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operators (JLP-operators) involving BB-polynomials. We establish some approximation properties of
approximating operators converging towards the function to be approximated. We investigate versatile
Korovkin-type property and also demonstrate the rate of convergence. Moreover, some approximation
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Szész operators as approximation result when functions l_)elong to the Lipschit;ian class. _ _ o
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In the theory of approximation, our main task is to provide the

arithmetic representation of non-arithmetic quantities or func- for the exponential type function f. A new type of operators with the

tions WhiCh are difficult to handle to simple funFtions. I(oroyl.dn help of Appell polynomials were constructed by Biiyiikyazici et al.
(Korovkin, 1953) found out the simplest criterion for positive (2014) as follows:

approximation processes at the beginning of the second half of
the last century. This concept has affected to a great extent not e—mu (l)
b

only traditional approximation theory but also diverse section of  Jm(fitl) = g Zpi(m”)f m
mathematics, e.g. orthogonal polynomials, several types of differ- =0

ential equations, in particular partial differential equations, wave-
let and harmonic analysis etc. Szasz operator (Szasz, YYYY) was
modified by Mazhar and Totik (1985) as

(2)

where Appell polynomials are denoted by p, in the above equation
and generating functions for this are outlined by

oo

gwe™ = "pEu, (3)
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where g(¥) = > io@¥*(ao # 0) is an analytic function in the disk
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operators as p — oc. Verma and Gupta (2015) modified the opera-
tor given in Eq. (2) as follows:

T (Fw) = S i) / Q2 (F )Y + Luo(w)f (0), (4)
i=1

where Ly;(u) = gy p(mu) and Qp;(v) = r"g)) e™"(mpv)?~'. The
approximating operators (4) reduces to the Phillips operators if
we take g(z) =1and p =1.

[smail (1974) generalized the well-known Szasz operators.
Ansari et al. (2019), Mursaleen et al. (2019), Mursaleen et al.
(2018), Mursaleen et al. (2019) also introduced different general-
izations of Szasz operators with the concept of Durrmeyer, Palta
nea and Sheffer operators and sequences. For more literature on
such type generalization of operators and its approximation prop-
erties, one is suggested to refer Alotaibi and Mursaleen (2020),
Ansari et al. (2018), Ansari et al. (2019), Kilicman et al. (2020),
Mohiuddine et al. (2017), Mursaleen et al. (2019), Verma and
Gupta (2015).

Recently, Sucu et al. (2012) constructed linear positive opera-
tors with the assistance of BB-polynomials. BB-polynomials
(Ismail, 2005) have generating functions of the form

(i) 3jpy(nx) = nxe(' (nxs(1)) + ¢ (0w (nxc(n);

c(u) = ih,—u‘, hy #0(i > 0), (6)

i-1
and have the explicit relation as follows:
j .
p(R) => aibX, j=0,1,2,--- (7)
i—0

Circumscribe to the BB-polynomials satisfying:

(i) : R — (0,00),
(i) (1) #0,¢'(1) =1, pj(x) 20, j=0,1,2,..,
(iii) The power series (1.5)-(1.8) converges for |u| < R provided

R>1.

The following sequence of positive linear operators involving
the BB-polynomials was introduced by Sucu et al. (2012)

1 > i
o) 2P (ﬁ> ®

=0

Bu(f;%) ==

where x > 0 and n € N.

(i) S5, (nx) = (nx) "oy (nx<(1) + nxlo() + 2¢/(1) + o) (D (nx<(1))

+lo" () + (M (nxe()):

) 3:7p(nx) = (nx) o0 (nx<(1)) +3(nx) (1) + €(1) + (" (mx<(h)

+nx[e(1) +3e(1)g"(1) +e(1)s" (1) +3¢'(1)¢"(1) + 6¢'(1) + 3¢" (1)}’ (nxs(l))

+o'(1) +3¢"(1) + ¢" (DY (nx<(1));

) 5'py(nx) = (nx) (0w (mxe(1)) +[60(1) + 5e(1)"(1) + 4o/ (D] (nx) " (nx<(1))

