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We propose in this study a combined expression mainly based on the double transformation of Laplace
and Sumudu (DLST), by developing some results associated with this proposed transformation. We can
apply this double transformation to certain functions to achieve interesting results which can be used
to solve certain classes of fractional partial differential equations (FPDE). The numerical results show that
this double transformation can lead to an exact solution of linear FPDEs. Laplace-Sumudu transform;
Laplace transform; Sumudu transform; Fractional partial differential equations.
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1. Introduction

The double integral transform is nevertheless a new and
renewed study (see for example Alderremy et al., 2020;
Alderremy and Elzaki, 2018; Elzaki, 2012; Waleed et al., 2021)
where previous work considered definitions, simple theories of
PDEs (Weatugala, 1993; Belgacem and Karaballi, 2002; Belgacem
and Karaballi, 2006; Belgacem and Karaballi, 2006b). The combina-
tion of the integral transform with other computational tech-
niques, such as Differential Transform Method, Homotopy
Perturbation Method, Adomian Method and Variational Iteration
Method has been the subject of much work (Ahmed et al., 2020;
Elbadri et al., 2020; Mohamed and Elzaki, 2020; Alderremy et al.,
2020, Chamekh et al., 2019; Chamekh et al., 2021) to solve differ-
ential equations. In this article, we will develop some results using
the proposed double integral transformation. As this transform is
still under study, we will compare the solutions with solutions
obtained with standard methods. For non-linear FPDEs the work
needs even more effort in the future to adapt this transformation
to these types of equations.

Here we propose to study the FPDEs in the form:
Let c; d; e real constants and L is the linear differential operator.

We consider resolving the following problem:

c
@du z; tð Þ

@td
þ d

@1u z; tð Þ
@z1

þ eLu z; tð Þ ¼ s z; tð Þ; z; t � 0; ð1Þ

with m� 1 < d � m;n� 1 < 1 � n;m;n 2 N;with s x; tð Þ is a source
term,with the initial conditions ICs:

@juðx;0Þ
@tj

¼ f jðxÞ; j ¼ 0;1; :::;m� 1; ð2Þ

and the boundary conditions BCs:

@kuð0; tÞ
@zk

¼ hk tð Þ; k ¼ 0;1; :::;n� 1 ð3Þ

In what follows, we will consider DLST to solve the problem (1–3).

2. Preliminaries

Definition: 2.1
The DLST of uðz; tÞ, denoted by:

LzSt uðz; tÞ½ � ¼ u
�
q;rð Þ

and defined as:
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LxSt uðz; tÞ½ � ¼ u
�

q;rð Þ ¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
ruðz; tÞdzdt: ð4Þ

Clearly, the linearity of the (DLST) is shown in the relationship
below:

LzSt guðz; tÞ þ cwðz; tÞ½ � ¼ 1
r

Z 1

0

�
Z 1

0
e�qz�

t
r guðz; tÞ þ cwðz; tÞ½ �dzdt

¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
rgu z; tð Þdzdt þ 1

r

�
Z 1

0

Z 1

0
e�qz�

t
rcw z; tð Þdzdt

¼ g
r

Z 1

0

Z 1

0
e�qz�

t
ru z; tð Þdxdt þ c

r

�
Z 1

0

Z 1

0
e�qz�

t
rw z; tð Þdzdt

¼ gLzSt uðz; tÞ½ � þ cLzSt wðz; tÞ½ �; ð5Þ
where g and c are constants.

Definition: 2.2
The inverse (DLST)L�1

z S�1
t u q;rð Þ½ � ¼ uðz; tÞ is defined by:

L�1
x S�1

t u
�
q;rð Þ

h i
¼ uðz; tÞ

¼ 1
2pi

� �Z cþi1

c�i1
eqzdq

1
2pi

� �Z gþi1

g�i1

1
r
e

t
r

� u
�
q;rð Þdr: ð6Þ

Definition: 2.3The dorf th order Caputo derivative (d > 0,1 > 0)
of uðz; tÞ is given by:

@du z;tð Þ
@td

¼ 1
C n�dð Þ

Rt
0
ðt � sÞn�d�1 @nu z;sð Þ

@sn ds;p� 1 < d 6 p;p 2 N; @
1u z;tð Þ
@z1

¼ 1
C q�1ð Þ

Rz
0
ðz� fÞq�1�1 @qu f;tð Þ

@fq df; q� 1 < 1 6 q; q 2 N

ð7Þ
Using the results proven in Sakamoto et al., 2011, the DLST for the
Caputo derivatives can give by:

LzSt
@du z; tð Þ

@td

� �
¼ r�d u

�
q;rð Þ

�
Xn�1

j¼0
r�dþjLz

@ju z; 0ð Þ
@tj

" #
; LzSt

@1u z; tð Þ
@z1

� �

¼ q1 u
�
q;rð Þ �

Xq�1

k¼0
q1�1�kSt

@ku 0; tð Þ
@xk

" #
ð8Þ

Definition: 2.4
The Mittag-Leffer functions Ed;1ðxÞ, d > 0 and 1 > 0, is,

Ed;1 zð Þ ¼
X1

k¼0

zk

C dkþ 1ð Þ ; z 2 C;Re dð Þ > 0;Re 1ð Þ > 0: ð9Þ

The single transform (ST) of z1�1Ed;1ðkzdÞ and t1�1Ed;1ðktdÞ takes
the form:

Lx z1�1Ed;1ðkzdÞ;
� � ¼ qd�1

qd � k
; kj j < qd

�� ��; St t1�1Ed;1ðktdÞ;
� �

¼ r1�1

1� krd
; kj j < rd

�� ��: ð10Þ
2

3. Fundamental properties of (DLST)
Sr.
No
uðx; tÞ
 LxSt uðx; tÞ½ � ¼ u
�

q;rð Þ
1
 1
 1
q

2
 zctd
 c!d!
pcþ1 rd
3
 eczþdt
 1
ðq�cÞ 1�d rð Þ
4
 sinðczþ dtÞ
 cþd rq
ðq2þc2Þ 1þd2 r2ð Þ
5
 cosðczþ dtÞ
 q�cdr
ðq2þc2Þ 1þd2 r2ð Þ
6
 sinhðczþ dtÞ
 cþd rq
ðq2�c2Þ 1�d2 r2ð Þ
7
 coshðczþ dtÞ
 qþcdr
ðq2�c2Þ 1�d2 r2ð Þ
8
 J0 c
ffiffiffiffi
zt

p
 �
,

J0 is the zero order Bessel
function
4
4qþrc2
9
 u z� d; t � eð ÞH z� d; t � eð Þ
 e�q d � e
r /

�
q;rð Þ
10
 u � �wð Þðz; tÞ
 r /
�
q;rð Þw

�
q;rð Þ
11
 f zð Þg tð Þ
 Lx f xð Þ½ � St g tð Þ½ �
3.1. Existence condition for the DLST

If u is an exponential order a and b; z; t tend to infinity and if it
exist a nonnegative real,K : 8z > Z; t > T;

Then:

u z; tð Þj j ¼ Keazþbt; ð11Þ
and we write:

u z; tð Þ ¼ OðeazþbtÞasz; ttendtoinfinity ð12Þ
Or,

lim
z!1;t!1

e�qz�
t
r u z; tð Þj j ¼ K lim

z!1;t!1
e�ðq�aÞz� 1

r�bð Þt ¼ 0;q > a;
1
r > b:

ð13Þ
Then u is an exponential order as x; t tend to infinity.

