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A topological index is a numerical parameter of a graph which characterizes some of the topological prop-
erties of the graph. The concepts of Wiener polarity index and Wiener index were established in chemical
graph theory by means of the distances. The double generalized Petersen graph denoted by DP(n, k) is
obtained by attaching the vertices of outer pendent vertices to inner pendent vertices lying at distance
k. The length of the outer and inner cycle is n, thus the number of vertices are 4n and the number of edges
in the DP(n, k) are 6n. In this paper, the Wiener polarity index of DP(n,k for 3 <n < 6 and forn > 6k + 1 is
computed. Further, the Wiener index of DP(n, k), for k = {1,2} is determined.
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1. Introduction

Let G be a simple, connected, undirected graph with a vertex set
V(G) and an edge set E(G). The distance between two vertices z; and
v;, denoted by d(v;, v;) is the length of the shortest path between
the vertices »; and v; in G. The diameter diam(G) of a connected
graph G is the length of any longest geodesic. The degree of a vertex
v; in G is the number of edges incident to »; and is denoted by
di = deg(v;) (Adnan et al., 2021; Buckley and Harary, 1990).

In the modern age, network structures have great significance
in the field of chemistry, information technology, communication,
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and physical structures. A topological index of graph G is a numer-
ical quantity that describes the topology of the graph. It reflects the
theoretical properties of chemical compounds when applied to the
molecular structure of the chemical compounds. Several topologi-
cal indices have been proposed so far by various researchers.The
Wiener index was the first and most studied topological index
(see for details in (Wiener, 1947)). Wiener demonstrates that the
Wiener index number is strongly related to the boiling points of
alkane molecules. In chemistry, it was the first molecular topolog-
ical index used. Since then, many indices that relate topological
indices to different physical properties have been introduced in
(Bokhary et al., 2021; Bokhary and Adnan, 2021; Ul Haq Bokhary
et al., 2021).

Generalized Petersen Graphs and Double Generalized Petersen
graphs are extensively studied graph networks. Many graph prop-
erties like metric dimension, partition dimension, different kinds of
graph labelings, etc of this family are already been explored. In (Liu
et al., 2017), Hamiltonian cycles is studied.

The Wiener polarity index of G is denoted by W,(G) and defined
as

This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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W, (G) = |{{u, v}|d(u,v) =3,u,v e V(G)}|.

The name “Wiener polarity index” is introduced by Harold
Wiener in 1947 (Ul Haq Bokhary et al., 2021).

The Wiener index of a graph G is denoted by W(G) and is defined
as:

W(G) =

Z d(X,y) = Zk?(c, k)

u,veV(G) k>1

The popularity of these indices is due to numerous of their
chemical applications and mathematical properties reported in
(Bokhary et al., 2021; Bokhary and Adnan, 2021; Du et al., 2008;
Graovac and Pisanski, 1991; Harary, n.d.; Ul Haq Bokhary et al.,
2021)

Consider a graph consisting of two cycles; one is called an outer
and the other is an inner cycle. The vertex set of outer and inner
cycles is denoted by X and Y, respectively. Let, each of the vertices
of the cycles are attached to a pendant vertex. The pendant vertices
attached to the outer cycle are called outer pendent vertices
whereas the inner pendent vertices are the vertices are attached
to the inner cycle. The vertex set of outer and inner pendent ver-
tices is denoted by U and V, respectively. The double generalized
Petersen graph denoted by DP(n, k) is a graph obtained by attach-
ing outer pendent vertices to inner pendent vertices lying at dis-
tance k. The vertices of DP(n, k) are defined as follows:

V(DP(n,k)) = {XUYUUUV}

X={x},Y={y}, U={u},V={Vi}for1 <i<n.
The edge set is defined as follows:

E(DP(n, k)) = {XiXi:1, Xilli, Ui Uik, YiYi 1, Yithi - 1 < i <nj

The construction follows that the order of the graph DP(n, k) is
6n. The graph of DP(6,1) is depicted in Fig. 1. (See Fig 2 Fig 3)
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Fig. 2. Graphical representation of W(q, 1) for different values of q

In this paper, the Wiener polarity and the Wiener index of dthe
graphs DP(n, k), where n and k be the nonnegative integers are
investigated. Throughout this paper, the Wiener polarity index
and the Wiener index of double generalized Petersen graph
DP(n, k) will be denoted by W,(q,k) and W(q, k), respectively. All
the indices that follow henceforth are taken under modulo n.

Fig. 1. The double generalized Petersen graph DP(6, 1)
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Fig. 3. Graphical representation of W(q,2) for different values of q

2. The Wiener polarity index of Double Generalized Petersen
graphs

In this section, the W,(n, 1) of DP(n, k)) is computed for differ-
ent values of n and k.

Theorem 2.1. For n > 3, the Wiener polarity index Wp(n, 1) is.

15 forn=3
40 forn=4
Wy(n,1)=4 80 forn=5
96 forn==6
18n forn>7

Proof. For 3 <n <6, it is easy to verify the results. For
n>7and1 <[<n, let a be an arbitrary vertex of DP(n, k). Then,
the vertex a can belong to either of the set X,Y,U or V:

Case 1. Let a € X, then a be one of the outer vertex x,. The vertices
X143, Ui, Ui, Vi, V2, Ur, Yip1, Yi_1 are the vertices which have a
distance of three from x,. There are 8n vertices that have a distance of
three from the vertices of the set X.

