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1. Introduction

The essential elements for the life processes in aquatic organ-
isms are called nutrients. Major nutrients are carbon, nitrogen,
phosphorus, silicon, and many others. Those elements which are
required for plants and animals in small quantities are called
micronutrient. They might be manganese, copper, zinc, and cobalt
(Bowie et al., 1985). Nutrients are important in water purification
but most often are associated with algae growth. The microorgan-
isms that containing a nucleus enclosed within a well-defined
membrane are called algae which apply to a diverse group of
eucaryotic. They are unicellular and multicellular plants that occur
in freshwater, marine water, and damp environment (Deas and
Orlob, 1999).
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Algae are found in rivers, lakes, and oceans. The photosynthesis
of algae consumes inorganic carbon to produce organic matter and
release oxygen by using light. Nutrient elements are important to
the growth of algae and water eutrophication factors. Through
photosynthesis, algae produce oxygen in the daytime and consume
it in the nighttime. Thus, high algae density may lead to low dis-
solved oxygen concentration. Although carbon is also available in
water. So, algae is required for the growth of cells using carbon.
When carbon is dissolved in water it interfaces as carbon dioxide
CO,(g) — COy(aq). However, this process is insufficient to keep
up with algae dependence. Under such conditions algae remove
CO, from bicarbonate ion:

HCO; — CO, + OH . (1)

This shows that OH™ is increasing the concentration.

The mathematical model have been constructed to study of
growth of algae and its dependence on nutrients or light or both
of them. There are three different situations first one is algae com-
pete only for nutrients in oligotrophic aquatic ecosystems by using
of light (Hsu et al,, 2013; Nie et al., 2015). Second algae compete
only for light in eutrophic aquatic ecosystems (Du and Hsu,
2010; Du et al., 2015; Du and Mei, 2011). Thirdly, algae compete
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both light and nutrients eutrophic aquatic ecosystems (see Du and
Hsu, 2008; Du and Hsu, 2008).

The connection between algae and inorganic carbon is more
complicated with a variety of biological mechanisms. An ODE
model was constructed in Van de Waal et al. (2011) to describe
competition for dissolved inorganic carbon in dense algal blooms
in a completely well-mixed water column. After that, the authors
also constructed PDE in the connection of algae and nutrients
(Hsu et al., 2017; Nie et al., 2016) and some new and important
developments for searching for analytical wave solutions for PDE
(Celik and Seadawy, 2021; Ozkan et al, 2021; Yesim Glam
Ozkan, 2020; Yildirim, 2017; Yasar, 2010; Igbal et al., 2022;
Raddadi et al., 2021; Seadawy et al., 2021; Alruwaili et al., 2021).
So, the reaction-diffusion nutrients-algae model has been pro-
posed in Wang et al. (2015) and Zhang et al. (2013),

2
¢[=d1A¢+Ifb¢+lf¢fa¢w, 2)
b = ot o (1) o+ aeg s 3)

where ¢(x,y,t) and y(x,y,t) represent the nutrient concentration
and the algae density respectively. In the wetland the phosphorus
is limited and nitrogen is abundant. So, I be the input rate of nutri-
ents flowing into the water, a is the maximum growth rate of the
algae population, e represents the efficiency of conversion, r is the
intrinsic growth rate of algae, k is the carrying capacity of the algae
population, m is the death rate of the algae population, while d; and
d, are the diffusion coefficients of nutrients and algae, respectively.

2. A-priori bounds for existence of concentration algae model

By using the heat kernels or simple 1st derivative inversion, we
can invert the system (2-3). We want to adopt the later approach
with some additional assumption of regularities of the solution
with (¢,¥) € C*(Q), where Q is subset of R* and is a spatial domain
of the problem.

Clearly, integrating w.r.t time t, the PDEs (2) and (3) are reduced
to the following volterra type integral equations as,

O =(x,y,t) = Po(X.y)
“

iBa(x.y,$) +1 = bpx.y,5) + 1 P*(x.Y,t)

- (a(:b!//) (va’ S):| d57 (4)

W= $(x3,0) = Yo(x.Y) + g [dada(x.y,5) + (ry = ")(x,Y.5)
+(ae¢|//) (X7y> t) - ml//(xv.% t)]d57

for existence and unique solution, we, consider the space of contin-
uous functions C[0, p] and a closed, convex and bounded set in
C[0, p], defined by

Bx(®) ={f, feCl0.p], IfII<R}

where || -] is usual supremum norm defined by || - || = supyg | - |-
We can show the unique existence by Schauder fixed point
theorem,

(5)

o (D) : Bx(©) — By(®)
o (O, V)(Br(®)): is relatively compact.

