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1. Introduction

If h : I #R ! R is a convex mapping and e1, e2 2 I with e1 < e2,
then one has

h
e1 þ e2

2

� �
6 1

e2 � e1

Z e2

e1

hðtÞdt 6 hðe1Þ þ hðe2Þ
2

: ð1:1Þ

The subsequent inequality is an improvement of the inequality
(1.1).

h
e1 þ e2

2

� �
6 1

2
h

3e1 þ e2
4

� �
þ h

e1 þ 3e2
4

� �� �
6 1

e2 � e1

Z e2

e1

hðtÞdt

6 1
2

h
e1 þ e2

2

� �
þ hðe1Þ þ hðe2Þ

2

� �
6 hðe1Þ þ hðe2Þ

2
: ð1:2Þ
Many different generalizations, new extensions and improve-
ments related to the inequality (1.1) can be found in Awan et al.
(2016), Chu et al. (2016, 2017), Du et al. (2017), Iqbal et al.
(2018), _Is�can et al. (2016), Khan et al. (2017a,b,c), Khan et al.
(2018a,b,c), Sarikaya and Karaca (2014), Set et al. (2016), Xi et al.
(2015).

Let us consider an invex set K. A set K#Rn is named invex set
with respect to the mapping d : K�K ! Rn, if mþ kdðl; mÞ 2 K
holds, for all l; m 2 K and k 2 ½0;1�. A mapping h : K ! R is called
preinvex respecting d, if the following inequality:

h mþ kdðl; mÞð Þ 6 ð1� kÞhðmÞ þ khðlÞ ð1:3Þ
grips, for every l; m 2 K and k 2 ½0;1�.

The preinvex function is an important substantive generaliza-
tion of the convex function.

Example 1.1. The function hðxÞ ¼ 1
2 � x� 1

2

�� ��, ðx 2 RÞ with respect
to the following
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dðy; xÞ ¼

2ðy� xÞ; x P 1
2 ; y P 1

2 ; y P x;
0; x > 1

2 ; y P 1
2 ; y < x;

0; x < 1
2 ; y 6 1

2 ; y > x;
y� x; x 6 1

2 ; y 6 1
2 ; y 6 x;

1� x� y; x < 1
2 ; y > 1

2 ; xþ y P 1;
0; x < 1

2 ; y > 1
2 ; xþ y � 1;

0; x > 1
2 ; y < 1

2 ; xþ y P 1;
1� x� y; x > 1

2 ; y < 1
2 ; xþ y 6 1

8>>>>>>>>>>><
>>>>>>>>>>>:

ð1:4Þ

is preinvex on R while it is not convex on R.

This paper aims to obtain estimation type results related to k-
fractional integral operators. For this, we suppose that the absolute
value of the derivative of the considered mapping is preinvex.
Next, we substitute this hypothesis with the boundedness of the
derivative and with a Lipschitzian condition for the derivative of
the considered mapping to derive integral inequalities with new
bounds. Applications of our results to random variables are also
provided.

We end this section by reciting a well-known k-fractional inte-
gral operators in the literature.

Definition 1.1 Mubeen and Habibullah (2012). Let h 2 L1½l; m�, the
k-fractional integrals kJ s

lþhðxÞ and kJ s
m�hðxÞ of order s > 0 are

defined by

kJ s
lþhðxÞ ¼ 1

kCkðsÞ
Z x

l
ðx� kÞsk�1hðkÞdk; ð0 6 l < x < mÞ

and

kJ s
m�hðxÞ ¼

1
kCkðsÞ

Z m

x
ðk� xÞsk�1hðkÞdk; ð0 6 l < x < mÞ;

respectively, where k > 0, and Ck is the k-gamma function defined

as CkðxÞ :¼
R1
0 kx�1e�

kk
k dk, ReðxÞ > 0, with the properties

Ckðxþ kÞ ¼ xCkðxÞ and CkðkÞ ¼ 1.
2. Main results

Throughout this work, let K#R be an open invex subset
respecting d : K�K ! R n f0g and r1; r2 2 K with r1 < r2, and let
h : K ! R be a differentiable mapping such that h0 is integrable
on the d-path Pxv : v ¼ xþ dðy; xÞ with x; y 2 ½r1; r2�. Before stating
the results, we use notations below.

