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The fucus of this study is to find a set of some novel solutions concerning the resonant fractional nonlin-
ear Schrodinger equation (R-FNLSE) with quadratic-cubic nonlinearity by employing the extended FAN
sub-equation approach. The parameter « € (0, 1] is the core constraint which simulate the flow rate prop-
agation, plays a key rote in telecommunications and the theory of optical fibres. This equation expresses

the gesture of solitons and Madelung fluids in various nonlinear systems. These outcomes are optical,
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bright, dark, explicit, periodic and combined wave solutions and efficiently demonstrated with the aid

of 3D plots. The representation of these solutions is carried out in order to have an idea about the struc-

ture of such model and can also be extended to many other complex models of recent era.

© 2021 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In recent decades, it has been noticed that nonlinear phenom-
ena have remarkable properties in physics and mathematical engi-
neering. The phenomenon of nonlinear evaluation equations
(NLEE) has received a lot of attention and has become one of the
most interesting areas of research. Such type of models are widely
used to elucidate many complex physical phenomena that occur in
fluid and plasma wave mechanics, fiber optic communications,
biophysics, Soliton’s theory, and many more (Kalim et al., 2018;
Ghanbari et al., 2019a; Ghanbari et al., 2019b; Munusamy et al.,
2020; Rezazadeh, 2018).

The area of nonlinear partial differential equations is becoming
one of the most essential disciplines describing dynamics of key
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phenomena of nature and has attracted renowned researchers
and scientists in the theory of optical fibre arising in telecommuni-
cations, spectroscopy, plasma physics and many more. Optical soli-
tons are basically localized electromagnetic waves which can
transmit large amount of information through optical fibers across
the trans-oceanic distance in femto-seconds. In the modern era of
science and technology, the theory of solitons has created revolu-
tionary developments in the telecommunication engineering and
is one of the most blistering field of research over the past few dec-
ades and reckon as the technology of future generation for high-
speed communication systems (Ghanbari et al., 2020; Hosseini
et al, 2020a; Hosseini et al., 2020b; Korpinar et al., 2019;
Hashemi et al., 2019).

Many complex phenomena in diverse areas of nonlinear science
are usually described by nonlinear models. One of the most famous
of these nonlinear equations is the Schrédinger’s equation. This
equation has been used in several domains among which: fiber
optics, hydrodynamics, Plasma physics, nonlinear electrical trans-
mission lines, and so on (Liu et al.,, 2019). However, there are a
multitude of nonlinear equations such as the Ginzburg-Landau
equation (Wazwaz, 2006), the Korteweg de Vries equation
(Seadawy et al., 2020), the Zoomeron equation (Hosseini et al.,
2020c), the Boussinesq equation (Mehdinejadiani and Parviz,
2020), to mention a few, that can also help to describe many sys-
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tems. It’s worth mentioning that integer order derivatives are pre-
viously utilised to analyze these problems. However, in order to
gain a better understanding of the dynamics of these nonlinear
equations, a common type of derivative called fractional deriva-
tives should be presented (Manafian and Lakestani, 2017; Miller
and Ross, 1993).

This concept is a generalization of derivatives. Thus, we observe
that the fractional NLEE is a natural extension of a NLEE of inte-
geral order. These fractional differential equations are generally
not easy to solve and methods that have been proposed in the lit-
erature to transform them are used. Among these methods, we can
list the Caputo fractional derivatives, the Riemann-Liouville frac-
tional derivatives, modified Riemann-Liouville derivative, con-
formable fractional derivative. The enactment of such methods is
just a beginning for a revolution of recent era towards fractional
calculus. To date, there are several methods in the literature that
can be implemented to deal with the nonlinear models arising in
diverse disciplines (Goswami et al., 2020; Singh et al., 2021a;
Singh et al., 2021b; Singh et al., 2021c).

The outline of this study is given as follows: in Section 2, a brief
introduction to the R-FNLSE with quadratic-cubic nonlinearity is
illustrated whereas in Section 3 some noval anlytical solutions to
the nonlinear complex model (1) are established. The geometrical
behavior of the solutions is demonstrated in Section 4. At the end,
the conclusions have been extracted.

2. The R-FNLSE with quadratic-cubic nonlinearity

Over the last few decades, the study solitonic and optical beha-
viour of nonlinear models is becoming one of the most excited
topics in the diverse disciplines of contemporary science. Our
prospective is applicable until the given model imply more even
odd order partial derivative terms (Seadawy and Lu, 2017;
Younis et al., 2020).