For former, we take the norm of Eq. (2) and assume that,
Ay € C(Q) = A,® is bounded and - is globally bounded by 1.

1+¢%
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|O]| < k1 + p,(dika + |I| + |bIR + R + |a|R?) <R, (7
=
R - k]
< ; 8
pd) k¢(R) ( )
where k,(R) is bound for R.H.S of Eq. (2) in ball (6), and also where
K(R) = dik + 1] + IR + K+ alR®,  [| ol ey < .
similarly,
R - k3
g b 9

where k,(R) is bound for R.H.S of Eq. (3) in ball (6). Conditions (8) &

(9) are self mapping a priori estimate and let p = min (}f&’% ,f’—(’g),
W

which serves as the length of continuity as [0, p) provided the rela-
tive compactness conditions satisfies. For relative compactness we
consider the families ®@; for pre images ¢; and W; against ;.

t
q)i:¢io+/
0

¢7 (x..5)

di Ary I—b¢;
1820y, 9) +1=bgilxy.s) + 7 Gl B

- (aqsil//i)(xv.% S):| d57

i(t) — Di(t7) = /t I:dlAZ(»bi(vav s)+1—be;(x,y.s)

¢7 (x,Y,5)
DT (adah)(x,y,S) | ds,
iy @y
, . i , - By
H‘Dx(t)*‘bx(f)IIS/t |‘[dlA2¢:(Xv.V~S)+' b¢.(x<,y~5)+1+¢i2(xvy‘t> (WM)(X'%S)}Hd&
let
P (%.5)

G(x,y,s) = |:d1A2¢i(X=y¢s) +1—=Dbei(x,y,s) +m— (a¢il//i)(xvy,5)},

@i = @;(E)|| < Kift = 7]

when t — t* implies ®;(t) — ®;(t*),

i.e, ®@; are equi-continuous. Similarly W¥; are also equi-
continuous. Hence by Arzela-Assoli theorem, there exist uniformly
convergent subsequence ®; of ¢; and ¥ of y;. So, both operators ®
& W are relatively compact by Schauder fixed point theorem (Igbal,
2011) is applicable and therefore under conditions (8) & (9) both
operators ® & ¥ has fixed points.

Theorem: Suppose the function ¢(x,y,t) and y(x,y,t) are twice
continuously differentiable in space and continuously differen-
tiable in time and if the conditions (8) & (9) hold. Thus the problem
for nutrient concentration and algae growth has the least one clas-
sical solution.

16y, Ol < i,

3. Analytical Study

To find the exact solution of Eq. (1), we take the transformation
o(x,y,t) =u(p) and y(x,y,t) = v(p) where p =x+y — ct (Younis
et al., 2021; Bashir et al., 2021; Bilal et al., 2021). Using this trans-
formation we convert Egs. (2) & (3) into an ordinary differential
equation (ODE) as, (Seadawy et al. (2021), Seadawy et al. (2021),
Nasreen et al. (2019), Rizvi et al. (2020), Younas et al. (2021),
Dianchen et al. (2018), Aly (2019), [jaz Ali et al. (2020)).
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u?

cu' + 2du +Ifbu+l+u2

—auv =0,

cv +2d,v" + rv(l — %) +aeuv —mv = 0.

Let the solutions of eqgs. (10) & (11) which can be expressed in
the following polynomial Z'(p).

2m .

u(p) = Za,-Z’(p), a; # 0, (12)
i=0
2m .

v(p) =3 bZ(p). bi#0. (13)
i=0

where a;,b;(0 <i<2m) are constants and Z(p) satisfies the eqs.
(10) & (11). Here we take

(Z)*(p) = ho + aZ* (p) + aZ* (p) + 6Z°(p), (14)
Z"(p) = haZ(p) + 2haZ (p) + 3hsZ° (p), (15)
where h;(i = 0,2,4,6) are real constants. By applying the homoge-
nous balancing principle (Jin-Liang et al., 2003), we obtain m = 1.
So, Eq. (12) & (13) takes form as,

u(p) = do + a1 Z(p) + 2 (p), (16)
v(p) = bo + b1Z(p) + b2Z () + bsZ° (p) + baZ* (p), (17)
it is well known that Egs. (10) & (11) has the solutions,

/pO(p) +q

where (p®?(p) +q) > 0 and ©(p) is the solution of the Jacobian
elliptic equation as,

