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An extended fifth order Korteweg-de-Vries (efKdV) equation is an important equation in fluids dynamics
for the description of nonlinear wave processes, and contains quite a number of KdV-type equations
including the Sawada-Kotera equation, the Caudrey-Dodd-Gibbon equation, the Lax equation, the
Kaup-Kuperschmidt equation and the Ito equation among others. However, in this paper, we examine
the efKdV by extracting three different fifth order Korteweg-de-Vries (fKdV) equations. Solitary wave
solutions to the extracts are found by means of an exponential function ansatz specifically constructed
for the study. The obtained solutions can be used in description of shallow-water waves.
© 2019 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Nonlinear partial differential equations are known for their
roles in many nonlinear science applications including the hydro-
dynamics, fluid dynamics and mechanics, plasma physics and non-
linear dispersive wave among others. An important model in this
regard is the Korteweg-de-Vries (KdV) equation (Olver, 1984) that
has many applications such as in description of shallow water
waves and ion-acoustic waves in plasmas. The KdV equation has
undergone several modifications and extensions leading to various
forms of KdV equations appearing in three, five, seven or more
order forms and different dimensions; read (Hereman, 2000;
Hereman, 2009; Helal and Seadawy, 2009; Bakodah, 2013;
Adomian, 1996; Nuruddeen, 2018; Djidjeli et al., 1995; Kaya,
2005; Khater et al., 2000; Khater et al., 2006; Lei et al., 2002;
Sawada and Kotera, 1974; El-Wakil et al., 2011; Pandir et al.,
2013; Islam et al., 2015) for various forms and methods.
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Further, of recent, Yun-hu and Yong (Yun-hu and Yong, 2013)
analyzed the extended fifth order Korteweg-de-Vries (efKdV)
equation of the form

Ut + Py ULy + Pyl + P3Ulla + Pallioo + PsUlly + Dol + D7ty = 0,

(1)
where p;(j=1,2,...,7) are constants. They (Yun-hu and Yong,
2013) established all the conservation laws through Lax pair and
talked of many special cases of efKdV equations. One can also see
the recent paper by Nikolay (2016) for the analysis of the general-
ized modified fKdV with dissipation.

However in this study, we aim to study three different fKdV
equations to be extracted from the efKdV equation given in Eq.
(1) as follows:

1). The first one is obtained by setting Ps = Ps = P; = 0 in Eq.
(1), to yields

Ur + P1UUy 4 Pylixllxx + P3Ullex + Pallxxe = 0. (2)

2). The second by setting P; = P, = P¢ = P; = 0in Eq. (1), which
gives

Ug + p3uuxxx + p4uxx,(xx ersuux =0. (3)

3). The third by setting Py = P, = Ps = P; =0 in Eq. (1), that
reads

Ut + P3Ulgey + Pallxxxxx + Pglxxx = 0. (4)
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Further, different analytical methods have been proposed in the lit-
erature to determining exact solutions to various evolutions equa-
tions modelled in partial and or fractional differential equations,
see Ali and Kalisch (2014), Grujic and Kalisch (2009), Aly Seadawy
(2017), Seadawy (132 2017,), Seadawy (2017), Nuruddeen and
Nass (2017), Seadawy and Lu (2017), Helal and Seadawy (2011),
Alquran et al. (2017), Khalid and Nuruddeen (2017), Khalid et al.
(2018), Bakodah et al. (2016), Seadawy (2015), Seadawy (2017),
Aly (2018), Khalid et al. (2018), Khalid et al. (2018) for details.
The paper is organized as follows: Section 2 presents the concept
of the constructed method; Section 3 is for the application; Section 4
discusses the obtained results and Section 5 is for conclusion.

2. The methodology

In constructing exact solutions to the extracrted equations in
Egs. (2)-(4), we devise an exponential function ansatz and pre-
sented here by considering the general form of differential equa-
tion below:

P(u,Deu, Dyu, DDy, Dyt Dy, . . .) = 0. (5)

We then seek for an exponential function solution of Eq. (5) of the
form:

ek(x—ct)

H=A+A——
u(x7 ) 1+ A2 (1 _,’_ek(xfCt))z’

(6)
where k and c are nonzero constants, and A;, and A, are determined
with A; # 0 in any case.

