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1. Introduction

Ifh:ZCR — Risaconvex mapping and ey, e; € Z withe; < ey,
then one has

h(e] ;ez) <€21€1 .

/:2 h(t)dt gw. 1.1)

1

The subsequent inequality is an improvement of the inequality

(1.1).
e+ 6 1 3e; + e, e; +3e; 1 €
52 B ) <t o
1[, re1+ex\ h(er)+h(ex)]  h(er)+ h(es)
gi{h( )t }g 7 12
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Many different generalizations, new extensions and improve-
ments related to the inequality (1.1) can be found in Awan et al.
(2016), Chu et al. (2016, 2017), Du et al. (2017), Igbal et al.
(2018), iscan et al. (2016), Khan et al. (2017a,b,c), Khan et al.
(2018a,b,c), Sarikaya and Karaca (2014), Set et al. (2016), Xi et al.
(2015).

Let us consider an invex set K. A set K C R" is named invex set
with respect to the mapping 6: K x K — R", if v+ 5(u,v) e K
holds, for all u,v € K and 2 € [0,1]. A mapping h: K — R is called
preinvex respecting 6, if the following inequality:

h(v + 23(1,v)) < (1 — A)h(v) + Zh(p) (1.3)

grips, for every p,ve K and 4 € [0,1].
The preinvex function is an important substantive generaliza-
tion of the convex function.

Example 1.1. The function h(x) =1 |x -1
to the following

, (x € R) with respect
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Y, X<3,¥>53,x+y =1,

: X<3,y>ix+y<i,

, x>ly<ix+y=1,

-Xx-y, x>1,y<3x+y<l1

is preinvex on R while it is not convex on R.

This paper aims to obtain estimation type results related to k-
fractional integral operators. For this, we suppose that the absolute
value of the derivative of the considered mapping is preinvex.
Next, we substitute this hypothesis with the boundedness of the
derivative and with a Lipschitzian condition for the derivative of
the considered mapping to derive integral inequalities with new
bounds. Applications of our results to random variables are also
provided.

We end this section by reciting a well-known k-fractional inte-
gral operators in the literature.

Definition 1.1 Mubeen and Habibullah (2012). Let h € L'[u, v], the
k-fractional integrals .7} h(x) and ;75 -h(x) of order T >0 are
defined by

T

T _ 1 * 1h
WTih) = s /! (x— ) h()ds, (0<p<x<V)

and

. R Y A )
kT h(x)fm[‘ (A=x}¥"h()di, O pu<x<v),

respectively, where k > 0, and T, is the k-gamma function defined
as  Ti(x) = J;° ).X’le*%di, Re(x) >0, with the properties
I'v(x + k) = xI'k(x) and T (k) = 1.

2. Main results

Throughout this work, let XCR be an open invex subset
respecting 6 : K x K — R\ {0} and r1,r; € K with ry <13, and let
h:K — R be a differentiable mapping such that k' is integrable
on the é-path Py, : v = x + d(y,x) with x,y € [r,12]. Before stating
the results, we use notations below.

Ls(T,k, 4;X)
Ok (x,r1) (h(r1 +8(x,71)) + h(11)) + 5k (r2,%) (h(X) + h(x+0(r2,%)))
5(r2,r1)
2).(5i(x,r1)h(r1 +15(x,11)) +5i(r2,x)h(x+%5(rz,x)))
5(1’2,7‘1)

26T (1 +k) 1 1
T () kT, oy M r1+§6(xvr‘l) +k.7:]wh r1+§5(x-,rl)

=(1-1)

+

1. 1.
+kj§+h<x+jb(r2,x)> 1T sy P <x+§o(r27x)>}. (2.1)

If o(u,v) = — v with p, v € [rq, 3], then we have

L(tT,k,2;X)
= (1 — 5y E TR + ROOL+ (12 = X)ih(x) + h(r2)]
Iy —T4

22 (= () + (=X ()| gir (o sk
r—n Cnen
() e () () ()
(2.2)

+

(a) Choosing 2 =0 and t =k = 1, the Eq. (2.2) reduces to

£01,1,0:%) = hx) + 2= 00(2) + (X = r)h(r)
rp—n

2 2
o /r] h(u)du.