Z(p) =

07 = 5y + 5,0%(p) + 5,0 (p), (19)
where 6; = 0,2, 4 are constants, while p and q are given by,
ha(o2 — h
. L (20)
((32 — hz) + 30004 — 2(52(()2 — hz)
3d0h
q= 3 — : (21)
(52 — hz) + 30004 — 252(52 - hz)
under the constraint condition
h3 (02 — hy)[9000s — (32 — h2)(20 + hy))]
+ 3hs[38064 — (52 — 2)] = 0. (22)
Here JEFs of ®(p) for the limits of m are taken as,
O(p,m) m—1 m—0 O(p,m) m—1 m—0
sn(p,m) tanh(p) sin(p) ns(p,m) coth(p) csc(p)
cn(p,m)  sech(p) cos(p) dn(p,m) sech(p) 1
cd(p, m) 1 cos(p) cs(p, 1) csch(p)  cot(p)
sc(p,m)  sinh(p) tan(p) sd(p,m) sinh(p) sin(p)
ds(p,m)  csch(p) csc(p)  nc(p,1)  cosh(p) sec(p)

Substitute Eq. (16) and its derivatives in equation Egs. (10) &
(11) and equating the co-efficient of the same power of Z(p) equal
to zero, get the system of equations easily. Further solve this sys-
tem of equations by using the Maple to get the solutions set as
follow,
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Casel: do = \/(=b + boa) — I+ (bopa —I) + b,a; = 0,a, =

4c(3ab,—38hgd;) _ _ _ a(baby—b3) _ ab _
—W-ﬁo—ho,hz—hz,h4—le3,h6—ﬁ, bo =
k(eboa— 32abyek boa— b
M,bz:—%Jlo:hmhz:—%J'”,hz;:—%ﬂe:(l

Substituting these values in Eqs. (16) & (17) along with Eq. (18).
The different families of solution can be constructed by using JEFs
from the table. The solutions of Egs. (2) & (3) are summarized as
under.

Family1: If 5o = 1,5, = —(1 + m?),6, = m?, then ®(p) = sn(p)
or ®(p) = cd(p) and we get the JEFs as,

¢1(p) = /(=b+boa) — T+ (boa — I) + b — G Bhstr) ( ),

b} psnZ(p)+q
4c(3ab,—38hgd d*
92(p) = /(=D +bo@) — T+ (boa — 1) + b — Leba ) (_eie)_),

under the constraint condition
baby — B2\
- (%) (1+m?+hy)[9m? — (1 + m? + hy) (2 + 2m?
ab4 2 2.2 2 2
+h2)]+m[3m —(1+m?) —hz)] —0.

or

" ( ) _ k(ebga—m+r) _ 132abyek (_sn*(p)
1) = r 43r psn2(p)+q )’

lﬁ (p) _ k(ebga—m+r) _ 132ab,ek cd(p)
2 r Br \ped’(p)+q)’

under the constraint condition

aeb,\? 5 ebpa—m+r
(5) e+ S0

x |9m? — (—(1 +m?) +M
Zdz

ebpa —m+r
T od, )}_0.

Type1: If m — 1, then we have solitary wave solutions as,

)(=2(1 +m?)

911.1)(9) = V(=D +bot) — T+ (boa — ) + b — *Ce3sheds) (_amii ),

azb§ ptanh?(p)+q

_ kleboa—m+r) _ 132 abyek (_tanh’ (p)
Yan(p) = T 3 r (ptanhz(mw )

Type2: If m — 0, then we have periodic wave solutions as,

% (

G110/(p) = /=B Bo@) — I (Boa — 1) + b — “ebusshat) (_snyip)
ashs

b psin2<p)+q>’
Vao(p) = k(ebga—m+r) 132 abyek [ sin’(p)
(1,0) ,0 - T 43 T psinz(p)+q )

Family2: If 6y=1-m?0,=2m?>—-1,0,=—-m?  then
®(p) = cn(p) and we get the JEFs as,

$3(p) = \/(=b + boa) — I+ (boa — ) + b

~ 4c(3aby — 38hgd) (p cn?(p) )
a2b; c?(p)+q)’

under the constraint condition

2
_ (M) (2m* =1 — hy)[9m?(1 — m?)

4b4d,
—(2m? —1 - hy)(4m* — 2 + hy)]
ab4 2 2 2 2 2 2
FotBm22m? —1) - (2m? - 1)* — h2)] =0.
2d;
Va(p) = keboa —m+r1) 132 abyek [ cn?(p)
3\P) = r 43 7 cn2(p)+q)’

under the constraint condition
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aeb,\* . eboa—m+r ., , 5
(Td2> (2m? — 1+ =25 2 om (1 —m?) — (2m? — 1
ebga —m+r 9 ebpa—m+r.
T, M D gl =

Type1: If m — 1, then we have solitary wave solutions as,

ba1)(p) = /(=b+boa) =T+ (boa —T) +b -

_ klebpa-mr) _ 132 abyek (_sech’(p)
Ve (p) === 5 <pmhz( ).

