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1. Introduction

Fractional calculus is a generalization of classical calculus which
provides an excellent instrument to describe memory and heredi-
tary properties of various materials and process (Podlubny, 1999;
Mohammed, 2016).

The Field of the fractional differential equations aroused the
interest of many researchers in several areas including physics,
engineering and finance (Atangana and Aguilar, 2017; Aguilar
et al., 2017, 2018; Escamilla et al.,, 2018; Perez et al., 2018;
Martinez and Aguilar, 2018).

FIDEs appeared in formulating processes in applied sciences
such as physics, engineering, finance, biology ...etc. a lot of prob-
lems in acoustics, electromagnetics, viscoelasticity, hydrology
and other types of application can be formulated by fractional
order differential equations (Mittal, 2008).

FIDEs have been attacked by many researchers such as Momani,
2000 obtained local and global existence and uniqueness solution
of the FIDEs. Rawashdeh, 2005 used the collocation spline method
to approximate the solution of FIDEs. Mohammed (Mohammed,
2010) applied a reliable algorithm of homotopy analysis method
in order to solve FIDEs.
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The numerical solution of linear FIDEs have been investigated
by Mohammed (2014) using least squares method shifted cheby-
shev polynomials.A comparative study among three numerical
schemes for solving FIDEs was given in Kumar et al. (2017). While
(Wang and Zhu, 2017) used wavelet method in order to solve vol-
terra FIDEs. The Existence result and the approximate solution of
quadratic FIDEs have been given in Hendi et al. (2019).

This paper concernes with the numerical solution of system of
linear FIDEs.

Diyi(t) =fi(t) + /;ijky(t,s)yj(s)ds,o <t<1,0<a<l,
j=1
i=1,2,....m ] 1)
subject to the initial conditions
¥i(0) =cp,i=1,2,3,...,m. ()

Using the power series method, where k;(t,s), i,j=1,2,...,m
are kernels of integral equations and y;(t), i=1,2,...,m are
unknown solutions to be calculated, f;(t) are real valued functions,
‘DY denotes the Caputo fractional derivative of order o.

In the present paper we apply a modified series algorithm to
solve systems of linear FIDEs. The algorithm consist of few steps
explained in Section 4 which converges easily to the exact solution.

The main objective of this manuscript is to find the approximate
solution of linear FIDEs by the uses of a modified series algorithm.

The setup of this manuscript is as follows: in Section 2, we recall
some definitions of the fractional calculus. In Section 3, we intro-
duce the power series method. Section 4, is about the formulation
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of the applied algorithm. Some illustrative applications are given in
Section 5. Finally a conclusion have been drawn.

2. Fractional order derivatives and integrals

This section includes the definitions of Riemann-Liouville (R-L)
fractional order integration, Riemann-Liouville (R-L) fractional
order derivative and Caputo fractional order derivative.

Definition 1. A real function f(t) is said to be in the space C,, u € R
if there exists a real number p > p, such that f(t) =t g(t), where

g € C[0,00) and it is said to be in the space CZ ifff(”) cCy,neN.

Definition 2. The (R-L) fractional integral operator of order o > 0
of function y € Cy,, i > —1 is defined as:

Py(t) = g Jo (=0 Vy)dr, >0, 1>0
y(t), a=0.

where I'(«) is the Gamma function.

Definition 3. The (R-L) fractional derivative of order « > 0 of func-
tion y € C",, is defined as:

= Jy t—0)"* Vy@)dr, n-1<a<n

T ¢
oD;y(0) = {d"jm

ac"

o=n.

where n is an integer.

Definition 4. The Caputo fractional derivative of order « > 0 of
function y € C";, is defined as:

1 t _ (n—o—1) (n) -
o t—1 T)dt, n—-1<a<n
cDity(t) _ { T'(n—o) fo ( ) y ( )

dy(t
L0, o=n.

where n is an integer.

The following are some of the most important properties of the
Riemann-Liouville fractional order integral and Caputo fractional
order derivative (Podlubny, 1999).

wpp _ T(BH1) fe
(])Itt 7mt+x, ﬁ>—], o> 0.

(2) Ditf = %t’”, B>-1, a>0.
(3) DIy (6)) = y(b).
(4) (I7 DYy)(t) = y(t) = S d 00k ¢ >0, n—1<a<n.

