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This study intends to elaborate the heat and mass transfer analysis of Casson nanofluid flow past a
stretching sheet together with magnetohydrodynamics (MHD), thermal radiation and chemical reaction
effects. The boundary layer approximations established the governing equations, i.e., time-subservient
momentum, energy and diffusion balance equations. An explicit finite difference scheme was imple-
mented as a numerical technique where Compaq Visual Fortran 6.6.a programming code is also devel-
oped for simulating the fluid flow system. In order to accurateness of the numerical technique, a
stability and convergence analysis was carried out where the system was found converged at Prandtl
number, Pr � 0.062 and Lewis number, Le � 0.025 when s = 0.0005, DX = 0.8 and DY = 0.2. The non-
dimensional outcomes are apprehended here which rely on various physical parameters. The impression
of these various physical parameters on momentum and thermal boundary layers along with concentra-
tion profiles are discussed and displayed graphically. In addition, the impact of system parameters on Cf,
Nu and Sh profiles with streamlines and isothermal lines are also discussed.
� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In the past decade, advance in nanotechnology has initiated a
lot of expectation for the experts in industries, engineering and
technologies field. Nanofluids are one of the wonder of such evolu-
tion. This type of fluids is basically originated from the intermixing
of base fluid and nanometer-sized particles; however, nanoparti-
cles usually have supreme thermal conductivity compared to their
base fluids. Nanofluids have a comprehensive range of applications
in biomedical, cancer therapeutics, solar industry, defence sector
etc. Akbar et al. (2012) introduced peristaltic flow in nanofluids
in a diverging tube and found that temperature profiles of the fluid
phase increase for developing data of Brownian and ther-
mophoretic parameters while the opposite behaviour observed in
the concentration profile. By incorporating the application of
HAM-based Mathematica package BVPh 2.0, Farooq et al. (2015)
also exhibited the attitude of the above mentioned parameters in
a hydromagnetic Falkner–Skan nanofluid flow. Analysis of heat
transfer together with viscous dissipation and Joule heating prop-
erties in a stagnation-point flow of viscous radiative nanofluid for
solar energy was investigated by Mushtaq et al. (2014).
Sheikholeslami et al. (2017a, 2017b) discussed heat transfer flow
of forced convective nanofluid with the influence of external mag-
netic source using both Lattice Boltzmann Method (LBM) and
control-based volume finite element method (CVFEM).

Numerous researchers and scientists were fascinated by the
characteristics of non-Newtonian fluid namely Casson fluid and
stretching sheet because of their extensive applications in many
industries. Casson fluid is a shear thinning liquid in which at zero
shear rates it will have infinite viscosity and vice-versa. Hayat et al.
(2012) observed the behaviour of Casson fluid which was flowing
on a stretched surface with a convective boundary condition struc-
ture. Imtiaz et al. (2016) extended Hayat et al. (2012)’s study by
incorporating nanoparticles and they did their experiment on
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Nomenclature

B0 magnetic component, [Wbm�2]
C Dimensionless concentration, [–]
Cf skin friction coefficient, [–]
cp specific heat, [Jkg�1K�1]
C
�

w concentration at wall surface
C
�

1 nanoparticle concentration away from surface
DT thermophoresis diffusion coefficient
DB Brownian diffusion coefficient
Ec Eckert number, [–]
g gravitational acceleration, [ms�2]
Kr chemical reaction parameter, [–]
k* mean absorption coefficient, [–]
Le Lewis number, [–]
M magnetic parameter, [–]
N stretching/shrinking parameter, [–]
Nt thermophoresis parameter, [–]
Nb Brownian parameter, [–]
Nu Nusselt number, [–]

Pr Prandtl number, [–]
qr radiative heat flux, [kgm�2]
Q heat generation parameter, [–]
Ra radiation parameter, [–]
Sh mass transfer coefficient (Sherwood number), [–]
t dimensional time, [s]
T fluid temperature, [K]
T
�

1 temperature away from the surface
u
�
; v
�

velocity component in x, y-direction, [ms�1]
x, y cartesian coordinate system

Greek symbols
b Casson fluid parameter
t kinematic viscosity, [m2s�1]
s dimensionless time, [–]
q fluid density, [kg m�3]
j thermal conductivity, [Wm�1 K�1]
r Stefan-Boltzmann constant, [Wm� K�4]
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stretching cylinder. Khan et al. (2017a) explored MHD Casson fluid
stagnation point flow together with the reaction of homogeneous-
heterogeneous properties. Tamoor et al. (2017) examined Newto-
nian heating characteristics of MHD Casson fluid flow initiated
by a stretched cylinder moving with linear velocity. Zaigham Zia
et al. (2018) premeditated Soret-Dufour effects on Casson fluid,
which was flowing on exponentially heated surface with space-
dependent heat source.

The impression of thermal radiation on the fluid flow is note-
worthy to analyse as many engineering and industrial applications
can be comprehended for example reactor safety, geothermal sys-
tems, heat internment etc. Hayat et al. (2015) carried out the
impact of non-linear thermal radiation on viscous nanofluid flow
resulting from stretched surface. Further studies due to the nonlin-
ear thermal radiation impacts on stagnation point flow of nano-
fluid towards a stretched surface was apprehended by Hayat
et al. (2016a). Recently several researchers (Hayat et al., 2018a,
2018b; Khan et al., 2017b, 2017c) are involved in this area to
improve the heat and mass transfer in nanotechnology.

By making use of the above studies, the intention of the current
investigation is to pursue the thermophoretic and Brownian
motion parameters impact on unsteady hydromagnetic chemically
reactive Casson nanofluid flow because of stretching on a plane
surface. The present study is concerned with modified Darcy’s
law where for detail description, the reader can refer to the recent
literature (Hayat et al., 2017, 2016b; Husain et al., 2008; Tanveer
et al., 2017). EFDM analysis together with a convergence and sta-
bility experiment (Arifuzzaman et al., 2017; Arifuzzaman et al.,
2018; Khan et al., 2016, 2012) have been done. The impressions
of relevant parameters are being exhibited graphically on velocity,
concentric and temperature fields. However, the fields of Cf, Nu
and Sh with streamlines and isothermal lines are also displayed
with graphical and tabular representation. Furthermore, for the
validation of the present study, qualitative comparisons with pre-
vious literature are also shown.
Fig. 1. Physical configuration.
2. Mathematical analysis

Under thermal radiation impact, an unsteady higher order
chemically reactive two-dimensional laminar Casson nanofluid
flow resulting from a stretched surface has been considered. A
transverse magnetic field (B0 = By) is also exerted here. �u ¼ Nx rep-
resents the velocity on a stretched surface and the upward direc-
tion depicts the x-axis whilst y-axis is considered normal to the
surface (Fig. 1). Let, y � 0 exhibits the flow direction. The species
concentration and plate temperature increased at t > 0. Here �Tw

and �Cw are surface temperature and concentration whereas the
concentration and temperature away from the plate are �C1 and �T1.

The rheological equation of Casson fluid flow (Mukhopadhyay
et al., 2013) has been considered as follows:

pij ¼
lb þ Pyffiffiffiffi

2p
p

� �
2eij when p > pc

lb þ Pyffiffiffiffiffiffi
2pc

p
� �

2eij whenp < pc

2
664

)t0 ¼ t 1þ 1
b

� �
where; t ¼ lb

q

where;Py ¼ lb
ffiffiffiffi
2p

p
b : ð1Þ

Under these considerations the dimensional fundamental equa-
tions can be expressed for this sort of flow as (Naramgari and
Sulochana, 2016; Raju et al., 2016):