Case 2. Let a € U. In this case, a be one of the inner vertex u,. The ver-
tices Xy, Xi_2, Ui11, Vi3, Vi-3, Y100 Yi_2.Y; are the vertices at distance
three from each u,. So, 6n vertices from 8n that are yet to be counted.

Case 3. Leta € V, then a is one of the inner vertex v,. The vertices x,,»,
Xj_2, Xp, Upys, U3, Vi1, Yy, Vi are the vertices at distance of three
from each vertex of V. So, 3 n vertices from 8n which are yet to be
counted.

Case 4. Let a € Y, then a be one of the inner vertex y,;. The vertices
Xi1, X1, W2, Ulo, ViU, Vo2, Vi3 are the vertices at distance of
three. So, n vertices from 8n which are yet to be counted.The above
cases imply that.

W,(n,1)=8n+6n+3n+n=18n.
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Theorem 2.2. For n > 6k + 1, Wy(n, k) = 24n, where k € N.

Proof. For 1 <I<n, let a be an arbitrary vertex of DP(n,k).
Then, the vertex a can belong to either of the set X,Y,U or V:

If a € X, then a is one of the outer vertex x;. The vertices x,3,
U2, U2, Upake Ui2ks Viiiskr Visd—ko Viets Vick-1Yi0 and y,_, are the
vertices at distance three from each x,. It is clear that u; ,, and
u_y. are the vertices that have the largest gap from the vertex x;.
Thus, the maximum value of n for which the vertices u;, ;. and
Uy can be equal is n=4k+1 but n > 6k + 1. Therefore, u 5
and u,_y are distinct vertices and hence, all the vertices mentioned
above are distinct. Since, 1 <i < n, therefore there are total 11n
vertices that have a distance of three from the set X.

If the vertex a belongs to set U or V. Without loss of generality,
one can suppose that a € U, then a is one of the inner vertex u,. The
Vertices Xy 2, Xi—2, U1, Viisks Vi-3ks Yip14ko Yic1-kYis3 Y13 are the ver-
tices at distance three. The vertices v;,3; and v;_s; have the largest
gap from the vertex u,. Thus, the maximum value of n for which the
vertex vy,3x and v;_3, are equal is n = 6k but n > 6k + 1. Therefore,
v.3x and vp_sz;, are distinct vertices and hence all the vertices men-
tioned above are distinct. Since 4 of these vertices belong to a set X
and are already counted, therefore there are total 7n vertices that
are yet to be counted and have a distance of three from the vertices
of the set U. Similarly, for each a € V, there are 11 vertices with dis-
tance 3 and out of them 4 belong to set U and 2 belong to a set X.
Therefore there are 5n vertices that are yet to be counted and have
a distance of three from V.

Finally, if a € Y then for any arbitrary vertex y,, the vertex y;, is
the vertex with distance three and is not counted before. Thus,
there are n new vertices having a distance of three from a set Y.
Therefore,

Wy(n,k) =11n+7n+5n+n = 24n.

2.1. The Wiener index of Double Generalized Petersen Graphs DP(n, k)

In this section, the W(q, k) for k = 1,2 is computed, where q and
k are positive integers. Let d"(x, y) and d”"(x,y) be the minimum
and maximum distances between any pair of vertices x and y.

Theorem 2.3. For q > 3,

2¢° +8¢* + 8q
2¢° + 8¢ +4q

ifgiseven,

Wi(g.1) =
@1 { ifgisodd,

Proof. The equation for calculating the Wiener index is

W(G) = Z d(py,p;) (1)

p1.02€V(G)

The proof is divided into two cases.

Case 1. q is even.

o If p,,p, € XorY, then d”(p,,p,) = 4. There are q and { pairs of
vertices when 1 <d(x,y) < % and d(p;,p,) =% respectively.
Therefore,

) 3
S dpp) =g +2+3+-+ 5+ 30 - @
p1.p2EX

elfpeXandp,cUorpeYandyeV, then d”(p,,p,) = 2.
There are 2q and g pairs of vertices when 2 < d(p;,p,) <4 and
d(p;,p,) = 1or¥ respectively. Thus,
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+2, ¢ +4¢°
S dpipy) =202+ 4 +q1+ L5 TS )

p1eX.prel

e Ifp, e Xandp, € Vorp, € Y and p, € U. In this case, d"(p;, p,)
=2 and d”(p;, p,) = %2 There are 2q and g pairs of vertices
when 2 < d(p;,p,) <% and d(py,p,) = 30r %2 respectively. Thus,

+2
S d(pyp) =292+ + D +q3+ 155
2 2
p1eX.preV
3+4 2+8
~1r= = 4
e If p; €X and p, €Y, then d'(p;, p,)=3 and d”(p;, p,) = 4*.

There are 2q pairs of vertices when 3 < d(p,,p,) < # and q if
d(p,,p,) = or &2 Thus,

+2 +4
S dpipy) =203 +4+ -+ )+ 5
preY.preX
¢ +8¢*+8q
e If p;,p, € Uor py,p, € V. In both these cases, d"(p;, p,) =2 and
d”(p;, p,) =%2%. There are q pairs of vertices when
2 <d(py,p,) <42 and §if d(p;,p,) = 4. Therefore,
-2 +2
S dprp)=q@+3+-+ 52105 34,
2 2 22
p1.p2€U
B ¢ +4¢?
o (6)

elfp,cUandp, €V, thend'(p,, p,)=1and d”(p;, p,) = %‘. It
is important to note that there is no pair which have a distance
of three. There are 2q pairs of vertices when d(p,,p,) =1 or
3 <d(py,p,) <% and q if the d(p,,p,) = Sor 3% So,

+4
S dpipy) =2q(1+3++ D) +qd+ 25
p1eV.pel
P +4q% + 8
~1= @)

By adding Egs. (2), (3), (4), (5), (6) and (7), we get
W(q,1) = 2¢° + 8¢* + 8q.