Specially,
Ti+12\ _ h(r1) +h(r2) T +T;
z:(l,l,o, > ).7 5 +h( > )
2 2
- / h(u)du.
rp—T1, r

(b) Choosing /. =1 and 7 = k = 1, the Eq. (2.2) degenerates into

2[(x = r)h(%3%) + (ra = 0)h(52)]
Iy —n

_ 2 /zh(u)du.

rp—n

£(1,1,1;x) ==

Specially,

£<17171;r1 42rr2> ::h<3r14+r2) +h(n +43r2>

_ 2 /Zh(u)du.

Iy =T,

We need the following lemma for our results.

Lemma 2.1. One has the subsequent identity

oktl 1 , 1+t
Ls(T,k, 2;X) :%{/0 (tt—A)h <r1 +T+5(x, r1)>dt

_/01 (& — x)h’(r1 +%5(X, m)dt}
,%{/{l] (t% 7z)h’<x+%5(rz,x)>dt
_/01 (& — A)h’(x-q-%é(rz,x))dt}

for k-fractional integrals with x € (r1,12), T >0, k > 0and 2 € [0,1].

(2.3)

Proof. Using integration by parts and appropriate substitutions,
such as p=ry +3t6(x,r1),v=ry + 5t5(x,r1)..., we can obtain
the identity (2.3). O

’

Example 2.1. If we take r; =1, r; =1, 7=1=kh(x)=1—|x -1
and

5(,“’ V) _ {3(#7 V),

=,

o, (2.4)

then all the assumptions in Lemma 2.1 are satisfied. Clearly, the left
of the Eq. (2.3) is

L£5(1,1,2:x)= (1 71)2("*%) [(G-2x) *%];(f]zfll)*x)[(l —X)+(x-1)]
2
2(x-1)[1-x+2(1-x)[1-1]

+22

2(1-3)
) an - t)dt+/2k%(1 - t)dt+/] (1-bydt

and the right of the Eq. (2.3) is
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4( 7%)2{/01 —(t%)dw[(t%)dt}
_ 40 7x)2{./0'] f(tfi)dtJr(/O](t—,l)dt} _

Corollary 2.1. If 6(u,v) = pu—v with u,v € [ry,r2] in Lemma 2.1,
then one has

S e
_/O (t%_/l)h’(lT_x t, ) }
f/ol(t%fa)hCzt ) } (2.5)

which is a new form of Lemma 2.1.

L(T,k, ;%)

Remark 2.1. (a) In Lemma 2.1, putting /=0 and k = 1, one has
Lemma 2.8 in Noor et al. (2016). (b) In Corollary 2.1, taking A =0
and k = 1, one has Lemma 1 in Mihai and Mitroi (2014). Further,
choosing T = 1, one has Lemma 1 in Latif (2015).

Theorem 2.1. If |W'|? for q > 1 is preinvex on K, then the coming
inequality for k-fractional integrals with x € (ry,12), T>0, k>0,
p'4+q'=1and /e|0,1] grips:

|65 (%, 11)| s Mtk d, p){ Ph/(rmq +3|h’(x)|qr

[£5(T,k, ;%) < mp

4

30K (r)|" + B (0]
+ e ]

van! ! (319 / ayt
Lot (rz,x>p%(fv,mp){{3|h ()| + |1 (r2) ]

2(6(r2,11)| 4
1
h’ q 3 h’ q7q
+{| ot +3) <rz>|} } 26)
where
Tﬁ,k7 ;l‘ = 07
etk LItk ,
plekip) = dx-dalT P42, 0<i<l )
T(p+1)T(5+1) =1

r(5+14p)

Proof. According to Lemma 2.1, the Holder inequality and prein-
vexity of |h'|%, one gets

ESTEN

) (S%Jr] X,T 1 . .
ek i) < S i apad] ()

1

+ (Xz)q>

W[ e ara] () + ).

