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1. Introduction

The double integral transform is nevertheless a new and
renewed study (see for example Alderremy et al, 2020;
Alderremy and Elzaki, 2018; Elzaki, 2012; Waleed et al., 2021)
where previous work considered definitions, simple theories of
PDEs (Weatugala, 1993; Belgacem and Karaballi, 2002; Belgacem
and Karaballi, 2006; Belgacem and Karaballi, 2006b). The combina-
tion of the integral transform with other computational tech-
niques, such as Differential Transform Method, Homotopy
Perturbation Method, Adomian Method and Variational Iteration
Method has been the subject of much work (Ahmed et al., 2020;
Elbadri et al., 2020; Mohamed and Elzaki, 2020; Alderremy et al.,
2020, Chamekh et al., 2019; Chamekh et al., 2021) to solve differ-
ential equations. In this article, we will develop some results using
the proposed double integral transformation. As this transform is
still under study, we will compare the solutions with solutions
obtained with standard methods. For non-linear FPDEs the work
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needs even more effort in the future to adapt this transformation
to these types of equations.

Here we propose to study the FPDEs in the form:

Let c, d, e real constants and L is the linear differential operator.
We consider resolving the following problem:

Pzt) et
o t9 oz

with m-1<d<mn-1<c¢<n,mneN,with s(x,t) is a source
term,with the initial conditions ICs:

+eLp(z.t) =S(z.1),2.t >0, (1)

dp(x,0 ,

and the boundary conditions BCs:

(0, t

%=hk(t)yk=0,l,...,n71 5)

In what follows, we will consider DLST to solve the problem (1-3).

2. Preliminaries

Definition: 2.1
The DLST of ¢(z, t), denoted by:

LS{o(zt) = ¢ (p,0)
and defined as:
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LSi[o(z,t)] = @(pva):% /O ) /0 xe”’z’%go(z t)dzdt. (4)

Clearly, the linearity of the (DLST) is shown in the relationship
below:

] o0
LSne(z.t) + ph(z.0)] = /0

e 5 ne(z, t) + Pz, t)]dzdt

X

00 00

e~Psne(z, t)dzdt + %

Ql =

x
S— 5S— —

0

e 7oy (z, t)dzdt

/B Y L 7
== e ez, t)dxdt + p
« [ e P75y (z, t)dzdt
0
= ”ILzSt[(P(Z, t)} + VLZStW/(Za t)]a (5)

where # and 7 are constants.
Definition: 2.2

The inverse (DLST)L, 'S, ' [@(p, 0)] = @(z, t) is defined by:

L's' o (p.0)] =9z,

1 Y+ico 1 1+ico 1 .
- [ — 0z J—— _eo
(27‘51') /"V*ioo erdp (2”i> ~/i7’—ioc O'e

x @ (p,0)do. (6)

Definition: 2.3The Jor{ th order Caputo derivative (6 > 0,c > 0)
of ¢(z,t) is given by:

t
Pob _ 1 n-6-1 "g(z,7) . % o(zt)
T_F(nﬂs){(t*ﬁc) Td‘[,])*l<bgp,peN7‘T
z
\q—c—1 (L,
=g [ (-0 HE0dg-1<c<q.qeN
0 l

(7)

Using the results proven in Sakamoto et al., 2011, the DLST for the
Caputo derivatives can give by:

8d (Za t) —d .5
Lzst|: q?)r"' :|:6 S‘P(P,U)
N o, P Pz, 0)} Ls, {8540({, t)}
j=0 ot 0z5
- 1re |00t
¢¢mﬁ>§jop1@{<gkq 8)

Definition: 2.4
The Mittag-Leffer functions E;.(x), > 0 and ¢ > 0, is,

o Zk

- = —_— < .

Bocld) = Y7 o s g2 € © Re(0) > 0,9%(6) > 0 ©)
The single transform (ST) of z5'Es(12z°) and t-~1E;.(it%) takes

the form:

d-¢

T 0 _

L[E B (2] = B Ul < |p] S B t)]

o ! ;
=1 <o) (10)
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3. Fundamental properties of (DLST)

Sr. px.1) LS. )] = ¢ (p, 0)

No

1 1 1
P

2 Ztd cd! d
pu]

3 ectdt (/)—L‘)(ll —d0)

4 sin(cz + dt) __c+dop
(p?+c2)(1+d* 62)

5 cos(cz + dt) ___p-cdo
(p2+c2)(1+d 62)

6 sinh(cz + dt) __cdap
(p>—c)(1-d* a2)

7 cosh(cz + dt) __ ptedo
(pz—cz)(1—d2 a?)

