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A B S T R A C T

This study examines the analysis of the teleportation process in a two-qubit state, particularly scrutinizing the
interplay of atomic dipole coupling interaction, the detuning parameter, photon count, and the surrounding
environment. Our investigation assumes the existence of a teleportation channel comprising two-qubit systems
interacting with a photon field enveloped by the dephasing environment. Within this framework, we closely
examine the quantum correlations exhibited by the teleported state, encompassing dimensions of entanglement,
steering, and non-locality. Our results underscore the pivotal role played by the initial state of the atomic
and field subsystems in shaping quantum relations. The dipole coupling has a profound impact, significantly
enhancing the three quantifiers. Particularly, the entanglement changes from a de-entangled state to a partially
entangled state. On the other hand, the detuning parameter introduces distortion in the quantum correlations,
a phenomenon that can be effectively mitigated by controlling the dipole coupling.
1. Introduction

Realistic experiments demonstrate that open quantum systems in-
evitably exchange energy with their surrounding environment during
interactions. This energy exchange gradually erodes the system’s quan-
tum properties, even at specific instances, potentially hindering their
exploitation for practical applications (Yu and Eberly, 2009; Almeida
et al., 2007). The detrimental effects of decoherence are particularly
pronounced in the context of independent qubits, each embedded in its
environment, which is essential for implementing quantum communi-
cation and information protocols with distant, individually addressable
particles (Ladd et al., 2010; Abd-Rabboul et al., 2021). In response
to the detrimental effects of decoherence on quantum correlations,
researchers are exploring the possibility of designing effective and feasi-
ble quantum models that can safeguard these delicate correlations from
the harmful influence of noise (Gisin and Thew, 2007). Conversely,
significant attention has been devoted to Markovian designs, which
involve crafting appropriate quantum systems capable of preserving
quantum memory effects (Man et al., 2018). The non-Markovian sys-
tems exhibit fundamental characteristics that are essential for reviving
quantum entanglement, regardless of whether they possess a bosonic
or fermionic quantum nature (Fanchini et al., 2010; Rahman et al.,
2023) or a classical nature (e.g., random noise, random field, noisy
phase laser) (Abd-Rabbou et al., 2023c). In quantum systems, the
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presence of a thermal environment, characterized by its temperature,
poses a significant challenge as it can induce decoherence, ultimately
leading to the degradation of quantum correlations (Bellomo et al.,
2008; Yan and Yue, 2013). This phenomenon has garnered considerable
attention in recent research efforts, particularly in understanding its
impact on entanglement dynamics. Moreover, the entanglement of
multi-qubit quantum systems under the influence of both thermal and
dephasing environments has been a subject of investigation (Hu et al.,
2009; Hu, 2012). Additionally, quantum systems are often subjected
to various noisy channels, such as amplitude damping, depolarizing,
and phase damping channels, which disrupt quantum correlations,
leading to information loss and diminished entanglement (Abd-Rabbou
et al., 2019, 2023a). Therefore, this paper aims to explore the effects
of the thermal environment and common dephasing environment on
entanglement dynamics, particularly in the presence of n-sequential
sin2-pulse shapes (Abd-Rabbou et al., 2023b).

Quantum information theory was adopted to study the entangle-
ment of quantum systems because of its key role in knowing the
main characteristics in the interaction process between parts of the
system, such as quantum encryption (Bouwmeester et al., 2013), quan-
tum computations, geometric quantum computation (Wang, 2009; Guo
et al., 2019), and dense cryptography (Hiroshima, 2001). Quantum
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correlations underpin the fundamental principles of quantum infor-
mation processing. These correlations, including entanglement, nonlo-
cality, steering, and discord, arise from interactions between parts of
complex quantum systems (Abd-Rabbou et al., 2022; Youssef et al.,
2023). Attention has been paid to studying the features of quantum
correlations in encryption and teleportation on a large scale, both
theoretically and experimentally (Mirmasoudi and Ahadpour, 2018).
Using the previous quantum entanglement in which the sender and
receiver participated, quantum teleportation and dense cryptography
were implemented (Omri et al., 2022; Abd-Rabbou and Khalil, 2022).
Therefore, many different quantum models have been designed to
generate quantum correlation theoretically and experimentally. For
example, a surface polariton-supporting method has been proposed to
generate dually entangled electrons (Asban and García de Abajo, 2021).
A shared phonon tank was designed to form non-classical correlations
between two excited qubits (Krzywda and Roszak, 2016). The entan-
glement and discord periods generated from an unbound system when
exposed to a combined thermal or pressurized tank are investigated
in Gallego et al. (2012). A laboratory-viable scheme for generating a
multi-mode quantum light source using a non-degenerate four-wave
mixing procedure in a thermally controlled atomic vapor cell was
designed in Cao et al. (2017). In addition, another practical scheme
has been proposed, therefore, to generate quantum correlations and
experimentally control the parameters of the quantum system to study
entanglement periods (Ding et al., 2012).