3. The method of power series

The power series method is the most transparent method of
solution of fractional differential and integral equations. The idea
of this method is to look for the solution in the form of a power ser-
ies; the coefficients of the series must be determined (Podlubny,
1999).

Sometimes it is possible to find the general expression for the
coefficients, at other times it is only possible to find the recurrence
relation for the coefficients.

The solution in both cases could be computed approximately as
partial sum of the series.

This of course illustrate the cause of why the power series
method is often used for handling or solving applied problems.

Several examples have been solved and treated in Podlubny
(1999) and Kilbas et al. (2006) by the aid of the power series
method, let us mention a few of them:

(i) oDiy(t)=f(t), t>0, 0<a<T1; 3)
subject to
y(0)=0. 4)

The solution of problem (3) and (4) is given in Podlubny (1999)
as:

y(t) _ Za” tn+x7
n=0

where
()
= Fnrasn "0
(ii) oDfy(t)=f(t), t>0, 0 <o <1; )
subject to
oD 'y (t)] o = B. (6)

where B is constant.
In this case the solution of the problem (5) and (6) has the fol-
lowing form (Podlubny, 1999):

y(t) _ Zan tn+ac—17
n=0

where

and

o S0

Qn i1 :7F(n+oc+1)’

(iii) oDFY(6) + (t+1)°y(t) =0, (a < -1). (7

The general solution in this case is given by Kilbas et al. (2006)
as:

o0

VO =+ 113 a, £+ 1™,

n=0
where
a1 =0, (keN)

= (—1)*Q(k)ao
with
k .
I'(2jor)
B=\|ls"—
0 =+ 19
Therefore, the general solution to Eq. (7) has the form:

00

y(6) = ao(t+ 1)* M1+ (=D Qk)(t + 1)

k=1
(iv) oDfy(t) =t'g(t), t>0,0<a<1, f>-T1; (8)
subject to
y(0)=0. 9)

The solution of the problem (8) and (9) that we have been look-
ing for may be given in the form (Podlubny, 1999):

YO =Y e,
n=0
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where

r'(1+n+ g™ (0) 150
TrA+n+a+pr(n+1)" =
For more fractional order differential equations that have been

solved with the help of the power series method see (Podlubny,
1999; Kilbas et al., 2006).

a, =

4. The algorithm

Consider the linear FIDEs given by problem (1) and (2), in this
section a numerical algorithm will be applied in order to find the
solution of problem (1) and (2) using the power series method.

For the existence of a unique solution of problem (1) and (2) we
recommended to see (Heydari et al., 2014).

To start the algorithm, first operating I? on both sides of Eq. (1),
yields

ot

DYy (t) = Iifi(t) + I} (/ Zm:ku'(f,S)J’j(S)dS) (10)
0 =1

0<t<1,0<ax<1,i=1,2, ..., m

And secondly we suppose the solution of problem (1) and (2) to
be in the following form:

m

Vi) =3i(0) + > gy 91 i =1,2,3,....m. (11)
=

where c; are constants to be determined.

The coefficients ¢; can be determined step by step
and as follows: Set c¢p=Yy;(0),i=1,2,....m and also
G =¢ij,j=0,1,2,...,m and suppose the solution of problem (1)
and (2) be
yilt)=co+cit*, i=1,2,...,m. (12)

where c; is unknown constant which can be determined by putting
Eq. (12) into Eq. (10) and after simple calculations we obtained

(Mici —qy) t*+ Dy (t) = 0. (13)

where M, is m x m constant matrix, g, is m x 1 constant vector,
®@,(t) is a polynomial of order greater than «. Now neglecting
@ (t) and comparing the coefficients of t* on both sides of
Eq. (13) we obtained:

Mic, —q =0. (14)

From Eq. (14) we can find the value of c; which is the 1st step. In
the next step let the solution of problem (1) and (2) will be given
as:

Yi(t) = co + C1t* + cot* 1. (15)
where ¢y and c; are known and ¢, is unknown constant. Now put-
ting Eq. (15) into Eq. (10), we get

(Macy — q)t**! + @y(t) = 0. (16)
where @,(t) is a polynomial of order gerater than o + 1. Now com-

paring the coefficients of t**! and neglecting ®,(t) into Eq. (16), we
obtain

Mac; — g, = 0. (17)

The unknown value c; in Eq. (17) can be determined easily. If
we continue the same procedure for m iterations then we get a ser-
ies of the following form

Vilt) =cCo+ it* + Gt . ept™™ 1 i=1,2,3,...,m.  (18)

Which gives an approximate solution for the exact solution of
problem (1) and (2) in the given interval.

