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ABSTRACT

In this work, we exemplify the behaviour of the nonlinear model of arbitrary order differential equations
by adopting g-homotopy analysis transform method (q-HATM). In the present study, the illustrated
scheme is a graceful amalgamation of Laplace transform with g-homotopy analysis algorithm and we
considered arbitrary order derivative using Atangana-Baleanu (AB) operator. The suggested nonlinear
system exhibits chaotic behaviour in nature with respect to considered initial conditions. Fixed point
hypothesis heard present the existence and uniqueness for the attained solution. We exemplified sug-
gested arbitrary order system with to illustrate and confirm the efficiency of the projected solution pro-
cedure. Further, the numerical simulation is illustrated and also the chaotic behaviour of the obtained
result captured with respect to arbitrary order in terms of plots. The obtained results confirm the pro-
jected scheme is highly methodical, easy to implement and very powerful to exemplify the nature of
the dynamical system of arbitrary order.

© 2021 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The theory and applications of arbitrary order derivative
recently magnetise the attention of many young researchers even
though it was originated in Newton’s time. Fractional calculus is
the most influential apparatus from the last few decades to exam-
ine and exemplify the nonlinear complex phenomena, due to the
auspicious assets namely, memory effect, nonlocality, analyticity
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and hereditary. Within the frame of FC, the most simulating leaps
in science, technology and their associated areas have been arises.
The fractional differential operators accomplished to exemplify the
necessary development of the nonlinear phenomena having a dif-
fusion mechanism. Many scholars begin to investigate on the FC
with fundamentals and its applications due to the progress of a
mathematical algorithm. The diverse definitions are anticipated
by numerous pioneering for fractional calculus, and which prear-
ranged the groundwork for FC (Liouville, 1832; Riemann, 1896;
Caputo, 1969; Miller and Ross, 1993; Podlubny, 1999; Kilbas
et al,, 2006). The fundamental theory and applications of FC are
widely illustrated in various aspects with emerging phenomena
like nanotechnology (Baleanu et al., 2010), chaos theory (Esen
et al., 2018), human diseases (Veeresha et al, 2019), optics
(Baleanu et al., 2017), and other fields (Veeresha et al., 2019a,
2020b, 2019c; Gao, 2020). Particularly, mathematical models
exemplifying diverse phenomena are analysed by the aid of
notions and fundamentals of FC, for instance authors in (Singh
and Srivastava, 2020) studied Liénard and D uffing equation arising
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in oscillating circuit theory and presented the numerical stimula-
tion within the frame of arbitrary order calculus, the epidemiolog-
ical model of the Ebola virus is analysed by Srivastava et al. in
(Srivastava et al., 2020) with the help of spectral collocation tech-
nique, the behaviour of the solution achieved for arbitrary-order
Drinfeld-Sokolov-Wilson system 1is captured by authors in
(Srivastava and Saad, 2020), Singh and his co-authors derived
numerical solution for arbitrary-order Bloch equation by adopting
the Jacobi polynomials (Singh and Srivastava, 2020), the overview
and recent developments are effectively illustrated by senior and
emeritus scholar in (Srivastava, 2020), new mathematical models
of the human immune against IAV infection is nurtured within
the frame of arbitrary order calculus by authors in (Srivastava
et al., 2020), and researchers in (Izadi and Srivastava, 2020) pre-
sented few stimulating results with respect to nonlinear arbitrary
order logistic equation by using an discretization approach.

Nowadays, there is a tremendous fascination towards the study
of nonlinear dynamics, particularly chaos and fractals. Dynamics is
the subject that deals with changes and systems that evolve in
time. This subject originated in the mid of 1600s when Newton
invented DEs. Particularly, the theory of chaos magnetized the
attention of many scientists and engineers due to the discovery
of the Lorenz attractor (Lorenz, 1963) and the innovation of high-
speed computers. In has been proven that, chaotic signal play a
vibrant role in the chaos-based information systems, and is used
for the control processing and secure communication. In addition
to this, authors in (Grigorenko and Grigorenko, 2003; Hammouch
and Mekkaoui, 2014; Baskonus et al.,, 2015) demonstrated the
essence of fractional order with chaos system in order to study
the various physical phenomena and capture the behaviour of nat-
ure in an effective and systematic manner.