8 Jo(cvzt), pioa

Jo is the zero order Bessel
function

9 (p(Zfé,tfe)H(Zfé,th) efpofg(z(p7a)

10 (@xx))zh) 7 ¢ (p.o) Y (p.0)

11 f(z)g() Le[f(x)] Se[g (1))

3.1. Existence condition for the DLST

If ¢ is an exponential order a and b; z, t tend to infinity and if it
exist a nonnegative real,lK : Vz > Z,t > T;

Then:
|p(z,t)] = Ke™*™, (11)
and we write:
0(z,t) = 0(e®")asz, ttendtoinfinity (12)
Or,

im et _K lim e-as(bb) _ 1
Zﬁgﬁme lp(z,t) I(Z_(lgtn_me 0,p>a, 5> b.
(13)

Then ¢ is an exponential order as x,t tend to infinity.

Theorem 3.1.1

If a function ¢ on the interval (0,Z) and (0,T) of exponential
order ¢ and d, then the DLST of ¢ well-defined for all p and 1 sup-
plied Re[p] > a and Re[i] > b.

Proof.

We find, from the Def. 2.1,

_ 1> >
‘@(P,U)’:‘E/O /O €’pz’ﬁ(p(z,t)dzdt‘

<K /oo e*(f’*”)zdz/oc Loy
0 o O
K 1
= m,Re[p] > a,Re [E} > b. (14)

So, from Eq. (14) we've got,

lim ‘(])(p,a)):o,orz lim ¢ (p,0)=0.

Z—00,t—00 —00,t—00
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3.2. Basic derivatives properties of the DLST

If, @ (p,0) = L,S:[¢(z, t)], then:

Ls|2228] ~ o (p, 0) - Slp(0, 1), (15)
| Oz
[ 1- 1

L, | 220 =2 6 (p.0) - S Lioz.0) (16)

5| “020) =02 6 (p.0) - pS((0.0) - S(p,0,0). (17)

N

L PG50 = 3 00.0) - 5 L0E0) - Glip 0. (19
[PoEn] p - p

LS| | = 0 (0-0) - GLOEO) ~Sig0.0). (19
Proof
For (16)

Ls, [ 22 t] / / 4020 gy

:7/ e“dt{/ e*”zia(p(z’t)dz}
g Jo o 0z

Let, u = e *?,dv = 2220 dz, thus:

dp(z, 1 t e
99(z.1) :5/0 e adt{—qo(o,t)+p/0 e’ @(va)dx}

LzSt{ -
=p@(p,0) —S(p(0,1)).

Concerning (16)

8<pzt] // *"Z*‘aq)zr)ddt

:E/ok e ”Zdz{/o e 8¢é )dt}

Let, u = e~%,dv = %2dt, then:

0] 1 [ ey | 1 [
Lzst{ 5 ]_U/o e dz{ (p(z70)+0_/0 e (p(z7t)dt}

= 2 0(p.0) S L(p(z,0)).

Ls:|

It is easy to prove (17), (18), and (19).
Theorem 3.2.1

If @ (p,0) = L,S:[p(z,1)], thus:

LS|p(—5+z,—&+ OH(=0+2,—e+ 1) =e P b (p,a),  (20)
1,z>0,t>¢

H(-o —&+1t) = ’ ’ 21

(-0+z,-¢+1) {0,0therwise} 1)

Proof
Using Def. 2.1

LSe[p(=6 +2z,—& + t)H(=5 + z,—& + )]

:l/ / e P i p(—0 +2,—& + t)H(—0 + z, —& + t)dzdt
0 0

1 / / e P i p(—0 +z,—& + t)dxdt,
Jo Je
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Putting, z—d=q,t—e=w= e*f’"*%% / / e P13 p(q, w)dgdw =
0 0

e (p,0).