The central aim of this study is to explore the viability of teleporting
a pair of quantum qubits through an atom-field interaction within
a dephasing environment. Teleported qubits undergo instantaneous
exposure to various effects originating from the teleportation channel,
encompassing factors such as the channel’s initial state, photon count,
detuning, dipole coupling, and the decay rate of the dephasing en-
vironment. These factors can exert either augmenting or diminishing
influences on the teleported quantum correlations. Prior research has
indicated that dipole coupling has the potential to enhance quantum
correlations (Khalil and Abd-Rabbou, 2022; Abd-Rabbou and Khalil,
2022). Our objective is to ascertain whether this enhancement extends
to teleported quantum correlations and whether it can ameliorate the
adverse effects of the dephasing environment and detuning. To address
these inquiries, we will scrutinize the entanglement, steering, and
nonlocality of the teleported state. This paper is structured as follows:
Section 2 introduces the Hamiltonian model of the quantum channel
and its density operator, incorporating the effects of the dephasing
environment. Sections 3 and 4 provide a concise overview of the
teleportation process and quantum correlation quantifiers, including
entanglement, steering, and nonlocality. Section 5 presents our results,
exploring the impact of teleportation channel parameters on quantum
correlations. Finally, Section 6 summarizes our findings and concludes
the paper.

2. Physical model of channel

Consider two partners, referred to as Jon in lab (a) and Rob in
lab (b), who share a quantum channel comprising a two-qubit system
with a frequency 𝜔𝑞 . These qubits are coupled to each other through
the coupling parameter, 𝜆1, and simultaneously interact with a single
mode of an ideal bosonic cavity with a frequency denoted as 𝜔𝑐 . The
system is described in Fig. 1. Mathematically, the Hamiltonian model
of the quantum channel, under the rotating wave approximation, can
be expressed as follows (Abd-Rabbou et al., 2024)

�̂�
ℏ

= 𝜔𝑐�̂�
†�̂� +

𝜔𝑞
2

∑

𝑖=𝑎,𝑏
�̂�(𝑖)𝑧 +𝜆1(�̂�

(𝑎)
+ �̂�(𝑏)− + �̂�(𝑎)− �̂�(𝑏)+ )+𝜆2

∑

𝑖=𝑎,𝑏

(

�̂� �̂�(𝑖)+ + �̂� †�̂�(𝑖)−
)

,

2

(1)
Fig. 1. A Sketch of a two-qubit system located inside a cavity field. Here, 𝜔𝑐 , and 𝜔𝑞
are the frequencies of the quantized cavity field, and the two-qubit system.

where �̂� (�̂� †) is the creation (annihilation) operator of the cavity, �̂�(𝑖)𝑧
and �̂�(𝑖)± are the z-Pauli operator and ladder operator of the two-qubit,
respectively. 𝜆2 is the field-qubit coupling exchange.

Now, we direct our focus toward determining the dynamic operators
governing the current system. To achieve this, the application of well-
established principles, such as the Heisenberg equations of motion,
becomes imperative

𝑑�̂�
𝑑𝑡

= − 𝑖
ℏ
[�̂�, �̂�] + 𝜕�̂�

𝜕𝑡
, (2)

where �̂� is any arbitrary operator. Through meticulous calculations
for the operators �̂� †�̂� and �̂�(𝑖)𝑧 , we can obtain the following set of the
interrelated equations of motion (ℏ=1)

𝑑�̂� †�̂�
𝑑𝑡

=
∑

𝑖=𝑎,𝑏
𝜆2(�̂� †�̂�(𝑖)− + �̂� �̂�(𝑖)+ ),

𝑑�̂�(𝑖)𝑧
𝑑𝑡

= −2
∑

𝑖=𝑎,𝑏
𝜆2(�̂� †𝜎(𝑖)− + �̂�𝜎(𝑖)+ ).