The chaotic nature of the systems is the emerging and interest-
ing topic in the recent era. It has been studied and analysed by
many senior scholars in order to illustrate the many interesting
and emerging consequences arisen in diverse areas. In connection
with this, authors in (Owolabi and Atangana, 2018) capture the
chaotic behaviour of some fractional-order system, authors in
(Bhalekar et al., 2012) illustrated the chaotic nature of Bloch equa-
tions which address the key issue in NMR relaxation problem,
authors in Daftardar-Gejji et al. (2012) presented the chaotic
dynamics of Chen system having fractional order.

Many nonlinear interesting phenomena arisen in related fields
of science and engineering are systematically and effectively
demonstrated using fractional calculus. Many pioneers defined
the diverse notions for arbitrary order differential and integral.
However, each definition has its own limitation. The Riemann-
Liouville derivative fails to define the importance of the ICs, the
Liouville-Caputo fractional operator is not related to describe sin-
gular kernel. Later Caputo and Fabrizio in 2015 overcome these
limitations (Caputo and Fabrizio, 2015), and soon after many
researchers applied to analyse and illustrate some stimulating nat-
ure for complex models. Recently, some authors raised some issues
associated with important properties exemplifying the behaviour
of nonlinear problems like non-singular kernel and non-local. In
2016, Atangana and Baleanu proposed definition with the assist
of Mittag-Leffler functions, namely Atangana-Baleanu (AB) deriva-
tive (Atangana and Baleanu, 2016) and which get huge attention of
the research community.

We assume the model of the equation which described the
chaotic nature studied by Hammouch and Mekkaoui (Hammouch
and Mekkaoui, 2018):

X(t) = ~2x(t) — YA (). 9(0) = ~4x(D2(t) + 3y(t) - 22(8), 2(¢)
= AX(O)Y(t) - 72(t) + y(t)z(t) (1)
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Authors in (Hammouch and Mekkaoui, 2018) suggested the
simulation for the arbitrary order system with Caputo derivative
which poses the interesting chaotic behaviour by the aid of
Adams-Bashforth-Moulton scheme and also they demonstrated
the circuit design. In this work, we consider with AB derivative
to include non-singular kernel and non-local, and which as follows

aABCD?x(t) = —2x(t) — y2(t),
aABCD?y(t) = —4x(t)z(t) + 3y(t) — 22(t),
aABCD?z(t) = 4x(t)y(t) — 7z(t) + y(£)z(t),

0<o<l, )

whereais arbitrary order of the system.

In the last few decades, many advanced methods are proposed
by mathematicians and physicist to examine the differential and
integral equations. In this connection, Liao Shijun defined the
homotopy analysis technique (Liao, 1997, 1998). It has advanta-
geously and efficiently considered evaluating the solution for non-
linear problems. But, there is an essence of the amalgamation of
this algorithm and classical transform methods. Since this method
requires more computer memory and huge time for calculation
work.

In this present investigation, we exemplified and evaluate the
solution for the arbitrary order system describes the interesting
chaotic behaviour by the help of g-HATM. The projected scheme
is suggested by Singh et al. (Singh et al., 2016) with the aid of
Laplace transform associated to g-HAM. Here, q is an embedded
parameter defined by q € [0,1](n > 1), and as q increases from 0
to 1, then the obtained results vary from the primary guess to the
solution. As q gradually increases continuously toward 1/n, the
system goes through a sequence of deformations, and the solution
at each stage is close to that at the previous stage of the deforma-
tion. Moreover, authors in (EI-Tawil and Huseen, 2012) illustrated
that the convergence region of series solutions achieved by g-HAM
is increasing as q is decreased and which provides on improvisa-
tion in the classical scheme.

The suggested algorithm will reduce vast mathematical compu-
tations. The projected solution procedure is recently many
researchers considered in to exemplify the behaviour of many
classes of nonlinear and complex systems (Srivastava et al., 2017;
Veeresha et al., 2020, 2019; Gao, 2020; Veeresha and Prakasha,
2019, 2020; Kumar et al.,, 2018; Prakasha and Veeresha, 2020;
Kiran, 2020). Moreover, it cogently encompasses the consequences
of various classical techniques such as HPM, RDTM, Adomian
decomposition method and g-HAM, these shows its prodigious
generality. The projected method can decrease the computation
of the time and work as weigh compared the other classical
scheme while conserving the decent accuracy.