Case 2. q is odd.

o If p;, p, €XorY. In both these cases, d'(p;, p,)=1 and

d”(p;, p,) =%". There are q pairs of vertices when
1 <d(p;,p,) <% Thus,
1 @-
Z d(PuPz):‘J(l+2+3+...+qT):q8q (8)
p1p2eX

elf pyeX and p, €Y or p, €Y and p, € V. In both these cases,
d'(py, po)=1and d”(p,, p,) =% . There are q pairs of vertices
when d(p;,p,) = 1 and 2q if the 2 < d(p;,p,) < % Therefore,
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+1 +4
S dpypy) =202 +3 4+ Y 1 1(g - TG

p1EX,ppeU

9)

e Ifp, e Xandp, e Vorp, € Yandp, € U.Thend(p,, p,)=2 and
d”(p;, p,) =%4'. There are 2q pairs of vertices when

2 <d(py,p,) <% and q if the d(p,,p,) = 3. Thus,
+1
> dpipy) ==2q2+3++ 15 439
p1eX.preV
P +4¢°+7q
= 7 (10)
o If p, €X and p, €Y, then d'(p,, p,)=3 and d”(p,, p,) =53.

There are 2q pairs of vertices when 3 < d(p,,p,) < % and q if

the d(p,,p,) = 4. Therefore,
3
S diprpy) =2q3+4++122) +4q
P1EXpr€eY
3+8 2+7
SL L (11)

o If p;,p, € UorV, then d'(p,, p,)=2 and d”(p,, p,) = %" There
are q pairs of vertices when 2 < d(p;,p,) <% Thus,

+1 34+4¢2 -5
S dprpy) =q2+3 4.+ 0 LTI 2 (12)
2 8
p1.p2€U
e If p, €U and p, €V, then d'(p;, p,)=1 and d”(p;, p,) =% .

There are 2q pairs of vertices when 1or3 < d(p;,p,) < %! and

q if the d(p;,p,) = % So,
q+1 q-1
Y. d(pypy) =29(1+3+4. +75-) +4(5-)
p1eUpyeV
3+4 2+3
e e (13)

By adding Eqgs. (8), (9), (1
W(q,1) =

0), (11),(12) and (13), we get
2¢° + 8¢* + 4q.

Theorem 2.4. For 7 < q <11,

2q° +12¢* — 30q ifgiseven,
W((q,zn:{ @ 124 =300 0

2q® +11¢*> — 37q ifgisodd,

Proof. The proof is divided into two cases.

Case 1. q is even.

o If py,p, €Y, then d'(p;, p,)=1 and d” (p,, p,)
pairs of vertices when 1<d(p;,p,) <%% and ¢ if the
d(p;,p;) =% Therefore,

= 4. There are q

_ 3
S dpipy=ai 2434+ 3G -0 g

p1.p2€Y

olIf pyeY and p, eV, then d'(p,, p,)=1 and d”(p,, p,) = %
There are 2q pairs of vertices when 2 <d(p;,p,) <{ and q if
the d(p;,p,) = 10r%2 Thus,
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q q—2

> dpipy) =242+ 45) +q(1+75)
p1€Y.preV
3 2 _
_q +4?l 8q (15)

oIf p, €Y and p, € U, then d'(p;, p,)=
There are 2q pairs of vertices when 2 < d(p,,p,)
the d(p;,p,) = G2 Therefore,

2 and d”(py, p2) =14.
<%and 2q if

-2
> d(pipy) =242 +3+ . +5) +2a(1)
p1€y.p2€U
3 2
_ 9" +6q" —16q (16)
4
e If p; €Y and p, € X, then d'(p;, p,)=3 and d”(p,, p,) = 2.

There are 2q pairs of vertices when 3 <d(p,,p,) < % and 2q
if the d(p,,p,) = 4. Therefore,

q+2

Z d(p,.p,) = 5

preY.preX

293 +4+ ...+ —=—) +2q(

20 4

(17)

o Ifp,,p, € V,thend'(p;, p,)=3andd” (p,, p,) = "T There are q
pairs of vertices when 3 <d(p;,p,) <%? and ¢ if the

d(py,p,) = #- Thus,
+2 -4 34+8¢>-24
S dpyp) =g+ 4+ 155+ 3A5 T2 2
2 2° 2 8
p1.p2€V
(18)
olf p,eV and p,eU, then then d'(p;, p,)=1 and

of vertices when

d*(p;, p,) =%2. There are 2q pairs

1 <d(p,,p,) < %2 and 2q if the d(p,,p,) = 4. Thus,
q+2 q
> d(py,py) =29(1 + ...+ 57) +24(5)
2 2
p1€V.pel

_ ¢°+10q% —32q
= 4

By adding Eqgs. (14), (15), (16), (17
W(DP(q,2)) = 2¢°> + 12¢*> — 30q.