+[7Q(1) +30(1)6"(1)* + 180(1)¢"(1) + 4o(1)¢"(1) + 18¢'(1) + 12¢/(1)¢"(1) + 6@"(1)]

< (nx)"9 (nxa(D)) + [e(1) + T(1)e"(1) + 6e(1)"(1) + (1) (1) + 14¢/(1)

+18¢/(1)5" (1) +4¢ (1)5" (1) + 18¢"(1) + 6¢"(1)¢"(1) + 4¢” (1)) (nx )/ (nx<(1))

+[0'(1) + 70"(1) + 60" (1) + 0 (1)]y (nx (1))

o) = Y PR, (5)

where @,y and ¢ are analytic functions such as

Lemma 1. From (5), we obtain

Proof. One can find the proof of (i)-(iii) in Sucu et al. (2012). Here
we will provide the proof of (iv) and (v).

(iv) Differentiating the generating function (5) thrice with
respect to u, we get



Put u =1 in the above equation and then using ¢’
(ii)-(iii), finally we get

(1)=1, Lemma 1

i;fp,mm

j=0
= (%)’ o(1)y" (n%5(1)) + (nX)* {0( )+2Q( )$"(1) +e(1)¢"(1) +2¢'(1)}y" (nxs(1))
+nx{3o( ¢"()+30"(1) + )" (1)} (nxg(1)) + 0" (1)y(nxg(1))

+3{(0’e(1)y" (nxc(1 >)+nxe +2@’( +o(D)e" (M)W (nxg(1))

+(¢' (>+ '()y(nxc(1))} - Z{HXQ W' (nXg(1)) + ' (1) (nxs(1))}
= (nx)*e(1)y" (nxg(1)) + 3{e(1 (1)+Q<1>;”(1)}(m<) W' (nXg(1))
+{e(1 ) 3o(1)g"(1) + 01 )”’”( )+30'(1)¢"(1) + 6¢'(1) +3¢" (1) }nxy/ (nxg(1))
+{0'(1) +3¢"(1) + 0" (1)} (nxg(1))

(v) Now writing a simplified form of Eq.(9), we have
ij(j ~ 1) - 2py >
(nx W(e' W)y ”’( (u))
{ (e <u>;'<u>:"<u>}z/ﬂ(nfcc(u))
+nx{30( )¢ (u) + 30”( )< (W) + @(u)g" (W)} (nxg(u)) + 0" () (nXG ().
Differentiating the above equation with respect to u, and then using
¢'(1) =1, we have

S G- 1)(-2)( - 3)p, (%)
Jj=0

=mx)* ()™ (nx
+mx)* {120/ (1)¢"
+nx{4¢" (1) +4¢

o(1)+(nx)*{6e(1)¢" (1) +4¢/(1 )}'//”’( x5(1))
(1)+6¢"(1)+40(1)¢"(1)+3e(1)(¢"(1) }w nxg(1
"(1)g”(1)+6¢"(1)g" (1) +e(1)s™ (1)} (nks(1 @“”)( W (nxg(1)).
Now using Lemma 1 (ii)-(iv), finally we have

2

= () (1™ (nxg(1)) + (n%)* {6(1)¢" (1) +4¢ (1)} (nxs (1))
+(nx)? {120( ) (1)+6@”( )+4e(1)s” (1) +30(1)(c"(1))? } "(nxg(1))

4¢'(1

+n>’<{4@'" )" (1)+6¢" (1) (1) +e(1)g™) (1)} (nxs(1)) + @) (1) (nxe(1))
+6[(n%’ w”’< %2(1)) +3(n%)*{0(1) +¢/(1) + (1) (1)} (nxe(1))

+nx{o(1 +3e() (1) +0(1)e"(1)+3¢/(1)e" (1) +6¢/(1) + 3¢" (1)} (nxg(1))
+H'(1)+3¢" (1) +¢" (1)} (nxe(1))]

11 [(nR)@(1)9” (n%(1)) +n%{o(1)+2¢'(1) +0(1)s" (D)} (%< (1))