3.3. Convolution Theorem of DLST

3.4 Definition 3.3.1
The double convolution of ¢(x,t) and ¥ /(x,t) is given,

(<p**¢)(z,t):/oz/0 P(=0+2,—&+ )y (9, e)dode. (22)

Theorem 3.3.1 (Convolution Theorem)
If L,S:[@(z,1)] = @ (p, o) and L,S:[y(z,t)] = ¢ (p, &) then:

L:S(@ * #9)(z.t)] = 6 ¢ (p, ) ¥ (p. 0). (23)

Proof
Using Def. 2.1

LS{(@* )z, 0] = / /eﬂz"upw/azr)dzdr

o0 o0 v4 t
= l/ / e*/”*é{/ / O(—0+2z,—&+ t)lp(é,s)ddds}dzdt,
0Jo Jo o Jo
_1 /x /x e*“*#{/\x /X O(=5+2,—&+ )H(=6 + z, —& + )Y (5, s)ddds}dzdt
0 Jo Jo o Jo
= /x /m w(s, s)déds{l /x /X et Q(~5+2,—6+ )H(—0+2,—& + t)dzdt},
o Jo 0 Jo Jo

= /(;C /‘;c W(o, f:)dédg{e’m% o (p, o)} = (p,0) /[:c AX e Py, e)dode

=3 (p,0) v (p,0)
Using Theorem 3.2.1 to find

4. Principle of DLST method

In this part, we exercised DLST to find the solution to the Eq. (1).
First, apply DLST to Eq. (1), we get:

n-1 o 8’¢(X 0)
¢ )= 207 h ot H
- ma “$(0
+d|p h(p,0) =Y s, {a ‘gik’ t)H

+ eL,S; [Ld)(X? t)]
= é (pv G) (24)

Furthermore, applying single (LT) to the ICs(2) and single (ST) to
the BCs(3), we've got,

L2880 -0 s P00
=he(6),k=0,1,---,m—1. (25)
By replacing (25) in (24), we get
<;>(P7 0)= m
[cz}’(} G If(p) + AR p T hi(0) — eLS (L (x. 1) ]
+g(p,0)
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Taking L;'S," [4; (p, (r)] of (26) to find the solution of (1);
$x,1) =L'S;"

1 S o (p) + dY iy p K hy(0)
(co~? +dp?) —eLSi[L(x.t) + g (p,T)
(27)

5. Elucidative examples

Without forgetting the work of Podlubny 1999, who has pro-
posed some analytical solutions for certain linear equations which
can be calculated. We treat in this numerical part some physical
applications using the DLST method. The objective is to illustrate
the method and prove its applicability.

5.1. Fractional advection-diffusion equation

Putting, c=1n=1,s=0m=2,d=-q,,e=—q,,L=2, to
find,
> o(z,t) >zt 99(z,t)
- = < c<
ot aq az° +a 9z 10<5_1~,1<5_27 (28)
WithICs and BCs:
¢(z,0) =fo(2), @(0,t) = ho(t), ¢,(0,t) = i (0), (29)

So,(27) yields the solution of (28)
Pzt =L"s’
[ 1 {a%(p) 4,05 ho(0) — 4,5 i (0) H
(070 = 41p° = q2p) g, ho(0)
(30)

5.2. Fractional reaction-diffusion equation

Puttings=0,m=2, n=1,a=1,b=—q, and Lp(z,t) = ¢(z,t)
in Eq. (1), to get,

P P(z.t) _ Pzt ,
o0 +ep(z,t)=q 52 ,0<0<1,1<¢c<2, (31)
With, ICs and BCs:

(p(27 0) :f0(2)7 q)(ov t) = ho(t), q)z(o7 t) = hl (t)v (32)

So,(27) gives a solution of (31) as:

Pzt =L1,'s’

{m [0'761;0(10) —qp! };O(O') —-qp*? HI(U)H .

(33)
5.2.1. Fractional heat (diffusion) equation
If we choose, e =0 in (31), we got,
Pot) _ Foit) .
T = 0<6<1,1<¢c<2, (34)
With, ICs and BCs:
(P(Z, 0) :fO(z)v q)(ov t) = h()(t) q)z(07 t) = hl (t)7 (35)

So, (33) yields the solution of (34)
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ozt =L's" [(Gliqp) 07 fo(p) — ap* " ho(@) — ap*~2 <o)]] :

(36)
Example 1: Putting g =1 and ¢ = 2 in (34), to yield,

700 7000 o g<n, )

with;

¢(2,0) =sinz = f,(z), ¢(0,t) = 0 = ho(t), ¢,(0,t) = Es(—t°) = h(t)
(38)

Replacing,

- 1 - - 1

folp) :m » ho(0) =0, hi(0) “11g’

in (36) and simplifying, we obtain,

¢(z,t)=L,'s’ {m} = sinzE; (—t°). (39)