Next we shall prove that the suggested modified series con-
verges absolutely.

4.1. Theorem

For any power series
m .
dgt—t) ! i=1,23,...,m

j=1

there are only 3 possibilities for the values of t for which the series
converges:

(i) The power series (11) converges only when t = t,.
(ii) The power series (11) converges for all t.
(iii) There is a positive number R such that the power series (11)
converges

if |t — to] < R and diverges if |t — to| > R.

In case (iii) we say that R is the radius of convergence of the
power series.

For convenience, we include the other two cases in this defini-
tion by defining R = 0 in case (i) and R = oo in case (ii).

Proof. To test the convergence, we shall use the ratio test, and as
follows:

im0 ="
Cj(l’ _ to)ocﬂ—l

Cit1
paves :

— |t = tolL.
G [t —to

= |t — to/lim
joo

where L = lim;_,

G
G

Then the power series converges absolutely if |t — tp|L < 1 and
diverges if |t — fo|L > 1.
If |t — to|L = 1, then the test inconclusive. O

5. Illustrative examples

In this section, we consider a linear systems of FIDEs, then the
proposed method is applied in order to obtain the approximate
results.

Example 1. Consider the following linear FIDEs.

{fDm () =262 — [((t =)y, + (t—5)y,) ds=0; O << 1
Dy, (t) + 362 + 15 — [(((t =)y, — (£ —5)y,) ds = 0.
(19)

With the initial conditions
y1(0) =1, y,(0) =1. (20)

And the exact solutions of problem (19) and (20) are
) =1+t>and y,(t) =1 - 3.
According to Section 4, operating I on both sides of Eq. (19), we
get:
{Jﬁ () = 1= 2I(E) = [ (Jo((t = $)y1 + (£ —5)y,) ds) = O;
Ya(t) = 14+ 3(8) + 3 (E) = T (fy(E = 5)y; — (E=5)y,) ds) = 0.
(21)

Since y;(0) =1 and y,(0) = 1. Therefore cio =1, ¢ =1 and

_(Cio\ _ 1
hence ¢y = <c20) = (1)
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Let

{yl(t) =Cio+C1it* =1+ cit™ 22)
yz(t) = Cy0 + C21t“ =1 +C21t1.
Substituting Eq. (22) into Eq. (21), we have
{c“t“ 21() — (o (£ =) +cnis™) + (£ —5) (1 +C218%))ds) =
Cnt* + 31 (%) + %I?(ts)—lf fo ((t=5)(14+c118%) — (t—5)(1+€218%))ds) =
(23)

Hence, we have

o I'(3 o+2 C11 I'(0+3) 420042 Cyq I'(043) 42042 _
{C”t 3 oz+3 t (az+1) oc+2) T'(20+3) t T (o) (at2) T(2at3) t -

t1+5 11

T(a+3) 2042 1
(0+1)(x+2) T (2a+3t +

o I3 o+2 1
Cit* + 35 H3 [ H(; @) (2+2)

Or
(M1C] — q]) t* + (D](t) =0.
where
11 10 0 Pn(t)>
= M = do
“ (C21>7 ! <0 1) h= <0> and ®i(t) = <P21(t) '
where
I'(3) 2 i Tl +3) 2502
Pii(t) = 3L t%2 — £2%+
(0 T(o+3) (a+1)(o+2) T(20 + 3)
o €21 F(a(+3) 20042
(aa+1)(a+2) '+ 3) '
I'G) .., 1 T(6) 5 C11
Py (t) =3 2 4 2 > —
20 =3t 75" T5 Tt 6) @+ D(e+2)
« L +3) 2000 n €21 (e +3) {2042
I'2a+3) (04 1)(a+2) I'(2oc +3) '
Therefore by comparing coefficients of t* and neglecting @ (t),
we get:

c11 =0 and cy =0.
Next step, let

t) = Cro + C11t* + Cpat™ 1 = 1 4 1o t*H1.
{}’1() 10 +C1t” +C12 + C12 (25)