Over the last couple of years, many computational analysis have
been established effectively to describe the soliton solutions of var-
ious type of nonlinear Schrédinger equation (NLSE) among these
are, the extended sinh-Gordon equation expansion method
(Baskonus et al., 2018), extended Jocobi’s elliptic approach (Hong
and Lu, 2009), the modified auxiliary equation mapping method
(Seadawy et al.,, 2020), the inverse scattering transformation
method (Zhang and Chen, 2019), extended rational sine-cosine
method (Mahak and Akram, 2019), and many more.

The purpose of the study is to investigate the NLSE of fractional
order (Bhrawy et al., 2014) with quadratic-cubic nonlinearity, as
well as perturbation terms and higher order dispersions (third
and fourth order dispersions). The R-FNLSE with quadratic-cubic
nonlinearity is studied by using extended Fan sub-equation (EFSE)

approach.
0Dy — YD — 10D + 0(| DL D), + 0(| D), D} @
HD D + ¢y D+ (S(|D]) + &3 (1O )@ = 0,

where D* is the conformable derivative operator of order o € (0, 1]
in t-direction and the parameters ¢;(j = 1,2,3) are the coefficients
of group velocity dispersion, quadratic and cubic nonlinearity
respectively, for details see (Triki et al., 2017; Eslami et al., 2013).

3. Applications to the EFSE method

The transformation
DO(x,t) = Q(é)e"", (2)

where
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é:x—(é)t“, ¢:07Kx+(§)t“, 3)

K, ¢ and 6 are the frequency, the wave number and the phase con-
stant respectively, reduces Eq. (1) into real and imaginary factors

1

—Q(Q (6~ K0) + 6 Q) — Q" + 7,2+ 0@ =0, (4)

where

Y1 =G K% + 913 + 0K + Ko + @, 7, = ¢y + YK + 6130,

and

(v +2¢Kk + 0+ 39k + 4013)Q — (7 +40K)Q" + (30 +20)Q°Q =0,
©)

gives

v=-2¢K—3—3yK* —40Kk* 7+ 40Kk = 0,30 +20=0.

The solution for Eq. (4) is of the fashion (Kalim et al., 2021; El-
Wakil and Abdou, 2008)

Q=0+ (&) + i (2), ©
such that

AN\ 2
(F2) = to+ 0190 + 07+ 60°() + £a0°(2), )

4:(i=0,1,2,3,4) are real constants.
Inserting Eq. (6) along Eq. (7) in Eq. (4) and picking the coeffi-

cients of ¢/¢®,

o)y + a3 (—(S3 — KQ)) — Sy — 27500 — 301750

+3 0070 + 8az00l20 + S 161620 + 3a1ol30 =0,

a1y — 3a105(G3 — KQ) — 201006, — 3wl — a1y ln

+a1650 + 15a2016,6 + 300260030 + § 141030 + 1201 6p04G = 0,
@) — 30203(G3 — K@) — 3a?ao(S3 — KQ) — 2a2008,

—a2Gy —4day),ly — 3 ),ls + 1602650 + 420301430

+ L 016,630 4+ 720200040 + 15014140 = 0,

a3(—(¢3 — KQ)) — 6a0aza1 (S5 — KQ) — 20201 G, — 2a17,4a
557,03 + 2 01650 + 200162040 + 650265030 + 90021 (4G = 0,
—3a20§(G3 — KQ) — 3a005(C3 — KQ) — 0362 — 6az),la
+300a1£3040 +1L 02630 + 1200345446 = 0,

—3a103(¢3 — KQ) + 1680243440 + 24a, 030 = 0,

120020 — a3(¢; — k@) = 0.

We select variables suitably which gives

44, (x/ﬁgz\/ﬁ + 35 —K0(204,0 — yz)) —45030./C; — KO

0 12/30037/G(K0 — C3)
(8)
V3043./0
a =, 9)
C3 — K@
a = 72‘/%&“/6. (10)
C3 — KQ
We have soliton solutions
D(x,t) = (a0 + a1 (&) + a2 (¢)) €. (11)
Case |

If by = 93,01 = 20103, £r = 202093 + 92,03 = 20910,, L4 = V3, there
may exist parameters 9,9, satisfy 93, the solutions of (1) are
(»bip (’/I = 1~2’724)

Type L.
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9 — 409,93 > 0, 919, = 0, 9,93 # 0. We obtain the dark optical
solitons in the form as follows

92— 4959 tanh (1 /92— 4095 ) +0
d)'l(x, t) = |:a0+a] (_ /=430 2(1292\/1] 9y 3) 1)
2
+az (7 it (%S 0$74ﬁ203)+ﬁ]) :| x el

