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Abstract The space-fractional Fokker–Planck type equation @p
@t
þ c @p

@x
¼ �Dð�DÞa=2p ð0 < a 6 2Þ

subject to the initial condition pðx; 0Þ ¼ dðxÞ is solved in terms of Fox H functions. The solution

as c ¼ 0 expresses the Lévy stable distribution with the index a. From the properties of Fox H func-

tions, the series representation and asymptotic behavior for the solution are also obtained. Lévy

stable distribution as 0 < a < 2 describes anomalous superdiffusion and its diffusion velocity is

characterized by xd / ðDtÞ1=a.
ª 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In recent decades, the theory and applications of the fractional
calculus have developed rapidly. The applied fields include vis-

coelasticity, anomalous diffusion, heat transfer, signal process-
ing, dynamics and control, and so on (Podlubny, 1999; Kilbas
et al., 2006). Different definitions and methods have also been

proposed (Yang et al., 2013; Yang and Baleanu, 2013; Yang,
2012; Li et al., 2011a,b). Scientists and engineers have found
the description of some phenomena is more accurate when

the fractional derivative is used. In particular, anomalous
diffusion can be characterized by fractional differential
equations.

Let random variable XðtÞ denote the location of diffusing

particle with Xð0Þ ¼ 0 and pðx; tÞ be the probability density
function for XðtÞ. The time-fractional Fokker–Planck type
equations are derived and solved in Hilfer (1995) and
Rangarajan and Ding (2000); Space-fractional Fokker–

Planck type equation is obtained in Compte (1996) and
Yanovsky et al. (2000) using statistical methods. One-
dimensional case with convective term without asymmetric

term reads (Yanovsky et al., 2000)

@p

@t
þ c

@p

@x
¼ �Dð�DÞa=2p; ð1Þ

with the initial condition

pðx; 0Þ ¼ dðxÞ: ð2Þ

Here a; c;D are real constants (0 < a � 2;D > 0), dðxÞ is
the Dirac delta function and fractional Laplace operator is
defined by
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ð�DÞa=2fðxÞ ¼ F�1½jkjaF½ fðxÞ��; ð3Þ

where F and F�1 denote, respectively, the Fourier transform

and its inverse:

F½ f � ¼ f̂ðkÞ ¼
Z 1

�1
fðxÞeikxdx; ð4Þ

F�1½f̂� ¼ fðxÞ ¼ 1

2p

Z 1

�1
f̂ðkÞe�ikxdk: ð5Þ

Space-fractional Fokker–Planck type equations similar to

the Eq. (1) are also considered in Chaves (1998) and
Chechkin et al. (2002), but therein the exact analytic solutions
for the problem (1) and (2) are given only for the cases of a ¼ 1

and a ¼ 2. In the general case of 0 < a � 2, the solution for the
problem (1) and (2) is studied in the sequel. We obtain the
exact analytic solution in terms of Fox H functions (Mathai
and Saxena, 1978; Srivastava et al., 1982), and its series repre-

sentation and asymptotic behavior are investigated.

2. Solution to the problem

Taking the Fourier transform for the problem (1) and (2) with
respect to x we get

p̂ðk; tÞ ¼ eictke�Dtjkja : ð6Þ

Let

Uðx; tÞ ¼ F�1½e�Dtjkja �: ð7Þ

Then the inverse Fourier transform of (6) is

pðx; tÞ ¼ Uðx� ct; tÞ: ð8Þ

Lévy stable distribution qðxÞ with index c ð0 < c � 2Þ is
defined through the Fourier transform as (Feller, 1971;
Fogedby et al., 1992; Zanette, 1997)

F½qðxÞ� ¼ q̂ðkÞ ¼ expð�jk=k0jcÞ; ðk0 ¼ const:Þ: ð9Þ

So Uðx; tÞ is Lévy stable distribution with the index a. It fol-
lows from (8) that pðx; tÞ describes further the convection of

particles by the constant velocity c in contrast with Uðx; tÞ.
We focus our attention on the discussion for Uðx; tÞ in the
following.

In order to obtain the inverse in (7) we rewrite it as

Uðx; tÞ ¼ 1

p
F c½e�Dtjkja ; jkj ! jxj�; ð10Þ

where F c denotes the Fourier cosine transform

F c½gðuÞ; u! v� ¼
Z 1

0

gðuÞ cos uvdu: ð11Þ

Using the Fox function representation (Mathai and Saxena,

1978; Srivastava et al., 1982; Duan, 2005)

e�Dtjkja ¼ 1

a
H1;0

0;1 ðDtÞ1=ajkjjð0;1=aÞ
� �

ð12Þ

and the Fourier cosine transform of Fox functions (Glöckle

and Nonnenmacher, 1993)

F c½Hm;n
p;q ðzÞ; z! v� ¼ p

v
Hnþ1;m

qþ1;pþ2 v
ð1� bj; bjÞ; ð1; 1=2Þ
ð1; 1Þ; ð1� aj; ajÞ; ð1; 1=2Þ

����
� �

;

l � 1; ð13Þ
F c½Hm;n
p;q ðzÞ; z! v� ¼ p

v
Hm;nþ1

pþ2;qþ1
1

v

ð0; 1Þ; ðaj; ajÞ; ð0; 1=2Þ
ðbj; bjÞ; ð0; 1=2Þ

�����
 !

