznetsov (ZK) equa-
tion and is of the form

U 4 WPty + Uy + Uyyy = 0. (1)

The ZK equation arises in number of scientific models
including fluid mechanics, astrophysics, solid state physics,
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plasma physics, chemical kinematics, chemical chemistry,
optical fiber and geochemistry, see (Mohyud-Din et al., 2008;
Tascan et al., 2008; Wazwaz, 2008) and the references therein.
The basic motivation of this paper is to extend the application
of a very reliable and efficient technique which is called the
exp-function method for traveling wave solutions of modified
Zakharov—Kuznetsov (ZK) equation. The proposed method
was developed by He and Wu (He and Wu, 2006) to seek
the solitary, periodic and compacton like solutions of nonlin-
ear differential equations; see (Abdou et al., 2007; El-Wakil
et al., 2007; He and Wu, 2006; He and Abdou, 2007;
Mohyud-Din et al., 2009, 2010, 2008; Noor et al., 2008a,b;
Tascan et al., 2008; Wazwaz, 2008; Wu and He, in press,
2007; Yusufoglu, 2008; Zhou, 2007; Zhou et al., 2008; Zhang,
2007; Zhu, 2007a,b) and the references therein.

2. Exp-function method

We consider the general nonlinear PDE of the type

P(u7 Upy Uy Uy Uy Uy Uyyy Uy Uy Uy oo ) =0. (2)
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Using a transformation

n=kx+awy+pt, orn=oax+py+pt, 3)

where k,w,«, f and p are constants, we can rewrite Eq. (3) in
the following nonlinear ODE;

Ou,u' " u",...) =0. (4)

According to exp-function method, which was developed
by He and Wu (2006), we assume that the wave solution can
be expressed in the following form:

uly) = i S )

m=—q

where p, ¢, c and d are positive integers which are known to be
further determined, a, and b,, are unknown constants. We can
rewrite Eq. (6) in the following equivalent form:

_acexplen] + - +a_gexp[—dy]
byexplpn] + -+ +b_,exp[—qn]

u(n) (6)

This equivalent formulation plays an important and funda-
mental part for finding the analytic solution of problems. To
determine the value of ¢ and p, we balance the linear term of
highest order of Eq. (4) with the highest order nonlinear term.
Similarly, to determine the value of d and ¢, we balance the lin-
ear term of lowest order of Eq. (4) with lowest order nonlinear
term (Abdou et al., 2007; El-Wakil et al., 2007, He and Whu,
2006; He and Abdou, 2007; Mohyud-Din et al., 2009, 2010,
2008; Noor et al.,, 2008a,b; Tascan et al., 2008; Wazwaz,
2008; Wu and He, in press, 2007; Yusufoglu, 2008; Zhou,
2007; Zhou et al., 2008; Zhang, 2007; Zhu, 2007a,b).

3. Solution procedure

Consider the modified Zakharov—Kuznetsov (ZK) Eq. (1)
U 4 WPy + Urr + Uyyy = 0.

Introducing a transformation as n = ax + fy + pt, we can
covert Eq. (1) into an ODE as

pul + aitrd + (8 + o) = 0. (7)

The solution of the Eq. (7) can be expressed as follows:

u(n)

_ 4 explen] + - -+ + a_qexp[—dy]
byexplpn] + - -+ + b_qexp[—qn]’

(6)

To determine the value of ¢ and p, we balance the linear
term of highest order of Eq. (7) with the highest order nonlin-
ear term

d" = €1 exp[(7p + C)’ﬂ +

- 8
crexp(8pn] 4 -+ ®
and
2o = Xl 30+ esexp[(Sp+ 3] + - )
caexp[dpn] + - - caexp+[8py]--- 7

where ¢; are determined coefficients only for simplicity; balanc-
ing the highest order of exp-function in (8) and (9), we have

Tp + ¢ = 5p + 3c, (10)

which in turn gives
p=c. (11)

To determine the value of d and ¢, we balance the linear
term of lowest order of Eq. (7) with the lowest order nonlinear
term

" ot dl CXp[(—d — 75[)7’]]
u" = 12
-+ 4 dy exp[—8¢n] (12
and
ot dsexp[(—g —3d)n] -+ dsexp[(=3d — 5¢)n]
W' = =
-+ + dyexp[—4qn] -+« + dyexp[—8qn]

(13)

where d; are determined coefficients only for simplicity. Now,
balancing the lowest order of exp-function in (12) and (13),
we have

~Tq—d=—5q - 3d, (14)
which in turn gives

g=d. (15)