(12)

20,

We obtain the combined bright-dark optical soliton in the form
as follows

Pi(x,t) = {ao - <‘ [9% — 49,93 <lsech (g. 9% — 4192193)
+tanh <¢, f9% — 4/192193» + /191)
+3& (\ /97 — 40,03 (isech (5, J9% — 4192193>
2
+tanh (f\/ﬁ% —4192193)) +791> :| x el

We obtain the combined dark-singular optical solitons in the
form as follows

or(x,t) = {ao — (, [92 — 40,03 (tanh <}15, [93 — 4192/193)
+ coth (% \/m» +191>
+35 <\ 9% — 49,03 (tanh (}1 EyJ93 — 4192193>
+coth (%5,/1% - 4192193» +191ﬂ x @it

St = {aoJral((Z cosh( &/ - 4192193» <\/192 4050,

(13)

(14)

sinh (g 19 —4192793) <191 cosh( 4192793)
-1
ﬂ:l.\ / 19% — 4192’[93)) >
(15)

+ay <<<2 cosh (q/v% - 4192193» (\/ﬁf 49,0,

sinh (5,/19% - 4192793) - <191 cosh (é\/ﬂf - 4192793)
1\ 2

+iy /92 — 4192193» ) 1 x @i

Type IL.
19% — 49,93 < 0, 919, #0, 9,93 # 0. The collection of periodic
solitons are obtained

2
d’l13(X, t) = |:‘10+a1< \/40203 9] tan(zzl’gz\/zh;zd3 ) 1,])]

/40,0507 tan (e /40,0507 )~ : (16)
Up 03 —v7 tan (3¢ U3 =y | = i
+ap (— 30, ) ] x e,
I _ 243 cos( 499103~ )
Folxt) = |ao+a( — e
o3~ sm( Eq/ 403 -0 )+z?,cos (7 41)2193—191) (17)

203 cos( &N/ B0y 0302 ) 2 % e,-]//
(3e/a0205—2) ’

ol -
+ 2( /4050507 sin (3 /4020592 ) +0 cos (¢
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Pha(x,) [ao+a1 <(4rsm( Ev/ 49203 — >cos <4§1/4’I}2’l}3 — ))
(}, /492093 — ) 29, sm( 5,/41921937190
cos (%g\/40203 - ) N —19§>7])
+a2<<(4r5in <}1cjﬁ/4192193—19$) cos <31f 49,93 — ))
<2 49,105 7192 cos? (}15‘ /409,05 7191) —20;sin <25~/4192193 w%)
")-

1\ 2
\/4ﬁ2ﬁ3719f> > } el

(2 49,93 — 9] cos2

(18)

cos (31 49,095 —

Case Il
If 4o = 93,61 = 20193,0, = 0,63 = 2919, 04 = V3, ¢ is one of the
¢>f1', (n=1,2,...,12). A collection of dark optical soliton is observed

Ik t) = {ao ta (_ /=605 tanh (%E\/—602#3)+\/—20203>

20,

(19)

ra (_ /60505 tanh (%5«2/0260203%\/zraw;)T .
Ixt) = [ao a5 (v/=69,95 (tanh (} &v/=69,05)

+ coth (% é\/—6192193)) + 2\/—2’[92193)

+ 401*,22 (\/ *6192’!93 (tarlh (% 1Y, *6’[92193)

+coth (}6v/=67373)) + 2v/=2055)" | x e,

(20)

Case III
lp = ¢; = 0, we have the following solution of (1) in the form

ol (n=1.2,...,10).

Type L.
=103 =35y = gg@?’%, where ¢,,0,,0; are arbitrary
constants.
1 _ 0;sech(¢) 0;sech(¢) 2 iy
1 (X,6)= |ag+ay <gzsech(g’)+g3 +ay 2,5ech(®) + 0, xev. (21)
Type 1l
b=1,03= = Qi}g"%, where 0,,0,,0; are arbitrary
constants.
NG
Mix,t) = [ag + oy _0iCsch(E) +ay _oieseh(§) N\
0;¢sch(é) + o5 0,¢sch(¢) + 5
(22)

Eqgs. (21), (22) give a set of bright and singular optical solitons
for g, =0

2
Mix,t) = |ag + ay <Q153Ch(¢)) +a (Q]SECh(@) < eV (23)
93 )
. 2
III(X t) ap + aj (Q]CSCh(g)) +ay (Q] CSCh(é)) x eil[/. (24)
23 93
Type III
by =405 = _4(2@5]+Q4) = 402+4i§02+Q3' where ¢,,0,,05,0, are
arbitrary constants.
111 _ 0 sech? (&)
3 x.6) = {ao +a (gz tanh(& ;+03+o4sech (& ))