+e' (1) + ¢/ (D) }u(nxg(1))]

+6[nxo(1)y/ (nxa(1)) +¢' (1) (nxg(1))]

= () (1) (mxc(1)) + 60 (1) +50(1)¢" (1) +4¢' (1)) (n)* " (nxg(1))
+[70(1)+30(1)e" (17 +180(1)e" (1) + 49()'”<1>+189<>+12@<> '(1)+60"(1)]
x ()" (nxs (1) + [o(1) + 7(1)¢"(1) + 62(1)s” (1) +(1)s) (1) + 14¢/(1)
+18¢/(1)¢" (1) +4¢/(1)¢"(1) +18¢"(1) +6¢"(1 >;”<1>+4a'"( )](nxw/( x:(1))
+[o/(1)+7¢(1)+6¢" (1) + ™ ()] (nxe(1)).

2. Construction of operators and auxiliary results

Considering the revised form of Sucu et al. (2012) positive linear
operators involving the BB-polynomials, we construct the JLP-
operators including BB-polynomials as
L) [ Qi

B, ,(f:%) = (t)dt + Lno(X)f(0), (10)
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— pj(nx 5 _ — \ip—1
where L,j(X) = W and Q” (t) = ri e " (npt)” .

Remark 1. Let M be the space of polynomials. For g € M, we have

;l,ing;ﬁ(gﬁ‘) = Bn(g:X); (11)
for all X € [0, c0).

For r € N°, we have
fo Qrf;‘l Htrdt = fo”c l_"P e npt(npt)j/’)fltrdt

_ _T(jptn)
(np)'T(jp)’
where
. oy

tim U0 (2). (12)
p=x(np)I'(jp) \n

Here, we will give some auxiliary definitions as well as neces-
sary lemmas followed by our main result. We will assume through-
out the paper that the sequence of operators B, , are positive and
also we consider

v (2)
lim =1forke{1,2,3,...,1}.
E { /

¥(z) = €* is such an example satisfying relation (13).

(13)

Lemma 2. B ; satisfy the following equalities

) B,(Lix)= 1;
(ii) B, —(t‘??) _ W’(HX:<1))X+ g,

w(nxs(1) no(1)?
¥ (nxc(1) 32 20'(M)+e()+e(1)g" (1) X/ (nxc(1))
(111) Bn ;r(t X) Ynxc(1)) X+ ( o(1) + ) ny(nxc(1))

(1+p)0' (H)+pe"(1) .
+ nz/)()(l

(iv) By, (%) =SSR 4 3[0(1) + <<>+0( >ﬂ"<1>+ ()] ol e

o(1) +3e(1)g" (1) + o(1)¢" (1) + 6¢'(1) + 3¢'(1)¢"(1) + 3" (1)]p?
lo(1) +o(1)¢’ <>+2g<1>1p+2g<1>>%
[

(
DInxa(T
+([e(1)

+3[o(1

+(lo'(1) +3¢"(1) +¢"(1)]p* +3[¢' (1) + 2" (1)]p +20'(1)) it gy

0

(V) By, (t4%) =S megt 1 ((p(6 +5¢"(1) + 6)e(1) +4pe’ (1)] ol ey

{[ 2(7+3 7(1)2 4+ 18¢(1) + 4¢” (1 )) +18p(1+;”<1))+11}g(1)
+6p[p(3 +2¢"(1)) +3]¢'(1) + 6" (1)}
H[PP(1+76"(1) +657(1) +7(1))
+6p? <1+3”’<1>+gm< ) +11p(1+¢"(1)) +6]o(1)

+[20%(7 +9¢"(1) +2¢"(1)) + 18p2(2p + ¢"(1)) + 22p]@'(1)
+6p%(p(3 +¢"(1) +3)"(1) + 4p%0" (1)} rAllmelll
+{[P*(p +6)+11p+6] (1) + [p*(7p +18) + 11p] (1)
+6p2(p+1)@"(1) + P?0" (1)} gy -

2y (nxg(1))
n2pZo(1)j(nx3(1))