(3)

From these previous equations, one can get the constants of the motion
of the channel model as

�̂�0 = �̂� †�̂� + 1
2

∑

𝑖=𝑎,𝑏
�̂�(𝑖)𝑧 , (4)

�̂�𝑒𝑓𝑓 = 𝛥
2

∑

𝑖=𝑎,𝑏
�̂�(𝑖)𝑧 + 𝜆1(�̂�

(𝑎)
+ �̂�(𝑏)− + �̂�(𝑎)− �̂�(𝑏)+ ) + 𝜆2

∑

𝑖=𝑎,𝑏

(

�̂� �̂�(𝑖)+ + �̂� †�̂�(𝑖)−
)

, (5)

where 𝛥 = 𝜔𝑞−2𝜔𝑐 , and [�̂�0, �̂�𝑒𝑓𝑓 ] = 0. In what follows we shall obtain
the dynamical density operator �̂�𝑎𝑏(𝑡) of the effective Hamiltonian �̂�𝑒𝑓𝑓
in Eq. (5).

To get �̂�𝑎𝑏(𝑡) of the channel between Jon and Rob, we can employ
the master equation, which is expressed as (Manzano, 2020)

𝑑𝜌(𝑡)
𝑑𝑡

= −𝑖
[

�̂�, 𝜌(𝑡)
]

+ L 𝜌(𝑡), (6)

where

L 𝜌(𝑡) =
𝛾
2
∑

𝑖

(

𝜎(𝑖)𝑧 𝜌(𝑡)𝜎
(𝑖)
𝑧 − 𝜌(𝑡)

)

, (7)

here 𝛾 signifies the decay rate linked to the environmental interactions.
Our specific scenario operates under the assumption that the channel
is not entirely isolated from its surroundings, a condition that often
aligns with a more realistic representation of the physical system. It
assumed that the two-qubit system is simultaneously coupled to a
global dephasing reservoir. Nevertheless, it is essential to note that
when 𝛾 = 0, a special scenario emerges in which the channel remains
entirely devoid of interactions with its environment.
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According to Eqs. (5) and (6), we can get the following system of
ordinary differential equations (ODE)

𝜌′1,1(𝑡) = 𝑖𝜈1
(

𝜌1,2(𝑡) + 𝜌1,3(𝑡) − 𝜌2,1(𝑡) − 𝜌3,1(𝑡)
)

,

𝜌′2,2(𝑡) = 𝑖
(

𝜆1
(

𝜌2,3(𝑡) − 𝜌3,2(𝑡)
)

+ 𝜈1
(

𝜌2,1(𝑡) − 𝜌1,2(𝑡)
)

+ 𝜈2
(

𝜌2,4(𝑡) − 𝜌4,2(𝑡)
))

,

𝜌′3,3(𝑡) = 𝑖
(

𝜆1
(

𝜌3,2(𝑡) − 𝜌2,3(𝑡)
)

+ 𝜈1
(

𝜌3,1(𝑡) − 𝜌1,3(𝑡)
)

+ 𝜈2
(

𝜌3,4(𝑡) − 𝜌4,3(𝑡)
))

,

𝜌′4,4(𝑡) = −𝑖𝜈2
(

𝜌2,4(𝑡) + 𝜌3,4(𝑡) − 𝜌4,2(𝑡) − 𝜌4,3(𝑡)
)

,

𝜌′1,2(𝑡) = 𝛽𝜌1,2(𝑡) + 𝑖
(

𝜆1𝜌1,3(𝑡) + 𝜈2𝜌1,4(𝑡)
)

+ 𝑖𝜈1
(

𝜌1,1(𝑡) − 𝜌2,2(𝑡) − 𝜌3,2(𝑡)
)

= (𝜌′2,1(𝑡))
∗,

𝜌′1,3(𝑡) = 𝛽𝜌1,3(𝑡) + 𝑖𝜆1𝜌1,2(𝑡) + 𝑖𝜈2𝜌1,4(𝑡) + 𝑖𝜈1
(

𝜌1,1(𝑡) − 𝜌2,3(𝑡) − 𝜌3,3(𝑡)
)

= (𝜌′3,1(𝑡))
∗,

𝜌′1,4(𝑡) = 2𝛽𝜌1,4(𝑡) + 𝑖𝜈2
(

𝜌1,2(𝑡) + 𝜌1,3(𝑡)
)

− 𝑖𝜈1
(

𝜌2,4(𝑡) + 𝜌3,4(𝑡)
)

= (𝜌′4,1(𝑡))
∗,

𝜌′2,3(𝑡) = −2𝛾𝜌2,3(𝑡) + 𝑖𝜆1
(

𝜌2,2(𝑡) − 𝜌3,3(𝑡)
)

+ 𝑖𝜈2
(

𝜌2,4(𝑡) − 𝜌4,3(𝑡)
)

− 𝑖𝜈1
(

𝜌1,3(𝑡) − 𝜌2,1(𝑡)
)