0;sech”(¢) (25)

2
[4 < iy
ta (Qztanh(:)+gz+g4sech2(:t)) ] < e
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Type IV
by =403 = 4(&;1292) g = 4@%—4§§a2+e§,

arbitrary constants.

where 0,,0,,05,0, are

ZI(X7 t) = |:C[() —+ a ( g]cschz(i) >

0, coth(§)+03+04¢sch? ()
(26)

2
0;csch? () > i
— @A) )| xel,

tez <Qz coth(&) +05 +@4csch?()

Another class of dark and singular optical solitons is obtained
for ¢, =0,

11 _ 0y csch®()
s (1) = [ao T (g2 coth(:)+g3+gzcschz(cj)>

(27)

0icsch?(¢) > iy
taz <choth<5>+gg+@zcsch2(£) } x e
Type V
2 _ 02 .
by =—1,03 = 2;’13 Ay = 939292, where ¢,,0,,0; are arbitrary
1
constants.
inh(g, &)+cosh(g; £))(sinh(g; £)+cosh(g, &
ixg) — {00 +a <_ (g, )scoshgy ) sinhig ) scos (@1€)+02)>
tay <7 01 (sinh(g1§)+cosh(glg“))ésinh(glC)+cosh(glcj)+gz)>2:| « ei\#' (28)
g3
Type VI
b =4ty =2 g, =58 where are arbitrary
2 by =20l z 01,02,03
constants.
2
Pt = oo (280 Y, (e )]
) P .
0, €sC(¢) + 05 0, CsC(&) + 03
(29)
Type VII

403 +4940
- 2

1

4(20,+ _L2
by =—4,0; = (202+e4) g = 2°% where 0,,0,, 05,0, are

1
arbitrary constants.

111 _ 0, sec? (&)
o (%,1) = [ao T (@z @an(e) 2 s secz(cf))

07 sec? (&)

2 ” (30)
Taz (taan(i)+eg+g4secz(i>) } xer.

Case IV
ty =t3=0, Eq.
v
¢y, (n=1,2,...,16) .
Type 1

1 12m? 1
by =yg,b="5" ly =4

(1) have solutions of the form

®'(£) = (a0 + ar(€ng) + az(ene)?) x e, (31)
gives the bright optical soliton for m — 1,

Y (&) = (ao + aysech(é) + az(sech(f))z) x e, (32)
and the periodic singular solutions for m — 0,

(&) = (ao + ay cos(é) + az(cos(g)f) x e, (33)
Type 11

lo = %,fz = 7173"12 s = ‘lp
oY (¢) = (ao + a;(nSE £ ¢s¢) 4 ay(nsé + cs§)2> x e (34)
gives the combined dark-singular wave solutions for m — 1,

o (&) = (ao + aq(coth(&) + csch(é)) + az(coth(é) + csch(é))z) x e,
(35)
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and the periodic singular solutions for m — 0,

oY (¢) = <a0 + a1 (COt(&) + csc(é)) + az(cot(&) + csc(é))2> x et
(36)

4. Discussion and results

To display a set of novel travelling wave solutions to the Eq. (1),
Mathematica 11.0 is executed to demonstrate the behaviour of bit
flow and to understand the complex structure of solitons for a set
of limitations. The parameter o € (0, 1] is the core constraint which
simulate the flow rate propagation, plays a key rote in telecommu-
nications and the theory of optical fibres.

Fig. 1 illustrates the solution |¢!(x,t)| constructed in Case I
(Type ) forx = -2, w=0.1,v=01,0=050=2,0=20=2,
y=1,¢,=1,¢6,=2,¢3=3,191 =519, = 1,93 =2, while Fig. 2 illustrates
the solution |¢5(x,t)| constructed in Case I (Type I) for k = -2,
w=01,v=-05a=10=10=2,0=2,y=1,¢,=1,¢ =2,
Gy =3,91 =3,9, =1, 93 = 1, whereas Fig. 3 visualizes the solution
|¢!o(x,t)] produced in Case I (Type I) for k = -2, w = 0.1, v = 0.1,
0=050=20=20=279=1¢=10¢,=2,63=3, 9 =5,
¥, =3, 93 = 2. Similarly, Fig. 4 illustrates the solution | ¢}, (x, t)| con-
structed in Case I (TypeI)forkx = -2, w=0.1,v=0.1,x=0.5, 6 = 2,
0=2,0=2,7=2,6,=16,=2,¢3=3,91 =3,9, =1, 93 = —1, while
Fig. 5 visualizes the solution |¢},(x,t)| constructed in Case I (Type
MHfork =01, w=1v=01,0a=10=20=20=279=2,
C1=],g2=2,;3=],’l91=1,'192=1,’l93=].