@�u
@x

þ @�v
@y

¼ 0; ð2Þ

@�u
@t

þ �u
@�u
@x

þ �v @�u
@y

¼ t 1þ 1
b

� �
@2�u
@y2 �

rB2
0

q
�u� 1þ 1

b

� �
t
k0 �u; ð3Þ
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@�T
@t

þ �u
@�T
@x

þ �v
@�T
@y

¼ j
qcp

@2�T
@y2 þ s DB

@�C
@y

@�T
@y

� �
þ DT

�T1

@�T
@y

� �2" #

þ 1þ 1
b

� �
t
cp

@�u
@y

� �2

� 1
qcp

@qr

@y

þ Q0

qcp
�T� �T1
� �

; ð4Þ

@�C
@t

þ �u
@�C
@x

þ �v
@�C
@y

¼ DB
@2�C
@y2 þ

DT

�T1

@2�T
@y2 � K1

�C� �C1
� �p

: ð5Þ

The primary boundary criterions are:

t ¼ 0; �u ¼ Nx; �v ¼ 0; �T ¼ �T1; �C ¼ �C1 everywhere
t P 0; �u ¼ 0; �v ¼ 0; �T ¼ �T1; �C ¼ �C1 at x ¼ 0
�u ¼ Nx; �v ¼ 0; �T ¼ �Tw; �C ¼ �Cw at y ¼ 0
�u ¼ 0; �v ¼ 0; �T ! �T1; �C ! �C1 at y ! 1

; ð6Þ

where the components of velocity along x and y-axis are �u and �v. k0

is called porous term, j is the thermal conductivity, DT and DB are
thermophoresis and Brownian diffusion coefficient respectively, N
(<0) is the shrinking constant and N (>0) is the stretching constant,
t is the kinematic viscosity. The Rosseland approximation becomes,

qr ¼ � 4r0
3k�

@�T
@y

4
for radiative heat flux. Considering a very small tem-

perature difference in the flow and expressing �T
4

by Taylor’s

approximation at �T1 we adopt, �T
4 � 4�T

3
1
�T� 3�T

4
1. (Higher ranked

terms are eliminated)
Therefore Eq. (4) becomes,

@�T
@t

þ �u
@�T
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þ �v
@�T
@y

¼ j
qcp

@2�T
@y2 þ s DB

@�C
@y
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� �
þ DT

�T1

@�T
@y

� �2
" #

þ 1þ 1
b

� �
t
cp

@�u
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� �2

þ 16r0�T
3
1

3k�qcp

@2�T
@y2

þ Q0

qcp
�T� �T1
� �

: ð7Þ

Representing dimensionless quantities as,

U ¼ �u
U0

; V ¼ �v
U0

; Y ¼ yU0

t
; X ¼ xU0

t
; s ¼ tU2

0

t
;

T ¼
�T� �T1
�Tw � �T1

; C ¼
�C� �C1
�Cw � �C1

: ð8Þ

Thus, the dimensionless equations are achieved as,

@U
@X

þ @V
@Y

¼ 0; ð9Þ

@U
@s

þ U
@U
@X

þ V
@U
@Y

¼ 1þ 1
b

� �
@2U
@Y2 �MU� 1þ 1

b

� �
KpU ð10Þ

@T
@s

þ U
@T
@X

þ V
@T
@Y

¼ 1
Pr

ð1þ RaÞ @
2T

@Y2 þ Nb
@C
@Y

@T
@Y

� �

þ Nt
@T
@Y

� �2

þ 1þ 1
b

� �
Ec

@U
@Y

� �2

þ QT; ð11Þ

@C
@s

þ U
@C
@X

þ V
@C
@Y

¼ 1
Le

@2C
@Y2 þ

Nt
NbLe

� �
@2T
@Y2 � Kr Cð Þp: ð12Þ

Also, the corresponding boundary conditions are
s 6 0; U ¼ 0; V ¼ 0; T ¼ 0; C ¼ 0 everywhere
s > 0; U ¼ 0; V ¼ 0; T ¼ 0; C ¼ 0 atX ¼ 0
U ¼ NX ¼ N; V ¼ 0; T ¼ 1; C ¼ 1 at Y ¼ 0
U ¼ 0; V ¼ 0; T ¼ 0; C ¼ 0 as Y ! 1

: ð13Þ

where magnetic parameter M ¼ rB20t
qU2

0
, radiation parameter

Ra ¼ 16r0�T31
3kj� , Eckert number Ec ¼ U2

0

cp �Tw��T1ð Þ, Prandtl number Pr ¼ tqcp
j ,

Lewis number Le ¼ t
DB
, thermophoresis parameter Nt ¼ sDT

�Tw��T1ð Þ
�T1t

,

Brownian parameter Nb ¼ sDB
�Cw��C1ð Þ
t , Porous term Kp ¼ t2

k0U2
0
, heat

source parameter Q ¼ Q0t
U2
0qcp

, order of chemical reaction p and chem-

ical reaction Kr ¼ tK1
�Cw��C1ð Þp�1

U2
0

.