= (𝜌′3,2(𝑡))
∗,

𝜌′2,4(𝑡) = 𝛽𝜌2,4(𝑡) − 𝑖𝜆1𝜌3,4(𝑡) − 𝑖𝜈1𝜌1,4(𝑡) + 𝑖𝜈2
(

𝜌2,2(𝑡) + 𝜌2,3(𝑡) − 𝜌4,4(𝑡)
)

= (𝜌′4,2(𝑡))
∗,

𝜌′3,4(𝑡) = 𝛽𝜌3,4(𝑡) − 𝑖𝜆1𝜌2,4(𝑡) − 𝑖𝜈1𝜌1,4(𝑡) + 𝑖𝜈2
(

𝜌3,2(𝑡) + 𝜌3,3(𝑡) − 𝜌4,4(𝑡)
)

= (𝜌′4,3(𝑡))
∗,

(8)

where 𝜈1 = 𝜆2
√

𝑛 + 1, 𝜈2 = 𝜆2
√

𝑛 + 2, and 𝛽 = −𝛾 − 𝑖 𝛥2 . Via solving the
inear ODE, one can find the density operator �̂�𝑎𝑏(𝑡) of the system as

�̂�𝑎𝑏(𝑡) = �̂�𝑎𝑏(0).𝑒Ê 𝑡, (9)

here Ê is the coefficients matrix of the ODE (8). However, �̂�𝑎𝑏(0) is the
initial state of the system, it is given by

�̂�𝑎𝑏(0) = 𝜇|𝛷+
⟩⟨𝛷+

| + (1 − 𝜇)|𝛹+
⟩⟨𝛹+

|. (10)

where, |𝛷+
⟩ = |𝑒𝑒⟩+|𝑔𝑔⟩

√

2
, |𝛹+

⟩ = |𝑒𝑔⟩+|𝑔𝑒⟩
√

2
. Moreover, 𝜇 is the setting

state of initial system, at 𝜇 = 0 or 1, �̂�𝑎𝑏(0) is maximally entangled state,
and a separable state at 𝜇 = 0.5.

3. Teleportation process

The phenomenon of teleporting an entangled state between two
distinct labs through a quantum channel has been introduced in the
work of Lee and Kim (2000). Our methodology involves the utilization
of the decayed density operator 𝜌𝑎𝑏 as a communication channel, for
transferring the state |𝜓⟩𝑖𝑛 = cos 𝜃∕2|00⟩ + sin 𝜃∕2|11⟩ between two key
participants: Jon and Rob. In this collaborative effort, they both share
the state (9) as their communication conduit, and the output state can
be obtained by (Abd-Rabboul et al., 2021)

̂𝑜𝑢𝑡 =
3
∑

𝑛,𝑚=0
𝑇 𝑟(B̂𝑛�̂�𝑎𝑏)𝑇 𝑟(B̂𝑚�̂�𝑎𝑏)(�̂�𝑛 ⊗ �̂�𝑚).|𝜓⟩𝑖𝑛.𝑖𝑛⟨𝜓|.(�̂�𝑛 ⊗ �̂�𝑚), (11)

where

B̂1,2 = |𝛷∓
⟩⟨𝛷∓

|, B̂0,3 = |𝛹∓
⟩⟨𝛹∓

|,

|𝛹±
⟩ =

|𝑒𝑔⟩ ± |𝑔𝑒⟩
√

2
, |𝛷±

⟩ =
|𝑒𝑒⟩ ± |𝑔𝑔⟩

√

2
.

(12)

After performing a series of algebraic computations using eqs (9–12),
we have derived the subsequent equation representing the teleported
state of the final output as

�̂�𝑜𝑢𝑡 =

⎛

⎜

⎜

⎜

⎜

𝜚11 0 0 𝜚14
0 𝜚22 𝜚23 0
0 𝜚32 𝜚33 0

⎞

⎟

⎟

⎟

⎟

; (13)
3

⎝

𝜚41 0 0 𝜚44 ⎠

𝑀

here,

11 = sin2
( 𝜃
2

)

(

𝜌1,1(𝑡) + 𝜌4,4(𝑡)
) 2 + cos2

( 𝜃
2

)

(

𝜌2,2(𝑡) + 𝜌3,3(𝑡)
) 2

𝜚22 =
(

𝜌2,2(𝑡) + 𝜌3,3(𝑡)
) (

𝜌1,1(𝑡) + 𝜌4,4(𝑡)
)

= 𝜚33,

𝜚44 = sin2
( 𝜃
2

)

(

𝜌2,2(𝑡) + 𝜌3,3(𝑡)
) 2 + cos2

( 𝜃
2

)