‘ak+1 r27
2|5 r2,71)|

where

1
0= [ (e )
JO

Y-t 1+t W (r1)|? + 3| (x)|*
S/O <T|h(r1)|q 5 h ()‘q> = 3

q
dt

q / q / q
gt < M+ NI

e, 1-t
h (rl +T(S(x,r1)> 7

p 1-t
h (x+Té(r2,x)>
1 q
}54:/ h/(x‘i‘%é(rzﬁx))
0

When /1 = 0, we have

k
mp+k’

P
N
Il
S—

“ar M@+ )l

<
dt\ 4 ’

P
w
Il
S—

W ()" + 3[R (ra)[*

<
dt < 7

tt—affde =

when 1 =1, we have

/W spde = L@+ DIG+1)

rFt+1+p)
when 0 < / < 1, we have

1 &
[ i=apde= [ -t dt—s—/k (6~ 7)de
0 0 T
1 A
</E (t%fﬂ.p)dt+/ ()f’ft%)dt

o 17( 2’( rp+k
Ttmp+k tp+ k

)

A

flerZ/Lf .

The above inequality is obtained by using the fact that
(=P <o —pa=p>0Kk=>1

The proof of Theorem 2.1 is completed. O

Corollary 2.2. Choosing 2=1, k=1 and &(u,v)
W,V € [ry,12] in Theorem 2.1, one obtains

_Rle—r)Th(17%) + (o —x)"h(53)]  2°T(r+1)
- T — 14 T — 11

X[ () () ()

SRR
TN<@) T

T+1
o {(x 1)
=T

(rz 7x)‘[\1
r—n

=p—v for

[£(T,1,1;x)|

+J:5h(

Y)

[ (o)1 + 310 )Y+ (B )+ ()

[ GO + 31K (r2) ) + (BIH 091 + W (7))

Specially, putting T =1 and x =

h 3r1+1y +h r1+3r; _ 2 "2
4 4 =T/

. %y‘ve)é“ (rz 4r1>{<|h/(ﬁ)|q

032 one has

h(u)du

(5"

(3w (52) ]") (5[ +3h/(r2)|q>%
+(3 (“;“ IR (r, |4> }
{

1
1 b R —n 1
< (ﬁ) (7) ( ) 14+3q+54+7q] (|0 (ro)| + | (12)]).
(2.9)
The second inequality is obtained by applying the convexity of |h'|* and
the succeeding fact that
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n n n

dlei+0) <Y (@) +> (@), ¢, 0i>0, 0<s<l.

i=1 i=1 i=1

Theorem 2.2. If |W'|? for g > 1 is preinvex on K, then the coming
inequality for k-fractional integrals with x € (r1,12), T>0, k>0
and 4 € [0, 1] grips:

1

i1 1 q
ek ] < s LA { 381 -B ro+ a1+ A 0|

GRS A IEREY *Aﬁ"’/("”q)r}

1

{ (@ MG+ (81 = Ao )|

|66 (r2,%)] (13
2|5(r2,r1)| 1

5@ - a0+ &y +Az>|h’<rz>\q)r},

(2.10)
where
1
A1:/ = ajde = —K 2T (2.11)
Jo T+k T+k
and
v k Jomx T
Az_/o tlef = 2ide = —=7 =5+ 7 o (2.12)

Proof. Using Lemma 2.1 and the power mean inequality, one has

1-1

sk, 753)| < % [ / i ] (zh+ @)

Qi

1-1

|5k+1 rz, q 1 1
T 2060z /‘tk Ade] (@ + @)
where
1 q
11:/ |tk — h’(rﬁﬂa(xml)) dt

< [ (e 5 e )ae
ZQK/O |t%_z|dt—/o t|t%—l\dt>\h’(r1)|q
+</01 |tk — 2/dt + /0] ¢tk — z|dt> \h’(X)\}

I B
A s
0
1/ [ "
<3 / Ithx|dt+/ titk —Zjde ) /()"
2 [\ Jo 0
1 1
( |ﬁ_;,|c1t—/ tlti—ildt)\h'(x)qv
0 0
T 1 ts '
:/ . ( o, ))
1 K e / e~ 1dt ) I (o
JO /0

q
dt

dt

q

1
14:/ |tk h/<x+¥5(r27x)> dt
0

1 1
<1K/ |tﬁfi|dtf/ t\rifxl\dt>|h’(x)|q
2 0 0
1 1
+</ |ﬁ—2|dt+/ t|tﬁ—i\dt>\h’(rz)|}.
0 JO

These last four inequalities clasp due to the preinvexity of |I'|?. This
ends the proof.