Theorem 3.1.1
If a function u on the interval 0; Zð Þ and 0; Tð Þ of exponential

order c and d, then the DLST of u well-defined for all q and 1
r sup-

plied Re½q� > a and Re 1
r

� �
> b:

Proof.
We find, from the Def. 2.1,

u
�

q;rð Þ
��� ��� ¼ 1

r

Z 1

0

Z 1

0
e�qz�

t
ru z; tð Þdzdt

����
����

� K
Z 1

0
e� q�að Þzdz

Z 1

0

1
r
e�

1
r�bð Þtdt

¼ K
ðq� aÞ 1� brð Þ ;Re½q� > a;Re

1
r

� �
> b: ð14Þ

So, from Eq. (14) we’ve got,

lim
z!1;t!1

u
�

q;rð Þ
��� ��� ¼ 0;or lim

z!1;t!1
u
�
q;rð Þ ¼ 0:
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3.2. Basic derivatives properties of the DLST

If, u
�
q;rð Þ ¼ LzSt /ðz; tÞ½ �, then:

LzSt
@u z; tð Þ

@z

� �
¼ qu

�
q;rð Þ � S u 0; tð Þ½ �: ð15Þ

LzSt
@u z; tð Þ

@t

� �
¼ 1
r
u
�

q;rð Þ � 1
r
L u z;0ð Þð Þ ð16Þ

LzSt
@2u z; tð Þ

@z2

" #
¼ q2u

�
q;rð Þ � qS u 0; tð Þð Þ � S uz 0; tð Þð Þ: ð17Þ

LzSt
@2u z; tð Þ

@t2

" #
¼ 1
r2 u

�
q;rð Þ � 1

r2 L u z;0ð Þð Þ � 1
r
L ut z;0ð Þð Þ: ð18Þ

LzSt
@2u z; tð Þ
@z@t

" #
¼ q
r
u
�

q;rð Þ � q
r
L u z;0ð Þð Þ � S ut 0; tð Þð Þ: ð19Þ

Proof
For (16)

LzSt
@u z; tð Þ

@z

� �
¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
r
@u z; tð Þ

@z
dzdt

¼ 1
r

Z 1

0
e�

t
rdt

Z 1

0
e�qz

@u z; tð Þ
@z

dz
� 


Let, u ¼ e�qz; dv ¼ @u z;tð Þ
@z dz; thus:

LzSt
@/ z; tð Þ

@z

� �
¼ 1
r

Z 1

0
e�

t
rdt �u 0; tð Þ þ q

Z 1

0
e�qzu z; tð Þdx

� 


¼ qu
�

q;rð Þ � S u 0; tð Þð Þ:
Concerning (16)

LzSt
@u z; tð Þ

@t

� �
¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
r
@u z; tð Þ

@t
dzdt

¼ 1
r

Z 1

0
e�qzdz

Z 1

0
e�

t
r
@/ z; tð Þ

@t
dt

� 


Let, u ¼ e� t
r; dv ¼ @u

@t dt; then:

LzSt
@u z; tð Þ

@t

� �
¼ 1
r

Z 1

0
e�qxzdz �u z;0ð Þ þ 1

r

Z 1

0
e�

t
ru z; tð Þdt

� 


¼ 1
r
u
�

q;rð Þ � 1
r
L u z;0ð Þð Þ:

It is easy to prove (17), (18), and (19).
Theorem 3.2.1

If u
�
q;rð Þ ¼ LzSt uðz; tÞ½ �, thus:

LzSt u �dþ z;�eþ tð ÞH �dþ z;�eþ tð Þ½ � ¼ e�qd�
e
r u

�
q;rð Þ; ð20Þ

H �dþ z;�eþ tð Þ ¼ 1; z > d; t > e
0; otherwise

� 

: ð21Þ

Proof
Using Def. 2.1

LzSt u �dþ z;�eþ tð ÞH �dþ z;�eþ tð Þ½ �

¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
ru �dþ z;�eþ tð ÞH �dþ z;�eþ tð Þdzdt

¼ 1
r

Z 1

d

Z 1

e
e�qz�

t
ru �dþ z;�eþ tð Þdxdt;
3

Putting, z� d ¼ q; t� e ¼ w ¼ e�qd�
e
r
1
r

Z 1

0

Z 1

0
e�qq�

w
ru q;wð Þdqdw ¼

e�qd�
e
r u

�
q;rð Þ:

3.3. Convolution Theorem of DLST

3.4 Definition 3.3.1
The double convolution of /ðx; tÞ and wðx; tÞ is given,

u � �wð Þ z; tð Þ ¼
Z z

0

Z t

0
u �dþ z;�eþ tð Þw d; eð Þddde: ð22Þ

Theorem 3.3.1 (Convolution Theorem)

