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Several researchers have looked at pulsating Fibonacci sequences in the last ten years, which are gener-
alizations of the Fibonacci sequence. They verify the closed form of these sequences via mathematical
induction. This approach is beautiful, but it can only be utilized when patterns of the closed forms are
predicted. In this paper, we introduce the complex pulsating a1; a2; . . . ; am; cð Þ-Fibonacci sequence and
apply matrix theory, particularly eigenvalues, eigenvectors, and block matrices, as well as basic proper-
ties of the floor function to bridge the gap and obtain the closed form of the complex pulsating. Moreover,
the golden ratios of this sequence are provided.
� 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction and Literature Review

The Fibonacci sequence Fnf g is defined as F0 ¼ 0; F1 ¼ 1 and
Fn ¼ Fn�1 þ Fn�2 for n > 1, and Binet’s formulas for Fibonacci num-

bers are given by Fn ¼ Un�/n

U�/ ¼ Un�/nffiffi
5

p , where U ¼ 1þ
ffiffi
5

p
2 �

1:6180339887 . . ., namely, the golden ratio, and / ¼ 1�U. This
sequence has been extended in various versions and has also been
studied by many mathematicians. For example, Miles (1960)
defined the k-generalized Fibonacci numbers f j;k by

f j;k ¼ 0; 0 6 j 6 k� 2; f k�1;k ¼ 1; f jk ¼
Xk
n¼1

f j�n;k; j P k:

Horadam (1961) defined the generalized Fibonacci sequence by
Hn ¼ Hn�1 þ Hn�2; n P 3; with H1 ¼ p; H2 ¼ pþ q

where p and q are arbitrary integers. Kalman and Mena (2003)
generalized the Fibonacci sequence by

Fn ¼ aFn�1 þ bFn�2; n P 2; with F0 ¼ 0; F1 ¼ 1:

Gupta et al. (2012) defined the generalized Fibonacci sequence
by

Fk ¼ pFk�1 þ qFk�2; k P 2; with F0 ¼ a; F1 ¼ b

where p; q; a and b are positive integers. Wani et al. (2017) defined
the generalized k-Fibonacci sequence Sk;n

� �
by

Sn ¼ kSk;n�1 þ Sk;n�2; n P 2;with Sk;0 ¼ q; Sk;1 ¼ qk

where q and k are positive integers. Javaheri and Krylov (2020) gen-
eralized the Fibonacci sequence by

Fnþ1 ¼ PFn � QFn�1; with F0 ¼ 0; F1 ¼ 1

where P and Q are nonzero integers. However, Atanassov et al.
(1985, 2001) defined four 2-Fibonacci sequences as follows:

a0 ¼ a;b0 ¼ b;a1 ¼ c;b1 ¼ d;
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anþ2 ¼ bnþ1 þ bn;

bnþ2 ¼ anþ1 þ an
ð1:1Þ
anþ2 ¼ anþ1 þ bn;

bnþ2 ¼ bnþ1 þ an
ð1:2Þ
anþ2 ¼ bnþ1 þ an;

bnþ2 ¼ anþ1 þ bn
ð1:3Þ
anþ2 ¼ anþ1 þ an;

bnþ2 ¼ bnþ1 þ bn
ð1:4Þ

for every nonnegative integer n. We observe that most of them are
related to the form of single-line sequences except for the work of K.
Atanassov is remarkable. So, it is the inspiration for us to study and
ascertain the behavior of this particular sequence.

Atanassov (2013) extended his sequence (1.2) by establishing
the a;bð Þ-pulsated Fibonacci sequence, which is defined by

a0 ¼ a; b0 ¼ b;

a2kþ1 ¼ b2kþ1 ¼ a2k þ b2k;

a2kþ2 ¼ a2kþ1 þ b2k;

b2kþ2 ¼ b2kþ1 þ a2k

ð1:5Þ

where a; b 2 R and k 2 N [ 0f g. One year later, he also proposed a
generalized version of (1.5), so called the a1;a2; . . . ;amð Þ-pulsated
Fibonacci sequence, which was published in Atanassov (2014)
and is defined as follows:

a1;0 ¼ a1; a2;0 ¼ a2; . . . ; am;0 ¼ am;

a1;2kþ1 ¼ a2;2kþ1 ¼ . . . ¼ am;2kþ1 ¼Pm
i¼1

ai;2k;

aj;2kþ2 ¼ aj;2kþ1 þ am�jþ1;2k

ð1:6Þ

for any nonnegative integers j; k, and m such that a1; a2; . . . ; am 2 R

and 1 6 j 6 m. Moreover, the latest version of pulsating Fibonacci
sequence was reported by Halici and Karatas (2019). They defined
a new sequence, complex pulsating Fibonacci sequence, as
follows:

P0 ¼ aþ ci; Q0 ¼ bþ ci;

Re Pnþ1ð Þ ¼ Im Pnð Þ; Re Qnþ1ð Þ ¼ Im Qnð Þ;
Im P2nþ2ð Þ ¼ Im Q2nþ2ð Þ ¼ Im P2nþ1 þ Q2nþ1ð Þ;
Im P2nþ1ð Þ ¼ Im P2nð Þ þ Re Q2nð Þ;
Im Q2nþ1ð Þ ¼ Im Q2nð Þ þ Re P2nð Þ

ð1:7Þ

where a; b and c are real numbers and n 2 N [ 0f g.
Fig. 1. The complex pulsating að

2

We note that it was sheer coincidence that the sequences in
(1.1)-(1.7) were confirmed in their closed form by using mathe-
matical induction.

In this paper, we use matrix theory, especially eigenvalues,
eigenvectors and block matrices, and basic properties of the floor
function to find the closed form of the Fibonacci sequence that
merges (1.6) and (1.7), named the complex pulsating
a1;a2; . . . ;am; cð Þ-Fibonacci sequence. This sequence is defined
as follows: Let a1; a2; . . . ; am and c be real numbers. Then,

P1;0 ¼ a1 þ ci; P2;0 ¼ a2 þ ci; . . . ; Pm;0 ¼ am þ ci;

Re Pj;kþ1
� � ¼ Im Pj;k

� �
;

Im P1;2kþ2
� � ¼ Im P2;2kþ2

� � ¼ � � � ¼ Im Pm;2kþ2
� � ¼ Im

Pm
i¼1

Pi;2kþ1

� �
Im Pj;2kþ1
� � ¼ Im Pj;2k

� �þ Re Pm�jþ1;2k
� �

;

ð1:8Þ
for all nonnegative integers j; k, and m such that 1 6 j 6 m. To make
it easier to visualize the complex pulsating a1; a2; . . . ; am; cð Þ-
Fibonacci sequence, we show in case m is equal to 2, that is equiv-
alent to (1.7), as Fig. 1.

Outline of the paper. In Section 2, we give some results which
affect the main obtained result. Section 3 is devoted to our main
results. The complex pulsating a1; a2; . . . ; am; cð Þ-Fibonacci
sequence is given in the closed form. Besides, the golden ratios of
this sequence are investigated. Finally, in Section 4, we summarize
and discuss our results.

2. Preliminaries

Throughout this paper, let Im be an m-by-m identity matrix and
Jm be an m-by-m matrix in which every entry is one. Let Km be an
m-by-m reversal matrix that is a permutation matrix in which
ki;m�iþ1 ¼ 1 for i ¼ 1;2; . . . ;m and all other entries are zero.

In this section, to simplify the process of finding the closed form
in Theorem 3.2, we construct the following lemmas.

Lemma 2.1. For any integer m P 2, the eigenvalues of matrix
U ¼ Jm þ Km are mþ 1 of multiplicity 1, �1 of multiplicity m

2

	 

and

1 of multiplicity m�1
2

	 

. Moreover, the eigenvectors of matrix U are

1. 1½ �m�1 with eigenvalue k ¼ mþ 1,
2. vh
� �

m�1 with eigenvalue k ¼ �1 for h ¼ 1;2; . . . ; m
2

	 

, where
1; a2; cÞ-
vh
i1 ¼

1 ; i ¼ h

�1 ; i ¼ m� hþ 1
0 ; otherwise;

8><
>:
Fibonacci sequence.



Fig. 2. The complex pulsating 1;2;3;4;5ð Þ-Fibonacci sequence.