(19)

), (18) and (19), we get

Case 2. q is odd.
e Ifp,,p, € Y, thend(p,, p,)=1and d**( p,) =951 There are q
pairs of vertices when 1 < d(p,,p,) <%~ herefore

1 3
Z d(plapz):qu+2+3+-..+q7):qsq 20)

p1:.p2€Y

e If p, €Y and p, €V, then d*(p;, p,)=1 and d”(p,, pz) =1
There are 2q pairs of vertices when 2 < d(p,,p,) <% and q if
the d(p,,p,) = 1 and 2q if the 2. Therefore,

-1 -3
> dpip) =) +29@ + ..+ ) +2q0)
p1eY.preV
3 2

q) ¢ +10¢*> - 16q
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o If p, €Y and p, € U, then d'(p;, p,)=
There are 2q pairs of vertices when 2 < d(p,,p,) <2
the d(p;,p,) = %' and 2q if the 2. Thus,

2 and d”(p;, po) =% .

-1

1 1
S dpipa) =202 +3 4.+ ) +ad )
p1€Y.prel
q-3
+24(5-)
3 2
:w (22)

e If p; €Y and p, € X, then d'(p;, p,)=3 and d”(p;, p,) = 5.
There are 2q pairs of vertices when 3 < d(p;,p,) < %! and q if
the d(p;,p,) = %! and 2q if the &L Therefore,

+1 -1
> dprp) =2q3+4+ ..+ 1) + 20
preY,paeX
+1
+q(q )
¢ +10§11 ~23g 23)

e If p;,p, € V, thenthend'(p;, p,)=2and d”(p;, p,) =% . There
are g pairs of vertices when 2 < d(p;,p,) < %' Therefore

> d(py,p,) = q(

p1.p2eV

qg+1. ¢ +4q¢*>-5q

243+ + 5 )= 3

(24)

o If p; €V and p, € U, then d'(p;, p,)=1 and d”(p;, p,) = %~
There are 2q pairs of vertices when 1or4 < d(p;,p,) < %! and

q if the d(p;,p,) = %! and 2q if the d(p;,p,) = %% Thus,
+1 +1
S dpp) =1 +4.+ 20 v2g@0 ) 1 g E Y
2 2 2
p1€V.pel
q* +10g® — 39q

=g (25)

By adding Eqgs. (20), (21), (22), (23), (24) and (25), we get
q W(DP(q,2)) =2q* + 11¢> — 37q.

Theorem 2.5. For g > 12,

ifg = 0(mod8),
ifg = 1(mod8),
ifg =2,5,6(mod8),
ifg = 3(mod8),
ifg = 4(mod8),
ifq = 7(mod8),

Proof. The proof is divided into two cases.

g +17¢> — 6q
¢ +17¢*> - 12q
q* +17¢*> - 10q
g +17¢*> —18q
4q3+6€1q2—44q

¢ +17¢%> - 17q

Case 1.

q = 0(mod8)

e If p;,p, € X, then d*(p,, p,)=1 and d”(p,, p,) = || + 3. There
are q pairs of vertices when 1 <d(p,,p,) <5 and ﬂ and 2q
5 pairs of ver-

pairs of vertices if the § < d(p;,p,) < ‘”4 and also 2¢

tices when d(p;,p,) = %2 Thus,
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=q(1+243+---+5) + @2+ 42) + (1Y)

e

Zp],pzexd(p]vPZ)
+2q(6+7+- -
@ +22¢2-112q
N 16 (26)
o If p; €X and p, € U, then d'(p;, p,)=1 and d”(p,, p,) = 42.
There are 4q pairs of vertices when 3 < d(p,,p,) <% and 3q if

the d(p,,p,) = %* and 2q if the d(p,,p,) = 20r%2 and also q if
the d(p,,p,) = 1 Therefore,

- q+4 q+4 q+8
Z d(plypz)—Q(‘1+ 2 )+2q(2+T+T

p1eX.prel

q\ _ ¢+ 14¢?
+4q(3+4+ - +g) =g (27)
o If p, €X and p, €V, then d'(p,, p,)=2 and d”(p,, p,) = &E.

There are 4q pairs of vertices when 3o0r5 < d(p;,p,) < %* and
5q if the d(p;,p,) =4 and 2q if the d(p;,p,) =2 and q if the
d(py.p,) = %" Thus,

+8 +4
) d(P1vP2):‘J(4+q4 )+ZQ(2)+4q(3+4+~-+—q4 )
p1eX.paeV
3 2
_ ¢ +149° +16g 28)

8

o If p, € X and p, € Y, then d'(p;, p,)=3 and d”(p;, p,) = 52.
There are 4q pairs of vertices when 4or6 < d(p,,p,) < %2 and
5q if the d(p,,p,) =5 and 2q if the d(p,,p,) =2 and q if the
d(p;,p,) = £32 Therefore,

+12 +8
> d(pl,pz)=Q< q4 >+2q(3)+4q<4+5+ +q4>

P1EX.preY
¢ +22¢%+16q

g (29)

e If p;,p, € U, thend'(p;, p,)=2 and d"(p;, p,) = %52 There are
2q pairs of vertices when 4 < d(p;,p,) < 50r%?* and q if the

d(p,.p,) =2, 3, &&, £ and % if the d(p,,p,) =4 So,
_ q q+8 q+12 q/q
Zd(pl,pz)—q(2+3+4+7+ ) +3 )
P1, p2€U
4 —4
+2q<q+ )+2q(4+5+---+qT)
7q +18¢?
16 (30)

e If p, €U and p, €V, then d'(p;, p,)=1 and d”(p;, p,) = 52.
There are 5q if the d(p;,p,)=5 and 4q if the
d(py,p,) = 4orlor®® and 2q if the d(p;,p,) = lor3or%? and g
if the d(p,,p,) = q+412. Thus,

q+12
4

q+8

q+4

q5 + 7 —)

> dpyp) = )+2q(1+3+

pi1eUpreV
T

+4q(—— )+4q(4+5+-~-+;l

Xq +18q + 16q

! (1)
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By adding Egs. (26), (27), (28
W(DP(q,2)) = ¢’ + 17¢* - 6q.