If LxSt uðz; tÞ½ � ¼ u
�

q;rð Þ and LzSt wðz; tÞ½ � ¼ w
�
q;rð Þ then:

LzSt u � �wð Þðz; tÞ½ � ¼ ru
�

q;rð Þw
�
q;rð Þ: ð23Þ

Proof
Using Def. 2.1

LzSt u � �wð Þðz; tÞ½ � ¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
r u � �wð Þ z; tð Þdzdt

¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
r

Z z

0

Z t

0
u �dþ z;�eþ tð Þw d; eð Þddde

� 

dzdt;

¼ 1
r

Z 1

0

Z 1

0
e�qz�

t
r

Z 1

0

Z 1

0
u �dþ z;�eþ tð ÞH �dþ z;�eþ tð Þw d; eð Þddde

� 

dzdt

¼
Z 1

0

Z 1

0
w d; eð Þddde 1

r

Z 1

0

Z 1

0
e�qz�

t
ru �dþ z;�eþ tð ÞH �dþ z;�eþ tð Þdzdt

� 

;

¼
Z 1

0

Z 1

0
w d; eð Þddde e�qd�

e
r u

�
q;rð Þ

n o
¼ u

�
q;rð Þ

Z 1

0

Z 1

0
e�qd�

e
rw d; eð Þddde

¼ r/
�
q;rð Þw

�
q;rð Þ

Using Theorem 3.2.1 to find

4. Principle of DLST method

In this part, we exercised DLST to find the solution to the Eq. (1).
First, apply DLST to Eq. (1), we get:

c r�d /
�
q;rð Þ �

Xn�1

j¼0
r�dþjLx

@ j/ðx;0Þ
@tj

" #" #

þ d q1 /
�
q;rð Þ �

Xm�1

k¼0
q1�1�kSt

@k/ð0; tÞ
@xk

" #" #

þ eLxSt L/ðx; tÞ½ �
¼ g

�
q;rð Þ ð24Þ

Furthermore, applying single (LT) to the ICs(2) and single (ST) to
the BCs(3), we’ve got,

Lx
@j/ðx;0Þ

@tj

" #
¼ f j

�
qð Þ; j ¼ 0;1; :::;n� 1; St

@k/ 0; tð Þ
@xk

" #

¼ hk

�
rð Þ; k ¼ 0;1; � � � ;m� 1: ð25Þ

By replacing (25) in (24), we get

/
�
q;rð Þ ¼ 1

cr�d þ dq1ð Þ
c
Pn�1

j¼0 r�dþj f j
�
ðqÞ þ d

Pm�1
k¼0 q1�1�k hk

�
ðrÞ � eLxSt L/ðx; tÞ½ �

þ g
�
q;rð Þ

2
4

3
5

ð26Þ
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Taking L�1
x S�1

t /
�
q;rð Þ

h i
of (26) to find the solution of (1);

/ x; tð Þ ¼ L�1
x S�1

t

1
cr�d þ dq1ð Þ

c
Pn�1

j¼0 r�dþj f j
�
ðqÞ þ d

Pm�1
k¼0 q1�1�k hk

�
ðrÞ

�eLxSt L/ðx; tÞ½ � þ g
�
q;rð Þ

2
4

3
5

2
4

3
5
ð27Þ
5. Elucidative examples

Without forgetting the work of Podlubny 1999, who has pro-
posed some analytical solutions for certain linear equations which
can be calculated. We treat in this numerical part some physical
applications using the DLST method. The objective is to illustrate
the method and prove its applicability.