2. Preliminaries

We present the essential definitions of Laplace transform (LT)
and FC (Singh et al., 2018; Veeresha et al., 2020; Atangana and
Alkahtani, 2015, 2016; Prakasha et al., 2020).

Definition 1. For a function f € H'(a,b) the arbitrary order ABC
derivative is described as follows:

aABCD*(f(t)) = ;’?E“ic / F(E, {oc (’;:91) } 49, b>a (3)

Definition 2. For a f € H'(a, b) the AB arbitrary order derivative in
Riemann-Liouville sense is presented as
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aABRD!(f(t)) = 193_[“3)( % /atf(ﬁ)Ea [oc (;__191)“} d9, b>a (4 j}a} (1 ot )L{Zq)l (t:q) + P2t q)},

1
N[04 (£:9). 9 (8:). 05 (£:9)] = L, (£:)] — < Yo(t))
Definition 3. The arbitrary order AB integral presented as

t 1
aABRI (f(t)) = 13@]“ flt)+ B[a]ﬁ;m) / fo)(t— ) 'dv. G "o (1 —o+ )L{4¢>1 (t:q)s(t;q)

=30,(t;q) + ¥3(t;q)},

Definition 4. The Laplace transform (LT) with AB operator is 3 1
described as N'[:1(5:9), 92(t:9), @3(5:9)] = Llgs(5:q)] = < (@2(859))
_ Blo] s*Lf(8)] —s*'f(0) 1
L[aABRDE (f(t))] 1o s+ (/1 —w)) () ~ 70 (1 —o+ )L{4¢>1 tq)p,(t;q)
—795(t;:q) + @,(6; Q) @3(8:9)}- (13)

Theorem 1. For the Riemann-Liouville and AB derivatives, the
subsequent Lipschitz conditions respectively satisfy (Grigorenko
and Grigorenko, 2003)

At #(x,t) =1, the m-th order deformation equation is sug-
gested as is given as follows

|| GABRDZS, (t) — GABRD,(t) || < Kyl f1(xX) o) |, @) () Kk r (O] = A%t [ X1, Vi1, Zo ]
and LYn(t) = kY1 () = Mo | K1, Vi1 Zont |, (14)
|| GABRDF, (6) — GABRDZF,(1) || < Kol f() — f0) . 8)  Lizn(t) — knzns(6) = M [ Bt V1 Z .
where

Theorem 2. The arbitrary order DEs aABRD?f,(t) =s(t) has a Rim {?m—l:quv?m%} = Lxp_1(t)] — (1 ,kﬂ) {%(xo(t))}

unique solution is described by (Grigorenko and Grigorenko, 2003) &
1 s P o o e 1 ac
fO=1- 2550+ Zmr@ / S(E)E—¢)"de. O (1=t S 20+ Y Y
410 s i=0
. . . SN k 1
3. Solution for considered system with suggested method Ry { RtV ots 2 mil} Ly, (0] + (1 3 ﬂ) {E Yo (t))}
In this segment, we illustrate the efficiency of the suggested
algorithm to find the solution for a considered arbitrary-order non-
linear chaotic system. Moreover, we capture the behaviour of the ng <1 ot )L{“Z“m 1=
achieved results. Now, we have by the aid of Eq. (2), we have
aABRDx(t) + 2x(t) + y*(t) = 0, -
aABRD} 2 ~3Ymo1 + D ZiZn i}
[y(t) +4x(t)z(t) — 3y(t) +2*(t) =0, ,0<a <1, (10 -
aABRD;z(t) — 4x(t)y(t) + 7z(t) — y(t)z(t) = 0
associated to Ram [7m71,7m7177m—1} = Lizm-1 ()] + (1 - k—m) {% (ZO(t))}
a
X(0) = Xo(t), y(0) =yo(t), z(0) = zo(t). (11)
Using the Eq. (11) after applying LT on Eq. (10), one can have %M (1 ot )L{4leym o
1 1 o 2
LK(O) = 5 ((6) + = (1 - o+ )L{2x0) + (1)} -
) . Tz + Y Vizm1-i} (15)
L] = 5 00(0) + 7 (1 = 2+ ) L {40200 = 3y(6) + 2(0)} N
The Eq. (14) simplifies after employing inverse LT, as follows
Liz(t)] = §<z(,<m Xan() = K1 () + hLH{ R [ Ko, Vi Zont ]} im(0)
-1 v - —
- T@][&]' (1 - o+ ) Lax(O () + 72(0) ~y(Oz(O)}. (12) = k¥t )+ AL (o (Kot s Z ] 20
= knZm 1 (6) + AL Ry | Koty Vit Zmoa | - 16
Now, Nis defined as 10+ { > {X b Y 1]} (16)
] 1 On clarifying the Eq. (16) with x0(t) =0.7,y,=0.1 and
N'[@1(5:9), @2(t:9), @5(t: 9)] = L1 (£:9)] — < (*o(0)) Zo(t) = Owe can find the terms of
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1 m
) =0(0)+ > 1) ()
m=1
= 1
t) + Zym(t) o
m=1