Vo (t) = Cap 4 Cort* + Coat™ ! = 1 4 cpt™*1.
Substituting Eq. (25) into Eq. (21), we have

C]zf“l 21&( 719( fo
C22t1+1+31l( )+éll(f5

+(t=5)(1+Caps*1)ds) =
(t=5)(1+Cap5*1)ds) =0
(26)

$) (14871 +
jo ((t=s)(1+cp8*1) —

Therefore after some simple calculations, we get:

o+1 T(3) tat2 12 (0+4) 42043 [5 T(0+4) 42043
Cipt™ =3 o) t —@F )( 3 T2ard) Lt (x+2)2(21+3) T(20+4) £ =0;
o+1 1'3 o+2 1 c T(+4) 2043 T(o+4) 42043
™ + 35t 4 — T Tt +(x+2)(21+3) ot =0.
(27)
Or
o+1 .
(Macy — qp) %77 + @y (1) = 0;
where

a=(a)m= (o Vo= (o) maoo- (o)

where

B ra) . C12 T(e+4) o
P12(t)*_3r(a+3)t 2_(oc+2)(06+3) F(20€+4)t2 ’
B €22 [(a+4) (243
(a+2)(a+3) I'2oe+4) '
_ re) ,,,1 I®G . C12
Po() =30 55t 2+§1"(oc+6) 5’(o<+2)(oc+3)
y Ia+4) 5,3 N €22 I'(a+4) {2043
I'(2a +4) (c+2)(a+3) 2o+ 4) '

(24)

T(o+3) $2042
T'(20+3) t =0.

Therefore by comparing coefficients of t**! and neglecting
@, (t), we have: ¢;; =0 and ¢; = 0.
Next step, let

{Jﬁ(t) = Cro + Ciit* + it 4 C3t* 2 = 1+ ¢r3t* 2. (28)

V5 (t) = Ca0 + Cont* + Cont™ ! + o3t = 1+ Cp3t™*2.
Substituting Eq. (28) into Eq. (21),we have

{clgt“‘z —2I(t%) —If(fé((t—s)ﬂ +€135%42) + (£ —5) (1 + C235%72))ds) = 0;
Cost™*2 31 (E2) + LI (E5) — I (JE (= 5)(1 +C135%2) — (£ —5)(1 + Co35%2))ds) = 0.
(29)

Therefore, we have

42 rQ3) 172 c T(0+5) 2044 c; T(a+5) ¢204+4 _ ().
{CBt =35 x+3 7(1+3)1(31+4) TRl ) T2ats) L4 = 0;

€23 tHZ +5 r 1+6 toz+5 (x+36)1(3x+4) F(Z“HSS)) t21+4 + (1+3E)2(37+4) lf(ZzZSS t21+4 0‘
(30)
Or
(M3C3 - Q3) toc+2 + (D3(t) = 0;
where
I'(3)
C13 1 O) 3 %+3) <P13(t))

€= Ms = 3 = and @;(t) = ,

= (e M= (o 1) <_3% 0= by
where
Prs(t) = — Ci3 D(@+5) oo C23

B (r+3)(o+4) T(20+5) (o +3)(00+ 4)

y (e +5) (204
I'o+5)

Pa(t) = 1 I(6) 5 C13 I'(a+5) (2044

2 5T(o+6) (+3)(o+4) T(200+5)

C23 I'(o+5) f2o+4

T 3) (04 T(2a+5)

Therefore by comparing coefficients of t**?2 and neglecting
@5 (t), we have: cj3 = 3 1CL F<a+3> and cy3 = -3 %

Next step, let

V1(t) = cro+Ciit* + et 4 c3t* 2 4 cat* B =143 1;+3 t42 pat™3,
Vo (t) = Cag + Cort* + Cont™ 1 + Co3t™ 2 + cpat*3 =1-3 l-(rxi3)f“2 + Coat* 3.
(31
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Substituting Eq. (31) into Eq. (21), we have