The following expressions present the physical quantities, skin
friction coefficient, Sherwood number and Nusselt number,

Cf ¼ � 1
2
ffiffiffi
2

p 1þ 1
b

� �
@U
@Y

� �
Y¼0

; Sh ¼ 1ffiffiffi
2

p @C
@Y

� �
Y¼0

and Nu

¼ 1ffiffiffi
2

p @T
@Y

� �
Y¼0

: ð14Þ

The stream function w satisfies continuity equation and the
velocity components associate as, U ¼ @w

@Y.
3. Numerical computation

For solving Eqs. (9)–(13), an explicit finite difference scheme
has been carried out. Because of that a flow field of rectangular
region is taken. This territory is partitioned into grid lines and is
collateral to X and Y axes.

Here, X and Y axis are perpendicular and in normal direction
respectively (Fig. 2). Here, the height of the plate Xmax (=100)
and Ymax (=25) are taken as Y ! 1. Toward X and Y axes the
grid spacing number are m = 125 and n = 125. The constant
mesh sizes are considered as DX ¼ 0:8 0 6 X 6 100ð Þ and
DY ¼ 0:2 0 6 Y 6 25ð Þ towards x and y-axes with smaller time
step Ds ¼ 0:0005. Now,

Ui;j � Ui�1;j

DX
þ Vi;j � Vi;j�1

DY
¼ 0; ð15Þ

U0
i;j � Ui;j

Ds
þ Ui;j

Ui;j � Ui�1;j

DX

� �
þ Vi;j

Ui;jþ1 � Ui;j

DY

� �

¼ 1þ 1
b

� �
Ui;jþ1 � 2Ui;j þ Ui;j�1

DYð Þ2
 !

�MUi;j � 1þ 1
b

� �
KpUi;j;

ð16Þ

T0
i;j � Ti;j

Ds
þ Ui;j

Ti;j � Ti�1;j

DX

� �
þ Vi;j

Ti;jþ1 � Ti;j

DY

� �

¼ 1
Pr

1þ Rað Þ Ti;jþ1 � 2Ti;j þ Ti;j�1

DYð Þ2
 !

þ Nb
Ci;jþ1 � Ci;j

DY

� �
Ti;jþ1 � Ti;j

DY

� �
þ Nt

Ti;jþ1 � Ti;j

DY

� �2

þ 1þ 1
b

� �
Ec

Ui;jþ1 � Ui;j

DY

� �2

þ QTi;j; ð17Þ



Fig. 2. Finite difference grid spacing.

Table 1
A tabular comparison of the results with Khan et al. (2012) and Falana et al. (2016).

Increased Parameter Present
Result

Khan et al.
(2012)

Falana et al.
(2016)
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C0
i;j � Ci;j

Ds
þ Ui;j

Ci;j � Ci�1;j

DX

� �
þ Vi;j

Ci;jþ1 � Ci;j

DY

� �

¼ 1
Le

� �
Ci;jþ1 � 2Ci;j þ Ci;j�1

DYð Þ2
 !

� Kr Cð Þp

þ Nt
NbLe

� �
Ti;jþ1 � 2Ti;j þ Ti;j�1

DYð Þ2
 !

: ð18Þ

The associated boundary conditions become,

Un
i;o ¼ 1;Tn

i;o ¼ 1;Cn
i;o ¼ 1

Un
i;o ¼ 0; Tn

i;L ¼ 0;Tn
i;L ¼ 0 where; L ! 1 : ð19Þ

Here, i and j represent the mesh points along X and Y axes whilst n
designate the time value, s ¼ nDs where, n = integers.
U T U T U T

M Dec Dec
N Inc Inc
Pr Dec Dec
Nb Inc Inc Inc
Nt Inc Inc

Table 2
A qualitative comparison with Naramgari and Sulochana (2016) by neglecting Casson
term.