4c(3aby— 38h5d,)< sech?(p) )
a2b? psech®(p)+q)’

Type2: If m — 0, then we have periodic wave solutions as,
$30)(p) =/ (=b+boa) — T+ (boa—I)+b —
Viao(p) = e g ek (Cosin ).

Family 3: If So=m?—1,6, =2—-m?,04 = —1, then
®(p) = dn(p) and we get the JEFs as,

4c(3aby—38hgd;) cos?(p)
a2b? pcos?(p)+q)’

¢a(p) = \/(~b +boa) — I+ (boa —I) + b
_ 4c(3ab, — 38hsdy) ( dn®(p) )

ab; pdn*(p)+q)’

under the constraint condition

2 2
_ (%) (2= m?* —h)[9(1 - m?)

— (2 - m? = hy)(4 - 2m?* + hy)]
abs
2d,

_ k(eboa —m+r) 132 abyek ( dn*(p)
r A3 \pdn’(p) +q
under the constraint condition
aeb,\? 5, ebpja—m+r
(4—dz> 2-m +72d2 )

x 19(1 ,mZ),(z,mZJFM
2d,

B1—m?) — (2 —m2) — 1) = 0.

Ya(p)

)(-2(2-m?)
ebpa —m+r
)=
Type1: If m — 1, then we have solitary wave solutions as,
ba1(p) = /(=D +Dboa) — I+ (boa — 1) +b —

__ k(ebga—m+r) _ 132 abyek (_sech®(p)
Van(p) = r | T (psechz<0)+q)’

4c(3aby— 38115111)( sech?(p) )
a2b? psech®(p)+q)’

Family4: If 6o = m?,6, =
and we get the JEFs as,
d5(p) = /(=b -+ boa) I+ (boa — 1) + b

_ 4c(3aby — 38hed) < ns2(p) )
a2b; pns?(p) +q)’

—(m? +1),84 = 1, then O(p) = ns(p)

under the constraint condition

2
a(bgby — bg) 2 2
- <4b4d] (-m* -1~ hy)[9m

—(m*4+1+hy)(2m? 4+ 2 + hy)]

+a—b4[3m2 —((m? +

2 2 27
>d. 1) —h) =o.
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ns*(p) )
pns(p) +q)’

k(ebpa —m+r1) 132 abyek
pilp) = KAL) TR e

r 43 7

under the constraint condition

aeb,\*, eboa —m+r
(Taz) (===
ebpa —m+r 2 ebga—m+r
g, UM g
Type1: If m — 1, then we have solitary wave solutions as,
b1 (p) =/ (=b+boa) =T+ (boa—1) +b -

_ kebga—m+r) _ 132 abyek (_coth?(p)
Vinp) =T (pcothz(p>+q> '

9m? + (m? + 1

)=0.

4c(3aby— 38h5d])( coth?(p) )
a2b? peoth?(p)+q)°

Type 2: If m — 0, then we have periodic wave solutions as,
ds0/(P) =/ (“D + boa) — I+ (boa — 1) + b —
Vo (p) = Kt — g et (Cogin ),
Family5: If 6o=-m?6,=2m?>—-1,6,=1—-m?  then
®(p) = nc(p) and we get the JEFs as,
96(p) = /(~b +boa) — I+ (boa — 1) + b

~ 4c(3aby — 38hgd) (p nc?(p) )
a2b; nc2(p) +q)’

4c(3aby—38hgd;) [ csc?(p)
a?b? pesc2(p)+q )’

under the constraint condition

2 2
_ (W) 2m? =1 = hy)[-9m*(1 —m?)
441

—(2m? — 1 - hy)(4m* — 2 + hy)]

+§Z“[ 3mP(1 - m?) - (2m? ~ 1) ~ i) 0.
1

_ k(eboa—m+71) 132 abyek [ nc*(p)
ve(p) = T " 43 1 \pnc2(p)+q)

under the constraint condition

aeb,\* . eboa —m+r 5 5 5

(E) (2m? =14+ =22 =) -9m? (1 = m?) + (2m? — 1
ebpa —m+r ) ebpa—m-+r .
g, M ey =0

Type1: If m — 1, then we have solitary wave solutions as,

4c(3aby— 38’16(11)( cosh?(p) )
a2

é61)(P) = /(=D +boa) — I+ (boa — 1) +b — 7 (et a)
k(ebga—m+r)