Proof. We can
Z)?EOL”J [0 QIn)j

(10), we have
,p(tf‘) = ZLHJ(

o0
_ 3y TR+
= Lni®) 555

obtain (i) easily by the fact that
X)dt = 1. Next, by using, Lemma (1) and operator

i) B X) o< Qp(0)tde + Lyo(X)f (0),

Now, we will compute (iii),
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(iii) By ,(t5%) = Laj(®) fo° Qb (Ot + Lao(X)f(0),
j=1

N (% (Jﬂ+2)

ZL ®) np)*T(jp)

2 _ >, _
= ) <Z’ Pj(nx) + ;Z’PJ("X)>

_ Y (nxc(1)
T d(nxg(1))
+pQ"(1)

(14p)g (1)
T ety

)X2+

On the one hand, we will compute B, ,(t*;X), we have
(iv) B, p( X)
ni(®) Jo QR (DAt +Lno(R)f(0),

.
I
-

'M8 5

- (%) LUp+3)
= 2 L e58Gs

N

.
I
-

st (318108433 000+ 5300

%’;;’;2131; 2 +3[0(1) +pe(1) +e(1)g" (1) + (1) imet)

+(lo(1)+3e(De" (1) +0(1)e"(1) +6¢'(1) +3¢'(1)e" (1) + 3¢"(1)]p?
+3[(1) +o(1)¢"(1) +20/(1)]p + 20(1)) i metty -
(I (1)+3¢" (1) + " (D]p? + 310 (1) +"(1)]p + 20'(D) .

Using Lemma 1 and operator (10), in the similar way, we have

40)= 3 L) J;7 QO+ Lo (R)(0)
2

0

=) Ly(x) LU

; (np)*T'(ip)
Jj=1

= T (Z] Pj(nx +EZ] P;(nx)
%i} j(nX) pgsz nx>

ey X [(Z’(6+5””<1> 6)e(1)

)
>] npo ﬂt[;(:(l [
)

+4pg'(1 7+3¢"(1)" +18¢"(1)
+4¢"(1)) +18p(1+¢"(1)) +11Je(1) +6p[p(3+2¢"(1))
+3]0/ (1) +6¢" (1)} limell o+ { [p> (14 7¢"(1) + 6¢"(1)
+¢(1)) +6p2(1+3¢"(1) +¢"(1) +11p(1+¢"(1)) +6]o(1)
+[2P%(7+9¢"(1)+2¢"(1) +18p2(2p +¢"(1)) +22p]@'(1)
(PB+¢"(1)+3)¢" (1) +4p*" (1)} bt

+6p?
+{[P2(p+6)+11p+6]g'(1)+ [p*(7p+18)+11p]o" (1)
+6p%(p+1)¢"(1)+p*¢" (1) } gy

Lemma 3. We have

- D) = (Lo 1) 0
By p (£ =%);%) = (wmxg(l)) )R+
. 92.x) = (V) 20/ | 1) 52
B"ﬂ<( —X) 7") = (wnx;(l)) Yime() *1)"
(2ol res ) (1) | mic(1))
(1) (1) R (as(1)
_ 20 ¢"()+o'(1)

)\ % +0 ol .
ng(l))"+ o) T

B, ((t=%%x) = (4" (nxs(1) - 4‘/””(“"5( )) + 6y (nxg (1)) — 4/ (nXs(1))
HHRS(D))) gy + {1(P(6 +5¢7(1) + 6)e(1)
/7 O Rs(1) — 120001 + e + oD’ ()
o)y ’<n2g<1>>+6[<29< )+o(1)+ e (1)p
( DY (nxc(1)) —4pg' (1) (nx (U»m

{([f»( ¢/(1) +18¢"(1) + 45" (1)) + 18p(1 +¢"(1))