Comparably, Fig. 6 displays the solution |¢" (x, t)| constructed in
Casell (Typel)fork=-2, w=0.1,v=0.1,0=056=2,0=2,0=2,
Y=2,6,=12¢,=2,63=3,19, =0, 9, = —1, 93 = 1 whereas Fig. 7
reveals the solution |4!(x,t)| constructed in Case IIl (Type I) for
K=-2w=01,v=010=050=20=20=27=2G =5,
C;=2,63=30,=1,0, =2, 05 =3 and Fig. 8 displays the solution
|p5"(x, )| constructed in Case III (Type I) for k= 1, w = 0.5, v = 0.1,
a=10=20=20=2,7v=2,¢,=1¢,=2,63=3,0,=1,0,=2,
03 =3

Likewise, Fig. 9 illustrates the solution |¢% (x, t)| constructed in
CaselIV(m—1)fork=-2, w=01,v=01,a=050=20=2,
0=2,v=1,¢,=1,¢ =2,¢; =3, while Fig. 10 represents the solution
| (x, t)| constructed in Case IV (m — 0) for k = =2, @ = 0.1, v = 0.1,
a=050=20=20=2,79=1,6,=1,¢,=2,63=3.

Fig. 1. |®}(x,t)| :k=-2, 0=0.1,v=01,0=056=2,0=2,0=2,7=1,¢,=1,5, =2,
G3=3, 01 =510,=1193=2.
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O I = = = = = = = = = =
Fig. 2. [®}(x,0)] k= —2,0=0.1,v=-050=1,6=1,0=2,0=2,7y=1,¢,=1,;;=2,  F&5 [Ppyx0l:x=01, 0=1v=012=10=20=20=27=2¢=15=2
C3=3,01=3,0,=1,05=1. G3=lLdr=102=1,95=1.

<00

Fig. 6. |®Y(x,0) :k=-2,0=0.1,v=01,0=050=2,0=2,0=2,7=2,¢,=1,¢, =2,

i Y gC=— = = = = =20=27= = =
Fig.3. |®} (x,t)| :k=-2,w=0.1,v=0.1,0=0.506=2,0=2,0=2,9y=1,¢,=1,¢, =2, =30, 20,05 =1, 95 = 1.

Cy=3,01=51,=3 103 =2.

Fig.4. |0}, (x,t)] :k=-2,w=0.1,v=01,0=050=2,0=2,0=2,7=2,¢,=1,6, =2, Fig. 7. |0 (x,t)] ic=-2,0=0.1,v=0.1,00=0506=2,0=2,0=2,7=2,¢,=5,¢, =2,
C3=3,01=319,=1,05 = 1. G3=30,=10,=20;=3
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Fig. 8. |0V (x,0) :k=1,w=05v=01,00=1,6=2,0=2,0=2,9=2,¢,=1,5, =2,

G3=3,0,=1,0,=20;=3.

Fig.9. |0V (x,t))m - 1:k=-2,w=0.1,v=01,00=0.506=2,0=2,0=2,7=1,¢, =1,

=2,¢=3

Fig. 10. |0 (x,t) m—0:xk= -2, w=0.1,v=01,0=0506=20=2,0=2,7=1,

¢1=16=2¢6=3.
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5. Conclusion

In this paper, the resonant fractional nonlinear Schrédinger
equation with quadratic-cubic nonlinearity is investigated with
the help of the conformable derivative associated to the extended
FAN sub-equation method. The latest scientific computing tools
Mathematica11.0 is implemented to visualize the dynamics of the
complex fractional model (1). The structure of the model is dis-
played for various set of parameters in an intensive way. To further
analyze the behavior of the nonlinear fractional phenomenon, a
number of significant solitons have been systematically identified,
including bright, dark, singular, combination, optical, singular opti-
cal, and gloss-singular combination solitons, as shown in Figs. 1-
10. The parameter o is the core constraint which simulate the flow
rate propagation, plays a key rote in telecommunications and the
theory of optical fibres. The computational results are very encour-
aging, powerful, efficient and can also be extended to have
advanced exact solutions for many complex models from different
branches of engineering and applied sciences.
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