5.1. Fractional advection-diffusion equation

Putting, c ¼ 1;n ¼ 1; s ¼ 0;m ¼ 2; d ¼ �q1; e ¼ �q2; L ¼ @
@x, to

find,

@du z; tð Þ
@td

¼ q1
@1u z; tð Þ

@z1
þ q2

@u z; tð Þ
@z

; 0 < d � 1;1 < 1 � 2; ð28Þ

WithICs and BCs:

uðz;0Þ ¼ f 0ðzÞ;uð0; tÞ ¼ h0ðtÞ;uzð0; tÞ ¼ h1ðtÞ; ð29Þ
So,(27) yields the solution of (28)

u z; tð Þ ¼ L�1
z S�1

t

1
r�d � q1q1 � q2qð Þ

r�d f 0
�
ðqÞ � q1q1�1 h0

�
ðrÞ � q1q1�2 h1

�
ðrÞ

�q2 h0

�
ðrÞ

2
4

3
5

2
4

3
5

ð30Þ
5.2. Fractional reaction-diffusion equation

Putting,s ¼ 0;m ¼ 2; n ¼ 1; a ¼ 1; b ¼ �q; and Luðz; tÞ ¼ uðz; tÞ
in Eq. (1), to get,

@du z; tð Þ
@td

þ euðz; tÞ ¼ q
@1u z; tð Þ

@z1
; 0 < d � 1;1 < 1 � 2; ð31Þ

With, ICs and BCs:

uðz;0Þ ¼ f 0ðzÞ;uð0; tÞ ¼ h0ðtÞ;uzð0; tÞ ¼ h1ðtÞ; ð32Þ
So,(27) gives a solution of (31) as:

u z; tð Þ ¼ L�1
z S�1

t

1
r�d þ e� qq1ð Þ r�d f 0

�
ðqÞ � qq1�1 h0

�
ðrÞ � qq1�2 h1

�
ðrÞ

h i� �
:

ð33Þ
5.2.1. Fractional heat (diffusion) equation
If we choose, e ¼ 0 in (31), we got,

@du z; tð Þ
@td

¼ q
@1u z; tð Þ

@z1
;0 < d � 1;1 < 1 � 2; ð34Þ

With, ICs and BCs:

uðz;0Þ ¼ f 0ðzÞ;uð0; tÞ ¼ h0ðtÞ;uzð0; tÞ ¼ h1ðtÞ; ð35Þ
So, (33) yields the solution of (34)
4

u z; tð Þ ¼ L�1
z S�1

t
1

r�d � qq1ð Þ r�d f 0
�
ðqÞ � qq1�1 h0

�
ðrÞ � qq1�2 h1

�
ðrÞ

h i� �
:

ð36Þ
Example 1: Putting q ¼ 1 and 1 ¼ 2 in (34), to yield,

@du z; tð Þ
@td

¼ @2u z; tð Þ
@z2

;0 < d � 1; ð37Þ

with;

u z;0ð Þ ¼ sinz ¼ f 0 zð Þ;u 0; tð Þ ¼ 0 ¼ h0 tð Þ;uz 0; tð Þ ¼ Ed �td

 � ¼ h1 tð Þ

ð38Þ
Replacing,

f 0
�
ðqÞ ¼ 1

q2 þ 1
; h0

�
ðrÞ ¼ 0 ; h1

�
ðrÞ ¼ 1

1þ rd
;

in (36) and simplifying, we obtain,

u z; tð Þ ¼ L�1
z S�1

t
1

ðq2 þ 1Þ 1þ rdð Þ
� �

¼ sinzEd �td

 �

: ð39Þ

When, d ¼ 1, we get,

u z; tð Þ ¼ e�tsinz: ð40Þ
5.3. Fractional telegraph equation

Putting m ¼ 2;n ¼ 2; d ¼ �q; s ¼ 0; and L ¼ c0 þ c1 @
@t, we’ve got,

c
@du z; tð Þ

@td
þ c1

@u z; tð Þ
@t

þ c0u z; tð Þ ¼ q
@1u z; tð Þ

@z1
;1 < d; 1 � 2; ð41Þ

With, ICs and BCs:

u z;0ð Þ ¼ f 0 zð Þ;ut z;0ð Þ ¼ f 1 zð Þ;u 0; tð Þ ¼ h0 tð Þ;uz 0; tð Þ ¼ h1 tð Þ;
ð42Þ