Case 3.1.1. We can freely choose the values of ¢ and d, but we
will illustrate that the final solution does not strongly depend
upon the choice of values of ¢ and d. For simplicity, we set
p=c=1 and g=d=1, then the trial solution, Eq. (6)
reduces to

_ayexpln] +ag +a_ exp[—7]

u(n) = . 16
) by expln] + ao + b_y exp[—n] (1)
Substituting Eq. (16) into (7), we have
1
7 le3exp(3n) + c2exp(2n) + ¢ exp() + ¢o + c-1 exp(—n)
+ caexp(—2n) + c_3exp(—=3n)] =0, (17)

where A4 = (byexp(n) + by + b_, exp(—n))4, ¢i(i=-3,...,0,
...,3) are constants obtained by Maple 11.
Equating the coefficients of exp(nn) to be zero, we obtain

{c.3=0,c.0=0,c.1=0,¢0 =0,¢; =0,¢c, =0,¢3 = 0}.

(18)
Solution of (18) will yield
1 a?
,:0, b:b, b:b’ b7 :740 ,
a_ 0 0 1 1 1 24b1([32+zxz)
a=0, p=—aff—o, a=a. (19)

We, therefore, obtained the following generalized solitary
solution u(x, y, t) of Eq. (1)

o

u(x,y, t) = 2 ) (20)
bl e(ax+/fy+p[) + i /;1 (/22(;12) e(fmxflfy—pr)

where p = —oc[)’2 — o, and ay, by, o and f are real numbers (see

Fig. 3.1).

In case « and f§ are imaginary numbers, the obtained soliton
solution can be converted into periodic solution or compact-
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Figure 3.1 Depicts soliton solutions of Eq. (1), when gy = b; =

p=oa=1
Figure 3.2  Depicts periodic solutions of Eq. (1), when gy = b; =
like solution. Therefore, we write o = iw and f§ = i), respec- 0=w=1
tively. Consequently, Eq. (20) becomes : 5
a
a =0 =0, hh=——L— b=0 =0
u(x, 1) = . Oaz — ) o RT3 boo(f +02)’ R 7
ble(th+10}’+pt) _ 0Z . p(—iox—ily—pt) ) )
24b (02407 a1 =0, bo=b, p=—-4p +o ), a=a. (24)
where p = i(w92 + %), and ap, by, 0 and  are real numbers,
consequently
cos(wx + 0y + 100” + ta?)[ST6b10° + 576b;0* — 24d7]
(9, 1) +isin(wx + 0y + tw0” + 10*)[-576b10> — 576b;0* — byag(0° + )] 1)
ulx,y,t) =
cos(wx + 0y + tw0? + t?)* [79612%(1%(92 + %)) + 576b1 (0% + w*)
+1152510°? + 48b7 a2 (0° + ) + af
For periodic or compact-like solutions, the imaginary part Hence we get the generalized solitary wave solution
in Eq. (21) must be zero, hence u(x,y,t) of Eq. (1) as follows:
cos(wx + 0y + 100” + ta?) [ST6b10° + 576b;0* — 24d3]
u(x, 1) =

cos(@x + 0y + 100 + t0*)*[-96b1a3 (07 + w?)] + 576b7(0* + w*)
+1152b10° 0 + 487 (0 + o) + af

which is periodic solution of Eq. (1) (see Fig. 3.2).

Case 3.1.2. If p=c¢ =2, and ¢ = d = 2, then Eq. (6) reduces
to

_ @exp[2n] +ayexpln] + g +a_; exp[—n] +a_ exp[—21]
by exp(2n] + by exply] + bo + b1 exp[—n] + b exp[—2n]
(23)

Setting b, = b_; = 0, the trial-function (23) is simplified as
follows:

_ @ exp[2n] + a, exp[n] + ao + a_, exp[—n] + a_, exp[—24]
by exp[2n] + by + b_, exp[—27]

u(n)

Figure 3.3 Depicts soliton solutions of Eq. (1) in Case 3.1.2,
Proceeding as before, we obtain whenay=b,=a0=f=p=1.
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a
: - : (25)
e2(ax+By+pt) + b_ze—z(aw/},}*ﬂn)

uxy, ) =T——0o
96 b, (f2+a2)

where p = —4([1’2 +o?) and @y, b_,,o and B are real numbers
(see Fig. 3.3).

4. Conclusion

In this paper, we applied the exp-function method to obtain
the generalized solitary and periodic solutions of the modified
Zakharov—Kuznetsov equation. It is concluded that exp-func-
tion method is a very effective and powerful mathematical tool
for finding solitary and periodic solutions of the nonlinear par-
tial differential equations.
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