Table 1
The complex pulsating a1; a2; . . . ; am; cð Þ-Fibonacci sequence in case m ¼ 4; a1 ¼ 1; a2 ¼ 2; a3 ¼ 3; a4 ¼ 4 and c ¼ 5.

k P1;k P2;k P3;k P4;k

Re P1;k
� �

Im P1;k
� �

Re P2;k
� �

Im P2;k
� �

Re P3;k
� �

Im P3;k
� �

Re P4;k
� �

Im P4;k
� �

1 1 5 2 5 3 5 4 5
2 5 9 5 8 5 7 5 6
3 9 30 8 30 7 30 6 30
4 30 36 30 37 30 38 30 39
5 36 150 37 150 38 150 39 150

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.
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3. wh
� �

m�1 with eigenvalue k ¼ 1 for h ¼ 1;2; . . . ; m�1
2

	 

, where if m is

even, then

wh
i1 ¼

1 ; i ¼ h and i ¼ m� hþ 1
�1 ; i ¼ m

2 and i ¼ m
2 þ 1

0 ; otherwise;

8><
>:

and if m is odd, then

wh
i1 ¼

1 ; i ¼ h and i ¼ m� hþ 1
�2 ; i ¼ mþ1

2

0 ; otherwise:

8><
>:
3

Proof. Obviously, by the properties of the floor function, we have

1þ m
2

j k
þ m� 1

2


 �
¼ m:

It is easily observed that

U 1½ �m�1 ¼ m� 1ð Þ þ 2½ � ¼ mþ 1ð Þ 1½ �m�1;

thus,mþ 1 is the eigenvalue of the matrix Uwith the corresponding
eigenvector 1½ �m�1.

Next, to show that U vh
� � ¼ � vh

� �
for all h 2 1;2; . . . ; m

2

	 
� �
, let

U ¼ uij
� �

and zhi be the ith column of U vh
� �

. Then,
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zhi ¼Pm
j¼1

uijvh
j1 ¼ uih � ui;m�hþ1 ¼ 2� um�hþ1;m�hþ1 ; i ¼ m� hþ 1

1� ui;m�hþ1 ; i– m� hþ 1

�

¼
2� 1 ; i ¼ m� hþ 1
1� 2 ; i ¼ h
1� 1 ; otherwise

8><
>: ¼

�1 ; i ¼ h

1 ; i ¼ m� hþ 1
0 ; otherwise

8><
>: ¼ �vh

i1:

Finally, we show that U wh
� � ¼ wh

� �
for all

h 2 1;2; . . . ; m�1
2

	 
� �
. Let U ¼ uij

� �
and zhi be the ith column of

U wh
� �

. If m is even, then

zhi ¼Pm
j¼1

uijwh
j1¼uihþui;m�hþ1�ui;m2

�ui;m2þ1

¼ 2þum�hþ1;m�hþ1�um�hþ1;m2
�um�hþ1;m2þ1 ; i¼m�hþ1

1þui;m�hþ1�ui;m2
�ui;m2þ1 ; i–m�hþ1

(

¼

2þ1�1�1 ; i¼m�hþ1
1þ2�1�1 ; i¼h
1þ1�1�2 ; i¼m

2

1þ1�2�1 ; i¼m
2þ1

1þ1�1�1 ; otherwise

8>>>>><
>>>>>:

¼
1 ; i¼hori¼m�hþ1
�1 ; i¼m

2 ori¼m
2þ1

0 ; otherwise

8<
: ¼wh

i1:

If m is odd, then

zhi ¼Pm
j¼1

uijwh
j1¼uihþui;m�hþ1�2ui;mþ1

2

¼
2þum�hþ1;m�hþ1�2um�hþ1;mþ1

2
; i¼m�hþ1

1þui;m�hþ1�2ui;mþ1
2

; i–m�hþ1

(

¼

2þ1�2 1ð Þ ; i¼m�hþ1
1þ2�2 1ð Þ ; i¼h

1þ1�2 2ð Þ ; i¼mþ1
2

1þ1�2 1ð Þ ; otherwise

8>>><
>>>: ¼

1 ; i¼h or i¼m�hþ1
�2 ; i¼mþ1

2

0 ; otherwise

8><
>: ¼wh

i1:

Hence, we have the desired result.
Lemma 2.2. Let U be the matrix which defined in Lemma 2.1 and
n 2 N. Then,

Un ¼ xJm þ Im

when n is even, and

Un ¼ xJm þ Km

when n is odd, where x ¼ mþ1ð Þn�1
m .
Proof. By Lemma 2.1, we know that Un ¼ PDnP�1, where P is an m-
by-m matrix such that each column vector is an eigenvector of U
associated with the eigenvalues mþ 1; �1 and 1 and
D ¼ diagðmþ 1; �1; . . . ;�1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

m
2b c

; 1; . . . ;1|fflfflfflffl{zfflfflfflffl}
m�1
2b c

Þ. To understand the following

process more easily, we separate the proof into two cases.