When, § = 1, we get,

¢(z,t) = e'sinz. (40)

5.3. Fractional telegraph equation

Puttingm=2,n=2,d=—-q,s=0,and L = ¢y + ¢; 3, we've got,
Ipz.t)  0pzt)
c - c
o T
With, ICs and BCs:

([)(Zv O) :f0(2)7 (Pt(zv 0) :fl (Z), (P(Ov t) = hO(t)7 (pz(07 t) = h1 (t)7
(42)

T
Pl 1<oc=2, (4

+Cop(z,t) =¢

So, (27) gives the solution of (41) in the form,
et =L's’

{ 1 €10 fo(p) +ca*folp) +ca‘*“f1<p>H
QT Qoo =) | gt ho(0) — gps 2 hu(o)
(43)
Example 2: If we choose, co =c; =c=q=1and § =2 in (41),
we get,

p@z,t) Pt Fert)
gt + Lo = EeD S8 E 1< o<, (44)
(p(o t) = ho(t) = eit7 @2(07 t) = hl (t) = eitv (45)
Replacing,

- 1 1 ¢ . (1 1) s
=|l=-+t—= - 1° =—|\=+t= = 1>
folo) = (54 55) 52 10 == (34 52) 524
- - 1
ho(0) = i(0) = 3
in (43) and simplify it, to find:
_ -l 1 1 1\ p°
00 =15 [ (5 ) ]
— e [E(Z) + ZE.»(2°))], (46)

When ¢ = 2, we get
Q(z,t) = e (47)
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5.3.1. Fractional wave equation
If we choose, co = c; =0,c =1 in (41), then, we get,

p(z,t ozt
P _g7080 1 <5<, (48)

With ICs and BCs:

¢(2,0) =fo(2), 9:(z,0) = f1(2), p(0,t) = ho(t), ¢, (0, t) = hy (8),
(49)

Then, (43) gives a solution of (48) as;

Pt =L"s’

b:%ﬁﬂrﬁw+fwﬂw—wﬂ%m—wﬂﬂwﬂ.(m)

Fractional Klein-Gordon equation
Putting, n=m=2,c=1,d= -1, and Ly = o, to find,
Po Fo
o oz
With ICs and BCs:
¢(2,0) =fo(2), ¢:(2,0) = f1(2), p(0,t) = ho(t), p,(0,t) = hy(t).
(52)

+ep(z,t) =5s(z,t),1 <d,¢c<2. (51)

So, (27) yields the solution of (51),
ot =Lt a2 folp) + 0 fi(p) ~ p= ho(@) ||
' ’ (e+07—pf) —p2hy(0) +5(p,0)
(33)

Example 3: If we choose, e = —1, ¢ =2, and g(x,t) =0 in (51),
we have got

6‘5(/(;(;, b_ az‘g;" D_ ozt —01<s<2, (54)
with;

(/)(27 0) = sinz + 1 :fO(X)7 (pt(z> O) = 0 :fl (2)7

@(0,t) = Es(t°) = ho(t), ,(0,£) = 1 = hy (t). (35)

Substituting, fo(p) = A7 +1. fi(p) =0.ho(0) = 1z, hi(0) =1,
in (53) and simplifying, to obtain,

LI
p>+1  p(1-0°)

¢z, t)=1L,'s,’ = sinz 4 E;(t°). (56)

5.4. Fractional Burger’s equation

Choosing, =2,n=1,d=-1,c=1,e=1,L =Z, we obtain,

Yot ekt ezt

sz 1),0<s<1,1<c<2, (57)

ot 0z¢ oz
and
©(2,0) = fo(2), (0, t) = ho(t),2(0,t) = hu(t), (58)

then we have the following solution,

1
_7-1¢1
(p(Z, t) - Lz St [(0‘3 _ p; + p)

—p=2hi(0) +5(p. )
(59)

Example 4: If we choose,¢ = 2, and s(z,t) = 0 in (57) to get,

J 2
9 qgif’t)fa qgéf’t)+a‘p(§jt):o,0<5gl, (60)

T fo(p) + ho(a) — p=~" ho(07) 1 } .
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with;
¢(2,0) = e = f(2), @(0,t) = E5(2t) = ho(t),
©,(0,t) = —E;(2t%) = hy (t). (61)

Replacing, fo(p) =715 . ho(0) =155 . h1(0) = — 755 , in (59)
and simplifying, to obtain,
1