4c"(1
Jo'(1) + 6¢"(1))y" (nx¢(1))
) +6¢

+11Je(1) +6p[p(3 +2¢"(1)) +3
<[ (1)+3e(1 >””< ) o(1)g"(1) +6¢/(1) +3¢'(1)e"(1)
3¢"(1 1pZ+3[e (1)5"(1) +20'(1)p + 20(1)W/ (nxs (1))
6pl(e"(1) +¢'(1 >>p+@( MW (0X6(1))} srrgrtorcansry
{([zﬂ( 7¢"(1) + 66" (1) + ¢ (1)) + 6p*(1+3¢"(1)
+¢”(1))+ 11p(1 +¢"(1)) + 6]o(1)
+[20%(7+9¢"(1) +26"(1)) + 1802 (2p+¢"(1)) + 22p)g' (1)
+6p%(p(3 +¢"(1) +3)¢"(1) +4p° @'"( MW (nx5(1))
~4p([¢'(1) +3¢"(1) + ¢"(V]p* + 3[¢( > Q'(M)p
+20' (D)W (nxs(1))} wammmemy + LP2(P +6) +11p +6]¢'(1)
+[p?(7 p+18>+11p}a”<1>+6ﬁ2<ﬁ+1)9"'( )+ 20" ()} gy

Now, we will prove well-known Korovkin type approximation
theorem for the introduced operators. Suppose UCy[0, ) is the
space of bounded and uniformly continuous functions on [0, co).

Theorem 1. For a given continuous function f € UCg[0,0),B; ;
converges uniformly to f on [0, A].

Proof. By considering the equality (13) given as in Lemma 2, we
deduce that

llmBn p(t";)?) =X, i=0,1,2. (14)
On each subset of [0, o0) which must be compact, this convergence
is satisfied uniformly. Applying Korovkin’s theorem (Altomare and
Campiti, 1994), we conclude to our desired result.

3. Weighted approximation properties of B, , operators

It was Gadzhiev who demonstrated weighted Korovkin-type
theorems (Gadjiev, 1974). Let By [0, c0) denote the set of all those
functions g which satisfy growth condition |g(X)| < M, (1 +*2),
defined on the positive real axis where M, is a constant which
depends only on g. Let C2[0, o) be the subspace of all those func-
tions which are continuous and also belong to B [0, ). Also,
Cx[0,00) be the subspace of Cy[0,00), for which the limit
lime_ (g(X)/1 +%%) exists, geCg[0,00). It is clear that
C;2[0,00) C Cx[0,00) C By [0, 00). Ci2[0, <) is equipped with

gX)|

y1+%2

gl = sup

Lemma 4. Let y(X) = 1 + x%. For f € Cx[0, 00),
1Brp (7 X) 2 < M.

Proof. By Lemma 2, part (i) and (iii), we will have

¥ (nxg(1))

B* (1 _ Y (nxc(1)) 32 20'(H+ro(M+o(M)e"(1) | 1) ¥ (nxs(1) 5
i) =1+ x+( e +p)wﬂ X

1 (+p)e'(M+pe”(1)
+3 o

Then, we obtain
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[1Bap (7 %)l

_ Vnss() z2 1 [20(0)+e(+ee (1) 1] ¥ints(1) 5
—f}jp{mz <]+ () X +ﬁ[ o +E] Jimem) X

Because lim,_... : = 0 and using condition given in Eq. (13), there is
M > 0 such that

I1Bn, (7 )2 < M.

It can be seen that B, , defined by Eq.(10) acts from Ci [0, o) to
By2[0,0) by using Lemma 4.

Now we will give some theorems based on the weighted
approximation.

Theorem 2. Let B, ; verifies the condition (13). Then for each

f e Cul0,0),
hmHBn p(f) 7f||)’<2 =0

Proof. As in Gadzhiev (1975), it is enough to prove that
lim|B, ,(t;%) = X[l =0,  r=0,1,2. (15)

The first condition of Eq. (15) is verified for r =0 as B; ,(1;%) = 1.
Now, from Lemma 2 part (ii), we have

_ _ |Br - (t:X)—X|
||B1*1.p(t§x) — X[l = sup e
x€[0.00)
= | Ll
V' (nxg 10 (1
g||;/(n,? _1|+n no(1 ‘

1im B, (£:%) ~ % =0,

concludes that the condition given in Eq. (15) holds for r = 1. In the
same fashion, from Lemma 2 (iii), we have

