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In this paper, a modified version of the global error minimization method (GEMM) is presented for solv-
ing non-linear third order jerk equations by obtaining the unknown parameters up to third order. Two
illustrative examples are given to demonstrate the implementation and validity of the present method.
The obtained analytical results are compared and simulated with the known solutions and the exact

numerical one, which reveal that the current method are very effective and provides an efficient alterna-
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tive to the known previously existing methods and can be used for other nonlinear applications arising in
engineering and sciences. The analytical and numerical results are presented through Tables and graphs.
© 2020 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Mathematical modeling in many engineering systems often
leads to non-linear differential equations that have attracted the
attention of the research community during the last decade. Non-
linear differential equations has many real applications in different
fields of science and engineering, for examples, plasma physics,
nonlinear optics, fluid dynamics, bioengineering, biology and other
different scientific fields.

Recently, various powerful analytical and numerical approxi-
mate techniques have been suggested for dealing with differential
equations and fractional differential equations. We may mention,
for example (Singh, 2020a, 2020b; Singh et al., 2019, 2020;
Yadav et al., 2019; Kumar et al., 2020a, 2020b, 2020c; Veeresha
et al.,, 2020; Alshabanat et al., 2020; Ismail et al., 2020a).
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There are a large numbers of analytical methods used for the
solution of nonlinear oscillatory differential equations such as,
Linstedt-Poincare (Casal and Freedman, 1980; Nayfeh, 1973), mul-
tiple scales (Nayfeh and Mook, 1979; Ahmadian and Azizi, 2010),
homotopy perturbation (He, 1999) and so on (He, 2010; Navarro
and Cveticanin, 2016; Ismail et al.,, 2019, 2020b; Hosen et al.,
2020; Cveticanin and Ismail, 2019; EI-Naggar and Ismail, 2016).

Nowadays, due to the importance of knowledge of the analyti-
cal solutions of the jerk problems, we find that many scientists
focused on the study of like this problems, they have done great
efforts to modify or find new methods to solve this type of prob-
lems so several distinct techniques have been proposed such as
(Gottlieb, 2004) used the method of harmonic balance up to first
order (HB). Wu et al.,, 2006 presented the harmonic balance
approach up to third approximations to solve jerk equations. Ma
et al., 2008 used the homotopy perturbation method and (Hu,
2008) applied the parameter perturbation method to obtain
high-order analytic solutions for the nonlinear jerk equations. Hu
et al., 2010 generalized the Mickens iteration method to obtain
the periodic solutions for nonlinear jerk equation. Ramos, 2010
used Linstedt-Poincare methods to obtained analytical solutions
to some jerk equations. Leung and Guo (2011) applied the residue
harmonic balance method while (Karahan, 2017) applied the mul-
tiple scales Lindstedt-Poincare (MSLP) method to solve the current
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problems. Recently, (Rahman and Hasan, 2018) used the modified
harmonic balance method for solving the same problems.

The GEM method see (Yazdi and Tehrani, 2016; Farzaneh and
Tootoonchi, 2010; Mirzabeigy et al., 2012) is one of the most
widely used techniques for dealing with the solution of nonlinear
differential equations as it gives more accurate result than the
other known methods.

Our aim in current paper is to extend the global error minimiza-
tion method to obtain analytic approximations up to third order for
the non-linear jerk equations due to increasing importance in var-
ious physical problems modeling. Amplitude-frequency relation-
ship is obtained in an analytical form. Further, the obtained
analytical and numerical results are presented in the form of
Tables and Figures. Also the analytical results are compared with
some known methods from the literature.

The remnant of this study is described according to the follow-
ing: In Section 2, we demonstrate briefly discuss the description of
the modified global error minimization method. Applications of
the MGEMM to study two nonlinear jerk equations with cubic non-
linearity have been shown in Section 3. The results of the current
study are summarized in Section 4. Finally, conclusion remarks
are descried in Section 5.