30 a+3 L9424 qt*3 — 21 (82) — I?( [0 $)(1+3 LB, F<a+3 2 4 c 45”3) +(t—s)(1-3 o<+)3 $T2 4 0pq8%3))ds) = (32)
=3y 2+ Caat™? 4 3L (7) + LIH(E) = IE(fo((t = $)(1 + 3 gy $2 + C1as™3) — (£ — 5)(1 — 3 125542 + Cag sM))ds)
Hence, we have
2 3 ra 2 c I'(04+6) 2045 c I'(o+6) 2045 .
3 17+3 . 3 1+3 e — (1+4)](40¢+5) T (20+6) L — ((X+4)2(4,{+5) T (20+6) t " =0; (33)
I3 +2 +3 +2 1 _I(6 +5 C T'(0+6) 42045 6 I'(3) T(a45) +20+4 [s C(o+6) 2a+5 _
3 oc+3 t* +G ta +3 OH~3 t* +3 5 I'( 0H~6 t* (oc+4)l(4a+5) I'(20+6) t T (@+3)(a+4) T(a13) T(2045) t + (a+4)2{lm+5) I'(2046) td =0.

Or
(MaCq — q,) £ + Dy(t) = 0;

where

Pra(t) = — C14 F+6) 55 Co4
1 (0 +4)(a+5) T'(20+ 6) (o +4)(a+5)
o D@46) s
r2u+6)
116 ., Cig [(+6) 2
el =5Tar6)" a5 Tear6)
6
C(@+3)(x+4)
[3) T(@+5) o4 Cos T(@+6) 205

I'(e+3) TQ2a+5) (o +4)(o+5) I'(2oe + 6)

Therefore by comparing coefficients of t**> and neglecting
Dy (t), we have: ¢4 =0 and ¢4 = 0.

Therefore the approximate solution of problem (19) and (20) for
m =4 becomes as:

Y1(t) = cro+cnit* + Cat™ 1 4 €3t* 2 4 141713
I'3)
I'(+3)

tac+2

=1+3

V5 (£) = Coo + ot 4 Copt™ + C3t™2 + Cpqt* 3
3
T(@+3)

toc+2

=1-3

Tables 1 and 2 represent the approximate solution of problem
(19) and (20) for different values of « using the proposed algorithm
compared with variational iteration method (VIM) (Nawaz, 2011),

homotopy analysis method (HAM) (Zhang et al.,
exact solution when o = 1.

Figs. 1 and 2 illustrates the approximate solution of problem
(19) and (20) using the proposed algorithm for m=4 and for
different values of o« compared with (VIM), (HAM) and the exact
solution when o = 1.

2011) and the

Example 2. Consider the following linear FIDEs.

{fD“y1<)—1+r+fo ((E—S)y1(5) + (L= S)y,(s)) ds; 0 << 1

Dy, () =1t Lt [o(E—S)y2(5) — (£~ 5)y5(s)) ds.
(34)
With the initial conditions
¥1(0) =0, y,(0) =0. (35)
And the exact solutions of problem (34) and (35) are
yi(t) =t+5and y,(t) =t - 5.

Operating I} on both sides of Eq. (34), we get

=) +IO) =5 (E) + I (fy (E=5)y1(5) +(E=5) y2(5)) ds);

» (@)
{J’z(f) = (1) =IO =S E) + (€ =91 (5) = (E=5)y,(5)) ds).
(36)

Since y,(0) =0 and y,(0)

_(Cio\ _ 0
hence ¢y = <c20> = <O>

Let

= 0. Therefore ¢ =0, ¢ =0 and

{Y1(t) =Cio + it = e t”. a7

Yo(t) = C0 + o t* = cppt*.

Substituting Eq. (37) into Eq. (36

Cnta = I?(l)
C21[a = I?(l)

), we have

IX(6) = 1E(8) + IX(fy((t = 5)(cnis™) + (t — 5)(c215%))ds);
IF(t) — ST (Y + I fo (t —s)(c118%) — (t — $)(Ca18%))dS).
(38)
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Table 1
Comparison between the approximate solution of y, (t) of problem (19) and (20) using the proposed algorithm for m = 4 and for different values of o compared with (VIM), (HAM)
and the exact solution when o = 1.

t o =025 a=05 o=0.75 a=1 (VIM) (HAM) The exact solution
m=4 m=4 m=4 m=4 a=1 a=1 a=1
0 1 1 1 1 1 1 1
0.1 1.006 1.003 1.002 1.001 1.001 1.001 1.001
0.2 1.027 1.018 1.012 1.008 1.008 1.008 1.008
03 1.067 1.049 1.036 1.027 1.029 1.027 1.027
0.4 1.127 1.101 1.08 1.064 1.07 1.064 1.064
0.5 1.21 1177 1.149 1.125 1.141 1.125 1.125
0.6 1.317 1.279 1.245 1.216 1.248 1.216 1.216
0.7 1.448 1.41 1.375 1.343 1.403 1.343 1.343
0.8 1.605 1.572 1.541 1.512 1.614 1.512 1.512
0.9 1.789 1.768 1.748 1.729 1.893 1.729 1.729
1 2 2 2 2 2.25 2 2
Table 2