Corollary 2.3. Choosing 2=1, k=1 and é(u,v)=pu—v with
W,V € [r1,13] in Theorem 2.2, one obtains

T(x—1)"! T+3 3745 !
g2(f+1)(rzn){L(HZ)h(“)'q it ”'q}
31+5 +3 i
T(r,—x)"" T+3
+2(T+21)(r2r1){{4(r+2)|h M)+

3t+5
+{4(‘c+2)‘h( "

|£(7,1,1;%)]

37+5
4(r+2)| r )‘q}

T+3 ’ %

D3 and utilizing similar arguments as in

(2.13)

Specially, taking t =1, x =
Corollary 2.2, one gets

‘h(3r1:r2) +h(“ 23”) - irl / h(w)du
<(T216“){B|h< o+ 2 ()
+[5meor+ 3\h(“”2)|"} 3 () + 3|h/(rz>|"F
5+ |h/(rz>|"F}

ro—r) (N o a1 /
<! B J (5) (164284 404 58] (W' (1) + [ (r2))).

(2.14)

Remark 2.2. Theorems 2.1 and 2.2 will be reduced to Theorem 2
and 3 in Latif (2015), respectively, if we choose 2 =0, k=1=71
and 6(u,v) = u—v for u,v € [r1,12].

3. New estimation results

For obtaining new estimation type results, we deal with the
boundedness and the Lipschitzian condition of K, respectively.

Theorem 3.1. Assume that there exists constants m < M such that
—co<m<h(y) <M < o forall y € K, then the inequality

(M —m) (168 (e, )| + 08 (72, )1

Ls(t,k,4;x)| <
falnle s 20002.10)

2rir_¥k+k }
-2
T+k

(3.1)
holds with T > 0,k >0, 2 € [0,1] and x € (r1,12).

Proof. From Lemma 2.1, we have
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L5(T,k,2:X)

25 r::: [l
et -5
I
a5 ta) 25,

M < H(y) — M < M -

+1
\Lé(r,k,i;x)\\w / et il (r ) m+Mdt
2‘() I,r 1 2

m+M}dt

Using the fact that m m:M one obtains

+/ 1t — 4|k (r1+175(x,r1)>—m+M‘dt}
(Sk“ (r2,X) 1-t m+M
2\5 2.1 {/ i~ ;|’h< o2, X ))_ ‘dt

1
+/ It — 2/|h <x+ H<5(r2,x)> }
A 2

<Iil _ 1 + — 1
ot (x,n)\Mzm/ |ﬁ—)~|dt+M%J/ |t — 2|dt
Jo Jo

= 18(ry,1)) [0(r2,11)]
(M=m) (105 () |+ 10 (12,01 ) [0 4k
= : —Al.
2[6(r2,11)| T+k

(3.2)

The proof is completed. O

Corollary 3.1. In Theorem 3.1,
W, v € [ri,r2], and T =k =1, one gets

(x—r)[h(r1) +h(x)] +

choosing o(u,v)=u—v for

(r, =x)[h(x) +h(r2)]

|c(1717;v;x)\:‘(1 )

=1
_ X _ X4T r
4 0 (0D 2 g,
ra—n r;—T1 Jy
_Memfeor) -0t 2]
= 2(ry—11) 2 ’ (33)

Remark 3.1. Taking x =
following.

1i2 jn Corollary 3.1, one can see the

(a) For 4 = 0, we have

[h(r1) +h(rp) r+ry 2 /rz (M—m)(ry—11)
| 2 +h< 2 > ) —T11 . h(u)du < 8 ’
(3.4)

(b) For 7 =1, we have

Ih(r)+h(ry) |1, ity W) 4h(P2) 2 n

o Hah(t5)+ 2 _rz—n/,l i)
(M—m)(r,—r4)

S T (3:5)

(c) For 2 =1, we have

3ri+1; r+3r, 2 "2
‘h( . >+h< . )—rz_ﬁ/ﬁh(u)dug

(M—m)(r2 —11)
3 .

(3.6)

Theorem 3.2. Assume that h' satisfies Lipschitz condition on K for
some L > O, then the inequality

L(10F2 (%, |+ 108 (r2,)))
4‘5(1’2,T1)|

205 4 2k
T+2k

|[’t>(‘[’.7k7/17x)| <

—A} (3.7)

grips forall x € (r1,12), u >0,k >0and 2 € [0,1].