1By, (%) —

— sup \B;;_;,(tz;x) —x2|

1+x2

Xl

x€(0,00)

‘ Y’ (nxg(1))
Y(nxg(1)) y(nxg(1

2y (nxg( 1) + l‘ Sup 1+x2

20/(1)+0(1) +o(1)e" (1) (nxe(1))
H( no (T (nea(1)) +i5

¢+  _o'(M)
+‘ nza +n2pa( ‘ Up 1+x2

VIme(l) 20/ (n%e(1)
< ey — yomen) +1|

20'(1)+0(1)+o(1)" (1) (nx
H( no(1 >/<nxs< )

()+

2"(
+‘ nzo nzpo ‘

which gives

hmHBn f}( ) - 5‘2”)?2 =0,

So Eq. (15) holds for r =2
Forr =0, 1, 2, we have

lim||B, ,(t";%) = X'|l2 = 0

The proof completes here.

Theorem 3. Let o be a positive constant, B, , be the positive linear
operators sequence defined by Eq. (10). Then, We get

B (f;x) —f(x
i sup Pealf 0TI
exooneo (14 %2)
fE C;z[0,0C)

Proof. Let 0 < Xy < oo be arbitrary but fixed. Then

1By, () —f ()
0<X<oo (1+X2) S
By, (fi%)—f ()] By, (fi%)—f ()]
< np = +su n.p =
e () )T (16)
« 1+t x)
< ||B; L 3
” n,,ﬂ(f) f”COxo + Hf”szllp ( )1+1 + x>Xl(? (1+x2)1+1
: . I I
Since [f(%X)| < [If |l (1 + %*), we have sup.;, (f% < (1+xgz)” For an
arbitrary ¢ > 0, we can opt X, to be remarkably large that
If Iz €
<z 17
(1+x2)" 3 an
In the light of Theorem 1, we will get
. \B,‘,_p(l+t2;i)| . 1422
“f'l)’(zr!Ln; (1+,’(2)1“‘ - (1 ,2)1+1 Hf”xz
Ifll 2
=y e
Wl ¢
Sy <3

It can be seen the first term of the inequality (16) brings that

1Brp(f) = fllcosy <35> S

Combining (17) and (19), we get the desired result.

n— co. (19)

The modulus of continuity of h € UC[0, 00) is
o(h,6) = max |h(b) ~ h(a)|. a,b < [0,c0)

It is well known that lim;_o. w(h, J)

Ih(b) — h(a)| < (“’%‘M 1)co(h,5), 5>0. (20)

=0 for any h € UC[0, c0) and

Theorem 4. For f € UC[0, 00)

1B, o (f5%) — F®] < 200(f5 (V/6u(3) ),
where 6, (x) is as follows:
B, ((t-%7%)

_ (nxg(1)) _ 2y (nxc(1 2
(lp(nx (1)) Y(nxc(1) +1)X

On(X) =

)
(1))

20 ro() o (W mes(1) | Wime(1) _ 20(1) g

+< A R e ng(l))x
Q'+o'd) | o)
TR T pem

Proof. Applying triangular inequality, we get
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B3, (%0 ~£001 = (Y- Lua(®) 5" QEL(OF(0) -0
=0
> Lue(®) ;" Q401 (0) ~ FRae.
j=0

Now using inequality (20), Holder’s inequality and Lemma 2, we get

of, 6>iLn_k ® Q7. (0) (u +1)de
(‘f () Z f[) nk
Jj=0
m(f &) ZLnI fo

B, (fi %) = f(X)] =

P (O]t —X|dt
1

x)zdt>2

+ w (il‘ fO nk
=0
1
= o(f.0) + 2L (B, , ((t—x%:x) ).
Now choosing & = 6,(x), we have

1B, , (%) — F(X)| < 200(f; (V/ou(X) ).

Hence, the desired result is obtained.