;

l P 1; ð14Þ

where l ¼
Pq

j¼1bj �
Pp

j¼1aj, we obtain from Eq. (10)

Uðx; tÞ ¼ 1

ajxjH
1;1
2;2

ðDtÞ1=a

jxj
ð0; 1Þ; ð0; 1=2Þ
ð0; 1=aÞ; ð0; 1=2Þ

����
 !

; 0 < a � 1;

Uðx; tÞ ¼ 1

ajxjH
1;1
2;2

jxj
ðDtÞ1=a

ð1; 1=aÞ; ð1; 1=2Þ
ð1; 1Þ; ð1; 1=2Þ

����
 !

; 1 6 a � 2:

ð15Þ

As a ¼ 1, the first expression in Eq. (15) permits jDt=xj < 1,
while the second permits jDt=xj > 1. Making use of the series
expression of Fox functions and the formula

CðzÞCð1� zÞ ¼ p
sinpz

;

we get the series representations

Uðx; tÞ ¼ 1

pjxj
X1
n¼1

ð�1Þnþ1

n!
sin

pan
2

Cð1þ anÞ Dt

jxja
� �n

;0< a� 1;

ð16Þ

Uðx;tÞ ¼ 1

paðDtÞ1=a
X1
n¼0

ð�1Þn

ð2nÞ! C
1þ2n

a

� �
jxj
ðDtÞ1=a

 !2n

;16 a� 2:

ð17Þ
3. Discussions and conclusions

As a ¼ 1, the Cauchy distribution is obtained from Eqs. (16)
and (17)

Uðx; tÞja¼1 ¼
Dt

pðx2 þ ðDtÞ2Þ
: ð18Þ

As a ¼ 2, with the help of the identity

C nþ 1

2

� �
¼

ffiffiffi
p
p
ð2nÞ!
4nn!

and the expression in Eq. (17), the Gauss distribution is
obtained

Uðx; tÞja¼2 ¼
1

2
ffiffiffiffiffiffiffiffi
pDt
p exp � x2

4Dt

� �
: ð19Þ

From Eqs. (16) and (17) we have the following asymptotic

expressions

Uðx; tÞ � sin
pa
2

Cð1þ aÞ Dt

pjxjaþ1
;

Dt

jxja ! 0 ð20Þ

for 0 < a � 1, and

Uðx; tÞ � C
1

a

� �
1

paðDtÞ1=a
;

jxj
ðDtÞ1=a

! 0 ð21Þ

for 1 6 a � 2. Using the asymptotic expansion of Fox func-

tions we get
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Figure 1 Curves of Uðx; 0:5Þ versus x on the interval 1:5 6 x 6

25 for D ¼ 1 and a ¼ 1 (thick dot line), 0.75 (solid line), 0.5 (dot

line) and 0.25 (dash line).
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Figure 2 Curves of Uðx; 5Þ versus x on the interval �9 6 x 6 9

for D ¼ 1 and a ¼ 1 (thick dot line), 1.25 (solid line), 1.5 (dot line),

1.75 (dash line) and 2 (dot–dash line).
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Uðx; tÞ � C
1

a

� �
1

paðDtÞ1=a
;

Dt

jxja !1 ð22Þ

for 0 < a � 1, and

Uðx; tÞ � sin
pa
2

Cð1þ aÞ Dt

pjxjaþ1
;

jxj
ðDtÞ1=a

!1 ð23Þ

for 1 6 a < 2.

In Figs. 1 and 2, we plot the curves of Uðx; tÞ versus x for
fixed values of t and different values of a. Since for fixed t, the
series in (16) converges faster for large jxj while the second

converges faster for small jxj, the different ranges of x are cho-
sen in Figs. 1 and 2.

Inserting Eqs. (15)–(17), (20)–(23) into Eq. (8), we can

obtain the Fox function representations, series representations
and asymptotic behavior for the probability density pðx; tÞ.
As a ¼ 2, the Gauss distribution (19) describes the standard
diffusion process. The mean square displacement is given by

hx2i ¼ 2Dt. But as 0 < a < 2, from the asymptotic representa-

tion the mean square displacement hx2i is infinite. The Lévy

stable distribution Uðx; tÞ describes anomalous diffusion
(Shlesinger et al., 1993). In order to determine the diffusion
velocity we adopt the following method.