Case 1 If m is odd, then it is easily found that m�1
2

	 
 ¼ r ¼ m
2

	 

,

where m ¼ 2r þ 1. A useful expression for the correspondingly

partitioned presentation of m-by-m matrices P;Dn and P�1 is

P ¼

1½ �r�1 Ir Ir
1 01�r �2½ �1�r

1½ �r�1 �Kr Kr

2
6664

3
7775; Dn ¼

mþ 1ð Þn 01�r 01�r

0r�1 �1ð ÞnIr 0r

0r�1 0r Ir

2
6664

3
7775

and
4

P�1 ¼
1
m

� �
1�r

1
m

1
m

� �
1�r

1
2 Ir 0r�1 � 1

2Kr

1
2 Ir � 1

m Jr � 1
m

� �
r�1

1
2Kr � 1

m Jr

2
64

3
75:

We know that JK ¼ J ¼ KJ and K2 ¼ I. Let x ¼ mþ1ð Þn�1
m . Then, by

carrying out a partitioned multiplication and then simplifying,
we write Un as follows:

Un ¼
U1 U2 U3

U4 U5 U4

U3 U2 U1

2
64

3
75

where

U1 ¼ 1
m mþ1ð Þn� �

r þ �1ð Þn
2 Ir þ 1

2 Ir � 1
mJr ¼ xJr þ �1ð Þnþ1

2

� �
Ir;

U2 ¼ 1
m mþ1ð Þn� �

r�1þ � 1
m

� �
r�1 ¼ x½ �r�1;

U3 ¼ 1
m mþ1ð Þn� �

r þ �1ð Þnþ1

2 Kr þ 1
2Kr � 1

mJr ¼ xJr þ �1ð Þnþ1þ1
2

� �
Kr ;

U4 ¼ 1
m mþ1ð Þn� �

1�r þ �1½ �1�r þ 2r
m

� �
1�r ¼ mþ1ð Þnþ2r

m �1
h i

1�r
¼ x½ �1�r;

U5 ¼ 1
m mþ1ð Þnþ 2r

m ¼ xþ1:

Then, we can rewrite

Un ¼ xJm þ �1ð Þn þ 1
2

� �
Im þ �1ð Þnþ1 þ 1

2

 !
Km

to conclude that if n is even, then Un ¼ xJm þ Im, and if n is odd, then
Un ¼ xJm þ Km.

Case 2 If m is even, then it is easy to see that m�1
2

	 
 ¼ r and
m
2

	 
 ¼ r þ 1, where m ¼ 2 r þ 1ð Þ. By the same argument as in Case
1, we obtain the matrix Un, where

P ¼

1½ �r�1 Ir 0r�1 Ir

1½ �2�1 02�r
1
�1

� �
�1½ �2�r

1½ �r�1 �Kr 0r�1 Kr

2
666664

3
777775;

Dn ¼

mþ 1ð Þn 01�r 0 01�r

0r�1 �1ð ÞnIr 0r�1 0r

0 01�r �1ð Þn 01�r

0r�1 0r 0r�1 Ir

2
6664

3
7775

and

P�1 ¼

1
m

� �
1�r

1
m

� �
1�2

1
m

� �
1�r

1
2 Ir 0r�2 � 1

2Kr

01�r
1
2 � 1

2

� �
01�r

1
2 Ir � 1

m Jr � 1
m

� �
r�2

1
2Kr � 1

m Jr

2
66664

3
77775:

we can rewrite

Un ¼ xJm þ �1ð Þn þ 1
2

� �
Im þ �1ð Þnþ1 þ 1

2

 !
Km

and hence, if n is even, then Un ¼ xJm þ Im, and if n is odd, then

Un ¼ xJm þ Km, where x ¼ mþ1ð Þn�1
m , as desired.
3. Main results

Two portions are divided in this section. The closed form of the
complex pulsating a1; a2; . . . ; am; cð Þ-Fibonacci sequence, which is
the focus of the study, is demonstrated in the first section. The
golden ratios of this sequence are discussed in the second half.
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3.1. The closed form of the complex pulsating a1; a2; . . . ; am; cð Þ-
Fibonacci sequence

In this section, matrix theory is an essential proof technique.
We will reveal the reasoning behind this choice in Section 4. How-
ever, to visualize it more clearly, we would like to provide an
example of the following sequence.