), (29), (30) and (31), we get

Case 2.
q = 1(mod8)

o If p;,p, € X, then d’(p;, p,)=1and d”(p;, p,) = %5 There are
q pairs of vertices when 1 <d(p;,p,) < SOr% and 2q if the
6 < d(p;,p,) <%~ Thus,

3 dpy.p) =q(1+2+3+- -+

P1.P2€X

5)+q<q-211)

7
+2q(6+--~+%)

@ +22¢% - 119q

16 (32)
e If p; € X and p, € U, then d'(p;, p,)=1 and d”(p;, p,) = 47.
There are 4q pairs of vertices when 3 < d(p,,p,) <% and 2q
if the d(p;,p,) = 20r %’ and also q if the d(p;, p,) = 1. Therefore,

+ +3

S dprp) =a)+202+ ) 1 agB + a4+ T2

4 4
p1EXprel
3 2 _

= w (33)

8

o If p; € X and p, €V, then d'(p;, p,)=2 and d”(p;, p,) = 4”.
There are 4q pairs of vertices when 3or5 < d(p;,p,) < % and
5q if the d(p,,p,) = 4 and 2q if the d(p;,p,) = 20r %~ Thus,

+7 +3
> d(pl,pz):Zq(2+qT)+q(4)+4q(3 +4+...+GT)

P1EXpreV
¢ +14¢2 +17q

: (34)

o If p, €X and p, € Y, then d'(p;, p,)=3 and d”(p;, p,) = 5.
There are 4q pairs of vertices when 4o0r6 < d(p;,p,) < %7 and
5q if the d(p,,p,) = 5 and 2q if the d(p,,p,) = 3or 5. Thus,

+11 +7
> d(p,.p,) = q(5) + 293 +1 ) +4q(4+5+--+ 100
4 4
preX.paeY
3 2
_9q +22q°+17q (35)

8

o If p;,p, € U, thend'(p;, p,)=2 and d”(p,, p,) = %5 . There are
2q pairs of vertices when 4 <d(p;,p,)%> and q if the

d(p;,p,) =2, 3, &2, 1L Therefore,
7 11
Z d(p17p2):q(2+3+%+q2 )+2q(4+5+---
p1.p2€U
q+3, ¢ +18q* - 19q
)= 16 (36)

e If p, €U and p, €V, then d'(p;, p,)=1 and d”(p;, p,) = 5.
There are 5q if the d(p;,p,)=5 and 4q if the
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4 <d(p,,p,) <42 and 2q if the d(p,,p,) = lor3or&Zor &1,
Thus,

+7 q+11
S dpipy) =2q01+3+ 15+ 1020 1 q(5) + 49(4
p1€U.peV
q+3
to )
3 2
= w (37)
8
By adding Eqgs. (32), (33), (34), (35), (36) and (37), we get
W(DP(q,2)) = ¢* + 17¢* — 12q.
Case 3.
q = 2(mod8)

o If py,p, € X, then d'(py, p,)=1and d”(p;, p,) = 5. There are
q pairs of vertices when 1<d(p;,p,) <5 and 2q if the
6 < d(py,p,) < %®and ¥ if the d(p;, p,) = 4% Thus,

> d(pi,p,) =4q(

P1:p2eX
3q /q+10
+7< 1 )

¢ +22¢> - 120q
- 16

1+2+3+---+5)+2q<6+---

(38)

o If p, € X and p, € U, then d'(p;, p,)=1 and d”(p;, p,) = L&
There are 4q pairs of vertices when 3 <d(p,,p,) < % and 3q
if the d(p;,p,) = %2 and 2q if the d(p,,p,) = 2 and also q if the
d(py,p;) = 1. Thus

+6 +6
S dppy) = g1+ 132 1292+ 12
4 4
p1EXprel
2 34+14¢> -8
+aqB3+4+ o+ T2 (39
e If p, € X and p, € V, then d'(p;, p,)=2 and d”(p,, p,) = 25°.