Parameter Naramgari and Sulochana
(2016)

Parameter Present
result

M Ra Kp Cf M Ra Kp Cf

1 1 0.5 �1.851350 2 2 1 �1.83712
2 1 0.5 �2.137573 4 2 1 �1.85808
3 1 0.5 �2.386029 6 2 1 �1.87884
1 1 0.5 �1.851350 2 2 1 �1.83712
1 2 0.5 �1.851350 2 3 1 �1.83712
1 3 0.5 �1.851350 2 4 1 �1.83712
1 1 0.5 �1.851350 2 2 1 �1.83712
1 1 1.0 �2.000248 2 2 1.5 �1.86849
1 1 1.5 �2.137573 2 2 2.5 �1.92982
4. Stability and convergence test

It is significant to carry out the stability analysis as well as con-
vergence test of the given problem as finite difference scheme is
being implemented explicitly. The probable stability criteria of
the scheme for constant mesh sizes are introduced as follows.
Because, Ds does not evident in Eq. (15), it will be overpassed. At
an arbitrary time s = 0, for U, T and C the general terms of Fourier
expansion are all eiaX eibY. Here, i ¼

ffiffiffiffiffiffiffi
�1

p
. At time s, the following

equations can be obtained:

U : D sð ÞeiaXeibY
T : E sð ÞeiaXeibY
C : F sð ÞeiaXeibY

; ð20Þ

U : D0 sð ÞeiaXeibY
T : E0 sð ÞeiaXeibY
C : F0 sð ÞeiaXeibY

: ð21Þ

Using Eqs. (20) and (21) into Eqs. (16)–(18), concerning U, V as con-
stants, the following expression can be obtained:
D0 � D
� �

eiaXeibY

Ds
þ U

DeiaXeibY 1� e�iaDX
� �
DX

þ V
DeiaXeibY eibDY � 1

� �
DY

¼ 1þ 1
b

� �
2DeiaXeibY cosbDY � 1ð Þ

DYð Þ2
�MDeiaXeibY

� 1þ 1
b

� �
KpDeiaXeibY; ð22Þ

E0 � E
� �

eiaXeibY

Ds
þ U

EeiaXeibY 1� e�iaDX
� �
DX

þ V
EeiaXeibY eibDY � 1

� �
DY

¼ 1
Pr

1þ Rað Þ2Ee
iaXeibY cosbDY � 1ð Þ

DYð Þ2

þ Nb
FeiaXeibY eibDY � 1

� �
DY

EeiaXeibY eibDY � 1
� �
DY

þ Nt
EeiaXeibY eibDY � 1

� �
DY

� �2

þ 1þ 1
b

� �
Ec

DeiaXeibY eibDY � 1
� �
DY

� �2

þ QEeiaXeibY; ð23Þ

F0 � F
� �

eiaXeibY

Ds
þ U

FeiaXeibY 1� e�iaDX
� �
DX

þ V
FeiaXeibY eibDX � 1

� �
DY

¼ 1
Le

� �
2FeiaXeibY cosbDY � 1ð Þ

DYð Þ2

þ Nt
NbLe

� �
2EeiaXeibY cosbDY � 1ð Þ

DYð Þ2
 !

� Kr FeiaXeibY
� �p

: ð24Þ
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Eqs. (22)–(24) can be presented subsequently as,

D0 ¼ A1D

E0 ¼ A2Eþ A3D

F0 ¼ A4Fþ A5E

: ð25Þ

where

A1 ¼ 1þ 1þ 1
b

� �
2Ds
DYð Þ2

cosbDY � 1ð Þ �MDs� 1þ 1
b

� �
KpDs

� U
Ds
DX

1� e�iaDX� �� V
Ds
DY

eibDY � 1
� �
Fig. 3. The impression of M on U.