Example 3.1. In the circumstances m ¼ 4; a1 ¼ 1; a2 ¼ 2; a3 ¼ 3;
a4 ¼ 4, and c ¼ 5, we shall demonstrate an example of the complex
pulsating a1; a2; . . . ; am; cð Þ-Fibonacci sequence. Table 1 and Fig. 2
provide more information.
Theorem 3.2. The closed form of the complex pulsating
a1; a2; . . . ; am; cð Þ-Fibonacci sequence is

Im P1;2kþ2
� � ¼ � � � ¼ Im Pm;2kþ2

� � ¼ mþ 1ð ÞkPm
i¼1

ai þm mþ 1ð Þkc;

Im Pj;2kþ1
� � ¼

mþ1ð Þk�1
m

Pm
i¼1

ai þ aj þ mþ 1ð Þkc ; k is odd

mþ1ð Þk�1
m

Pm
i¼1

ai þ am�jþ1 þ mþ 1ð Þkc ; k is even

8>>><
>>>:

for all k 2 N [ 0f g.
Proof. Define a linear transformation T : R4m ! R4m by

Tðd1; . . . ; dm;j1; . . . ;jm; f1; . . . ; fm;l1; . . . ;lmÞ
¼ ðj1 þ dm;j2 þ dm�1; . . . ;jm þ d1;p; . . . ;p|fflfflfflffl{zfflfflfflffl}

m

; q; . . . ; q|fflfflfflffl{zfflfflfflffl}
m

;

lm þ q;lm�1 þ q; . . . ;l1 þ qÞ;
ð3:1Þ

where p ¼Pm
k¼1dk þ jk and q ¼Pm

k¼1lk. Clearly, the matrix repre-
sentation of T with respect to the standard basis is

Q ¼ A 0
0 B

� �
;where A ¼ Km Im

Jm Jm

� �
and B ¼ 0 Jm

0 U

� �
:

Note that U is the matrix in Lemma 2.1. Then, the matrix A can
be rewritten in the following form:

A ¼ Im 0m

�Km Im

� �
0m Im
0m U

� �
Im 0m

Km Im

� �
:

We are now ready to find the closed form. For each k 2 N [ 0f g, we

let Xk ¼ X 0
k

X 00
k

� �
, where X0

k ¼ Re P1;k
� � � � � Re Pm;k

� �� �t and

X00
k ¼ Im P1;k

� � � � � Im Pm;k

� �� �t . Moreover, we observe that

Q X2k
X2kþ1

� �
¼ X2kþ2

X2kþ3

� �
. By computing directly, we have

X2k

X2kþ1

� �
¼ Qk X0

X1

� �
;

where X0 ¼ a1 � � � am c � � � c½ �t1�2m; X1 ¼ c � � � c½
c þ am c þ am�1 � � � c þ a1�t1�2m and k 2 N. Furthermore, by block
matrix multiplication, we obtain

Qk ¼ Ak 0
0 Bk

" #
;

where
5

Ak ¼ Im 0m

�Km Im

� �
0m Uk�1

0m Uk

" #
Im 0m

Km Im

� �

¼
Uk�1Km Uk�1

�KmU
k�1 þ Uk

� �
Km �KmU

k�1 þ Uk

2
4

3
5

and

Bk ¼ 0 JmU
k�1

0 Uk

" #
:

As a result,

X2k

X2kþ1

� �
¼ Qk X0

X1

� �

¼

Uk�1Km Uk�1 0m 0m

�KmU
k�1 þ Uk

� �
Km �KmU

k�1 þ Uk 0m 0m

0m 0m 0m JmU
k�1

0m 0m 0m Uk

2
666664

3
777775

X 0
0

X 00
0

X 0
1

X 00
1

2
6664

3
7775

¼

Uk�1KmX
0
0 þ Uk�1X00

0

�KmU
k�1 þ Uk

� �
KmX

0
0 þ �KmU

k�1 þ Uk
� �

X00
0

JmU
k�1X 00

1

UkX00
1

2
666664

3
777775:

We know that J2m ¼ mJm. Next, we let x ¼ mþ1ð Þk�1
m and

x0 ¼ mþ1ð Þk�1�1
m , and consider the terms of matrix multiplication in

two cases:

Case 1 If k is odd, we obtain that Uk ¼ xJm þ Km and

Uk�1 ¼ x0Jm þ Im. Thus,

1)
Uk�1KmX
0
0 þ Uk�1X00

0 ¼ x0Jm þ Kmð ÞX 0
0 þ x0Jm þ Imð ÞX00

0

¼

x0
Pm
i¼1

ai þ am

..

.

x0
Pm
i¼1

ai þ a1

2
6666664

3
7777775þ

mx0c þ c

..

.

mx0c þ c

2
64

3
75

¼

x0
Pm
i¼1

ai þ am þ mþ 1ð Þk�1c

..

.

x0
Pm
i¼1

ai þ a1 þ mþ 1ð Þk�1c

2
6666664

3
7777775

m�1

;

2)

�KmU
k�1 þ Uk

� �
KmX

0
0 þ �KmU

k�1 þ Uk
� �

X00
0

¼ �Km x0Jm þ Imð ÞKm þ xJm þ Kmð ÞKmð ÞX 0
0 þ �Km x0Jm þ Imð Þð

þ xJm þ Kmð ÞÞX 00
0

¼ �x0Jm � Im þ xJm þ Imð ÞX 0
0 þ �x0Jm � Km þ xJm þ Kmð ÞX 00

0

¼ �x0 þ xð ÞJmX0
0 þ �x0 þ xð ÞJmX00

0 ¼ mþ 1ð Þk�1Jm X 0
0 þ X00

0

� �
¼ mþ 1ð Þk�1Pm

i¼1
ai þm mþ 1ð Þk�1c

� �
m�1

;
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3)

JmU
k�1X 0

10 ¼ Jm x0Jm þ Imð ÞX00
1 ¼ mx0Jm þ Jmð ÞX 00

1

¼ mx0 þ 1ð ÞJmX00
1 ¼ mþ 1ð Þk�1JmX

00
1

¼ mþ 1ð Þk�1Pm
i¼1

ai þm mþ 1ð Þk�1c
� �

m�1
;

4)

UkX00
1 ¼ xJm þ Kmð ÞX00

1 ¼

x
Xm
i¼1

ai þ a1 þ mþ 1ð Þkc

..

.

x
Xm
i¼1

ai þ am þ mþ 1ð Þkc

2
66666664

3
77777775

m�1

:

We conclude that X2k

X2kþ1

� �
¼ Qk X0

X1

� �
¼ pj

� �
4m�1

, where pj is in the

pattern as follows:
pj ¼

mþ1ð Þk�1�1
m

Pm
i¼1

ai þ am�jþ1 þ mþ 1ð Þk�1c ; 1 6 j 6 m

mþ 1ð Þk�1Pm
i¼1

ai þm mþ 1ð Þk�1c ; mþ 1 6 j 6 3m

mþ1ð Þk�1
m

Pm
i¼1

ai þ aj�3m þ mþ 1ð Þkc ; 3mþ 1 6 j 6 4m:

8>>>>>>><
>>>>>>>:

Case 2 If k is even, we obtain that Uk ¼ xJm þ Im and

Uk�1 ¼ x0Jm þ Km. In the same manner, we have both

�KmU
k�1 þ Uk

� �
KmX

0
0 þ �KmU

k�1 þ Uk
� �

X00
0 and JmU

k�1X00
1 are equal

to

mþ 1ð Þk�1Pm
i¼1ai þm mþ 1ð Þk�1c

h i
m�1

. However,

Uk�1KmX
0
0 þ Uk�1X 00

0 ¼

x0
Pm
i¼1

ai þ a1 þ mþ 1ð Þk�1c

..

.

x0
Pm
i¼1

ai þ am þ mþ 1ð Þk�1c

2
6666664

3
7777775

m�1

and

UkX 00
1 ¼

x
Xm
i¼1

ai þ am þ mþ 1ð Þkc

..

.