Ldðs;k;k;xÞ

:¼ð1�kÞd
s
kðx;r1Þ h r1þdðx;r1Þð Þþhðr1Þð Þþd

s
kðr2;xÞ hðxÞþh xþdðr2;xÞð Þð Þ

dðr2;r1Þ

þ
2k d

s
kðx;r1Þh r1þ 1

2dðx;r1Þ
	 
þd

s
kðr2;xÞh xþ 1

2dðr2;xÞ
	 
� �

dðr2;r1Þ

�2
s
kCkðsþkÞ
dðr2;r1Þ kJ s

½r1þdðx;r1Þ��h r1þ1
2
dðx;r1Þ

� �
þ kJ s

rþ1
h r1þ1

2
dðx;r1Þ

� ��

þkJ s
xþh xþ1

2
dðr2;xÞ

� �
þ kJ s

½xþdðr2 ;xÞ��h xþ1
2
dðr2;xÞ

� ��
: ð2:1Þ

If dðl; mÞ ¼ l� m with l; m 2 ½r1; r2�, then we have

Lðs;k;k;xÞ

:¼ð1�kÞðx� r1Þ
s
k½hðr1ÞþhðxÞ�þðr2�xÞsk½hðxÞþhðr2Þ�

r2� r1

þ
2k ðx� r1Þ

s
kh r1þx

2

	 
þðr2�xÞskh xþr2
2

	 
h i
r2� r1

�2
s
kCkðsþkÞ
r2� r1

� kJ s
rþ1
h

r1þx
2

� �
þ kJ s

x�h
r1þx
2

� �
þ kJ s

xþh
xþ r2
2

� �
þ kJ s

r�2
h

xþ r2
2

� �h i
:

ð2:2Þ
ðaÞ Choosing k ¼ 0 and s ¼ k ¼ 1, the Eq. (2.2) reduces to

Lð1;1;0; xÞ :¼ hðxÞ þ ðr2 � xÞhðr2Þ þ ðx� r1Þhðr1Þ
r2 � r1

� 2
r2 � r1

Z r2

r1

hðuÞdu:

Specially,

L 1;1;0;
r1 þ r2

2

� �
:¼ hðr1Þ þ hðr2Þ

2
þ h

r1 þ r2
2

� �
� 2
r2 � r1

Z r2

r1

hðuÞdu:

ðbÞ Choosing k ¼ 1 and s ¼ k ¼ 1, the Eq. (2.2) degenerates into

Lð1;1;1; xÞ :¼ 2 ðx� r1Þh r1þx
2

	 
þ ðr2 � xÞh xþr2
2

	 
� �
r2 � r1

� 2
r2 � r1

Z r2

r1

hðuÞdu:

Specially,

L 1;1;1;
r1 þ r2

2

� �
:¼ h

3r1 þ r2
4

� �
þ h

r1 þ 3r2
4

� �

� 2
r2 � r1

Z r2

r1

hðuÞdu:

We need the following lemma for our results.

Lemma 2.1. One has the subsequent identity

Ldðs; k; k; xÞ ¼ d
s
kþ1ðx; r1Þ
2dðr2; r1Þ

Z 1

0
t
s
k � k

	 

h0 r1 þ 1þ t

2
dðx; r1Þ

� �
dt




�
Z 1

0
t
s
k � k

	 

h0 r1 þ 1� t

2
dðx; r1Þ

� �
dt
�

� d
s
kþ1ðr2; xÞ
2dðr2; r1Þ

Z 1

0
t
s
k � k

	 

h0 xþ 1� t

2
dðr2; xÞ

� �
dt




�
Z 1

0
t
s
k � k

	 

h0 xþ 1þ t

2
dðr2; xÞ

� �
dt
�

ð2:3Þ

for k-fractional integrals with x 2 ðr1; r2Þ, s > 0, k > 0 and k 2 ½0;1�.
Proof. Using integration by parts and appropriate substitutions,
such as l ¼ r1 þ 1þt

2 dðx; r1Þ; m ¼ r1 þ 1�t
2 dðx; r1Þ . . ., we can obtain

the identity (2.3). h
Example 2.1. If we take r1 ¼ 1
2, r2 ¼ 1, s ¼ 1 ¼ k;hðxÞ ¼ 1

2 � x� 1
2

�� ��,
and

dðl; mÞ ¼ 2ðl� mÞ; lP m;
0; l < m;



ð2:4Þ

then all the assumptions in Lemma 2.1 are satisfied. Clearly, the left
of the Eq. (2.3) is