- 132 abyek h?
‘//(sAl)(p):%*E¥( cost(p) )-,

pcosh®(p)+q

Type 2: If m — 0, then we have periodic wave solutions as,

$0(P) =/ (=b+boa) — T+ (boa—1I)+b—

_ k(ebga—m+r) _ 132 abyek (_sec?(p)
lb(GIJ)(.D> - T 43 T (psecz(qu ’

4c(3aby—38hgd;) [ sec?(p)
a?b? psec?(p)+q)’

Family6: If 6g=-1,6,=2-
®(p) =nd(p) and we get the JEFs as,

m?, 64 =—(1—-m?), then

$7(p) = \/(~b+boa) — I+ (boa — 1) + b

4c(3aby — 38hedy) [ nd*(p)
a2b; pnd*(p) +q)’

under the constraint condition
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2
_<d%ﬁm@§(z_mh4wpu—mﬁ
—(4—m? — hy)(2 - 2m? + hy))]
+g—i‘[—3<z —m) - (@ - m2) -~ ) =o.

Ya(p) =

k(eboa —m +r) 132 abyek nd*(p)
r 431 \pnd’(p)+q

under the constraint condition

aeb,\? 5
(E) (2-m*+

x {9(2—m2)+(2—m2+

eboa—m+r)

2d,
ebpa—m+4r , ebpa—m+r]
24, )(2—-m B 7 A )]70.

Type 1: If m — 1, then we have solitary wave solutions as,

_ 4c(3aby—38hgdy) sech®(p)
P (P) = /(B + boa) ~ T+ (Boa — 1) b — *Bebapad (Ccrins ),
‘// ( ) k(ebpa—m+r) _ 132 abjek < sech? (p) >
(7,1) r 43 T psechz(p)+q ?

Family 7: If 5o = 1,6,
and we get the JEFs as,
¢s(p) = \/(~b +boa) — I+ (boa —I) + b

B 4c(3aby — 38hgd,) < sc2(p) )
a2b; pscx(p) +q)’

=2-m?,64 =1 —m?, then O(p) = sc(p)

under the constraint condition

2
a(b4b2 — bg) 5
_ (T‘Wdl (2 —-m- — l’lz)

[9—9m? — (2 —m? — hy)(4 — 2m? + hy)]
ab4

+od ~(@-m) - K) =0,

3(2-m?)

Ws(p) =

k(eboa —m +1) 132 abyek
r 43 7

sc*(p) )
psc3(p) +q)’

under the constraint condition

aeb,\? , ebja—m+r 5 5
(4—512) 2-m +T)[9(2—m )+ (2—-m
eboa —m+r , ebja—m+r
g, Mg
Type 1: If m — 1, then we have solitary wave solutions as,

$i5.1)(p) = /(=B Bo@) — I+ (Boa — 1) + b — *Cebaz38hut) (_sifip) ),

_ kleboa—m1) _ 133 abyek (_sinh’(p)
Yen(p) = G 3 (psinhz(p)+q ’

=0

Type2: If m — 0, then we have periodic wave solutions as,

b0/ (P) =+/(=b+boa) — I+ (boa —1I) + b —
— 2

Vo) (P) = —k(e%ar m % %rek <p ::z ((pﬂ))m) )

Family8: If & =1,0, =2m? 1,64 =-m?>(1-m?), then
®(p) = sd(p) and we get the JEFs as,

$o(p) = /(~b +boa) — I+ (boa — 1) + b

4c(3aby — 38hedy) [ sd*(p)
ab; psd’(p) +

4c(3aby—38hgd;) tan?(p)
a?b? ptan?(p)+q)’
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under the constraint condition

9 2
_ (%ﬂibﬂ) 2m? =1 - hy)[-9m*(1 —m?)

—(4m? =2 — hy)2m? — 1+ hy)]

L8 3 _mty—(em -1 — R — 0.
2d,
k(eboa —m +r1) 132 abyek [ sd’(p)
l/’Q(p) = 43 2 ’
r I \psd“(p) +
under the constraint condition
aeb,\? ., eboa —m+r
(E) 2m* -1 +72d2 )
boa — boa —
« [9(2m2 1)+ mr 14 S0amEr 0‘12(1:“”)(2m2 _q oo mAT OGZdT ”)] —0.