Thus, substituting Eq. (6) and its possible derivatives into Eq. (5)
gives a polynomial in e*®*-<) for j = 0,1,2, ..., n. Equating the coef-
ficient of each power of e**-% (j = 0,1,2,...,n) to zero, we obtain
a system of algebraic equations which will then be solved for the
unknowns (we use Mathematica software) to obtain the solution
of Eq. (5).

3. Application

In this section, we present exact exponential function traveling
wave solutions to the three extracts given in Egs. (2)-(4) which we
extracted from the extended fifth-order KdV (efKdV) equation
given in (1) as follows:

3.1. The first extract

We consider the first extract of the extended fifth-order KdV
(efKdV) equation given in Eq. (2);

U + D1 uzux + PoUxUxx + P3UlUxxx + Palxxxxx = 07 (7)

Substituting the exponential solution ansatz given in Eq. (6) into Eq.
(7) and equating the coefficient of each power of
ekx-<) (j=0,1,2,...,6) to zero we get the following system of
algebraic equations:

CkA2 - kA?Azpl - k3A1A2p3 — I(5A2p4 =0,
—ckA; + kA Azp, + K’ A1Aops + K Azp, = 0,

3ckA; — 3kA2Arp, — 2kA1AZp, — IPA2D, + 9K’ A1Aqap,
—IPA2p, + 57k’ Ayp, = 0,

— 3ckA, + 3kA2Asp, + 2kAAp, + P AZp, — 9K A Asp,
+IPA2p; — 57Kk Ayp, = 0,

Solving the above system, we get the following sets of solutions:
P, — 2Kpy — \/K* (D3 + 4p,ps + 4p3 — 40p;p,)
4p,

A 3 (kzpz + 2k2p3 + \/k4(p§ +4p,p; +4p} - 40131134))
2 = )

D1

4.2 o4 2 42 2
4 K*p5+2k* pap3+k°p; k* (p2-+4p,p3+4p2—40p1ps)
c:%(—12kp4+ 220 PaPs HPa /I Py +4P2Ps AR5 40PPA) )

P

A =

)

= —K°p, — 2kp; + \/k‘l(p% +4p,p; +4p3 — 40p,p,)
4p,
Ay =3 (kzpz + 27 \/l<4(p% +4p,ps +4p3 — 40191174))

A

)

D1

4.2 4 2
1 4 k*p3+2k"pp3—k“p,

D3 + 4p,ps + 4p3 — 40p,p, > 0.
The first set gives the exact solution

K (p2+4p, p3+4p% 40,
(p5+4p2p3+4p3 P1P4)>’ where,

—kzpz - 2k21—"3 - \/"4 (p3 +4p,p3 +4p% —40p,p,)
u(x,t)= p +
1

3 k2D, + 2K, + /K (93 + 4p,s + 4p3 — 40p, p,)
Py (1+ek-c0)?

ek(x—cl t) .

®)
(see Fig. 1.)
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Fig. 1. The 3D and the contour plots for Eq. (8).



A.R. Seadawy et al./Journal of King Saud University - Science 32 (2020) 765-769 767

Further, the second set gives the solution:

1P, — 2Ky + /K (3 +4p,ps + 4p3 — 40p,p,)
u(x,t)= +

4p,
1P+ 2P — \/K* (P -+ 4pops +4P3 —40P.Ps)

Py (1620

3

9)
where k is left as a free parameter in Eqs. (8) and (9) and c; is the ¢
in the first set and c; is the c in the second set. (see Fig. 2.)