Proof. From Lemma 2.1, we have
&) [ s , 1+t
“Sarar LUy @A (5 o)
- <r1 +%6(x,r1)>]dt
oo T 1-t, , 1
—/ (tk—4) [h <r1 +Tb(x,r1)> —h <r1 +§5(x,r]))}dt}
0
oy, .
260 { k—7) < +—(S (2, x)>

i
b [ 6ol

—h <x+%($(r2,x)>] dt

Ls(T,k,7;X)

=

Utilizing the fact that h’ satisfies Lipschitz condition on K for L > 0,
we have

o |68 (x, )] , 1+t
|Ls(T,k; 2,X)| < 5o 25(2.1)] / ( T — ) 2} +T()(x 1)
1 1-t.
<r1+26 X,Tq >‘d <r1+T(>(X,r1)>
i 1 \(Sk“ (r2,%)|
<r1+26 X,T1 >‘dt}+2\a CEA]

1
X { |
0

+ [ 1=

‘ x+17(> (r2,%) ) h’<x+%5(r2,x)>‘dt

0 x+% (rz,x)> ’<x+%6(r2,x)>’dt},

where

, 1 , 1.
(r] +%t5(x, rl)) —h (rl +§a(x, ﬁ))’

1+t 1 tL
<tfr+ Ly ot - (ro+ gatem) )| = ot

/ 1-t ) 1. tL
h (n +Té(x,r1)) —h (n +ja(x,r1))’ < j\6(){,1’1)|,

’ 1_t ’ 1 tL
h <x+?5(r2,x)> —h (a-s—ié(rz,x))‘ < j\5(r2,x)\,

' n+t / 1
h (x-s—mé(rz,x)) —h <a+§5(r2,x)>’ <

After a simple calculation, we obtain the desired result. O

tL
5 |0(r2,X)].

Corollary 3.2. In Theorem 3.2,
W, v €la, b, and T =k =1, one has

choosing &(u,v)=pu—v for

Llx—r)?+(r,— x)3]

£(1,1,2:x)] <
1£1,1,7:%)] i

(3.8)

3
2}';2—1].

Remark 3.2. Putting x =742 in Corollary 3.2, one can see the
following.

(a) For /. = 0, we have

|h(r1) +h(r2) +h(ﬁ +T2) . 2 / 2 h(u)du
r—n r

2 2

L(Tz - )2
24 ’

< (3.9)
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(b) For 7 =1, we have

Ih(r)+h(ro) 1, im0y R +h(22) 2 m
+ih( >+ 2 _T'z—rl/rl h(u)

| 4 2
L(ry —11)?
ST 64
(3.10)
(c) For 2 =1, we have
3ri+1, r1+3n, 2 "2
‘h( . ) +h< : ) = / h(u)du
L(ry — 1)
< (3.11)

4. Applications for random variables

Let X be a random variable in [r;, 3], with the probability den-
sity mapping p : [r1,72] — [0, 1], and with the cumulative distribu-
tion mapping

F(x) = P(X < x) = / Cp(a)da

Using the fact that E(X) = [/? 2dF(2) =12 — [[? F(2)d4, one has
the following results.

Proposition 4.1. In Theorem 2.2, taking /=1, k=1=1, x =0}~
and 6(u, v) = u — v with u, v € [r1,13], one has

341 1 +31 2
P(x <) p(x < ) 2 )
1
=r) G) (154284 44 5 Qper) + o)) A1)

Proposition 4.2. In Theorem 2.1, putting . =1, k=1=1, x =132
and 6(u, v) = u — v with u, v € [r,13), one gets

3ry+1; 1 +3n, 2
Px ) ep (e ) )
1 3
1 N /INT =N a1 1 o1
<(511) () (B[ 345t 7 piro)l + pera).

(4.2)

Remark 4.1. Applications can be given based on the obtained
results to special means, and we omit the details.

5. Conclusion

Four main results of the trapezium-like inequalities involving
the mappings ¢ are hereby obtained. More new results can be
derived by choosing different mappings ¢ and the special parame-
ter values for /. k and 7.
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