Now, we will denote by
C3[0,00) = {h € C3[0,00) : h',h" € Cy[0, 00)}. Let
Ky(h,8) = inf {|h—h| + 5\|h’1’H},
hyeC3[0,00)

1€

wz(hﬂ/S): sup  sup |h(X+2p) — 2h(X + ) + h(%)|

0<u<V/oX X+ 1H€[0,00)

denote the classical Peetre’s K-functional and the second modulus
of  smoothness of he(Cg[0,00), where 6>0 and
h,hy, h}, h] € C[0,00). By Theorem 2.4 of Devore and Lorentz
(1993),

K»(h,3) < Ca, (h, JS), C>0. 1)

Theorem 5. Suppose f € UCg[0, ). Then for every non-negative X,
there exists C > O such that

Bro (f3%) = F(X)| < Cona(f, 0n(X)) + (f, 0n (X)),

where

Proof. For 0 < X < oo, we define

B 1530 = By (30 + 10— (e U 4 201,

From Lemma 2 part (i) & (ii) and Lemma 3 part (i), we have

;) (6:%) = B*,(t-x)mf(w; Sz + £8) =%
B, (E=X);X) = B, ,(6X) — X%, ,(15%) = 0.

Let 0 < X < ccand o € (30, 00). Using Taylor’s formula

a(t)=0(X)+0'(X)(t —Xx) + /x(t—u)a’/(u)du.

Applying %:

npr We get

Bip(@:X) = 0%) = 0'(R) B}, (6= %) %) + B, (Ji (¢~ w)o” (w)du;X)

=B, (ff(t - )6”(u)du;2)

v/ (nxg(1)).

a
(T X*ﬁgm W (nxe(1)) 5
- Jx » o X +

= o
Since
| Je(t = w)o" wydul <[]t — uljo" (u)|du
< lo" Il fy It = uldu| < (¢ = %)||0”|
and
Yimsy (1) N ’
| Jer e (d;((gsfg’((ll))))’_‘ + r?g((]])) - ”) 0" (u)dul

! mve(1)) — . N2
< (e + &5 —%) llo"l,
we conclude that

|3;,(0:%) - 6(X)| <

1B, (ff(t —u)o" (u)du; %
¥ (nxe(1))s,

X+ o'(1) ,- _ a
_ fx Txe(1) X T ng(1) (lu//l/((::ﬂ )J)x + 2 (U _ u) J”(u)duH

np

, \2
< llo" 1By, (= R)%3%) + 10" | (Smsiix + £33 - %)
= llo” 57 x).

From Lemma 2 (i), we have

|B;,,(F:%)| < B, (f: )] + 2IIf || < 3£,

ie.

B, ([iX) = fR) < |8,(f - 0:%) = (f — 0)(R)|
Hf(mx )x+9“1)) — )]+ 12 ,(

(0;%) — a(X)]

<4|f - o]l + o(f, o (X)) + 52X |0"]|.
Hence,
B, ,(f: %) — f(X)| < 4Ky (f,07(X)) + 0 (f, ta(X)).
So that

By (f1%) = f(X)] < Coa(f, (X)) + (f, on (X))

4. Voronovskaja type theorem

In order to study the Voronovskaja type theorem for
Jakimovski-Leviatan-Paltanea operators including BB-
Polynomials, we consider the following assumptions on the ana-
lytic functions g,y and ¢:

e S
[ RS0 20 K1) 4 RS _ g 23)

Using the assumptions (22), (23) and Lemma 3 the following result

can be obtained.

Lemma 5. For B, ; operators, we have

limnB, , (v - X):%) = x01(%) + 4
limnB, , (v - %%:%) = %02(x) + x(1+ 1+ (1)),
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Theorem 6. Let f € C2[0, 00) such that f',f" € C[0, c0). Then

limn(B;,,(f:%) — f(3))
= (Rou(®) + )0 + (oo +x(1+5+ /(1)) 2.

uniformly for X € [0,A].