2. The modified global error minimization method

In this section, we explain the basic idea of MGEMM by consider
the following nonlinear differential equation:

X+f(x,%,%) =0, x(0)=0, %(0)=A, X(0)=0. (1)

Following (Gottlieb, 2004), the general nonlinear third order
jerk equation has the form

X = —)X — 0> — BX2X + OXKX — EX, (2)
with the initial conditions

x(0) =0, x(0)=A, X(0)=0, (3)

where the parameters o, 8,7, and ¢ are constants and at least one
of them should be non-zero.
Defining a functional as follows:

E(x) = ] <x +f(x,5<,5&)>2dt, T= 25” 4)
0

The function x(t) of Eq. (2) can be determine by the next trial
solutions,

X =>" ((2;11(17?3&) sin(2n + 1)wt>, (5)

n=0

where apn.1y, (n=0,1,---) are unknown coefficients satisfying the
initial conditions in (2) so that

> aonin = A (6)
n=0

The unknown parameters (i.e., apni1)y &) can be finding
through the conditions:
OE(x)

OE(x)
=0, ——~ =0, forn>1. 7
ow 00 any1) )

In order to demonstrate the practicality and effectiveness of the
modified global error minimization method, the nonlinear jerk
equations are taken into consideration in this study.
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3. Examples

In this segment, MGEM method is presented to solve two differ-
ent cases of nonlinear jerk equations with cubic nonlinearity see
(Gottlieb, 2004):

3.1. Jerk function of displacement time’s velocity times acceleration
and velocity

The first special case of the nonlinear third order jerk equation
is considered. Namely, for ) =6 =1, o = 8 = ¢ = 0,in the form:

§+X —xxx=0, x(0)=0, x(0)=A, x(0)=0. (8)
3.1.1. First order approximation
For the first order approximation, assume new trial function is:
_aig
x1(t) = ) sinwt. (9)
Substituting (9) in (4) yields:
2n/w

E(x) = /
0

<3é X — xkk)zdt. (10)

Choosing a; = A, and performing the integration we have

An A'm Am 1. 2
E(x)fW m-s—%—ZA nw—jA Tw+ A Tw’. (11)
Applying 9E(x)/0w = 0, the approximate frequency is obtained

das:

4+ A% + V64 +32A° + 7A*

3.1.2. Second order approximations

To improve the analytical approximation and illustrate the
capacity of the (GEMM), the second order approximation is applied
to jerk equation, by using the following new trial solution.

_ 9 Gner 4 5

X (t) = o Sin wt+3w sin3wt, (13)
where

A=a; +as. (14)

Substituting Eq. (13) in Eq. (4), we obtain

2 4 6
Ta mwa; 1 a

E(x) = ?1 — 210 + nw’ad? +2—a; - j7tcoa‘1l + Sia;
Ta3a;
24w

2m?a3+10nwa3a +
3w T3

2
na
+ -2 - 18nwd’

»

2naja3 145mata?
72w
145najad  ma§

720 8w’

+81nw*a? + 10mwa’a? +
29naa3 maj 9
- 15 4 23 “nwadd +

36w 2w 2 (15)

Setting JE(x)/0w = 0, and JE(x)/0da; = 0 yields to:

na; maj mwa$ 10 4
103

242 42 343 4 4 244
_ 2maja;  145maja;  29maja;  9ma;  ma;  145maias

w? 7202 36m? 2 22 72m?

nad
_S—af?:O’ (16)
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2nad 10 a3 Zna3 3
30 + ?na)a1 + 4w + —36nwas + 1621w as
47a2a, ) 1457m‘1‘a3 29nada?  2mad
——— — 20mwasas + 360 120 + o
145na2a3  3ma3
_ 3 13oTdidy 3
18mwaz + 180 a0
=0.

(17)

After applying the condition A = a; + a; and solving Eqgs. (16)
and (17) the parameters of a;, as and the angular frequency w

can be determined for a known amplitude.

3.1.3. Third-order approximations

The accuracy of results will be further improved by consider the

following equation as the response of the system
a; . as . as .

X,(t) = — sint + 5— sin3wt + —- sin5ot,
w 3w 5w

where
A=a;+a;+as.
Substituting Eq. (18) in Eq. (4), we obtain

na? nat 1 maé

E(x) ==L - 2nwa’ + ne’’*a® + =—L — —nwa? + =

( ) 1 + 1 + 2(,0 2 1 + 860

2nada; 10, naia; ma2

— Twaa =
30 3 3 %40

2naza’

— 18nwa?