Type1: If m — 1, then we have solitary wave solutions as,

b1 (p) =
k(ebga—m+r) _ 132 abyek [ sinh?(p)

Yon(p) =" —F 55 (psinh2<p)+q)’
Type2: If m — 0O, then we have periodic wave solutions as,
$00)(p) = v/(=b+boa) =T+ (boa —I) + b —

__ k(ebga—m+r) _ 132 abyek sin®(p)
Yoo (p) = =00 — 2 2= (psinz(p)\q)’

V/(=b+boa) =T+ (boa—1) +b —

4c(3aby— 38h6d1) sinh®(p)
a psinh?(p)+q

4c(3abs—38hed;) (sin?(p)
a2b3 psin’(p)+q)’

Family9: If 5o =1 —m?, 4,
and we get the JEFs as,

=2-m?,864 =1, then ©(p) = cs(p)

b10(p) = \/(—b +boa) — I+ (bpa—1)+b

_ 4c(3aby — 38hgd) (p cs?(p) )
a2b; s’ (p)+4q)’

under the constraint condition

2 2
_ (‘W) (2 —m? — hy)[9(1 — m?)

—(2-m?—hy)(4 —2m? + hy)]
Clb4

2 2 2
+2—dl[3(1 —m?) — ((2-m?) —h3)] =0.
keboa —m +1) 132 absek [ cs*(p)
Vi0(P) = T 43 7 csz(p)+q>’

under the constraint condition

aeby\ 2 , ebja—m+r
<4d2) @-m+—

+eb0a—m+r ebpa —m+r
2d2 2d2

Type1: If m — 1, then we have solitary wave solutions as,

JO(1 — ) + (2 -

)2 - m? - )] =0,

B0 (p) = V/(=b +boa) =T+ (bpa—T)+b —

__ k(eboa—m+r) 132 abyek (_csch®(p)
Yao1y(P) = T yE g (p—cschz (p)+q)’

4c(3aby— 38h5d1) cs::hz(p)
ab? pesch?(p)+q)’

Type2: If m — 0O, then we have periodic wave solutions as,

P00 (P) = V/(=b + boa) =T+ (boa —T) +b —
k(ebga—m-+r)

_ —m+ 132 abyek (_cot?(p)
Voo (P) === =5 % (pCUtz(/))HZ)’

4c(3aby—38hedy) { cot?(p)
a?b? peot?(p)+q)’
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Family10: If &y =-m?(1 -m?),5, =2m? — 1,5, =1, then
®(p) = ds(p) and we get the JEFs as,

d11(p) = \/(*b+boa)71+(boa71)+b

4c(3aby — 38hedy) [ ds*(p)
@b pds*(p) +q)’

under the constraint condition

2
a(bsb, — b3) ,
— <4b4d] (2m -1- hz)

% [~9m?(1 —m?) — 2m? — 1 — hy)(4m? — 2 + hy)]
+a—b4[ 3m?(1 —m?) —

2. (@m? - 1)’ - hﬁ)]2 —0.

kebpa —m+1) 132 abzek( ds*(p) )
r B 1 \pds’(p) +4

under the constraint condition

aeb,\* . eboa —m+r
(E) 2m* -1 +72d2 )

Yi1(p) =

eboa —m+r

_ 2 _m2 2 _
X{Qm(l m)+(2m* -1+ 24

y(2m? -1 ,M)] —0.

zdz
Type1: If m — 1, then we have solitary wave solutions as,
da11(p) = /(=b+boa) =T+ (boa —T) + b -

k(ebga—m-+r)

" ( )= 132 abyek [ csch’(p) )
(11 r 43 1 \pesch®(p)+q)’

4c(3aby—38hgdy) [ csch?(p)
azb2 pesch? (p)+q)

Type2: If m — 0, then we have periodic wave solutions as,

4c(3abs—38hed;) 2
b10/(p) = V/(=b +boa) — I+ (boa — I) + b — *C¢ 22b§ - (Pczig(giq»
__ k(ebga—m+r) 132 abyek [ csc(p)
‘I/(ll.O)(p) = . T EY ? (pcscz(p)+q>’
2 54 — 1—m?

Family11: If 50 =1 5y = 1 5, = 1o

®(p) =ns(p) £ sc(p) or mn and we get the JEFs as,

then

$12(p) = \/(fb +boa) — I+ (boa—1)+b

4c(3ab, — 38hedy) [ (ns(p) +sc(p))?
a2b; p(ns(p) +5sc(p))* +q)’

or
d13(p) = \/(—b +boa) — I+ (bpa—1)+b

cni 2
 4c(3ab, - 38hedy) [ GRS
ab; p( 7

under the constraint condition

~ (atbsb, — b3) 2(1 pm_
4b,d 2 2

2
<905 AT ha) (144 )
b 22, 2
+Sat3m (1 —m?) - (5T k) <o
k(ebpa —m+r1) 132 abyek (ns(p) £ sc(p))?
Va(p) = 43 2 )
r I \p(ns(p) £sc(p))” +4

Journal of King Saud University — Science 34 (2022) 102071

or
cmn 2
k(eboa —m +1) 132 abyek (1i5§1’2,>)
l)[,li*l(p) = r 43 r (
1isn

under the constraint condition
ebopa—m+r

aeb, 2<1+m2+ :
4d, 2 2d,

1-m2? 14m? ebpa—m+r. 14+m? ebpa—m+r
x[9( 7 ) TS+ 34, S——- 2, )

=0.