Proof. Suppose f,f",f" € Cx2[0,00) and 0 < X < oo be fixed. We can
write by Taylor’s formula that

12
£) =)+ 0 -2 )+ U ) 4w mw -2,

where r(v,X) denotes the Peano’s form of the remainder,
r(v,x) € Cg[0,0), and lim,_xr(v,X) = 0. Applying B;, ,, we will have

o
n|B; ,(fi%) - f(®))
— nf (R)B), (v — %;X) + LB, ((u x)z;pz)
+an/)( (0,%)(v 7)2)2;5().

Therefore,
limn[B;,,(f:X) ()]
=f'(®)limnB, ,(v - X;X) +L0 limnB;, ((1)—2)2;)’()

+limnB, , (r(v,?c)(v - )2)2;5(>

= (261 *) + M)f’(io + (54202@) + 2(1 +14 ;H(1>))f”g>
+11mnB;‘”,< (,X)(v —2)2-,2)

- (xo*l(x) +ﬁ)f (X) + (xZJZ(X) +5<(1 +3+ ;’/(1)))@%.

With the help of Cauchy-Schwarz inequality, we have

1

[E| < limnB; , (*2(v,%);X)’B], ((v X x)f. (24)
Observe that r?(x,x) =0 and r?(-,X) € UCg[0,00). Then, from
Theorem 1

r]]Ln;B:I/B (rz(vvx);)?) = r2(27)2) = 07 (25)

uniformly for X € [0,A]. And from Lemma 3, we can see that
. o\ 1
B, ((U -x)hx )2 = O<n2>
which gives
1
limn.B%((v —x)*x )2 —0. (26)
Hence, from Eq.(25) and (26), we have E = 0. Thus,
limn|B;,, (f:X) — f(¥)]
= (%61(%) + L)' (%) + (R02(x) +x(1+1 4+ ¢7(1)) ) L
1(%) +29VF (%) + (R02(%) +%(1+1+ (1)) ) 1,

which completes the proof.

5. Rate of convergence
Let f € C5[0,00),0 <y <

felLipy(y) if

[f(v) = f(X)] <

is satisfied.

1, and M > 0. We say that a function

Mo —x|" v,x € [0,00)

Theorem 7. For f € Lipy(y), we have

1B, ,(f:X) — f(%)] < M(6,(%))?
where

0n(X) = B,ﬁ‘i)((t —2)2;2).

Proof. For f € Lipy(7),

By, (%)~ F0)] =[S Lk(®) J5° QLLOF O (D) — FR)|de
j=0
il“"k X fo nk (O () — f(x)|dt
j=0
gMi:Lnk fo nk |t_x‘ dt.
Jj=0

By Holder’s inequality with the values p = % and q

e (s

= 5%, we get fol-
7
lowing inequality,

B, (f:%) = F(R)|

< M<2Ln k(X nk )f(

From Lemma 2 we get

Il
/N
oo
%
="
x
=
N
I
N—
o
—
oo
=%
S
-
—_
xI
=
SN—
N

oe=27%)
= M(B;,((t-%7%x))"

1B, ,(f;X) — f(®)| < M(6x(X))".

6. Conclusions and further remarks

Here, a sequence of Jakimovski-Leviatan-Paltanea operators is
constructed involving Boas-Buck-type polynomials (BB-
polynomials). We have developed some approximation properties
of this operator and investigated versatile Korovkin-type property
and also obtained the rate of convergence. Moreover, some approx-
imation results are given in the weighted spaces. Furthermore, a
Voronovskaja type theorem is also proved as well as approxima-
tion result when functions belong to the Lipschitzian class.

We tried to construct positive linear operators with the help of a
function to approximate that function which is difficult to be stud-
ied. In this regard, we introduced a very novel operator not studied
to date which improves and generalizes an existing operator, like
BB-polynomials (Biiyiikyazici et al., 2014) and ]JLP operators
(Sucu et al., 2012) which are already studied. We tried to introduce
to a new JLP operator involving BB-polynomials and this operator
is a more generalized form of the previous. All the necessary calcu-
lations and results are given which will be helpful for those who
are going to study different variations and generalizations of JLP
operators involving BB-polynomials. There is further scope that
these operators can be extended to q and (p,q)-analogues which
will be more general in nature and in particular, the g-analogue
gives better rate of approximation.
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