There are 4q pairs of vertices when 3or5 < d(p;,p,) < %2 and
5q if the d(p,,p,) =4 and 2q if the d(p;,p,) = 2or% and n if
the d(p;, p,) = 7% Therefore,

+10 46
S dprpy) = a@d+ ) 4 2q2 + 122
4 4
p1eX.preV
2 414 + 24
+4q3+4+ o+ 75 LS TE 40

e If p, €X and p, €Y, then d'(p;, p,)=3 and d”(p,, p,) = .
There are 4q pairs of vertices when 4016 < d(p;,p,) < % and
5q if the d(p,,p,) =5 and 2q if the d(p,,p,) = 3or# and also
q if the d(p;,p,) = & So,

q+14
4

q+10
i)

Z d(ps,p,)

p1EX.preY

=q(5+ )+2q(3 +
q+6

+4q(4+5+--+ Z )

34 22¢2 +24
e )
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e If p;,p, € U, thend'(p;, p,)=2 and d” (p;, p,) = L5°. There are
2q pairs of vertices when 4 <d(p;,p,) <%? and q if the

d(p;,p,) = 2, 3, 2% and also 3! if the d(p,,p,) ,q+1o Thus,
6 10
Z d(p,,p;) =4 2+3+q+ q+ Y+2q(4+5+---
4 4
p1.p2€U
q+2, qq+10
_ ¢ +18¢> — 16q
- 16 (42)

e If p, €U and p, €V, then d*(p,, p,)=1 and d”(p;, p,) = T2
There are 5q if the d(p;,p,)=5 and 4q if the
4 < d(p,,p,) < ‘”6 and 2q if the d(p,,p,) = 10r3 and also q if
the d(p;,p,) = ‘”4“. Therefore,

+14 +6
S dpipy) =2q(1+3) +q(5+ 10 ragd -+ 10
p1€Upr eV
3 2
= +818q (43)

By adding Eqgs. (38), (39), (40), (41), (42) and (43), we get
W(DP(q,2)) = ¢* + 17¢*> — 10q.

Case 4.
q = 3(mod8)

o If p;,p, € X, then d'(p;, p,)=1and d”(p,, p,) = %2. There are
q pairs of vertices when 1 <d(p;,p,) <5 and 2q if the
6 < d(py,p,) < %2 So,

Z d(py,p,) =

p1p2eX

q1+2+3+---+5)+2q(6 +

@ +22¢° - 123q

N 16 (44)

o If p, € X and p, € U, then d'(p;, p,)=1 and d”(p;, p,) = 4°.
There are 4q pairs of vertices when 3 < d(p,,p,) < % and 2q
if the d(p,,p,) = 2 and also q if the d(p,;,p,) = 1. Therefore,

Z d(p1,p2) #)

p1eX.pael

= q(1)+29(2) + 493 + 4+ +

¢ +14¢% - 11g

; (45)

o If p; € X and p, €V, then d*(p;, p,)=2 and d”(p;, p,) =%4°.
There are 4q pairs of vertices when 3 < d(p,,p,) < % and 5¢q
if the d(p,,p,) = 4 and 2q if the d(p,, p,) = 2. Therefore,

+5
> dpi,py) =24(2) +4(q) +44(3 +4+~~+qT)
pr1eX.preV
3+ 14q% +13
1= (46)
o If p; € X and p, €Y, then d'(p;, p,)=3 and d”(p;, p,) = 4°.
There are 4q pairs of vertices when 4or6 < d(p;,p,) < %2 and

5q if the d(p,,p,) = 5 and 2q if the d(p;,p,) = 3. Therefore
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q+9

Y. d(py.py) =4(5) +2q(3) +4g(4+5+ -+ 4)
p1eX.preY
3 +22¢2 +13
:q;# (47)
e If p;.p, € U, then d*(p,, p,) =2 and d”(p;, p,) = %2. There are

2q pairs of vertices when 4 <d(p,,p,) g"‘lﬁ and q if the

d(p;,p,) = 2, 3, L2. Therefore,
5
Z d(p1,p,) = (2+3+qz )+2q(4+5+..‘+%)
p1.p2€U

¢ +18¢2 —31q

=46 (48)

o If p, €U and p, €V, then d'(p;, p,)=1 and d”(p,, p,) =4°.
There are 5q if the d(p;,p,)=5 and 4q if the
4 < d(p;,py) <% and 2gq if the d(p,,p,) = lor3orZ2. So, we
have

+ +5
> d(P1,P2):2CI(1+3+qT)+fI()+4q(4+ 1423
p1€UpreV
3 2
418 7g 49)

By adding Eqs. (44), (45), (46), (47), (48) and (49) we get

W(DP(q,2)) = ¢* + 17¢* — 18q.
Case 5.
q = 4(mod8)
o Ifpy, p, € X, thend'(p;, p,)=1and d”(p;, p,) = 242. There are

q pairs of vertices when 1<d(p;,p,) <5 and 2q if the
6 < d(p;,p,) <42 and ¢ if the d(p;, p,) = 2 Thus,

Z d(p1,p;) =

p1.p2eX

q1+2+3+--
q(q+12
()

¢ +22¢> - 120q
- 16

+5)+2q<6+---+¥)

(50)

e If p, € X and p, € U, then d'(p;, p,)=1 and d”(p,, p,) = LE.
There are 4q pairs of vertices when 3 <d(p,,p,) < # and 2q
if the d(p,,p,) = 2 and also q if the d(p,,p,) = 1or¥. Therefore,

+ +4
> dpi.py) =41 +q—) +2q(2) + 493 + 4+ + 122
4 4
p1eX.pacl
3 2
_a + 149"~ 8q (51)
8

e If p; €X and p, €V, then d'(p;, p,)=2 and d”(p;, p,) = 42.