Ldð1;1;k;xÞ¼ ð1�kÞ2 x� 1
2

	 

3
2�2x
	 
� 1

2

� �þ2ð1�xÞ½ð1�xÞþðx�1Þ�
2 1� 1

2

	 

þ2k

2 x� 1
2

	 
½1�x�þ2ð1�xÞ½1�1�
2 1� 1

2

	 

�2

Z x

1
2

ð1� tÞdtþ
Z 2x�1

2

x
ð1� tÞdtþ

Z 1

x
ð1� tÞdt

"

þ
Z 2�x

1
ð1� tÞdt

�
¼0

and the right of the Eq. (2.3) is
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4 x� 1
2

� �2 Z 1

0
�ðt � kÞdt þ

Z 1

0
ðt � kÞdt


 �

� 4ð1� xÞ2
Z 1

0
�ðt � kÞdt þ

Z 1

0
ðt � kÞdt


 �
¼ 0:
Corollary 2.1. If dðl; mÞ ¼ l� m with l; m 2 ½r1; r2� in Lemma 2.1,
then one has

Lðs; k; k; xÞ ¼ ðx� r1Þ
s
kþ1

2ðr2 � r1Þ
Z 1

0
t
s
k � k

	 

h0 1þ t

2
xþ 1� t

2
r1

� �
dt




�
Z 1

0
t
s
k � k

	 

h0 1� t

2
xþ 1þ t

2
r1

� �
dt
�

� ðr2 � xÞskþ1

2ðr2 � r1Þ
Z 1

0
t
s
k � k

	 

h0 1þ t

2
xþ 1� t

2
r2

� �
dt




�
Z 1

0
t
s
k � k

	 

h0 1� t

2
xþ 1þ t

2
r2

� �
dt
�
; ð2:5Þ

which is a new form of Lemma 2.1.
Remark 2.1. (a) In Lemma 2.1, putting k ¼ 0 and k ¼ 1, one has
Lemma 2.8 in Noor et al. (2016). (b) In Corollary 2.1, taking k ¼ 0
and k ¼ 1, one has Lemma 1 in Mihai and Mitroi (2014). Further,
choosing s ¼ 1, one has Lemma 1 in Latif (2015).
Theorem 2.1. If jh0jq for q > 1 is preinvex on K, then the coming
inequality for k-fractional integrals with x 2 ðr1; r2Þ, s > 0, k > 0,
p�1 þ q�1 ¼ 1 and k 2 ½0;1� grips:

jLdðs; k; k; xÞj 6 jdskþ1ðx; r1Þj
2jdðr2; r1Þj q

1
pðs; k; k; pÞ jh0ðr1Þjq þ 3jh0ðxÞjq

4

� �1
q

(

þ 3jh0ðr1Þjq þ jh0ðxÞjq
4

� �1
q
)

þ jdskþ1ðr2; xÞj
2jdðr2; r1Þj q

1
pðs; k; k;pÞ 3jh0ðxÞjq þ jh0ðr2Þjq

4

� �1
q

(

þ jh0ðxÞjq þ 3jh0ðr2Þjq
4

� �1
q
)
; ð2:6Þ

where

qðs; k; k;pÞ ¼

k
spþk ; k ¼ 0;

k
spþk � 2k

spþk k
spþk
s � kp þ 2k

spþk
s ; 0 < k < 1;

Cðpþ1ÞC k
sþ1ð Þ

C k
sþ1þpð Þ ; k ¼ 1:

8>>>><
>>>>:

ð2:7Þ
Proof. According to Lemma 2.1, the Holder inequality and prein-
vexity of jh0 jq, one gets

jLdðs; k; k; xÞj 6 jdskþ1ðx; r1Þj
2jdðr2; r1Þj

Z 1

0
jtsk � kjpdt

� �1
p

v1

	 
q þ v2

	 
q� �

þ jdskþ1ðr2; xÞj
2jdðr2; r1Þj

Z 1

0
jtsk � kjpdt

� �1
p

v3

	 
q þ v4

	 
q� �
;

where

v1 ¼
Z 1

0
h0 r1 þ 1þ t

2
dðx; r1Þ

� �����
����
q

dt

6
Z 1

0

1� t
2

jh0ðr1Þjq þ 1þ t
2

jh0ðxÞjq
� �

dt ¼ jh0ðr1Þjq þ 3jh0ðxÞjq
4

;

v2 ¼
Z 1

0
h0 r1 þ 1� t

2
dðx; r1Þ

� �����
����
q

dt 6 3jh0ðr1Þjq þ jh0ðxÞjq
4

;

v3 ¼
Z 1

0
h0 xþ 1� t

2
dðr2; xÞ

� �����
����
q

dt 6 3jh0ðxÞjq þ jh0ðr2Þjq
4

;

v4 ¼
Z 1

0
h0 xþ 1þ t

2
dðr2; xÞ

� �����
����
q

dt 6 jh0ðxÞjq þ 3jh0ðr2Þjq
4

:

When k ¼ 0, we haveZ 1

0
t
s
k � k

�� ��pdt ¼ k
spþ k

;

when k ¼ 1, we haveZ 1

0
jtsk � kjpdt ¼ Cðpþ 1ÞCðksþ 1Þ

C k
sþ 1þ p
	 
 ;

when 0 < k < 1, we have

Z 1

0
jtsk � kjpdt ¼

Z k
k
s

0
k� t

s
k

	 
p
dt þ

Z 1

k
k
s

t
s
k � k

	 
p
dt

6
Z 1

k
k
s

t
sp
k � kp

� �
dt þ

Z k
k
s

0
kp � t

sp
k

� �
dt

¼ k
spþ k

� 2k
spþ k

k
spþk
s � kp þ 2k

spþk
s :

The above inequality is obtained by using the fact that

ða� bÞj 6 aj � bj;a P b P 0;j P 1:

The proof of Theorem 2.1 is completed. h
Corollary 2.2. Choosing k ¼ 1, k ¼ 1 and dðl; mÞ ¼ l� m for
l; m 2 ½r1; r2� in Theorem 2.1, one obtains

jLðs;1;1; xÞj :¼ 2 ðx� r1Þsh r1þx
2

	 
þ ðr2 � xÞsh xþr2
2

	 
� �
r2 � r1

� 2sCðsþ 1Þ
r2 � r1

����
� J s

rþ
1
h

r1 þ x
2

� �
þ J s

x�h
r1 þ x

2

� �
þ J s

xþh
xþ r2
2

� �h

þJ s
r�
2
h

xþ r2
2

� �i��� 6 1
2

� �2
qþ1 Cðpþ 1ÞCð1s þ 1Þ

C 1
s þ 1þ p
	 


� ðx� r1Þsþ1

r2 � r1
jh0ðr1Þjq þ 3jh0ðxÞjq	 
1

q þ 3jh0ðr1Þjq þ jh0ðxÞjq	 
1
q

h i(

þðr2 � xÞsþ1

r2 � r1
jh0ðxÞjq þ 3jh0ðr2Þjq
	 
1

q þ 3jh0ðxÞjq þ jh0ðr2Þjq
	 
1

q
h i)

:

ð2:8Þ

Specially, putting s ¼ 1 and x ¼ r1þr2
2 , one has

h
3r1þ r2

4

� �
þh

r1þ3r2
4

� �
� 2
r2� r1

Z r2

r1

hðuÞdu
����

����
6 1

pþ1

� �1
p 1

2

� �2
qþ1 r2� r1

4

� �
jh0ðr1Þjqþ3 h0 r1þ r2

2

� ���� ���q� �1
q

(

þ 3jh0ðr1Þjqþ h0 r1þ r2
2

� ���� ���q� �1
q

þ h0 r1þ r2
2

� ���� ���qþ3jh0ðr2Þjq
� �1

q

þ 3 h0 r1þ r2
2

� ���� ���qþjh0ðr2Þjq
� �1

q
)

6 1
pþ1

� �1
p 1

2

� �3
qþ1 r2� r1

4

� �
1

1
q þ3

1
q þ5

1
q þ7

1
q

h i
jh0ðr1Þjþ jh0ðr2Þj
	 


:

ð2:9Þ

The second inequality is obtained by applying the convexity of jh0jq and
the succeeding fact that
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Xn
i¼1

ð.i þ riÞs 6
Xn
i¼1

ð.iÞs þ
Xn
i¼1

ðriÞs; .i; ri > 0; 0 6 s < 1:
Theorem 2.2. If jh0jq for q P 1 is preinvex on K, then the coming
inequality for k-fractional integrals with x 2 ðr1; r2Þ, s > 0, k > 0
and k 2 ½0;1� grips:

jLdðs;k;k;xÞj6 jdskþ1ðx;r1Þj
2jdðr2;r1Þj D

1�1
q

1
1
2

D1�D2ð Þjh0ðr1Þjqþ D1þD2ð Þjh0ðxÞjq	 
� �1
q

(

þ 1
2

D1þD2ð Þjh0ðr1Þjqþ D1�D2ð Þjh0ðxÞjq	 
� �1
q
)