4. Existence of solutions

Now, we consider the system (10) to illustrate the existence of
the solution as follows:
0ABCD{[x(t)] = G1(t, x),
0ABCD?[y(t)] = Ga(t,y),
0ABCD![z(t)] = Gs(t, 2).

(18)

By the help of Theorem 2, the above model transformed to the
Volterra integral equation and we have

X(6) = X(0) = G 91 (6:X) + 55y Jo 9 (G =07,
Y(O) =3(0) = G 9a(t.Y) + 5y Jo S2(Cy)(E -0 L,
2(6) = 2(0) = 55 43(6.2) + 55 Jy 9a(C2) (- 0"

(19)

Theorem 3. The kernel %; admits the Lipschitz condition and
contraction if 0 < (2 + A%) < 1 gratifies.

fi3]

-10
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Proof. Now, we consider uand u; to illustrate the essential result,

then
%1 (t,%) — %1 (t,x1)[| = [|(2[x(E) — x(t1)] + Y*(1)) ]
<12+ 23|llIx(t) — x(t1)]]
< (24 23) Ix(t) = x(t)| (20)

where |ly(t)|| < 4, be the bounded function. Putting 17, = 2 + /2
in Eq. (20), then

[%1(6:%) = %1 (t,x1) [ < [1xX(6) — x(t2) | (21)

Therefore, the Lipschitz condition is attained for %;. Moreover, if
0<(2+ /15) < 1, then it leads to contraction. Further, we get

{ [%2(,y) = %26y )l < n2lly(0) =y ()], 22)
1%3(t.2) — %3(t.20)] < mslz(t) — 2(t1)]).
The recursive form of Eq. (19) described as follows
Xn(t) = (t,Xn-1) + - x()xr fo G1(, Xa1)(t — C)Mﬁld(;
Yalt) = ‘ 2 %(t Yar) + 5 Jo G2 (C Y- 1>< —orde (23
z,(t) = (t201) + 552 Jo 93(Czna) (6= 0L
The associated initial conditions are
X(0) = xo(t),y(0) = yo(t)andz(0) = zo(t) (24)

-10 -5 o 5

Fig. 1. Chaotic nature of the suggested model (a) x—y, (b)y—zand (c)x—zath=-1,n=1and « =0.9.
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The successive difference between the terms is described as

$1n() :Xn(t) Xn-1(t)

= (;E;;) (gl(t,an) Y4 ([’ Xn_ 2)) + fO 4, nyn 1)(t _ C)x ]dé,7
) = (6 y,”() |
=S altyy 1) = Dty 2) + 5 o G2 (0= DL

¢3n( ) - Zn(t) _Zn—l(t)
= (;(f)) (Y3(t,zn1) — 93(t,202)) + m fé G3(L,2n01)(t - C)“’ldC.

Wn

(25)
Clearly ]
Xa(t) = Sy bai(0), ]
Ya(0) = 24 bai(0), (26)

)
yz(t) = Z?:l ¢3l(t)
)

By using Eq. (21) after employing the norm on the x,(t), we get

[ (Ol <

(- o
%) M

G ey Ol + gosees

x / Ib1cay Q). 27)
In the same manner, we have

[ p2n(B)]| < 52 4«) 2105l (O] + Farm 2 Io [ $2n-1) (O, ¥
Ib3n (Ol < G213l b3y (O] + 552551 Jo lb31) (O 1dC
(28)

With the assist of forgoing theorem, we find the following
result:

Theorem 4. If we have particular to, then the solution for the
model (10) exist and unique, and

(1—-0) 4 o
3@ T 3@
fori=1,2 and 3.

