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In this work, g- Laplace type integral transforms which are called qL,-transform and q£,-transform are
applied on three families of g?-Bessel Functions. Moreover, we give some examples to show effectiveness
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1. Introduction

Bessel functions are series of solutions to a second order differ-
ential equation that arise in many diverse situations. In literature
there are many g-extensions of Bessel functions. The first were
introduced by Jackson (1905) and studied later by Hahn (1949),
Exton and Srivastava (1994). These g-analogues have been studied
extensively by Ismail in Ismail (1981,1982). Laplace transform is
the most popular and widely used in applied mathematics. A cer-
tain type of Laplace transforms which is called £,-transform was
introduced by Yiirekli and Sadek (1991). Then, these transforms
were studied in more details by Yiirekli (1999a,1999b). The g-
analogue of £,-transforms, which were called gL,-transform and
qL>-transforms were studied by Ucar and Albayrak (2011) and
applied to some basic functions. Purohit and Kalla applied the g-
Laplace transforms to a product of basic analogues of the Bessel
functions Purohit and Kalla (2007). Ugar (2014) and Omari
(2017) also applied Sumudu g-transforms and g-Natural trans-
forms, respectively, to a product of g-analogues of the Bessel
functions.

In this paper, we evaluate gL,-transform and q£,-transforms
presented in Ucar and Albayrak (2011) of a product of g?-
analogues of three families of Bessel functions. Finally, some exam-
ples of different parameters are presented in order to illustrate the
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accuracy and potentialities of the given theorems. The obtained
limiting case results show good agreement with the previously
obtained solutions.

1.1. Definitions and preliminaries

The mainly best known g-analogues of the remarkable Bessel
function
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The g-shift factorials are defined, for fix a € C, as
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We also denote by
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The first type g-analogue of the exponential function was intro-
duced as
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Whereas, the second type g-analogue of the exponential func-
tion was introduced as
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The series representations of the g-gamma function are given
by Kac and De Sole (2005)
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where K(A; ) is a remarkable function given by
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L>-Laplace transform as defined by Yiirekli and Sadek (1991) is
written as
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The series form of the first type of the g-analogue of £, -Laplace
transform which is denoted by 4L, as given by Ucar and Albayrak
(2011)
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where, using (6), [2] = [2], =1+g¢.
While the series form of the second type of the g-analogue of
L,-transform which is denoted by £, as given by Ucar and
Albayrak (201 1)
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There exists a relation between 4L,-transform and Lg-transform
as follows:

1
alo{f(t); s} = ml‘qz {f(e2);5}. (15)
Also, similar relation exists between ,C,-transform and
£q—transform as follows:

L2{f(£);s} La{f(t'?);s%}. (16)

1.2. Main Theorems

In this section we evaluate gL,-transform and q£, -transform of
t?4-2 weighted product of m different g>-Bessel Functions. The ¢?-
Bessel Functions are more relevant than the original g-Bessel Func-
tions because of the mathematical nature of qL,-transform and
qL,-transform which contain g2-shift factorials.

Theorem 1. (a) Letsz (art; q )]2ﬂ2(a2t;q2),...,]&Bm(amr; q?) be a
set of q*>-Bessel functions of the first kind and f(t) =
tZA‘ZHZ’:]]g;k (axt; %) where A, qy and p, where k=1,2,...,m are
constants then qL,-transform of f(t) is,
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Bessel functions of the second kind and f(t) = t**[. IJM (axt; q%)

where A,a, and p, where k=1,2,...,m are constants, then qL,-
transform of f(¢) is,
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Proof. We will only give the proof of (17), because the proof of
(18) and (19) is the same. We put
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into the definition (13) yields
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On interchanging the order of summations, which is valid under
the conditions given by the theorem, we obtain
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2. lllustrative Examples

In this final section we mainly give gL,-transforms and q.,-
transforms involving the g?>—Bessel Functions as applications of
our main results.

Corollary 3. If one takes m =1, i,
rems, respectively, one has
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Corollary 4. If one takes A =2 and p =1 in corollary (3), respec-
tively, one has
an
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Corollary 5. In corollary (4) if we use the relations (15), (16) and
replace a with 2\/a we obtain the results of Purohit and Kalla
(2007), for example in the first equation of corollary (4)
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which is the same result given by Purohit and Kalla (2007).

Corollary 6. In corollary (5) if we take the limit as ¢ — 1
Lz{t"];”(at);s} :Lz{t“jﬁ,”(at);s}

_ 2§Z+z (), (30)

which is the same result given in Yiirekli and Sadek, 1991.

3. Concluding Remarks

The results proved in this paper give some contributions to the
theory of the g-series especially g>-Bessel functions. The above the-
orems and their various corollaries and consequences can be
applied with different parameters to get different types of g-
Laplace transforms of wide range g?-Bessel and g-Bessel functions.
Also, the results obtained here can be used in some g-difference
equations.
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