(

𝜌1,1(𝑡) + 𝜌4,4(𝑡)
) 2,

𝜚14 =
1
2
sin(𝜃)

((

𝜌2,3(𝑡) + 𝜌3,2(𝑡)
) 2 +

(

𝜌1,4(𝑡) + 𝜌4,1(𝑡)
) 2) = 𝜚41

23 = sin(𝜃)
(

𝜌2,3(𝑡) + 𝜌3,2(𝑡)
) (

𝜌1,4(𝑡) + 𝜌4,1(𝑡)
)

= 𝜚32;

(14)

Hereinafter, we employ the concurrence, 3-steering, and Bell non-
locality to examine the quantum correlation of the teleported state.

4. Quantum correlation measure

The fundamental concepts of quantum entanglement, steering, and
non-locality are presented in this section as potent expressions of quan-
tum correlations. States demonstrating entanglement and steerability
can be quantified via metrics like concurrence and 3-steering, respec-
tively. Notably, states that transgress Bell inequalities exemplify the
most formidable correlations, signifying inherent non-locality between
qubits when subjected to optimal measurement procedures.

4.1. Entanglement by concurrence

The degree of entanglement existing between two qubits can be
effectively quantified through a well-established metric known as con-
currence (Coffman et al., 2000). Concurrence serves as a reliable indi-
cator of the entanglement strength within the quantum system, offering
valuable insights into the interconnection between qubits. This quantifi-
cation enables a more precise assessment of the quantum correlations
and their potential impact on the system’s overall behavior. The quan-
tification of entanglement, whether in pure or mixed quantum states,
is conducted through the evaluation of eigenvalues (𝛬𝑖) of the matrix
𝜌𝑎𝑏�̃�𝑎𝑏. Here, �̃�𝑎𝑏 == �̂�𝑦 ⊗ �̂�𝑦.�̂�∗𝑎𝑏.�̂�𝑦 ⊗ �̂�𝑦 which is derived from the
hermitian conjugate of original density operator �̂�∗𝑎𝑏 and through the
tensor product with Pauli spin matrices, �̂�𝑦⊗�̂�𝑦. The concurrence metric
is formally defined as follows

C (�̂�𝑎𝑏) = max
{

0,
√

𝛬1 −
√

𝛬2 −
√

𝛬3 −
√

𝛬4
}

, (15)

here 𝛬1 ≥ 𝛬2 ≥ 𝛬3 ≥ 𝛬4 ≥ 0.

.2. Steering

In quantum information theory, 3-steering represents a concept that
elves into the phenomenon of steering, which is a manifestation of
uantum correlations. Steering involves the possibility of one quantum
ystem indirectly influencing the state of another. In terms of three
bservable measurements on the two qubits (a) and (b), say �̂�𝑎𝑖 .�̂�

𝑎
𝑖 and

�̂�𝑏𝑖 .�̂�
𝑏
𝑖 , the steering inequality can be expressed by (Costa and Angelo,

016)

3(�̂�𝑎𝑏, �̂�) =
1
√

3

|

|

|

|

3
∑

𝑖=1
𝑇 𝑟(𝜌𝑎𝑏�̂�𝑎𝑖 .�̂�

𝑎
𝑖 ⊗ �̂�𝑏𝑖 .�̂�

𝑏
𝑖 )
|

|

|

|

≤ 1, (16)

where �̂�𝑎,𝑏𝑖 ∈ R3 represent a set of measurement directions. Using the
Pauli spin matrices of two-qubit as measurements, and considering the
quantum state is maximally violated inequality (16), then we can write
the amount of steering as

S3(�̂�𝑎𝑏) =

√

√

√

√

3
∑

𝑖=1
𝑚2
𝑖 (�̂�𝑎𝑏). (17)

ere 𝑚𝑖(�̂�𝑎𝑏) are the eigenvalues of the matrix
√

𝑀†(�̂�𝑎𝑏)𝑀(�̂�𝑎𝑏), where
(�̂� ) = 𝑇 𝑟[�̂� �̂� ⊗ �̂� ]. In the normalization form, the possibility of a
𝑎𝑏 𝑎𝑏 𝑖 𝑗
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Fig. 2. The temporal evolution of quantum correlations C (solid-orange-curve), S3 (dashed-blue-curve), and B𝑛 (dotted-green-curve) against the scaled time 𝜆2𝑡, where 𝜃 = 𝜋∕2,
= 0, 𝛾 = 0.01 and 𝛥 = 0.1. In the Left panels: 𝜇 = 1, (a) 𝜆1 = 5, (c) 𝜆1 = 15, (e) 𝜆1 = 30. In the right panels: (b, d, f) are the same as (a, c, e), but 𝜇 = 0.
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qubit (a) steerer (b) can be redefined as (Fan et al., 2021)

S (�̂�𝑎𝑏) =

√

max{0,S 2
3 (�̂�𝑎𝑏) − 1}
2

, (18)

where S (�̂�𝑎𝑏) ∈ [0, 1]. In this formula, one can compare between the
general behavior of steering and entanglement.