Fig. 4. The impression of N on U.
A2 ¼ 1þ 1
Pr

1þ Rað Þ 2Ds
DYð Þ2

cosbDY � 1ð Þ þ NbC
Ds
DYð Þ2

eibDY � 1
� �2

þ NtT
Ds
DYð Þ2

eibDY � 1
� �2 þ QDs� U

Ds
DX

1� e�iaDX� �

� V
Ds
DY

eibDY � 1
� �

A3

¼ 1þ 1
b

� �
EcU

Ds
DYð Þ2

eibDY � 1
� �2

A4 ¼ 1þ 1
Le

� �
2Ds
DYð Þ2

cosbDY � 1ð Þ � U
Ds
DX

1� e�iaDX� �

� V
Ds
DY

eibDY � 1
� �� DsKr Cð Þp�1
Fig. 5. The impression of b on U.

Fig. 6. The impression of b on Cf.
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A5 ¼ Nt
Nb Le

� �
2Ds
DYð Þ2

cosbDY � 1ð Þ
The Eq. (25) can be disclosed in the matrix notation as:
D0

E0

F0

2
64

3
75 ¼

A1 0 0
A3 A2 o
0 A5 A4

2
64

3
75

D
E
F

2
64

3
75 ð26Þ

Therefore,

g0 ¼ T0g where; g0 ¼
D0

E0

F0

2
4

3
5; T0 ¼

A1 0 0
A3 A2 o
0 A5 A4

2
4

3
5 and g ¼

D
E
F

2
4

3
5.
Fig. 7. The impression of b on T.

Fig. 8. The impress
For different values of T0 the study is difficult. A small-time step
Ds? 0 is considered. Thus, A3 ! 0; A5 ! 0 in accordance to previ-
ous consideration the following expression can be obtained:

T0 ¼
A1 0 0
0 A2 o
0 0 A4

2
64

3
75: ð27Þ

Thus, Eigenvalues of T0 are achieved as k1 = A1, k2 = A2 and
k3 = A4. These Eigenvalues should not surpass unity in modulus.
Therefore, the following stability postulate as A1j j 6 1;
A2j j 6 1; A4j j 6 1. Choosing, a0 ¼ Ds; b0 ¼ U Ds

DX ; c0 ¼ �Vj j DsDX ;
d0 ¼ 2 Ds

DYð Þ2 are obtained.Here a0, b0, c0 and d0 all are real and positive

number. Considering, U = ‘+’ and V = ‘�’. So, the maximummodulus
of A1, A2 and A4 occurs when aDX ¼ mp and bDY ¼ np, where
n = m = odd integers. Therefore,

A1 ¼ 1� 2 1þ 1
b

� �
d0 þMa0

2
þ a0

2
1þ 1

b

� �
Kpþ b0 þ c0

	 

; ð28Þ

A2 ¼ 1� 2
1
Pr

1þ Rað Þd0 þ b0 þ c0 � Qa0

2
� d0NtT� d0Nb C

	 

; ð29Þ

A4 ¼ 1� 2
1
Le

� �
d0 þ b0 þ c0 þ a0Kr Cð Þp�1

2

" #
: ð30Þ

The most negative considerable values of A1, A2 and A4 are �1.
Hence the stability conditions are:
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ion of Nt on T.



Fig. 9. The impression of Nb on T.
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2
1
Le

� �
Ds
DYð Þ2

þ U
Ds
DX

þ �Vj j Ds
DY

þ DsKr Cð Þp�1

2
6 1: ð33Þ
The primary boundary criterions are U ¼ 0; V ¼ 0;
T ¼ 0; C ¼ 0 at s ¼ 0. The convergence criterion for the current
problemwould be established for Pr P 0:062and Le P 0:025 when
Ds = 0.0005, DX = 0.8 and DY = 0.2.
Fig. 10. The impres
5. Results and discussion

The outcomes of the work have been attained by imposing the
finite difference system explicitly. The conjectural solutions have
been achieved for different parameters for recapitulating the out-
comes. To examine the physical status of the problem, the
non-dimensional momentum, thermal, fluid concentration, heat
transfer coefficient, skin friction coefficient, mass transfer
coefficient along with streamlines and isothermal lines has been
sion of Pr on T.



Fig. 11. The impression of Pr on Nu.

Fig. 12. The impression of Le on C.