Comparison between the approximate solution of y, (t) of problem (19) and (20) using the proposed algorithm for m = 4 for different values of « compared with (VIM), (HAM) and
the exact solution when o = 1.

t o =025 a=0.5 a=0.75 o=1 (VIM) (HAM) The exact solution
m=4 m=4 m=4 m=4 a=1 a=1 a=1
0 1 1 1 1 1 1 1
0.1 0.994 0.997 0.998 0.999 0.999 0.999 0.999
0.2 0.973 0.982 0.988 0.992 0.992 0.992 0.992
0.3 0.933 0.951 0.964 0.973 0.973 0.973 0.973
0.4 0.873 0.899 0.92 0.936 0.936 0.936 0.936
0.5 0.79 0.823 0.851 0.875 0.874 0.874 0.875
0.6 0.683 0.721 0.755 0.784 0.782 0.782 0.784
0.7 0.552 0.59 0.625 0.657 0.653 0.653 0.657
0.8 0.395 0.428 0.459 0.488 0.479 0.479 0.488
0.9 0.211 0.232 0.252 0.271 0.253 0.253 0.271
1 0 0 0 0 -0.033 -0.033 0
25
2 -
e =0.25
15 == a=0.5
=5 =—dr—0=0.75
ol
1 =l —— =1
e \/IM =1
05 == HAM a=1
The exact solution a=1
O T T T T T 1
0 02 0.4 06 08 1 12
t

Fig. 1. The approximate solution of y, (t) using the proposed algorithm for different values of o compared with (VIM), (HAM) and the exact solution when o = 1.

Hence, we have (Micy —qy) £+ @y (t) = 0.

o _ _I(1) 4o [2) po1 _ 1 T4 o043 c C(at3) 2042 C [(043) 2042,
C”t - F(z+1)t + I‘(zx+2)t T 3 T(at4) + (oc+l)1(1zx+2) T'(20+3) + (1+1)2(1zx+2) T'(20+3) ’ (39)

Coit?* = ra o _ T2 [ I'(5) jo+4 + 11 C43) $20+2 €1 I(0+3) 2o+2

218 = T(ar1) T(@+2) 12 T(2+5) (@+1)(0+2) T(2a+3) (0 1)(0+2) T(2a+3) :

Or where
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12 4
1N
08 1 e 0=0.25
== a=0.5
= e == a=0.75
‘; i r=1
04 4
e IM a=1
02 - == HAM a=1
==t==The exact solution a=1
0 1
12
-02 J
t