So, (27) gives the solution of (41) in the form,

u z; tð Þ ¼ L�1
z S�1

t

1
c0 þ c1r�1 þ cr�d � qq1ð Þ

c1r�1 f 0
�
ðqÞ þ cr�d f 0

�
ðqÞ þ cr�dþ1 f 1

�
ðqÞ

�qq1�1 h0

�
ðrÞ � qq1�2 h1

�
ðrÞ

2
4

3
5

2
4

3
5:

ð43Þ
Example 2: If we choose, c0 ¼ c1 ¼ c ¼ q ¼ 1 and d ¼ 2 in (41),

we get,

u z; tð Þ þ @u z; tð Þ
@t

þ @2u z; tð Þ
@t2

¼ @1u z; tð Þ
@z1

;1 < 1 � 2; ð44Þ

uð0; tÞ ¼ h0ðtÞ ¼ e�t ;uzð0; tÞ ¼ h1ðtÞ ¼ e�t; ð45Þ
Replacing,

f 0
�
ðqÞ ¼ 1

q
þ 1
q2

� �
q1

q1 � 1
; f 1

�
ðqÞ ¼ � 1

q
þ 1
q2

� �
q1

q1 � 1
;

h0

�
ðrÞ ¼ h1

�
ðrÞ ¼ 1

1þ r
;

in (43) and simplify it, to find:

u z; tð Þ ¼ L�1
z S�1

t
1

1þ rð Þ
1
q
þ 1
q2

� �
q1

q1 � 1

� �
¼ e�t E1ðz1Þ þ zE1;2ðz1Þ

� �
; ð46Þ

When 1 ¼ 2, we get

u z; tð Þ ¼ ez�t : ð47Þ
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5.3.1. Fractional wave equation
If we choose, c0 ¼ c1 ¼ 0; c ¼ 1 in (41), then, we get,

@du z; tð Þ
@td

¼ q
@1u z; tð Þ

@z1
;1 < d; 1 � 2; ð48Þ

With ICs and BCs:

u z;0ð Þ ¼ f 0 zð Þ;ut z;0ð Þ ¼ f 1 zð Þ;u 0; tð Þ ¼ h0 tð Þ;uz 0; tð Þ ¼ h1 tð Þ;
ð49Þ

Then, (43) gives a solution of (48) as;

u z; tð Þ ¼ L�1
z S�1

t

1
r�d � qq1ð Þ r�d f 0

�
ðqÞ þ r�dþ1 f 1

�
ðqÞ � qq1�1 h0

�
ðrÞ � qq1�2 h1

�
ðrÞ

h i� �
: ð50Þ

Fractional Klein–Gordon equation
Putting, n ¼ m ¼ 2; c ¼ 1; d ¼ �1; and Lu ¼ u, to find,

@du
@td

� @1u
@z1

þ eu z; tð Þ ¼ s z; tð Þ;1 < d; 1 � 2: ð51Þ

With ICs and BCs:

u z;0ð Þ ¼ f 0 zð Þ;ut z;0ð Þ ¼ f 1 zð Þ;u 0; tð Þ ¼ h0 tð Þ;uz 0; tð Þ ¼ h1 tð Þ:
ð52Þ

So, (27) yields the solution of (51),

u z; tð Þ ¼ L�1
z S�1

t
1

eþ r�d � q1ð Þ
r�d f 0

�
ðqÞ þ r�dþ1 f 1

�
ðqÞ � q1�1 h0

�
ðrÞ

�q1�2 h1

�
ðrÞ þ s

�
q;rð Þ

2
4

3
5

2
4

3
5:
ð53Þ

Example 3: If we choose, e ¼ �1; 1 ¼ 2; and g x; tð Þ ¼ 0 in (51),
we have got

@du x; tð Þ
@td

� @2u x; tð Þ
@z2

�u z; tð Þ ¼ 0;1 < d � 2; ð54Þ

with;

uðz;0Þ ¼ sinzþ 1 ¼ f 0ðxÞ;utðz; 0Þ ¼ 0 ¼ f 1ðzÞ;
uð0; tÞ ¼ EdðtdÞ ¼ h0ðtÞ;uzð0; tÞ ¼ 1 ¼ h1ðtÞ: ð55Þ