þjdskþ1ðr2;xÞj
2jdðr2;r1Þj D

1�1
q

1
1
2

D1þD2ð Þjh0ðxÞjqþ D1�D2ð Þjh0ðr2Þjq
	 
� �1

q
(

þ 1
2

D1�D2ð Þjh0ðxÞjqþ D1þD2ð Þjh0ðr2Þjq
	 
� �1

q
)
;

ð2:10Þ

where

D1 ¼
Z 1

0
jtsk � kjdt ¼ k

sþ k
� kþ 2k

sþk
s

s
sþ k

ð2:11Þ

and

D2 ¼
Z 1

0
tjtsk � kjdt ¼ k

sþ 2k
� k
2
þ k

sþ2k
s

s
sþ 2k

: ð2:12Þ
Proof. Using Lemma 2.1 and the power mean inequality, one has

jLdðs; k; k; xÞj 6 jdskþ1ðx; r1Þj
2jdðr2; r1Þj

Z 1

0
jtsk � kjdt

� �1�1
q

I1ð Þ1q þ I2ð Þ1q
� �

þ jdskþ1ðr2; xÞj
2jdðr2; r1Þj

Z 1

0
jtsk � kjdt

� �1�1
q

I3ð Þ1q þ I4ð Þ1q
� �

;

where

I1 ¼
Z 1

0
jtsk � kj h0 r1 þ 1þ t

2
dðx; r1Þ

� �����
����
q

dt

6
Z 1

0
jtsk � kj 1� t

2
jh0ðr1Þjq þ 1þ t

2
jh0ðxÞjq

� �
dt

¼ 1
2

Z 1

0
jtsk � kjdt �

Z 1

0
tjtsk � kjdt

� �
jh0ðr1Þjq

�

þ
Z 1

0
jtsk � kjdt þ

Z 1

0
tjtsk � kjdt

� �
jh0ðxÞj

�
;

I2 ¼
Z 1

0
jtsk � kj h0 r1 þ 1� t

2
dðx; r1Þ

� �����
����
q

dt

6 1
2

Z 1

0
jtsk � kjdt þ

Z 1

0
tjtsk � kjdt

� �
jh0ðr1Þjq

�

þ
Z 1

0
jtsk � kjdt �

Z 1

0
tjtsk � kjdt

� �
jh0ðxÞj

�
;

I3 ¼
Z 1

0
jtsk � kj h0 xþ 1� t

2
dðr2; xÞ

� �����
����
q

dt

6 1
2

Z 1

0
jtsk � kjdt þ

Z 1

0
tjtsk � kjdt

� �
jh0ðxÞjq

�

þ
Z 1

0
jtsk � kjdt �

Z 1

0
tjtsk � kjdt

� �
jh0ðr2Þj

�
;

I4 ¼
Z 1

0
jtsk � kj h0 xþ 1þ t

2
dðr2; xÞ

� �����
����
q

dt

6 1
2

Z 1

0
jtsk � kjdt �

Z 1

0
tjtsk � kjdt

� �
jh0ðxÞjq

�

þ
Z 1

0
jtsk � kjdt þ

Z 1

0
tjtsk � kjdt

� �
jh0ðr2Þj

�
:

These last four inequalities clasp due to the preinvexity of jh0jq. This
ends the proof.
Corollary 2.3. Choosing k ¼ 1, k ¼ 1 and dðl; mÞ ¼ l� m with
l; m 2 ½r1; r2� in Theorem 2.2, one obtains

jLðs;1;1;xÞj6 sðx� r1Þsþ1

2ðsþ1Þðr2� r1Þ
sþ3

4ðsþ2Þ jh
0ðr1Þjqþ 3sþ5

4ðsþ2Þ jh
0ðxÞjq

� �1
q

(

þ 3sþ5
4ðsþ2Þ jh

0ðr1Þjqþ sþ3
4ðsþ2Þjh

0ðxÞjq
� �1

q
)