4.3. Bell non-locality

For deep investigation, we shall use the Bell non-locality, which is
a phenomenon wherein entangled states correlations that cannot be
elucidated by any local hidden variable theory (Clauser et al., 1970).
This concept provides us with profound insights into the intricate
nature of quantum correlations. In the case of a two-qubit state with
X-shaped, the Bell non-locality is given by

B(�̂�𝑎𝑏) = 2max[B1,B2], B1 =
√

𝑚2
1 + 𝑚

2
2, and B2 =

√

𝑚2
1 + 𝑚

2
3,

(19)

here, 𝑚𝑖 are the three eigenvalues of the matrix
√

𝑀†(�̂�𝑎𝑏)𝑀(�̂�𝑎𝑏), and
(�̂�𝑎𝑏) = 𝑇 𝑟[�̂�𝑎𝑏�̂�𝑖 ⊗ �̂�𝑗 ]. In the normalization form the Bell function is

iven by (Mohammed et al., 2023)

𝑁 (�̂�𝑎𝑏) = max
[

0,
B(�̂�𝑎𝑏) − 2
B𝑚𝑎𝑥 − 2

]

, (20)

where 𝐵𝑚𝑎𝑥 = 2
√

2.

5. Results and discussion

Fig. 2 provides a comprehensive visualization of the quantum cor-
relations characterizing the teleported state through a damped atomic-
field channel. In this study, we consider two distinct initial scenarios for
4

a

the channel, one with 𝜇 = 0 and the other with 𝜇 = 1, while the channel
arameters are set at 𝛥 = 0.1 and 𝛾 = 0.01, with the field initially in the
acuum state (𝑛 = 0). By varying the dipole coupling (e.g. 𝜆1 = 5, 15 and
0), the discernible hierarchy among quantum correlations emerges,
ith the general order being maximum entanglement ≥ steering ≥ non-

ocality. This hierarchy illustrates the interplay of quantum correlations
nd underscores that the teleported information through the channel
dheres to a distinct hierarchy of quantum correlations. In the first
cenario, represented by 𝜇 = 1 (as depicted in the left panels), and with
ariations in the coupling parameter 𝜆1. All three quantifiers commence
rom their respective maximum values, which are one. Fig. 2(a) shows
hat these three correlations exhibit oscillatory behavior characterized
y periods of sudden decline and resurgence, each subsequent phase
isplaying a lower maximum value than the preceding one. However,
s time progresses, this pattern undergoes a reversal, leading to an
ventual increase in the maximum values of these correlations. By
ncreasing the parameter value of 𝜆1 to 15 in Fig. 2(c), it is evident
hat the quantum correlations undergo a noteworthy enhancement.
nitially, at the onset of the scaled temporal evolution, quantum en-
anglement and steering exhibit an equivalence in their magnitudes,
hile the lower bounds of non-locality B𝑛 are reduced. However, as

ime progresses, all three quantifiers exhibit a decreasing trend, which
an be attributed to the influence of the decay rate 𝛾 = 0.01. Notably,
on-locality experiences a more rapid decrease toward zero compared
o steering and entanglement. Subsequently, upon further increasing
1 to 30, as depicted in Fig. 2(e), we observe a more pronounced
nhancement in the three quantifiers and an increase in the number of
scillations. Notably, the entanglement curve C becomes distinct from
he steering curve S3 as time advances, with steering converging to
ero while entanglement tends toward a residual value.