145mata?
72w
29naia maiy 9, 1457a?ad  mal

T T360 20 2% T 720 8w
21na’as 2na’azas 166 13natasa

Moo T 5 M0t + g5
2maia%as 158 973naaa

T T MMl + g

75177:a%a3a5 23na,a3as %

20w 10w

2naaz
=15 _26nwaia? +

+ 81nmw’a3 + —10nwaias +

— 50mwa?

801maja?
200w
11097a?a2a2
90w

+625ntwaz +

647na3a;a?  2maial 202
-~ 1500 — 34nwaza; +

_ 167na1a3a3 N 2281naja;  511majazal
300w 1800w 100w
38097na;aiad N mag 25 N 801ma2a?
900w 20 2 5 200w
2281na%a?  mad

T 18000 ' 8w

(18)

(19)

(20)

Setting OE(x)/0w =0, JE(x)/0a; =0 and OE(x)/das = 0 yields

to:

2 4
na
—2na§—w—;+3nw2 ——————+—na1a3

2nala; majas

242 442 3 3 2
_ 2maja;  145majas 297‘6(11(13 9maj maj 1457m1a3

0 20? 3602 2 202 7202
nal  21maias 166 2na2asas  13matasas
“8wr T d0ge 5 MGds — 5 g s
158 158 . &a 2ma, a4as 3 973nadaas 51maiadas
5 Tm T wz 18002 2002
237na;ata
- ﬁ —50ma? — + 1875nw*a? — 26ma’a?
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2naja?  801maja? 647maiasa? 5, 5 2ma3a’
T 20002 | 15007 OO on
_ 11097ata3a?  167maia3a 2281majai  511maiasal
90w | 30007 1800w < 10007
_3809ma;a3al 25ma;  ma3 801majas  2281majas
900w? 2 202  200w? 1800w?
_mE (21)
w2 7
3
237'ca + 13—0 3 4 2714& + 2na; —367twas + 162nw’a;s
N 4maja; 20mo@as + 145na‘1‘a3 _29nala; | 27ma3

36w 12w )

145na?a? 3mal 2mna’as 166
—18nwas + 173 3 12 4 nwdias

18w 4w w 5
13nalas 4maiasas 316 973na3asas
300 w5 renss T g5,
 153najajas  46maia3as  647maiai | 4masaz
20w 5w 150 W
1109na3asa?  167maia3a?  2281maia?

— 68mwasa +

4w 100w | 4500
511na?al N 38097a,asa3 N 2281masa?
100w 450w 900w
=0, (22)

2lma} | 2maias @ roda, 4 1370 13nata; | 2maa3
400 w 5 157 300 w

158 , 973na3a? 51ma?di 237ma;ai  2mas
T NS T TRR0 200 0 100

5
4nalas

—1007twas + 1250w’ as + - 52nwalas

801matas 3 647naasas N 4naias
100w 75w
1109nta3a3as 167ma a3as N 2281maias
450 150w 900w
2 2 22 3
B 153?3(;12;3(15 4 380;9(7)16153% N 27;;15 B 50nwa§
N 801na?a? N 2281ma3a? N 3naz
50w 450w 4w
=0. (23)

2
— 68nwasas

Combining Eqgs. (22) and (23) and applying the conditions
A = a; + az + as, the parameter a;, a3, as and the angular frequency
w can be obtained for a known amplitude.

3.2. Jerk function of velocity times acceleration-squared, and velocity

The second case of the nonlinear third order jerk equation is
considered. Namely, for y =¢=1, a = =6 =0, in the form:

X+x+ %% =0, x(0)=0, x(0)=A, %0)=0. (24)

3.2.1. First-order approximation
Assume the trial function for the first-order approximation is

x(t) = % sinot. (25)

Inserting Eq. (25) in Eq. (4) yields:
2n/w 2
E(x) = / <x +x+5<5z2) dt. (26)
0

Choosing A = a; and performing the integration we have
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E(x)=— —2A2nw+%A4n(u + Ao’ —%A“naﬁ +%A6nw3. (27)

Applying 9E(x)/0w = 0, the approximate frequency is obtained
as:

"o fs —2A% +21/64 — 324 + 7A°
24 - 12A47 + 3A°

Using the previously mentioned procedure as in the application
3.1 the solution in the second and third approximation are calcu-
lated and the results were displayed in Fig. 2 and Table 2.