þ sðr2�xÞsþ1

2ðsþ1Þðr2� r1Þ
sþ3

4ðsþ2Þ jh
0ðxÞjqþ 3sþ5

4ðsþ2Þ jh
0ðr2Þjq

� �1
q

(

þ 3sþ5
4ðsþ2Þ jh

0ðxÞjqþ sþ3
4ðsþ2Þ jh

0ðr2Þjq
� �1

q
)
: ð2:13Þ

Specially, taking s ¼ 1, x ¼ r1þr2
2 and utilizing similar arguments as in

Corollary 2.2, one gets

h
3r1 þ r2

4

� �
þ h

r1 þ 3r2
4

� �
� 2
r2 � r1

Z r2

r1

hðuÞdu
����

����
6 ðr2 � r1Þ

16
1
3
jh0ðr1Þjq þ 2

3
jh0 r1 þ r2

2

� �
jq

� �1
q

(

þ 2
3
jh0ðr1Þjq þ 1

3
jh0 r1 þ r2

2

� �
jq

� �1
q

þ 1
3
jh0 r1 þ r2

2

� �
jq þ 2

3
jh0ðr2Þjq

� �1
q

þ 2
3
jh0 r1 þ r2

2

� �
jq þ 1

3
jh0ðr2Þjq

� �1
q
)

6 ðr2 � r1Þ
16

1
2

� �1
q

1
1
q þ 2

1
q þ 4

1
q þ 5

1
q

h i
jh0ðr1Þj þ jh0ðr2Þj
	 


: ð2:14Þ
Remark 2.2. Theorems 2.1 and 2.2 will be reduced to Theorem 2
and 3 in Latif (2015), respectively, if we choose k ¼ 0, k ¼ 1 ¼ s
and dðl; mÞ ¼ l� m for l; m 2 ½r1; r2�.
3. New estimation results

For obtaining new estimation type results, we deal with the
boundedness and the Lipschitzian condition of h0, respectively.

Theorem 3.1. Assume that there exists constants m < M such that
�1 < m 6 h0ðyÞ 6 M < 1 for all y 2 K, then the inequality

jLdðs; k; k; xÞj 6
ðM �mÞ jdskþ1ðx; r1Þj þ jdskþ1ðr2; xÞj

� �
2jdðr2; r1Þj

2sk
sþk
s þ k

sþ k
� k

" #

ð3:1Þ
holds with s > 0, k > 0, k 2 ½0;1� and x 2 ðr1; r2Þ.
Proof. From Lemma 2.1, we have
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Ldðs;k;k;xÞ¼ d
s
kþ1ðx;r1Þ
2dðr2;r1Þ

Z 1

0
t
s
k �k

	 

h0 r1þ1þ t

2
d x;r1ð Þ

� �
�mþM

2

� �
dt




�
Z 1

0
t
s
k �k

	 

h0 r1þ1� t

2
d x;r1ð Þ

� �
�mþM

2

� �
dt
�

�d
s
kþ1ðr2;xÞ
2dðr2;r1Þ

Z 1

0
t
s
k �k

	 

h0 xþ1� t

2
d r2;xð Þ

� �
�mþM

2

� �
dt




�
Z 1

0
t
s
k �k

	 

h0 xþ1þ t

2
d r2;xð Þ

� �
�mþM

2

� �
dt
�
:

Using the fact that m� mþM
2 6 h0ðyÞ � mþM

2 6 M � mþM
2 , one obtains

jLdðs;k;k;xÞj6 jdskþ1ðx;r1Þj
2jdðr2;r1Þj

Z 1

0
jtsk �kj h0 r1þ1þ t

2
d x;r1ð Þ

� �
�mþM

2

����
����dt




þ
Z 1

0
jtsk �kj h0 r1þ1� t

2
d x;r1ð Þ

� �
�mþM

2

����
����dt

�

þjdskþ1ðr2;xÞj
2jdðr2;r1Þj

Z 1

0
jtsk �kj h0 xþ1� t

2
d r2;xð Þ

� �
�mþM

2

����
����dt




þ
Z 1

0
jtsk �kj h0 xþ1þ t

2
d r2;xð Þ

� �
�mþM

2

����
����dt

�

6 jdskþ1ðx;r1Þj
jdðr2;r1Þj

M�m
2

Z 1

0
jtsk �kjdtþjdskþ1ðr2;xÞj

jdðr2;r1Þj
M�m

2

Z 1

0
jtsk �kjdt

¼
ðM�mÞ jdskþ1ðx;r1Þjþ jdskþ1ðr2;xÞj

� �
2jdðr2;r1Þj

2sk
sþk
s þk

sþk
�k

" #
:

ð3:2Þ

The proof is completed. h
Corollary 3.1. In Theorem 3.1, choosing dðl; mÞ ¼ l� m for
l; m 2 ½r1; r2�, and s ¼ k ¼ 1, one gets

jLð1;1;k;xÞj ¼ ð1�kÞðx� r1Þ½hðr1ÞþhðxÞ�þðr2�xÞ½hðxÞþhðr2Þ�
r2� r1

����
þ2k

ðx� r1Þh r1þx
2

	 
þðr2�xÞh xþr2
2

	 

r2� r1

� 2
r2� r1

Z r2

r1

hðuÞdu
����

6
ðM�mÞ ðx� r1Þ2þðr2�xÞ2

h i
2ðr2� r1Þ

2k2�2kþ1
2

" #
: ð3:3Þ
Remark 3.1. Taking x ¼ r1þr2
2 in Corollary 3.1, one can see the

following.

(a) For k ¼ 0, we have

hðr1Þþhðr2Þ
2

þh
r1þ r2

2

� �
� 2
r2� r1

Z r2

r1

hðuÞdu
����

����6 ðM�mÞðr2� r1Þ
8

:

ð3:4Þ
(b) For k ¼ 1

2, we have

hðr1Þþhðr2Þ
4

þ1
2
h

r1þ r2
2

� �
þh 3r1þr2

4

	 
þh r1þ3r2
4

	 

2

� 2
r2� r1

Z r2

r1

hðuÞ
�����

�����
6 ðM�mÞðr2� r1Þ

16
: ð3:5Þ

(c) For k ¼ 1, we have

h
3r1þ r2

4

� �
þh

r1þ3r2
4

� �
� 2
r2� r1

Z r2

r1

hðuÞdu
����

����6 ðM�mÞðr2� r1Þ
8

:

ð3:6Þ
Theorem 3.2. Assume that h0 satisfies Lipschitz condition on K for
some L > 0, then the inequality

jLdðs;k;k;xÞj6
L jdskþ2ðx;r1Þjþ jdskþ2ðr2;xÞj
� �

4jdðr2;r1Þj
2sk

2k
sþ1þ2k
sþ2k

�k

" #
ð3:7Þ
grips for all x 2 ðr1; r2Þ, l > 0, k > 0 and k 2 ½0;1�.
Proof. From Lemma 2.1, we have

Ldðs;k;k;xÞ¼ d
s
kþ1ðx;r1Þ
2dðr2;r1Þ

Z 1

0
t
s
k �k

	 

h0 r1þ1þ t

2
d x;r1ð Þ

� ��


�h0 r1þ1
2
d x;r1ð Þ

� ��
dt

�
Z 1

0
t
s
k �k

	 

h0 r1þ1� t

2
d x;r1ð Þ

� �
�h0 r1þ1

2
d x;r1ð Þ

� �� �
dt
�

�d
s
kþ1ðr2;xÞ
2dðr2;r1Þ

Z 1

0
t
s
k �k

	 

h0 xþ1� t

2
d r2;xð Þ

� ��


�h0 xþ1
2
d r2;xð Þ

� ��
dt�

Z 1

0
t
s
k �k

	 

h0 xþ1þ t

2
d r2;xð Þ

� ��

�h0 xþ1
2
d r2;xð Þ

� ��
dt

Utilizing the fact that h0 satisfies Lipschitz condition on K for L > 0,
we have

jLdðs;k;k;xÞj6 jdskþ1ðx;r1Þj
2jdðr2;r1Þj

Z 1

0
j tsk �k
	 
j h0 r1þ1þ t

2
d x;r1ð Þ

� �����



�h0 r1þ1
2
dðx;r1Þ

� �����dtþ
Z 1

0
j tsk �k
	 
j h0 r1þ1� t

2
d x;r1ð Þ

� �����
�h0 r1þ1

2
dðx;r1Þ

� �����dt
�
þjdskþ1ðr2;xÞj

2jdðr2;r1Þj

�
Z 1

0
j tsk �k
	 
j h0 xþ1� t

2
d r2;xð Þ

� �
�h0 xþ1

2
dðr2;xÞ

� �����
����dt




þ
Z 1

0
j tsk �k
	 
j h0 xþ1þ t

2
d r2;xð Þ

� �
�h0 xþ1

2
dðr2;xÞ

� �����
����dt

�
;