There are 4q pairs of vertices when 3 < d(p,,p,) <4 and Sq if

the d(p,,p,) =4 and 2q if the d(p,,p,)
d(ps,p,) = L2 Therefore,

=20r%Z® and 3q if the
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q+4 q+8
292+ =+ )+

q+4

q4+ )

Z d(py,pa) =

p1EX,peV

+4qB 4+

@+ 14¢7 +24q

1 (52)

e If p, eX and p, €Y, then d'(p;, p,)=3 and d”(p;, p,) = 2.
There are 4q pairs of vertices when 4 < d(p,,p,) < %‘ and 5q
if the d(p,,p,) = 5 and 2q if the d(p,,p,) = 3or 242 and also 3q
if the d(p;,p,) = %2, So,

12
> Ul(phpz)=q<5+ng>+2q(3+‘H8+qtl )

pr1EX.preY
q+4 _
7} =

+22¢° +24q
8

+4q<4+5+-~~+ (53)

o If p;,p, € U, then d'(p;, p,)=2 and d”(p;, p,) = %52 There are
2q pairs of vertices when 4 < d(p,,p,)or%? and q if the

d(py,p;) = 2,3,%" and § if the d(p,,p,) = . Therefore,
Y dpipo) = (2+3+qz4)+2q(4+5+...+%)
P1D2<U
+2q(q28)+%(q +412)
:W (54)

o If p, €U and p, €V, then d'(p,, p,)=1 and d”(p;, p,) :¥.
There are 4q if the 4<d(p,,p,) <%* and 2q if the
d(py,p,) = lor3or &2 or 1412, So,

+8 +12
S dppy) =2q(1+3+ 1529725
4 4
p1eUpeV
4 ¢ +20¢ 1
vagat .+ ITH TR T00 s

By adding Eqgs. (50), (51), (52), (53), (54) and (55), we get

4¢° + 69q* — 44
W(DP(q,2)) = %
Case 6.
q = 5(mod8)
o If p;,p, € X, then d’(py, p,)=1and d”(p,, p,) = %5 There are
q pairs of vertices when 1 <d(p,,p,) < SOr% and 2q if the

6 < d(py,p,) <% Therefore,
q+11
+5) +q(T>

S dpip)=q(1 4243+
q+7
P

p1.p2€X
+2q(6+7+--~+

¢ +22¢2 - 119q

16 (56)

o If p, € X and p, € U, then d'(p;, p,)=1 and d”(p,, p,) = 4”.
There are 4q pairs of vertices when 3 < d(p,,p,) < T3 and 2q
if the d(p,,p,) = 20r &’ and also q if the d(p,, p,) = 1. Therefore,
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+7 +3
S dppy) =a()+202+1 ) v a3+ 4+ + 12

p1eX.prelU
¢ +14¢2 - 7q

3 (57)

e If p € X and p, €V, then d'(p;, p,)=2 and d”(p,, p,) =%~.
There are 4q pairs of vertices when 3 <d(p,,p,) < # and 5¢q
if the d(p;,p,) = 4 and 2q if the d(p,,p,) = 20r%”. Thus,

+7 +3
S i) =94 +2q2+ 1) 493 + 4+ + 102

p1eX.preV
¢ +14¢% +17q

. (58)

e If p; € X and p, €Y, then d'(p,, p,)=3 and d”(p;, p,) = L.
There are 4q pairs of vertices when 4 < d(p,,p,) <%’ and 5q
if the d(p;,p,) = 5 and 2q if the d(p;, p,) = 3or L. Therefore,

+11 +7
S dpip) =4(5)+ 203+ 1) +4g(d+ 5+ + 105
preX.preY
3 2
_4q +22q° +17q (59)

8

o If p;,p, € U, then d"(p;, p,)=2 and d”(p;, p,) = %, There are
2q pairs of vertices when 4 < d(p,,p,) <% or% and q if the
d(p;,p,) = 2,3,%2, 911 Therefore,

3 11
> d(m,pz):q(2+3+%+‘”4 )£ 2q(4 45+
p1.p2€U
qg-1 q+7, ¢ +18q*-3q

e If p, €U and p, € V, then d*(p,, p,)=1 and d”(p;, p,) = L.
There are 4q pairs of vertices if the 4 < d(p;,p,) < % and 5¢q
if the d(p;,p,) =5 and 2q if the d(p;,p,) = lor3or%Zor 41,
Therefore,

+7 +11
S dppy) =20 +3+ 15+ 10 1 q5)
p1eUpeV

q+3 :q3+18q2+5q

+4q(4+ -+

) - (61)

By adding Egs. (56), (57), (58), (59), (60) and (61), we get

W(DP(q,2)) = ¢ + 17¢> — 10q.

Case 7.
q = 6(mod8)
o If p;,p, € X, then d'(p;, p,)=1 and d"(p;, p,) = 25", There

are q pairs of vertices when 1 <d(p,,p,) <5 OrqtlJ and 2gq if the
6 < d(p;,p,) < 4° and { if the d(p,,p,) = L5 Thus,

10
> d(phzoz):q<1+2+3+...+5+‘1t1 )

P1.p2€X
q/q+14 q+6
+§< 1 )+2q(6+7+~--+—1

@ +22¢° - 112q
- 16

(62)
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e If p, € X and p, € U, then d*(p,, p,)=1 and d”(p,, p,) = 2.
There are 4q pairs of vertices when 3 < d(p,,p,) < % and 2q
if the d(p;,p,) =20r%® and also q if the d(p,,p,) = 10r5°
Thus,

+10 6
> d(pl,pz):q(1+q4 )+2q<2+qT)

p1EX,preU

+4q<3+4+-~+¥>
3+14 2
:% (63)