Type1: If m — 1, then we have solitary wave solutions as,

$a21y(p) = /(b +boa) =T+ (boa —1T) + b —

(,0) — k(ebga—m+r) 132 abek (coth(p)+sinh(p )4
12.1) r T \p(coth(p)sinh(p))>+q/’

4c(3aby— 38h5d1) (coth(p)tsinh[p))2
a2b? p(coth(p)sinh(p))>+q/

or

sechip) |2
4c(3aby—38hgd (Ttanhp)
basy = V/(=b+boa) =T+ (boa—T)+ b - fedabs 22173 s (p(] R )

sechip) o
sech(p) \2
l// k(€b0“ mir) 132 abyek [ (itamhip)
131 — 43 T r (eehip) (20 )

Ttanh(p)
THanh(p)

Type2: If m — 0, then we have periodic wave solutions as,

\/(=b +boa) — I+ (boa — 1)+ b —

$a20)(P) =

4c(3aby—38hed,) [ (csc(p)+tan(p))?
b% p(csc(p)+tan(p )2 +q

_ kiebpa-m+r) _ 132 abyek w
Va20/(P) = G 3 1 (p(csc( )tan(p))% + )

or

cos(p) ’
Plizsingy) 4

- ()
¢(13.0) _ \/(—b +b0a) iy (boﬂ - I) iy 4c(3ub22b3§8h6d1) ( T sz

cos(p) |
l// __ k(ebga—m-+r) 132 abyek (usmm))
(13,00 — T T a3 Ty cos(p) |2 ’
Plizmey) +4

Family12: I 5o =-0"" 5,1 5, — -l then
O(p) = men(p) £dn(p) and we get the JEFs as,

$14(p) = \/(~b+boa) — I + (ba — 1) + b

4c(3ab, — 38hgd,) ( (men(p) + dn(p))? )
a2b; p(men(p) + dn(p))* +q)

under the constraint condition

_ (a(b4b2 - bé))2(1 o

4b4d, 2
1-m?> 1+m?
X [79 16 — ( P — hz)(l +m2 +h2)]
2
ab, 1-m? 14+m2? 2y
tog 3 g~ (5) —h) =o.

Y14(p) =

r 43 7

k(eboa — m + r) 132 ab,ek (
p(men(p) + dn(p))* +q)

(men(p) = dn(p))® )

under the constraint condition

aeb, 2<1+m2+eb0a—m+r)
4d, 2 2d,

1-m*> 1+m?> ebpa—m+r 1+m?> ebga—m+r
X[‘gs St 2T

)| =o.
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Fig. 1. The 3D and 2D graphs for the values of ¢,(p, 1), ¢¢(p, 1) and ¢g(p, 1) for the

values of parameters ¢=0.8,a=4.7,b=0.8,by=4.8,b; =2.5,b, =2,b3 =3,
by =4,1=34,h =2,hs =23 e=0.2,d; =2, and r = 100.

¢ (0,1, Y, 1)

-3 =2
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3,0)(x, , t
¢_( ‘ 43(!( .V% )
12 I
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Fig. 2. The 3D and 2D graphs for the values of ¢g(p,1),d12(p.1),¢1(p,0) and
¢3(p,0) for the values of parameters ¢ =0.8,a=4.7,b=0.8,bp =4.8,b; =2.5,
b, =2,b3 =3,by=4,1=34,h, =2,hg =23 e=0.2,d; =2, and r = 100.
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Type1: If m — 1, then we have solitary wave solutions as,

_ — — — __ 4c(3abs—38hed; ) (msech(p)ised'x(p))Z
$1a1)(0) = V/(=b+ boa) T+ (Boa — ) + b — *Ceba3sheds) (_imdhippsehipl),

__ k(ebga—m+r) _ 132 abjek (msech(g)isech(ﬂ))2 )
Voan(p) =725 8o (p(msech(p)isech(p))zw ’

Type2: If m — 0, then we have periodic wave solutions as,

_ 4c(3aby—38hgd;) [ (mcos(p)+1)?
$0(p) = /(=D Do) — I+ (Boa — 1) + b — % 3pheth) (Cimeostot )

k(ebga—m+1) 132 abyek ( (mcos(p)+1)

Vaao(p) =" =5 5 (p(mcos(p)il)ﬁq)’