3.2. The second extract

We consider the second extract of the extended fifth-order KdV
(efKdV) equation given in Eq. (3);
Ut + P3Ullxxy + Pallxoxe + PsUitly = 0, (10)

Substituting the exponential solution ansatz given in Eq. (6) into Eq.
(10) and equating the coefficient of each power of
ekt (j=0,1,2,...,6) to zero we get the following system of
algebraic equations:

—ckA; + k3A1A2P3 + k5A2P4 + kA;1A;ps = 0,

—3ckA; — 9P A1ALp; + KPA2ps — 57K°Asp, + 3kA1Asps + kAZps = 0,

—2ckA; — 103 A1Asp; — 113 A2p; + 302k Aap, + 2kA1Aaps + kASps = 0,
2ckA; + 103 A1Asps + 11K3A2p; — 302Kk°Ayp, — 2kA1Azps — kAZps = 0,
3ckA; + 9K A1Asps — KPA2p; + 57K Ayp, — 3kA1Aaps — kASps = 0,

ckA; — KA1Ayps — KAsp, — kA Asps = 0.

Solving the above system, we get the following set of solution:

5(k*p3ps—
Al =— ( Paé’;% P4P5)’
— 30K%p,
AZ — T p3
3k*p2p,—5p,p? . .
c= 7%; which produces a solution:
3

k( 3k4p§p475p4p§t>
2
_ 5(k2p3p4 — DaPs) I 3Ok2p4e s

u(x,t) = 27
3

2 ( 1 1)
3k4p2p4—5p4p2
X+;2 5 t)

k( 2
ps|1+e "3

where k is left as a free parameter. (see Fig. 3.)

0.0 0.5 1.0 1> 2.0

Fig. 2. The 3D and the contour plots for Eq. (9).
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Fig. 3. The 3D and the contour plots for Eq. (11).
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Fig. 4. The 3D and the contour plots for Eq. (13).

3.3. The third extract

We consider the third extract of the extended fifth-order KdV
(efKdV) equation given in Eq. (4);

Ur +P3uuxxx + p4uxxxxx + psuxxx = 0 (12)

Proceeding as above, we get the following system of algebraic
equations:

—ckAy + K A1Ap; + K Asp, + K*Aspg = 0,

—3ckA; — 9P A1Ap; + KPA2p; — 57K Asp, — 9k Aspg = 0,
—2ckA; — 10k°A1Aops — 11K A2p, + 302K°Asp, — 10k Ayps = 0,
2ckA; + 10K°A1Ayp; + 11K A, — 302k°Ayp, + 10k Aypg = 0,
3ckA; + 9K A1Asps — KPA2ps + 57K Ayp, + 9K Aspg = 0,

CkAz . k3A1A2p3 — 1(5A2p4 . k3A2p6 =0.

Solving the above system, we get the following set of solution:

A 5k’p, + 2ps
1= 2p3 3
2
A, — 30k p47
D3
c= —§k4p4; which produces a solution:
2 2 k(x+§k4p4t)
ux,£) = _ 5k°ps+2pg | 30k“p,er 7 (13)
2p; k(x+3K"p4t) 2
D3 (1 + e\¥12" Pa )

where k is left as a free parameter. (see Fig. 4.)

4. Results and discussion

The present study effectively constructs exponential traveling
wave solutions to three different fifth order Korteweg-de-Vries
equations (fKdV) extracted from the extended fifth order
Korteweg-de-Vries equation (efKdV) that has recently been studied
by Yun-hu and Yong in Yun-hu and Yong (2013). The first extract
Eq. (1) which was once numerically considered by Bakodah
(2013) was found to have two different exponential function exact
solutions. The fractional version of the second extract Eq. (2) was
also recently studied by Khalid et al. (2018) using generalized
exp expansion method, while the third extract Eq. (3) is first
extracted and studied in this study to our knowledge with one

exponential function exact solutions each. Since KdV equations
play vital roles in the study of shallow-water waves, thus the pre-
sent obtained traveling wave solutions would not be an exception
in the description of shallow-water waves and other nonlinear
wave processes. Finally, Three-dimensional (3D) and contour plots
are given for the obtained solution.

5. Conclusion

In conclusion, exponential functions traveling wave solutions to
three different fifth order Korteweg-de-Vries equations have been
constructed. The three fKdV equations considered are extracted
from the extended fifth order Korteweg-de-Vries equation that
has recently been studied in the literature and found to be of var-
ious applications in nonlinear sciences. Interesting and reliable
exponential function ansatz was proposed and implemented on
Mathematica software in the study. We provide three-
dimensional and contour plots for the obtained solutions for easier
interpretations of results.
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