Xm
i¼1

ai þ a1 þ mþ 1ð Þkc

2
66666664

3
77777775

m�1

:

As a result,

pj ¼

mþ1ð Þk�1�1
m

Pm
i¼1

ai þ aj þ mþ 1ð Þk�1c ; 1 6 j 6 m

mþ 1ð Þk�1Pm
i¼1

ai þm mþ 1ð Þk�1c ; mþ 1 6 j 6 3m

mþ1ð Þk�1
m

Pm
i¼1

ai þ a4m�jþ1 þ mþ 1ð Þkc ; 3mþ 1 6 j 6 4m:

8>>>>>>><
>>>>>>>:
3.2. The golden ratio of the complex pulsating a1; a2; . . . ; am; cð Þ-
Fibonacci sequence

In mathematics, the Fibonacci sequence and the golden ratio are
closely related. This ratio is the limit of the ratios of successive
terms of the Fibonacci sequence. In the previous section, we dis-
cover the closed form of the complex pulsating a1; a2; . . . ; am; cð Þ-
6

Fibonacci sequence, which is a generalization of the Fibonacci
sequence. As a consequence, it is no surprise that we will look at
the golden ratio of this sequence in this section. The consequence
of our closed form in Section 3.1 is the ratios

lim
k!1

Re Pj;2kþ2
� �þ iIm Pj;2kþ2

� �
Re Pj;2kþ1
� �þ iIm Pj;2kþ1

� �
and

lim
k!1

Re Pj;2kþ1
� �þ iIm Pj;2kþ1

� �
Re Pj;2k
� �þ iIm Pj;2k

� �
which seem to be the well-known golden ratio. For further results,
look at the following proposition.

Proposition 3.3. For each j ¼ 1;2; . . . ;m, let Pj;n
� �

be a complex
pulsating a1; a2; . . . ; am; cð Þ-Fibonacci sequence as the sequence
(1.8). Then, the golden ratios of this sequence are

� limk!1
Re Pj;2kþ2ð ÞþiIm Pj;2kþ2ð Þ
Re Pj;2kþ1ð ÞþiIm Pj;2kþ1ð Þ ¼

mþ1ð Þ m2þ2mð Þ
m2þ mþ1ð Þ2 þ i

mþ1ð Þ m2�m�1ð Þ
m2þ mþ1ð Þ2 ,

� limk!1
Re Pj;2kþ1ð ÞþiIm Pj;2kþ1ð Þ

Re Pj;2kð ÞþiIm Pj;2kð Þ ¼ m2þ2m
m2þ1 � i m

2�m�1
m2þ1 .
Proof. First, for each j ¼ 1;2; . . . ;m, we consider the ratio by using
Theorem 3.2

lim
k!1

Im Pj;2kþ2ð Þ
Im Pj;2kþ1ð Þ

6 max lim
k!1

mþ1ð Þk
Xm
i¼1

aiþm mþ1ð Þkc

mþ1ð Þk�1
m

Xm
i¼1

aiþajþ mþ1ð Þkc

; lim
k!1

mþ1ð Þk
Xm
i¼1

aiþm mþ1ð Þkc

mþ1ð Þk�1
m

Xm
i¼1

aiþam�jþ1þ mþ1ð Þkc

8>>>><
>>>>:

9>>>>=
>>>>;

¼

Xm
i¼1

aiþmc

1
m

Xm
i¼1

aiþc

¼ m;

and in the same manner, we have

lim
k!1

Im Pj;2kþ2ð Þ
Im Pj;2kþ1ð Þ

P min lim
k!1

mþ1ð Þk
Xm
i¼1

aiþm mþ1ð Þkc

mþ1ð Þk�1
m

Xm
i¼1

aiþajþ mþ1ð Þkc

; lim
k!1

mþ1ð Þk
Xm
i¼1

aiþm mþ1ð Þkc

mþ1ð Þk�1
m

Xm
i¼1

aiþam�jþ1þ mþ1ð Þkc

8>>>><
>>>>:

9>>>>=
>>>>;

¼ m:

As a result, limk!1
Im Pj;2kþ2ð Þ
Im Pj;2kþ1ð Þ ¼ m. In addition, by the same argu-

ment, we obtain

lim
k!1

Im Pj;2k
� �

Im Pj;2kþ1
� � ¼ m

mþ 1

for all j ¼ 1;2; . . . ;m. So, we have

lim
k!1

Re Pj;2kþ2ð ÞþiIm Pj;2kþ2ð Þ
Re Pj;2kþ1ð ÞþiIm Pj;2kþ1ð Þ ¼ lim

k!1
Im Pj;2kþ1ð ÞþiIm Pj;2kþ2ð Þ
Im Pj;2kð ÞþiIm Pj;2kþ1ð Þ

¼ lim
k!1

1þi
Im Pj;2kþ2ð Þ
Im Pj;2kþ1ð Þ
� �
Im Pj;2kð Þ

Im Pj;2kþ1ð Þþi

¼ 1þim
m

mþ1þi ¼
mþ1ð Þ m2þ2mð Þ
m2þ mþ1ð Þ2 þ i

mþ1ð Þ m2�m�1ð Þ
m2þ mþ1ð Þ2 :
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And,

lim
k!1

Re Pj;2kþ1ð ÞþiIm Pj;2kþ1ð Þ
Re Pj;2kð ÞþiIm Pj;2kð Þ ¼ lim

k!1
Im Pj;2kð ÞþiIm Pj;2kþ1ð Þ
Im Pj;2k�1ð ÞþiIm Pj;2kð Þ

¼ lim
k!1

1þi
Im Pj;2kþ1ð Þ
Im Pj;2kð Þ

� �
Im Pj;2k�1ð Þ
Im Pj;2kð Þ þi

¼ 1þi mþ1
mð Þ

1
mþi

¼ m2þ2m
m2þ1 � i m

2�m�1
m2þ1 :
4. Conclusion and Discussion

Actually, the heart of this paper is to find the appropriate matrix
Q to use in the proof of Theorem 3.2 but the matrix Q can take
many different forms. The variety of Q depends on a linear map T
which obeys the rule in (1.8). Here is one of the examples of Q that
we ever used to solve (1.8). Let Xn¼ Re P1;nð Þ Im P1;nð Þ ���½
Re Pm;nð ÞIm Pm;nð Þ�t for n 2 N [ 0f g and T : R4m ! R4m be defined by
T x1; x2; . . . ; x4mð Þ ¼ x2 þ x2m�1; y; x4 þ x2m�3; y; . . . ; x2m þ x1; y; y; x4mþð
y; y; x4m�2 þ y; . . . ; y; x2mþ2 þ yÞ where y ¼Pm

k¼1x2 mþkð Þ. Then the

matrix Q is in the form A C
0 B

� �
where

A2m�2m ¼ aij
� � ¼ 1 ; j is odd and i ¼ 2m� jð Þ;

or j is even and i ¼ j� 1ð Þ;
0 ; otherwise;

8><
>:

B2m�2m ¼ bij
� � ¼ 0 ; j is odd;

2 ; j 6 m; j is even and i ¼ 2mþ j� 2;
0 ; otherwise;

8><
>:

and C2m�2m ¼ cij
� � ¼ 0 ; j is odd;

2 ; j P mþ 1; j is even and i ¼ 2m� jþ 2;
0 ; otherwise:

8><
>:

In the same manner, we know that X2n

X2nþ1

� �
¼ Qn X0

X1

� �
, where

X0 ¼ a1 c a2 c � � � am c½ �t1�2m,
X1 ¼ c c þ am c c þ am�1 � � � c c þ a1½ �t1�2m. The matrix Qn

looks uneasily to compute its closed form.So, here is the reason that
we choose the map T in (3.1) because its matrix representation is in

the form Q ¼ A 0
0 B

� �
which is easily compute Qn. Even though, the

matrix A ¼ Km Im
Jm Jm

� �
looks so complicated but it can be decom-
7

posed as follows:A ¼ Im 0m

�Km Im

� �
0m Im
0m U

� �
Im 0m

Km Im

� �
. Moreover,

the matrix Im 0m

�Km Im

� �
is the inverse of Im 0m

Km Im

� �
, which makes

it easier to see An. Then, the computation of Qn is simplified to only
find the matrix Un. So, we have to collect all of the eigenvalues and
eigenvectors in Lemma 2.1 and complete our work in Lemma2.2 for
finding the closed form of Un. Until now, we can see that the con-
struction of Q relies on the rearrangement in the entries of the
matrix Xn and the formula of a map T. Both of these may lead us
to vary directions for getting Q.

By the way, we believe that our tactics to create the matrix Q in
Section 3.1 are not the best. So, we wish to see a friendly matrix Q
that can be computed favorably.
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