(28)
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4. Numerical results and discussion

In comparison our results obtained from the MGEM method
with others different methods and exact numerical one, Tables 1
and 2 give a comparison of the third approximate period T; for
the two examples with the known exact period and other existing
results. It can be seen that the approximate solutions obtained by
MGEM method provides the better result than that others known
method. Also it shows excellent agreement between numerical
and analytical ones, it is clear that the results of MGEM method
are more precise.

1.0~
0.5+ o5l
= 00 E 0.0
0.5 0.57
L 1.0
0 5 10 15 20 0.5 0.0 0.5
t x
Fig. 1. Comparison of the R-K solution (solid line) and approximate solution (dashed line) for Eq. (8) at A= 1.
1.0
0.5 05
- ]
=~ 00 Z 00
0.5
0.5
1.0
0 5 10 15 20 0.5 0.0 0.5

Fig. 2. Comparison of the R-K solution (solid line) and approximate solution (dashed line) for Eq. (24) at A = 1.

Table 1
Comparison of the exact and approximate periods for Eq. (8).

A Te Current T3 Karahan (2017) Leung and Guo (2011) Ma et al. (2008) Ramos (2010) Gottlieb (2004) Rahman and Hasan (2018)
0.1 6.275347 6.275347 6.2753468 6.275346837 6.27534684 6.275348 6.275346 6.275346837
0.2 6.252016 6.252016 6.2520158 6.25201599 6.25201599 6.252028 6.252003 6.25201599
0.5 6.096061 6.096061 6.0960246 6.09606050 6.09605904 6.096491 6.095585 6.096060516
1 5.626007 5.62602 5.6245487 5.62599289 5.62579479 5.630343 5.619852 5.62599937
2 4491214  4.47661 4.4664554 4.49012538 4.48208113 4.509311 4.442883 4.49112308
Table 2

Comparison of the exact and approximate periods for Eq. (24).

A Te Current T3 Karahan (2017)  Leung and Guo (2011) Ma et al. (2008)  Ramos (2010)  Gottlieb (2004)  Rahman and Hasan (2018)
0.1 6.2753338  6.27533378 6.27533378 6.2753338 6.27533377 6.275329 6.2753264 6.275333785

0.2 6.251809 6.25180898 6.25180884 6.25180911 6.25182078 6.251740 6.251690 6.25180897

0.5 6.088449 6.08845017 6.08841902 6.08848374 6.08815979 6.085649 6.083668 6.088450

1 5.527200 5.527656919  5.52576588 5.52994105 5.50818960 5.477174 5.441398 5.527497

1.5 4.690247 4.7771790 4.68572454 4.72603111 4.44735707 4412733 4.155936 4.68326934
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Figs. 1 and 2 show the comparison of the MGEMM and corre-
sponding numerical solutions of Egs. (8) and (24) for A= 1, up to
third order analytical approximations. It can be seen form Figs. 1
and 2 that the approximation of the solution using the present
method agree with the numerical solution, also the approximate
frequencies give excellent agreement with the corresponding exact
solutions, this means that usage of the MGEMM with higher order
provides realistic results.

5. Conclusion

In this present paper, an extended version of the global error
minimization method is developed to solve the nonlinear third
order jerk equations up to third order. Two special cases of (3.1)
and (3.2) are investigated and compared with numerically and
other known analytically results to demonstrate the powerfulness
of the present method. In the two cases, MGEMM produced analyt-
ical approximate solutions and periods with excellent agreement
with the known exact periods and numerical solutions for non-
linear jerk equations. The comparison between analytical and
numerical results shows that the two solutions are very close.
Mathematica software programs have been used in obtaining ana-
lytical and numerical solutions. The proposed technique can be
applied to other nonlinear mathematical models.

The suggested research work in this direction has several
opportunities with the higher order nonlinear differential equa-
tions and fractional differential equations. We can developing sev-
eral analytical methods conformable with nonlinear and fractional
differential equations and simulate the results using others known
analytical and numerical methods.
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