In the context of the second scenario, where 𝜇 = 0 (right panel),
nd keeping the conditions consistent with those presented in Figs. 2
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Fig. 3. The temporal evolution of quantum correlations C (solid-orange-curve), S3 (dashed-blue-curve), and B𝑛 (dotted-green-curve) against the scaled time 𝜆2𝑡, where 𝜃 = 𝜋∕2,
= 0, and 𝛾 = 0.01. In the Left panels: 𝜇 = 1, (a) 𝛥 = 2, 𝜆1 = 10 (b) 𝛥 = 7, 𝜆1 = 10. (c) 𝛥 = 7, 𝜆1 = 30. In the right panels: (b, d, f) are the same as (a, c, e), but 𝜇 = 0.
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(a, c, e), a distinct overall behavior is observed for the three quantifiers.
At 𝜆1 = 5, these three functions exhibit corresponding oscillations at
their maximum values. However, the presence of a decay rate dimin-
ishes the quantum correlations. Increasing 𝜆1 reveals a convergence
of the maximum bounds for steering and entanglement, while their
minimum bounds diverge. Non-locality exhibits similar oscillatory be-
havior, consistently remaining below the bounds observed for steering
and entanglement. Upon further increasing 𝜆1 to 30, the steering and
entanglement tend to exhibit greater similarity over time. A comparison
of Figs. 2 (c, e) with Figs. 2 (d, f) reveals that in the first scenario (𝜇=
1), the three quantifiers reach zero more rapidly than in the second
scenario (𝜇= 0). In the second scenario, steering and entanglement
exhibit a stronger relationship with each other than in the first scenario.
Consequently, it becomes evident that enhancing the dipole coupling
strength, and thus the robustness of quantum correlations, at 𝜇= 0
surpasses the scenario where 𝜇= 1.

The impact of varying detuning parameter 𝛥 and dipole coupling
parameter 𝜆1 on the dynamics of the three quantum quantifiers of the
two initial atomic scenarios is displayed in Fig. 3. We have set the initial
field in the vacuum state n = 0, with 𝛾 = 0.01, and 𝜃 = 𝜋∕4. For the first
scenario, characterized by 𝜇 = 1 with 𝛥 = 2 and 𝜆1 = 10, Fig. 3(a) un-
derscores how the detuning parameter influences the overall behavior
of quantum correlations. It deformed the general behavior of quantum
correlations, and non-locality is observed at specific intervals. However,
under identical conditions but with 𝜇 = 0, Fig. 3(b) reveals a chaotic
behavior exhibited by the three quantifiers. Notably, the maximally
entangled state of the teleported state transitions into a partially entan-
gled state. Over time, the oscillations in steering and non-locality tend
to converge to zero. With an elevation in the detuning parameter (𝛥 =
), with 𝜇 = 1 and 𝜆1 = 10, Fig. 3(c) provides insights into the behavior
f quantum correlations. As 𝛥 increases, we observe a corresponding
ugmentation in the number of oscillations. The entangled teleported
5

state through our channel undergoes oscillations between a partially
entangled state and a de-entangled state. Consequently, the dynamics
of steering and non-locality mirror this oscillatory pattern. In the case of
𝜇 = 0, while maintaining 𝛥 = 7, and 𝜆1 = 10, Fig. 3(d) demonstrates the
nput teleported entangled state, due to its interaction with the channel,
urns into a partially entangled state over time. Notably, non-locality
scillates between zero and partial non-locality, while steering does
ot reach zero until a certain time has elapsed. Fig. 3(e) shows the
ynamics of teleported quantum correlations with 𝜇 = 1, influenced

by the increase of the detuning parameter 𝛥 = 7 and dipole coupling
𝜆1 = 30. An enhancement is observed across the three quantifiers
because of increasing 𝜆1, where there are increases in the maximum
bounds, and reducing in periods of de-entanglement. This positive trend
is enhanced in the case of 𝜇 = 0, where the three quantifiers tend
to a maximally correlated state. The presence of the decay factor in
the dephasing environment induces an apparent decay in the system’s
overall behavior over time. However, the dipole coupling counteracts
this detrimental effect by reorganizing the inherent randomness and
decay arising from the detuning parameter. In essence, the dipole cou-
pling plays a crucial role in enhancing quantum correlations, ultimately
leading to an increase in the maximum bounds achievable.

Fig. 4 exhibits the influence of increasing the number of photons (𝑛)
n the teleported quantum correlations under varying dipole coupling
𝜆1) conditions. When 𝜇 = 1, 𝑛 = 1, and 𝜆1 = 5, Fig. 4(a) illustrates that
he number of oscillations amplifies with the growing photon count.
otably, entanglement and steering exhibit a nearly identical trend at

heir maximum values, while the minimum bounds of steering diminish
ore rapidly than those of entanglement. The minimum bounds of
on-locality approach zero, while the maximum bounds exhibit a non-
onotonic behavior, initially decreasing and then increasing again.