Q) Or
o 10 % P11 (t
C1:( ”),M1:( ),qlz r;g)” andCDl(t):( 11())7 ot
21 01 ey Py (t) (Macy — qp) %71 + Dy (t) = 0;
where where
rQ2) 1 T4 c c 10 ) Pia(t)
Pty = 12 a1 (43 1 (2 = _ [ TeD and @ (t :< 12 )
10=ra12" 3T 8" Tarh@ry o)™ 0 1) | ey 0= pu0))
y I'(o+3) P2 C21 (o +3) {2042
I'(2a+3) (a+1)(o+2) T'(2e +3) ’ where
P, (t) _ F(Z) ol l F(S) o4 C11 P]z(t) _ _1 F(4) 03 2 ]_‘(])
(o +2) 12T (a+5) (+1)(o+2) 3T(a+4) (a+1)(a+2) T(o+1)
F(O( + 3) 2042 C21 F(O( + 3) t20(+2. ~ F(O‘ + 3) 20042 €12 F(O( + 4) t2°‘+3
2o+ 3) o+ 1) (e +2) T2+ 3) 2o+ 3) (o0 +2)(o+3) T2+ 4)
Therefore by comparing coefficients of t* and neglecting @ (t), n €22 I(o+4) {2043
we get: ¢;; = ]"(oc+1 and cy; = r;ll) £ (o +2)(oc+3) I'2o + 4)
Next step, let
1 I(5) 4 C12 T(o+4) 5,3
Pu(t)=—= 4+ £
V1 (6) = Cro + Cirt* + Crpt™! = r(r;l)l) F ettt w0 12 F(zﬂ +5) r(a(iz)Z)(OC +3) I'(2a+4)
22 20+3
Ya(t) = Cao + Ciat” + Copt™ ™! = Lt + o™ (@t 2)(x+3) r(2a+4)t :
Substituting Eq. (40) into Eq. (36), we have
et =) + () —%If‘(t3)+lf<fot( tfs)(w+1 s“+clzs““> (tfs)< ot +szs°‘“)>ds>; A
; (41)
+eppt* ! = (1) — I2(t) — LI () +If<f(§ ((t —s)( o s 4 ¢ s““) (t— s)( << s+ czzsw))ds).
Therefore after some simple calculations, we get: Therefore by comparing coefficients of t**! and neglecting
. T2 I'(2)
Hl t* 4+ Cppt* ! = Hl 4 Foc+2 ) porl _% Foc+4 ) g3y (“H)zmz) @, (1), we have: ¢i3 = 75 and €2 = — ;755
I'(1) TI(a+3) t217+2 + C12 T'(o+4) t2f7+3 + Cy I'(a+4) t2a+3 Next Step' let
F(oc+l) T(20+3) (fx+2)(oc+3) T(2u+4) (OL+2)(9(+3) T(2u+4) . it w2 ) w2
t* 4+ , toc+] _ 2 ') toc+1 1 tzx+4 C12 N (t) = Cio +Cul” +Ciat +Cist = r(dﬂ)t RECEL
oc+1 oc+1 I'(a+2) 12 T o<+5 (a+2)(a+3)
ron O~ G o Yalt) = Coo + ennt” et + Cat™? = LI +ent™?,

(42) (43)
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Substituting Eq. (43) into Eq. (36), we have

+ l"(a(+2) S ot = L)+ 1) - ;If(ﬁ) +1I (fot ((t -5) (rﬂlﬁ)s“ - l_(r(z s 4o SHZ) +(t=s) (r(r;nwsa r(y(+)2)5“+1 + C2351+2))d5)‘

(1) su o+1 o2 o o 1 7o po+4 o rt ra T2 o+l 2 1) re) 1 o2 (44)
el — rm )t T p et = (1) = IF(t) — S () + I (jo ((t—s)(mmso‘ —ms” + Cp38** ) (t—s)(r M)s°c — r(Hz)s“‘+ + Cp38** ))ds).
Therefore, we get:
4 ra 3 (245 I'(+5)
+ F tx-ﬂ +Ci3 tOH—z rx+1 t* + I( zx+2 tx-ﬂ ; F(;Jr)zl) ta+3 + (1+1)2(o¢+2) I“(os+)l) F(Zgottr?:) t2a+2 + (1+3C)](3a+4) 1"(20(;#5) t2a+4 +% 1"(20(;#5 t21+4
ra o o o o T o I'2) T(oa+4) o c I'(a+5) o c: I'(+5) o
1‘(05+)1)t +C3 t 2= F(otH t 0+2 t o 7i2 (oc( )5 t - (oc+2)1(oc+3) F(o£+2) 1“((20::41 tz - + (zx+3)](3a+4) (ZO::rS tz - (zx+3)?x+4) (ZaxtrS tz +4
(45)
Or 1 TI(5 4 1 re)
Py(t) = — = £+
Mot — g0) 2 4 D(t) — 0 0= "5 Tas5’ "T@r2ei3) @2
3(3 3 « F(OC+4) 21+3+ C13 F(OC+5) {2044
where I'2o+4) (0+3)(a+4) I'(2o +5)
C13 10 0 Pi3(t) Ca3 [(@+5) ,
3= M; = = and @;(t) = , - 2,
’ <c23>’ ’ (0 1)’% <0> () (st(t)>’ (o+3)(x+4) T(200+5)
where Therefore by comparing coefficients of t**?2 and neglecting
1 T4 ) ) ®5(t), we have: ¢;3 =0 and ¢35 = 0.
Pi3(t) = — = ¢ Therefore the approximate solution of problem (34) and (35) for
3T(a+4) (@4 1) +2) T(x+1) m =3 becomes as:
Tl +3) 2502 C13 T +5) 5514
RS + 2o+
20+ 3) (+3)(o+4) T(200+5) V1(6) = 1o + Cnt? + ot 4 Cppt*? = F(E(l)l)ta +r(£(i)2)ta+y
+ Ca3 F(OC + 5) t2a+4
(0+3)(a+4) I'(2oe +5) '
Table 3