Substituting, f 0
�
ðqÞ ¼ 1

q2þ1 þ 1
q ; f 1

�
ðqÞ ¼ 0 ;h0

�
ðrÞ ¼ 1

1�rd ; h1

�
ðrÞ ¼ 1 ;

in (53) and simplifying, to obtain,

u z; tð Þ ¼ L�1
z S�1

t
1

q2 þ 1
þ 1
q 1� rdð Þ

� �
¼ sinzþ EdðtdÞ: ð56Þ
5.4. Fractional Burger’s equation

Choosing, ¼ 2;n ¼ 1; d ¼ �1; c ¼ 1; e ¼ 1; L ¼ @
@z , we obtain,

@du z; tð Þ
@td

� @1u z; tð Þ
@z1

þ @u z; tð Þ
@z

¼ s z; tð Þ;0 < d � 1;1 < 1 � 2; ð57Þ

and

uðz;0Þ ¼ f 0ðzÞ;uð0; tÞ ¼ h0ðtÞ; zð0; tÞ ¼ h1ðtÞ; ð58Þ
then we have the following solution,

u z; tð Þ ¼ L�1
z S�1

t
1

r�d � q1 þ qð Þ
r�d f 0

�
ðqÞ þ h0

�
ðrÞ � q1�1 h0

�
ðrÞ

�q1�2 h1

�
ðrÞ þ s

�
q;rð Þ

2
4

3
5

2
4

3
5:

ð59Þ
Example 4: If we choose, 1 ¼ 2; and s z; tð Þ ¼ 0 in (57) to get,

@du z; tð Þ
@td

� @2u z; tð Þ
@z2

þ @u z; tð Þ
@z

¼ 0;0 < d � 1; ð60Þ
5

with;

uðz;0Þ ¼ e�z ¼ f 0 zð Þ;uð0; tÞ ¼ Edð2tdÞ ¼ h0 tð Þ;
uzð0; tÞ ¼ �Edð2tdÞ ¼ h1 tð Þ: ð61Þ

Replacing, f 0
�
ðqÞ ¼ 1

qþ1 ; h0

�
ðrÞ ¼ 1

1�2rd ; h1

�
ðrÞ ¼ � 1

1�2rd ; in (59)

and simplifying, to obtain,

u z; tð Þ ¼ L�1
z S�1

t
1

qþ 1ð Þ 1� 2rdð Þ
� �

¼ e�zEdð2tdÞ: ð62Þ
5.5. Fractional Fokker-Planck equation

Putting, m ¼ 2;n ¼ 1; d ¼ �1; c ¼ 1; e ¼ �1; L ¼ @
@z ; and

s z; tð Þ ¼ 0, to get,

@du z; tð Þ
@td

¼ @1u z; tð Þ
@z1

þ @u z; tð Þ
@z

;0 < d � 1;1 < 1 � 2; ð63Þ

with ICs and BCs:

uðz;0Þ ¼ f 0ðzÞ;uð0; tÞ ¼ h0ðtÞ;uzð0; tÞ ¼ h1ðtÞ; ð64Þ
Then:

u z; tð Þ ¼ L�1
z S�1

t

1
r�d � q1 � qð Þ r�d f 0

�
ðqÞ � q1�1 h0

�
ðrÞ � q1�2 h1

�
ðrÞ � h0

�
ðrÞ

h i� �
:

ð65Þ
Example 5: If we choose,1 ¼ 2 in (63) then, we find:

@du z; tð Þ
@td

¼ @2u z; tð Þ
@z2

þ @u z; tð Þ
@z

;0 < d � 1; ð66Þ

with,

uðz;0Þ ¼ z ¼ f 0 zð Þ;uð0; tÞ ¼ td

C 1þ dð Þ ¼ h0 tð Þ;uzð0; tÞ ¼ 1 ¼ h1 tð Þ:

ð67Þ

Replacing, f 0
�
ðqÞ ¼ 1

q2 ; h0

�
ðrÞ ¼ rd ; h1

�
ðrÞ ¼ 1 ; in (65) and sim-

plify it, to find:

u z; tð Þ ¼ L�1
z S�1

t
1
q2 þ

rd

q

� �
¼ zþ td

C 1þ dð Þ : ð68Þ
5.6. Fractional Korteweg-de Vries (KdV) equation

Putting, m ¼ 1;n ¼ 1; c ¼ 1; and L ¼ @3

@z3 in (1), to get,

@du z; tð Þ
@td

þ d
@1u x; tð Þ

@z1
þ e

@3u u; tð Þ
@z3

¼ s z; tð Þ;0 < d; 1 � 1; ð69Þ

with ICs and BCs:

uðz;0Þ ¼ f 0ðzÞ;uð0; tÞ ¼ h0ðtÞ;uzð0; tÞ ¼ h1ðtÞ;uzzð0; tÞ ¼ h2ðtÞ;
ð70Þ

Then:

u z; tð Þ ¼ L�1
z S�1

t

1
r�d þ dq1 þ eq3ð Þ

r�d f 0
�
ðqÞ þ eq2 h0

�
ðrÞ þ eqh1

�
ðrÞ

þe h2

�
ðrÞ þ dq1�1 h0

�
ðrÞ þ s

�
q;rð Þ

2
4

3
5

2
4

3
5:
ð71Þ

Example 6: If we choose,d ¼ 2; e ¼ 1; 1 ¼ 1; and s x; tð Þ ¼ 0 in
(69) we have:



Fig. 3. Solutions of Fractional Fokker-Planck.
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@du z; tð Þ
@td

þ 2
@u z; tð Þ

@z
þ @3u z; tð Þ

@z3
¼ 0; 0 < d � 1; ð72Þ

with,

uðz;0Þ ¼ f 0ðzÞ ¼ sinz;uð0; tÞ ¼ �tdE2d;dþ1ð�t2dÞ
¼ h0ðtÞ;uzð0; tÞ ¼ E2d;1ð�t2dÞ ¼ h1ðtÞ;uzzð0; tÞ
¼ tdE2d;dþ1ð�t2dÞ ¼ h2ðtÞ: ð73Þ

Replacing,

f 0
�
ðqÞ ¼ 1

q2þ1 ;h0

�
ðrÞ ¼ � rd

1þr2d ; h1

�
ðrÞ ¼ 1

1þr2d ;h2

�
ðrÞ ¼ rd

1þr2d ; in (71)

and simplifying, to obtain,

u z; tð Þ ¼ L�1
z S�1

t
1

q2 þ 1ð Þ 1þ r2dð Þ �
qrd

q2 þ 1ð Þ 1þ r2dð Þ
� �

¼ sin zð ÞE2d;1ð�t2dÞ � coszð ÞtdE2d;dþ1ð�t2dÞ: ð74Þ
Fig. 4. Solutions of Fractional Korteweg-de Vries (KdV).
6. Discussions

We are going look in this section the numeric evaluation of
obtained results of fractional equations that have proposed to be
solve. Moreover, we will discuss the numerical behavior of the
solution resulting from a fractional differential equation and com-
pare it with that of the equation with integer derivative.

When d = 1, the closed form solution of each Example 3, 4, 5 and
6 is simply calculated. We have opted to examine the numerical
results for the values of d = 0.95, 0.85 and 0.75. We have noticed
that the solutions obtained for the different fractional values of d
are in coordination with the solution of closed form for a = 1, as
shown in Figs. 1–4. It suffices to clearly notice that when a
approaches 1, the solution resulting from the fractional equation
approaches this exact solution.
Fig. 1. Solutions of Fractional Klein–Gordon.

Fig. 2. Solutions of Fractional Burger’s.
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7. Conclusions

This article deals with the approach of a new double transfor-
mation. The objective is based on the simplicity of the technique
used to solve a large class of fractional equations of mathematical
physics. The examples show that DLST can be a good alternative to
treat many LFPDEs that appear in science. However, it should be
noted that the solutions obtained are valid while the inverse of this
transform exists.
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