Family13: If 5o = 1,8, =12 5, = 1, then ©(p) = {22

we get the JEFs as,

and

$15(p) = \/(~b +boa) —I + (boa — 1) + b

2
 4c(3aby — 38hedy) [ ()
2 2 ’
a2b3 p(]i'l(np(i;) + q

under the constraint condition

a(bsbs — b2) 2(1—2m2 .
~ 7 4byd, 2 7
9 1-2m
X s — (= ha)(1 - 2m + )]

ab4 1
94, P16 (2

¢_B,0(x,y,1)
Il I

i
¢_(12,0)(x, ¥, t)

Fig. 3. The 3D and 2D graphs for the values of ¢g(p,0),¢s(p,0),de(p,0) and
¢12(p,0) for the values of parameters ¢ =0.8,a=4.7,b=0.8,by=4.8,b; =25,
by =2,b; =3,bs =4,1 =3.4,h, =2,hg =23 e =0.2,d, =2, and r = 100.
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2

k(eboa —m+1) 132 abek (uc(n%))
r 43 7 Dl sn(p) + q

T+en(p

Vis(p) =

under the constraint condition
aeb, 2(1 —2m? N eboa — m + r)
4d2 2 2dZ
i_}_(lem2 ebpa—m+r 172m2_eb0a7m+r) -0
16 2 2d, 2 2d, o

Type1: If m — 1, then we have solitary wave solutions as,

tanh(p)

4¢(3aby— 38h6d1) (Tsech; m

b tanh(p)
P 4

s (P) = V/(=b+boa) — T+ (boa—1)+b -

tanh(p)
v (p) = k(ebpa—m+1) _ 132 abyek [ (Tsech(p)
asy\P) =" R T

Tesechp) 4

Type2: If m — 0, then we have periodic wave solutions as,

sinp) |2
4c(3aby—38hgd,) (H»cosp))
12
@b PR g

\/(=b+boa) =T+ (boa—1) +b —

bas0)(p) =

v (p) = k(ebpa-m+r) _ 132 abyek (%sw)
wsolP)=""—F—"—3 1+ pf( np) 2

TZcosip) +4

4. Graphical representation:

This section shows the graphical behaviors of the nutrients con-
centration and algae density. The different types of solutions are

Y_(13,1)(x, ¥, )

-3 -2

Fig. 4. The 3D and 2D graphs for the values of ¢3(p,0),¥(p,0),¥5(p,0) and
Vs(p,0) for the values of parameters ¢ =0.8,a=0.7,b=28,by =40.8,b, =25,
b, =20,b; =30,bs =4,k =3.4,hg =2.3 e =20,d, =30, and r = 10.
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¥_(6,0)(x, ¥, 1)

v B0 ;otoo
(8, )("“":)00

11
-3 -2 -1

Fig. 5. The 3D and 2D graphs for the values of yg(p,0),¢5(p,0),¥9(p,0) and
V12(p,0) for the values of parameters ¢ =0.8,a=0.7,b=8,by =40.8,b; =2.5,
b, =20,b3 =30,by =4,k =3.4,hg =2.3 e =20, dy=30,andr=1

derived, which shows the nutrient concentrations and algae den-
sity in the hyperbolic, trigonometric, and rational forms are
observed. These results are new and may be helpful to understand
the interaction of nutrients and algae. These results show the input
rate I of nutrients flowing into the water has an important influ-
ence on the density and algae populations. To understand the
physical description of these solutions, the graphs are shown in
3D and line representations, for the different choices of parame-
ters. Hence, these results are fruitful in mechanisms of eutrophica-
tion and nonlinear wave phenomenon in applied sciences.Fig. 1-5.

5. Conclusion

In this research, Reaction Diffusive Nutrient-Algae model is
studied which describes the concentration of nutrients and algae
density. Nutrients are important for the growth of algae and water
eutrophication factors. The oxygen is produced by algae through
photosynthesis in day time and is consumed in night time. Thus
high concentration algae may lead to low dissolved oxygen con-
centration. Thus it is important to discus the interaction of nutri-
ents concentration and algae density variables, and hence, the
computational approach is applied to discus its exact solutions.
This model is describes on the Sanyang wetland. The adopted com-
putational technique gives new families of different kind of exact
solutions of nutrient concentration and algae density.It is also
observed that existence of these solutions are also discussed under
different constraint conditions and solutions of nutrient concentra-
tion and algae density are represented in hyperbolic, trigonometric
and rational forms. The graphical behavior of these nutrient
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concentrations and algae density are also depicted for different val-
ues of parameters in 2D and 3D shapes.
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