where

h0 r1 þ 1þ t
2

dðx; r1Þ
� �

� h0 r1 þ 1
2
dðx; r1Þ

� �����
����

6 L r1 þ 1þ t
2

dðx; r1Þ � r1 þ 1
2
dðx; r1Þ

� �����
���� ¼ tL

2
jdðx; r1Þj;

h0 r1 þ 1� t
2

dðx; r1Þ
� �

� h0 r1 þ 1
2
dðx; r1Þ

� �����
���� 6 tL

2
jdðx; r1Þj;

h0 xþ 1� t
2

dðr2; xÞ
� �

� h0 aþ 1
2
dðr2; xÞ

� �����
���� 6 tL

2
jdðr2; xÞj;

h0 xþ nþ t
nþ 1

dðr2; xÞ
� �

� h0 aþ 1
2
dðr2; xÞ

� �����
���� 6 tL

2
jdðr2; xÞj:

After a simple calculation, we obtain the desired result. h
Corollary 3.2. In Theorem 3.2, choosing dðl; mÞ ¼ l� m for
l; m 2 ½a; b�, and s ¼ k ¼ 1, one has

jLð1;1; k; xÞj 6
L ðx� r1Þ3 þ ðr2 � xÞ3
h i

4ðr2 � r1Þ
2k3 þ 2

3
� k

" #
: ð3:8Þ
Remark 3.2. Putting x ¼ r1þr2
2 in Corollary 3.2, one can see the

following.

(a) For k ¼ 0, we have

hðr1Þ þ hðr2Þ
2

þ h
r1 þ r2

2

� �
� 2
r2 � r1

Z r2

r1

hðuÞdu
����

����
6 Lðr2 � r1Þ2

24
: ð3:9Þ
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(b) For k ¼ 1
2, we have

hðr1Þþhðr2Þ
4

þ1
2
h

r1þ r2
2

� �
þh 3r1þr2

4

	 
þh r1þ3r2
4

	 

2

� 2
r2� r1

Z r2

r1

hðuÞ
�����

�����
6 Lðr2� r1Þ2

64
:

ð3:10Þ
(c) For k ¼ 1, we have

h
3r1 þ r2

4

� �
þ h

r1 þ 3r2
4

� �
� 2
r2 � r1

Z r2

r1

hðuÞdu
����

����
6 Lðr2 � r1Þ2

48
: ð3:11Þ
4. Applications for random variables

Let X be a random variable in ½r1; r2�, with the probability den-
sity mapping p : ½r1; r2� ! ½0;1�, and with the cumulative distribu-
tion mapping

FðxÞ ¼ PðX 6 xÞ ¼
Z x

a
pðkÞdk:

Using the fact that EðXÞ ¼ R r2
r1
kdFðkÞ ¼ r2 �

R r2
r1

FðkÞdk, one has

the following results.

Proposition 4.1. In Theorem 2.2, taking k ¼ 1, k ¼ 1 ¼ s, x ¼ r1þr2
2

and dðu; vÞ ¼ u� v with u;v 2 ½r1; r2�, one has

P X 6 3r1 þ r2
4

� �
þ P X 6 r1 þ 3r2

4

� �
� 2
r2 � r1

ðr2 � EðXÞÞ
����

����
6 ðr2 � r1Þ

16
1
2

� �1
q

1
1
q þ 2

1
q þ 4

1
q þ 5

1
q

h i
jpðr1Þj þ jpðr2Þjð Þ: ð4:1Þ
Proposition 4.2. In Theorem 2.1, putting k ¼ 1, k ¼ 1 ¼ s, x ¼ r1þr2
2

and dðu; vÞ ¼ u� v with u;v 2 ½r1; r2�, one gets

P X 6 3r1 þ r2
4

� �
þ P X 6 r1 þ 3r2

4

� �
� 2
r2 � r1

ðr2 � EðXÞÞ
����

����
6 1

pþ 1

� �1
p 1

2

� �3
qþ1 r2 � r1

4

� �
1

1
q þ 3

1
q þ 5

1
q þ 7

1
q

h i
jpðr1Þj þ jpðr2Þjð Þ:

ð4:2Þ
Remark 4.1. Applications can be given based on the obtained
results to special means, and we omit the details.
5. Conclusion

Four main results of the trapezium-like inequalities involving
the mappings d are hereby obtained. More new results can be
derived by choosing different mappings d and the special parame-
ter values for k; k and s.
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