nterestingly, under identical conditions but with 𝜇 = 0 (as shown
n Fig. 4(b)), entanglement persists over time, whereas both steering
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Fig. 4. The temporal evolution of quantum correlations C (solid-orange-curve), S3 (dashed-blue-curve), and B𝑛 (dotted-green-curve) against the scaled time 𝜆2𝑡, where 𝜃 = 𝜋∕2,
= 0.1, and 𝛾 = 0.01. In the Left panels: 𝜇 = 1, (a) n=1, 𝜆1 = 10 (b) 𝑛 = 10, 𝜆1 = 5. (c) 𝑛 = 5, 𝜆1 = 30. In the right panels: (b, d, f) are the same as (a, c, e), but 𝜇 = 0.
and non-locality vanish completely. Upon raising the photon count to
𝑛 = 5, with 𝜆1 = 5, both scenarios, 𝜇 = 1 and 𝜇 = 0, displayed
in Figs. 4(c) and (d), exhibit similar behaviors. They share nearly
identical maximum bounds and a comparable number of oscillations.
This suggests that the photon count plays a mitigating role in negating
the influence of initial state parameters. Based on elevating the dipole
coupling value to 𝜆1 = 30, while keeping 𝑛 = 5, Figs. 4 (e), and (b)
illustrate a notable augmentation in the number of oscillations and
the amplification of maximum bounds. In this context, the minimum
bounds exhibit enhancement but do not reach zero as readily. This
decay over time can be attributed to the interaction with the dephasing
environment.

Fig. 5 depicts the impact of the dephasing environment, charac-
terized by 𝛾 = 0.07, on the three quantum quantifiers and how the
coupling dipole contributes to the augmentation of maximum bounds
in quantum correlations. Figs. 5(a) and (b) shed light on how the
initial state can sustain quantum correlations. However, it is worth
noting that when the initial states are maximally entangled, the three
phenomena for 𝜇 = 0 exhibit greater resilience to the effects of the
dephasing environment compared to the case of 𝜇 = 1, where the
maximum bounds are notably higher at 𝜇 = 0 (Figs. 5 (c) and (d)). It
becomes evident that with an increase in the dipole coupling strength to
𝜆1 = 30, there is a clear enhancement in the maximum bounds of the
three quantum measures, accompanied by an increase in the number
of oscillations. Although non-locality and steering diminish over time,
entanglement does not reach zero within the measured time-frame. The
strength of entanglement depends on the initial state of the system. This
highlights the crucial role played by the initial state of the channel in
shaping the dynamics of instantaneously transmitted quantum correla-
tions, while the dipole coupling enhances entanglement and mitigates
the impact of the surrounding thermal environment on the teleported
state’s entanglement.
6

6. Conclusion

This paper has examined the teleportation process of a pair of
entangled qubits traversing a channel composed of interacting atoms
immersed in a quantum field, all within the confines of a dephas-
ing environment. The primary focus of our investigation revolved
around the comprehensive analysis of entanglement, steering, and non-
locality exhibited by the teleported state, particularly concerning the
channel parameters. The key factors under scrutiny encompassed the
dipole coupling, detuning, photon number, and the influence exerted by
the surrounding dephasing environment. Notably, our study has been
grounded in the assumption that the channel atoms commence with a
state of maximal entanglement, following two distinct scenarios, while
the quantum field remains in a number state.

Our results showed that the initial state of the channel system has
a clear effect on the state to be teleported and its associated quan-
tum correlations. Furthermore, a noteworthy enhancement in quantum
correlations has been observed with the escalation of dipole coupling.
This amplification has been particularly evident in the transformation
of the teleported state, transitioning from a de-entangled state to a
partially entangled state. The minima of steering and non-locality have
also experienced elevation in response to heightened coupling levels.

As we increased the detuning parameter, we observed the distor-
tion of quantum correlations, accompanied by heightened oscillations.
Notably, increasing the dipole coupling reconfigured these oscillations
and mitigated the adverse effects resulting from detuning. Furthermore,
the increase in the photon number amplified the oscillations, making
the teleported state less reliant on the initial atomic state. Coupling
this heightened photon count with the double coupling effect led to
a marked enhancement in the maximum values of quantum correla-
tions. Conversely, the interaction of our system with the dephasing
environment diminished the strength of quantum correlations in the
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Fig. 5. The temporal evolution of quantum correlations C (solid-orange-curve), S3 (dashed-blue-curve), and B𝑛 (dotted-green-curve) against the scaled time 𝜆2𝑡, where 𝜃 = 𝜋∕2,
= 0.1, 𝑛 = 1, and 𝛾 = 0.07. In the Left panels: 𝜇 = 1, (a) 𝜆1 = 5 (b) 𝜆1 = 30. In the right panels: (b, d) are the same as (a, c), but 𝜇 = 0.
teleported state. However, the dipole coupling played a significant role
in mitigating this interaction’s influence.
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