_p-1¢-1
(p(Z,t) _Lz St (p+1)(1 720.5)

= e E,;(2t%). (62)

5.5. Fractional Fokker-Planck equation

Putting, m=2n=1d=-1,c=1le=-1L=2, and
s(z,t) =0, to get,
Ppz.t) _Fezt) ezt
e - o + %z ,0<0<1,1<c<2, (63)
with ICs and BCs:
(/)(Z, 0) :f0(2)7 (p(oa t) = ho(t), (pz(07 t) = hl (t)a (64)
Then:
Pt =L,"S
1 —rs = c2p N
[m [0' fo(p) = p=" ho(0) — p==* 1 (0) - ho(O')H-
(65)
Example 5: If we choose,c = 2 in (63) then, we find:
Ppzt) _Pot) dpEt) o
- oz + %z ,0<d<1, (66)
with,
t(i
¢(2,0) =z = fo(2), p(0,t) = T1+9) = ho(t), 0,(0,t) =1 = hy(t).

(67)

Replacing, fo(p) = #, ho(o) =0°, hy(o) =1, in (65) and sim-
plify it, to find:

1 O—(S

N St ¥ et T B
@z, t)=L;"S; {p2+p}7z+r(l+6)' (68)

5.6. Fractional Korteweg-de Vries (KdV) equation

Putting, m=1,n=1,c=1,and L = Z in (1), to get,

0z
o G 3
G, (gg t) +d0 (gg,t) +e8 (i?(z? t) =s(z.t),0<58,c<1, (69)

with ICs and BCs:
(P(Z, 0) :f0(2)7 (,0(07 t) = hO(t)7 (PZ(O7 t) = hl (t)v q)zz(o’ t) = hz(t),

(70)
Then:
Pzt =L;'s;’
[; {Uﬁf_o(p) +ep? ho(0) +€P”_1(")H
(070 +4p=+€0%) | Lehy(0) +dpt ho(0) +5 (p.0) | |
(71)

Example 6: If we choosed =2,e=1,¢c=1, and s(x,t) =0 in
(69) we have:
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Ppzt) L opzt) Peizt)
o T2 e =0.0<0<1, (72)
with,

¢(2,0) = fo(2) = sinz, p(0,t) = —t’Eps 5.1 (—t*)
= ho(t), ,(0,t) = Egs1(—t*) = hy(t), ,,(0,t)
= t°E5501(—t%) = ha(t). (73)

Replacing,
folp) =75 ho(0) = = 155 . hi(0) = 1755  ha(0) = 15, in (71)
and simplifying, to obtain,
I 1 0o’
PED =L e T on)
= (SinZz)Egs1 (—t%) — (€OSZ)t°Eps 5.1 (—t%). (74)

6. Discussions

We are going look in this section the numeric evaluation of
obtained results of fractional equations that have proposed to be
solve. Moreover, we will discuss the numerical behavior of the
solution resulting from a fractional differential equation and com-
pare it with that of the equation with integer derivative.

When § = 1, the closed form solution of each Example 3, 4, 5 and
6 is simply calculated. We have opted to examine the numerical
results for the values of 6 = 0.95, 0.85 and 0.75. We have noticed
that the solutions obtained for the different fractional values of &
are in coordination with the solution of closed form for o = 1, as
shown in Figs. 1-4. It suffices to clearly notice that when o
approaches 1, the solution resulting from the fractional equation
approaches this exact solution.

350 /]A /

300} / /
250F / — Exact solution 6=1

- / / 6=0.95

150¢ / , — 0=0.85

100f /'/ /S S — 0=0.75

— Exact solution 6=1
f‘ ‘ 6=0.95

‘ — 62085
/ — 6=0.75

4500 /

500+ g

Fig. 2. Solutions of Fractional Burger’s.
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500

400+

— Exact solution 6=1
6=0.95

— 06=0.85

— 6=0.75

300}

w0}

100+

Fig. 3. Solutions of Fractional Fokker-Planck.

— Exact solution 6=1
6=0.95

— 6=0.85

— 6=0.75

100+

Fig. 4. Solutions of Fractional Korteweg-de Vries (KdV).

7. Conclusions

This article deals with the approach of a new double transfor-
mation. The objective is based on the simplicity of the technique
used to solve a large class of fractional equations of mathematical
physics. The examples show that DLST can be a good alternative to
treat many LFPDEs that appear in science. However, it should be
noted that the solutions obtained are valid while the inverse of this
transform exists.
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