Comparison between the approximate solution of y, (t) of problem (34) and (35) using the proposed algorithm for m = 3 and for different values of o compared with (VIM), (HAM)
and the exact solution when o = 1.

t o =025 a=05 o =0.75 a=1 (VIM) (HAM) The exact solution
m=3 m=3 m=3 m=3 a=1 a=1 o=1
0 0 0 0 0 0 0 0
0.1 0.59 0.332 0.187 0.105 0.105 0.105 0.105
0.2 0.736 0.492 0.329 0.22 0.22 0.22 0.22
03 0.851 0.63 0.466 0.345 0.345 0.344 0.345
04 0.954 0.759 0.604 0.48 0.48 0.478 0.48
0.5 1.051 0.884 0.743 0.625 0.625 0.62 0.625
0.6 1.144 1.007 0.886 0.78 0.78 0.769 0.78
0.7 1.235 1.129 1.033 0.945 0.945 0.945 0.945
0.8 1.324 1.252 1.184 1.12 1.12 1.086 1.12
0.9 1.412 1.376 1.34 1.305 1.305 1.25 1.305
1 1.5 1.5 1.5 1.5 1.5 1.417 1.5
Table 4

Comparison between the approximate solution of y, (t) of problem (34) and (35) using the proposed algorithm for m = 3 and for different values of & compared with (VIM), (HAM)
and the exact solution when o = 1.

t o =025 =05 o« =0.75 =1 (VIM) (HAM) The exact solution
m=3 m=3 m=3 m=3 o=1 a=1 a=1
0 0 0 0 0 0 0 0
0.1 0.534 0.3 0.169 0.095 0.095 0.095 0.095
0.2 0.602 0.402 0.269 0.18 0.18 0.18 0.18
0.3 0.629 0.466 0.345 0.255 0.255 0.255 0.255
0.4 0.636 0.506 0.402 0.32 0.32 0.32 0.32
0.5 0.631 0.53 0.446 0.375 0374 0374 0.375
0.6 0.616 0.542 0.477 0.42 0.419 0.419 0.42
0.7 0.595 0.544 0.497 0.455 0.452 0.452 0.455
0.8 0.567 0.537 0.508 0.48 0.475 0.475 0.48
0.9 0.536 0.522 0.508 0.495 0.485 0.485 0.495

1 0.5 0.5 0.5 0.5 0.483 0.483 0.5
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== =0.25
== a=0.5
== a=0.75
=1
w—pie VIM =1
=@ HAM a=1

==f==The exact solution a=1

12

Fig. 3. The approximate solution of y, (t) using the proposed algorithm for different values of o compared with (VIM), (HAM) and the exact solution when o = 1.

07 4

y2(t)

—t—a=0.25
== a=0.5
== a=0.75
=1

e \/IM =1
== HAM a=1

==f==The exact solution a=1

12

Fig. 4. The approximate solution of y,(t) using the proposed algorithm for different values of o compared with (VIM), (HAM) and the exact solution when o = 1.

1 . _TIQ
Ta+1) T(+2)

yz(t) = Cy + C21td + szta(+1 + C23t“+2 = t0(+1.

Tables 3 and 4 represent the solution of problem (34) and (35)
for different values of o using the proposed algorithm compared
with variational iteration method (VIM) (Nawaz, 2011), homotopy
analysis method (HAM) (Zhang et al., 2011) and the exact solution
when o = 1.

Figs. 3 and 4 illustrates the approximate solution of problem
(34) and (35) using the proposed algorithm for different values of o
compared with (VIM), (HAM) and the exact solution when o = 1.

6. Conclusions

In this paper, we have applied a modified computational algo-
rithm for solving the fractional order linear integro-differential
equations which gives an accurate solution. The algorithm has
great potential to solve systems of linear problems of fractional
order in short as well as in broad intervals.The beauty of the tech-

nique is less calculation, less use of computer memory, economical
in terms of computer power, and involve no tedious calculations.
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