Taking a fixed number d ð0 < d < 1Þ, we investigate xd such
that

2

Z xd

0

Uðx; tÞdx ¼ d ð24Þ

for all t. Calculating the integration with the help of (15) and
(18) leads to

xd

ðDtÞ1=a
¼ const: ð25Þ

Therefore we have

xd / ðDtÞ1=a: ð26Þ

This gives the characteristic of anomalous superdiffusion. The
smaller the value of a is, the faster the diffusion spreads. This is

shown in Figs. 1 and 2.
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Appendix: Fox H function

The Fox H function (Fox function or H function) is defined by
the contour integral (Mathai and Saxena, 1978; Srivastava

et al., 1982; Glöckle and Nonnenmacher, 1993)

Hm;n
p;q ðzÞ ¼ Hm;n

p;q z
ða1; a1Þ; . . . ; ðap; apÞ
ðb1; b1Þ; . . . ; ðbq; bqÞ

�����
 !

:¼ 1

2pi

Z
L

hðsÞzsds;

ðA1Þ

where hðsÞ is given by

hðsÞ ¼
Qm

j¼1Cðbj � bjsÞ
Qn

j¼1Cð1� aj þ ajsÞQq
j¼mþ1Cð1� bj þ bjsÞ

Qp
j¼nþ1Cðaj � ajsÞ

: ðA2Þ

Here m; n; p; q are integers satisfying 0 6 n 6 p; 1 6 m 6 q and
empty products are interpreted as unity. The parameters aj
ðj ¼ 1; . . . ; pÞ and bj ðj ¼ 1; . . . ; qÞ are complex numbers and

aj ðj ¼ 1; . . . ; pÞ and bj ðj ¼ 1; . . . ; qÞ are positive numbers

satisfying Pa \ Pb ¼£, where

Pa ¼ fs ¼ ðbj þ kÞ=bj; j ¼ 1; 2; . . . ;m; k ¼ 0; 1; 2; . . .g

and

Pb ¼ fs ¼ ðaj � 1� kÞ=aj; j ¼ 1; 2; . . . ; n; k ¼ 0; 1; 2; . . .g:

The integration contour L runs from s ¼ c� i1 to s ¼ cþ i1
such that Pa lies to the right of L and Pb to the left of L. Fox H
function is an analytic function of z which makes sense (i) for

every z–0 if l > 0 and (ii) for 0 < jzj < b�1 if l ¼ 0, where
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l ¼
Xq
j¼1

bj �
Xp
j¼1

aj

and

b ¼
Yp
j¼1

aaj
j

Yq
j¼1

b
�bj
j

and it can be expanded into series

Hm;n
p;q ðzÞ ¼ �

X
s2Pa

Res hðsÞzsð Þ: ðA3Þ

Due to the factor zs in (A1), the H function is in general multi-
ple-valued, but is one-valued on the Riemann surface of logz.

As l > 0 and n–0 the asymptotic expansion

Hm;n
p;q ðzÞ �

X
s2Pb

Res hðsÞzsð Þ; jzj ! 1 ðA4Þ

holds uniformly on every closed subsector of j arg zj 6 pk=2,
where k is defined by

k ¼
Xm
j¼1

bj þ
Xn
j¼1

aj �
Xq
j¼mþ1

bj �
Xp
j¼nþ1

aj:

We list some properties of the H function:

Hm;n
p;q z

ða1; a1Þ; . . . ; ðap; apÞ
ðb1; b1Þ; . . . ; ðbq; bqÞ

�����
 !

¼ Hn;m
q;p

1

z

ð1� b1; b1Þ; . . . ; ð1� bq; bqÞ
ð1� a1; a1Þ; . . . ; ð1� ap; apÞ

����
� �

; ðA5Þ

Hm;n
p;q z

ða1; a1Þ; . . . ; ðap; apÞ
ðb1; b1Þ; . . . ; ðbq�1; bq�1Þ; ða1; a1Þ

�����
 !

¼ Hm;n�1
p�1;q�1 z

ða2; a2Þ; . . . ; ðap; apÞ
ðb1; b1Þ; . . . ; ðbq�1; bq�1Þ

�����
 !

; n > 0; q > m;

ðA6Þ

1

k
Hm;n

p;q z
ða1; a1Þ; . . . ; ðap; apÞ
ðb1; b1Þ; . . . ; ðbq; bqÞ

�����
 !

¼ Hm;n
p;q zk

ða1; ka1Þ; . . . ; ðap; kapÞ
ðb1; kb1Þ; . . . ; ðbq; kbqÞ

�����
 !

; k > 0; ðA7Þ

zrHm;n
p;q z

ða1; a1Þ; . . . ; ðap; apÞ
ðb1; b1Þ; . . . ; ðbq; bqÞ

�����
 !

¼ Hm;n
p;q z

ða1 þ ra1; a1Þ; . . . ; ðap þ rap; apÞ
ðb1 þ rb1; b1Þ; . . . ; ðbq þ rbq; bqÞ

�����
 !

: ðA8Þ
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