Sk. Reza-E-Rabbi et al. / Journal of King Saud University – Science 32 (2020) 690–701 697
experimented numerically for stretching surface corresponding to
the given boundary conditions. The present numerical simulation
was qualitatively validated with the studies of Khan et al. (2012)
and Falana et al. (2016) where the values of default parameters
M = 2.0, 4.0, Ec = 0.01, Q = 1.0, b = 0.2, 8.0, 10.0, Kr = 1.5, p = 2.0,
Kp = 0.01, 1.0, Le = 5, 10, Pr = 1.0 (air), Ra = 1.5, 2.0, Nt = 0.5,
N = 1.0, �1.0 and Nb = 0.3 were chosen (see Table 1).

In addition to the numerical accuracy, the influence of present
physical parameters on skin friction profiles are compared with
those of Naramgari and Sulochana (2016) and a good agreement
is observed (see Table 2) wherein both analysis, Cf declines as M
and Kp increase and interestingly Ra shows no indicatory change
on Cf.

Figs. 3–18 display the graphical illustration of the given prob-
lem. Moreover, a tabular analysis has been presented to exhibit
the effects of Nt and Nb on Nu and Sh profiles. In addition, for
the case of shrinking the influence of b on momentum boundary
layer is also discussed by a tabular analysis.



Fig. 13. The impression of Le on Sh.

Fig. 14. The impression of Kr on C.
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Fig. 3 demonstrates the influence of magnetic parameter, M,
upon momentum boundary layers, U, for shrinking (N = �1.0)
and stretching (N = 1.0). Generally, the large-scale data of M gener-
ates a resistive force called Lorentz force that suppresses the fluid
motion. It is undeniable from graph that the momentum boundary
layers are diminishing for stretching (N = 1.0) and the Lorentz force
enhance the velocity profiles for shrinking (N = �1.0). The influ-
ence of stretching and shrinking parameters on momentum
boundary layers are experimented in Fig. 4. Herein for increasing
stretching parameters the velocity profiles are developing and
opposite phenomena is observed for shrinking. Physically, if the
values of Casson parameter enhance then the yield stress reduces,
and it inhibits the fluid velocity such that it creates a competing
force in the fluid flow. Figs. 5–7 display Casson parameter (b) dom-
inance on momentum boundary layers, skin friction coefficient and
thermal boundary layers. It is viewed from Fig. 5, the velocity pro-
files decrease for the increment of Casson parameter when M = 2.0,
4.0 respectively.



Fig. 15. Streamlines for M = 4.0, 6.0.
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In this observation (M = 2.0), the velocity profiles decrease
3.21%, 2.34% and 4.86% for b = 0.3 to 0.6, b = 0.6 to 1.0 and b = 1.0
to 5.0 respectively. A similar act occurred for M = 4.0. It is interest-
ing to observe that, for M = 4.0, Casson parameter is retarding the
fluid flow mostly. As it is mentioned earlier, when magnetic field
intensity develops then Lorentz force suppress the flow signifi-
cantly. Here the above incident reflects that when both Casson
and magnetic parameters are developing, the velocity fields are
declining more rapidly. However, an interesting phenomenon is
observed for shrinking. Here, velocity profiles are boosting (Table 3)
as the Casson parameter rises.
Fig. 16. Streamlines
In addition, Skin friction and temperature profiles (Figs. 6 and 7)
represent the similar behaviour that happened on velocity profiles
for different Casson parameters. Because, when Casson parameter
is declining the velocity fields then the fluid particle wouldn’t col-
lide significantly as a result temperature profiles go down. In order
to explain the impressions of thermophoretic and Brownian
parameters on temperature fields, Figs. 8 and 9 is exhibited at dif-
ferent non-dimensional time s = 0.5, 1.5, 3.0. At different time
steps the thermal boundary layer increases as both thermophoretic
(Nt � 0.5), as well as Brownian motion parameters (Nb � 0.1),
for b = 0.5,1.0.



Fig. 18. Isothermal lines for M = 4.0, 6.0.

Fig. 17. Isothermal lines for Ra = 1.5, 2.5.
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increases because fluid temperature gets raise due to the uncon-
trolled motion of nanoparticles.