6

o If p; €X and p, €V, then d'(p;, p,)=2 and d”(p;, p,) =1.
There are 4q pairs of vertices when 3 < d(p,,p,) < % and 5¢q
if the d(p,,p,) =4 and 2q if the d(p,,p,) =2 and 3q if the
d(p,,p,) = T°. Therefore,

+6 +6
S dprpy) =g+ T2y 292+ 12
4 4
P1EX eV
2 3 +14q% + 16
+4q(3+4+--~+qz P s g* 7 (64)

e If p, €X and p, €Y, then d'(p,, p,)=3 and d”(p,, p,) = L2
There are 4q pairs of vertices when 4 < d(p,p,) < %° and 5¢q
if the d(p,,p,) =5 and 2q if the d(p,,p,) =3 and 3q if the
d(p;,p,) = % Thus,

q+10 q+10

> dprpy =a6+ 51 293+ 110
preX.preY
S22 + 1
taga st 110 TR0 65

e If p;,p, € U, then d*(p;, p,)=2 and d*(p,, p,) :#. There are
2q pairs of vertices when 4 <d(p,,p,) < % and q if the
d(p;,p,) = 2, 3 and § if the d(p,, p,) = 15 So,

14 6
S dpp)=a2+3)+ 3 g5+ 1)
p1.p2€U
3 +18¢2 — 24
:% (66)

e If p; €U and p, €V, then d'(p;, p,)=1 and d”(p;, p,) = 2.
There are 4q pairs of vertices if the 4 < d(p,,p,) <Z? and 5q
if the d(p,,p,) = 5 and 2gq if the d(p,,p,) = lor3or%® and 3q if
the d(p,,p,) = ;% Thus,

1 1
£ a5 ) fo 1)

p1eUpyeV

2 3+18¢% +8
+4q<4+~~~+qz > T 8q 4

By adding Eqgs. (62), (63), (64), (65), (66) and (67), we get
W(DP(q,2)) = ¢ + 17¢> — 10gq.

(67)

Case 8.

q = 7(mod8)
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o Ifp;,p, € X, thend'(p;, p,)=1andd™(p;, p,) = %. There are q
pairs of vertices when 1<d(p,,p,) <5 and 2q if the
6 < d(pq,p,) < %2 Thus,

> AP py) =1 +2+3 4+ +5)+2q(6+ 7+ + 1)

4
P1:p2€X
@P+22¢2 —123¢

16 (68)

o If p; €X and p, € U, then d'(p;, p,)=1 and d”(p;, p,) = %4>.
There are 4q pairs of vertices when 3 < d(p,,p,) <% and 2q
if the d(p;,p,) = 2 and also q if the d(p,,p,) = 1. Therefore,

>

p1EX.prel

d(py.py) = a(1) +29(2) + 43 + 4+ -+ 922)
g +14¢*> - 11q
=
o If p; €X and p, €V, then d'(p;, p,)=2 and d”(p,, p,) = 4.
There are 4q pairs of vertices when 3 < d(p,,p,) < % and 5¢q
if the d(p,,p,) = 4 and 2q if the d(p;,p,) = 2. Thus,

(69)

+5
Z d(pupz)ZQ(4)+2q(2)+4q(3+4+...+qT)
p1eX.preV
3 2
_ g 149" +13q 70)
8
— a9

o If p; €X and p, €Y, then d'(p;, p,)=3 and d”(p;, p,) =%
There are 4q pairs of vertices when 4 < d(p,,p,) < ‘71—9 and 5¢q
if the d(p,,p,) = 5 and 2gq if the d(p;,p,) = 3. So,

+9
> d(Phpz)ZQ(5)+ZQ(3)+4Q(4+5+“‘+qT)
p1eX.preY
3 2
_4q +ZZg +13q (71)

o If p;,p, € U, then d"(p;, p,)=2 and d”(p;, p,) = %2. There are

2q pairs of vertices when 4 <d(p;,p,)%® and q if the
d(p,,p,) = 2,3,%2 Thus,
9 5
S dppy) =a2+3+ 1) +2q 454 12
P12l
3 2
¢+ 18~ 31g )

16

e If p, €U and p, €V, then d'(p, p,)=1 and d”(p;, p,) = L2..
There are 4q pairs of vertices if the 4 < d(p,,p,) < %! and 5¢q
if the d(p;,p,) =5 and 2q if the d(p;,p,) = 10or3 and 3q if the
d(py,p,) = B2 or %2, Thus,

5 9
> d(p1,pz):2q<l +3+&+&>
4 4
p1eU,preV
q+5 g+9 g1
31182 +
- (73)

By adding Eqgs. (68), (69), (70), (71), (72) and (73), we get
W(DP(q,2)) = ¢* + 17¢* — 17q.
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3. Graphical representation of W(q,1) and W(q, 2)

In this section, the graphical representation of W(q,1) and
W(q,2) of DP(q,1) and DP(q, 2) for different valuers of q are deter-
mined. These compact formulas are easy to understand and draw
and can be beneficial to the people working in the area.

4. Concluding remarks

The Generalized Petersen Graph and Double Generalized Peter-
sen graphs are extensively studied families in graph theory. We
have extended the study of topological indices by finding the
Wiener index and the Wiener polarity indices of the Double Gener-
alized Petersen Graph which is constructed from the Generalized
Petersen Graph. We close this section by raising the following
questions.

Open Problems

1. Determine the Wiener Index of Double Generalized Petersen
Graph DP(q, k) for k > 3.
2. Explore the other topological properties of DP(q, k).
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