From Figs. 10 and 11, the influence of Prandtl number, Pr, upon
temperature and heat transfer coefficient profiles for Casson fluid
can be noticed. Fig. 10 depicts due to increment in Pr; temperature
profiles rise near the wall at Y = 0.20161. Furthermore, it declines
away from the wall at Y = 0.80645 (after the intersecting point)
such that it decreases with increasing Pr and reverse incident is
noticed in heat transfer coefficient profiles (Fig. 11). Here the curve
increases 25.22%, 62.28%, 55.98% and 29.84% as Prandtl number
changes from 0.63 to 0.71, 0.71 to 1.0, 1.0 to 1.5 and 1.5 to 2.0.
Figs. 12 and 13 clarify the variations of nanoparticle concentration
and Sh profiles for diversified data of Lewis number, Le.

Here for increasing values of Le the concentric profiles decrease
but interestingly the mass transfer coefficient profiles increase. For
Casson fluid, the dominance of chemical reaction Kr, parameters on
concentric profile is shown in Fig. 14. It is perceived that, chemical
reaction for the destructive case (Kr = 0.5, 1.5, 2.5) were obstruct-
ing the concentric boundary layers more effectively rather than
constructive case (Kr = �0.5, �1.5, �2.5). Thus, for both cases the



Table 3
The numerical representation of Casson parameter when, N = �1.0.

b U

0.3 �0.24774
0.6 �0.20447
1.0 �0.17594
5.0 �0.12433

Table 4
The tabular representation of Nt and Nb.

Nt Nb Nu Sh

0.50 0.30 4.98988 5.12868
0.70 0.30 4.96606 4.79784
0.90 0.30 4.94197 4.46925
0.50 0.30 4.98988 5.12868
0.50 0.50 4.97134 5.46444
0.50 0.70 4.95271 5.60838

Sk. Reza-E-Rabbi et al. / Journal of King Saud University – Science 32 (2020) 690–701 701
boundary layers are declining. So, it can be concluded that destruc-
tive chemical reactions are declining the Casson fluid concentra-
tion effectively rather than constructive reactions. From Table 4,
it can be observed that, for the increment in Nt and Nb, Nusselt
number, Nu, diminishes. Whereas Sherwood number, Sh, dimin-
ishes as Nt progresses and a reverse situation is observed for Nb.

The advanced visualisation of fluid profiles can be exhibited by
using streamlines and isothermal lines. Line views from Figs can
observe these phenomena. 15 to 18 with contour legend. Here,
Figs. 15 and 16 explain the impression of magnetic parameter
and Casson parameter on streamlines. However, the isothermal
lines are exhibited to explain the impact of radiation and magnetic
parameters (Figs. 17 and 18). We can see that, in Figs. 15 and 16
the magnetic and Casson parameters are acting as retarding
parameters and decelerating the fluid motion as M and b develops
from 4.0 to 6.0 and 0.5 to 1.0 respectively within the boundary
region. On the other hand, Fig. 17 illustrates that the energy of flu-
ids develops rapidly and molecules get heated up for strong radia-
tion parameters (Ra = 1.5, 2.5) which render increment to thermal
boundary layer thickness. A complete opposite phenomenon is
experienced in Fig. 18 for large magnetic parameter (M = 4.0, 6.0).

6. Conclusions

The specific findings of this study are summarised below:

� Due to rising in M, Kp, N (=�1.0) and b respectively, velocity
profile decreases while it rises due to increasing in N (=1.0).
However, in the case of shrinking, b increases the velocity
profile.

� Due to the increment in Nt and Nb respectively temperature
profiles increase while it is declining due to increase in b. On
the contrary, for progressing Pr, the thermal boundary layer
rises close to the wall, and after the crossing over point, it
decreases.

� The Concentric boundary layers declined due to increment in Kr
and Le respectively.

� It is seen that skin friction profiles decline due to developing in
b.

� Nusselt number profiles develop with the rise in Pr while due to
increase in Nt and Nb it decreases.

� It is noticed that Sherwood number profiles increase when Nb,
as well as Le, increased. On the contrary, it decreases when Nt
increases.

� Streamlines decrease due to increment in M and b. Upsurging
values of Ra give rise to the isotherms while M declines the
thickness of the thermal boundary layers.
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