”i<l7

Proof. Let x(t),y(t) and z(t) be the bounded functions and admits the
Lipschitz condition. With the help of Eqs. (26) and (28), one can get
[(1—o) 0+ o . 1"

L #(o) ' B()T() ]

61O < [X:(0)

1)

(1 — o) o 1" ]

; <
||¢21(t)|| = Hyn(O)H I ﬂ(oﬂ) 112 +@(0€)F(<x) '12_ )
IO ] et S—, | 29) '

A= 1O @ B AT ™) - e

- 1 -3 -2 -1 a

Therefore, which show the existence and continuity for the 1)
attained solutions. In order to verify the system (29) is a solution (©)
for the model (10), we begin with
x(t) — x(0) = x,(t) — A 1 (1), Fig. 2. Chaotic nature of the suggested model (a) x—y, (b) y—z and (c) x —z at

h=-1,n=1and o = 0.95.
¥(€) = y(0) =y, (t) — A2 (L),

2(t) - 2(0) = Z(t) — A (). (30) +m / (t = 0" (G1(5,X) — %1 (G X))

Now, we consider

(1-o0) p
”fln( )H o ”( ( )) ((41 (t X) g] (t,Xn,1)) < ﬂ(d) ||(@] (t,X) - 51 (t,Xn—l))“
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o t
T BT@ /0 [(%1(L,%) — %1(L, X)) 1AL

> (‘lgzo((;() ’/]1||Xixn_]||+mnl“x7}‘n—1“t. (31)

Similarly at to, we get

n+1
ol < (ot + ate) MM (32)

From Eq. (32) we can observer that, as n — oo, || # 1,(t)|| — O.
Similarly, we can verify for || #2,(t)| and || 73,(¢)]-

Now, we present the uniqueness of the obtained solution. Sup-
pose x*(t),y*(t) and z*(t) be the set of other solutions, then one can
get

X(t) - X°(t) = (;Eag‘)

(@1(6,%) = % (6,X7))

Journal of King Saud University — Science 33 (2021) 101347

+ Y1 (C,X) -% (Ca X*))dc

o t
ot J,
the Eq. (33) reduces with the assist of the norm, to
(1-9)
B(or)
L
B(o)I (o)

() =2 Ol = 1 =2 (@1 (6,0 — 1 (£,x7)
/ (@00 - S X)L

(1-9
- B

M lIx(€) = x*(O)] + mmtl\xm - X (O]

With the assist of the above relation, one can get

et =0 (1= ey - o) <o

33)

(34)

35)

By the aid of forgoing relation, we can see that x(t) = x*(t), if

M

A1
[=]
T

-25 =20 -15 -1

-05 o0 0.5

)

Fig. 3. Chaotic nature for the suggested model (@) x —y, (b)y —zand (c) x —zath=—-1,n=1and o = 1.
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SN 2

Fig. 4. Chaotic nature of the suggested model ath=—-1,n=1and o = 1.

(1-a) o
(- smre ™) 2 (30)

Hence, Eq. (53) evidences our essential result.

5. Results and discussion

In this paper, we applied an analytical technique in order to
capture the chaotic nature of the projected fractional dynamical
system using g-HATM. The chaotic natures of the system (10) with
(X0,Y9,20) = (0.7,0.1,0) for  different  fractional  order
(i.e., a0 =0.90,0.95,1) have been respectively cited in Figs. 1 to 3
in the form of 2D plots. In Fig. 4, we present the 3D chaotic attrac-
tor for the future model at o = 1. In Fig. 5, the behaviour of the time
series for the system is demonstrated. The responses of the
obtained solution for the diverse value of o are presented in
Fig. 6. To demonstrate the nature of achieved results with the

Journal of King Saud University — Science 33 (2021) 101347

homotopy parameter, the h-curves are schemed with different
fractional-order and cited in Fig. 6. These curves help us to control
and adjust the convergence region. For a proper choice of h, the
acquired result quickly converges to the analytical solution. Fur-
ther, with the aid of all figures one can observe that the procedure
is exact and very efficient to exemplify the projected fractional
chaotic system (Fig. 7).

6. Conclusion

In this paper, we examined and capture the chaotic nature of
the projected arbitrary order model. In the present framework,
we illuminate the effeteness of the projected AB derivative and
since this derivative proposed by the assist of generalized
Mittag-Leffler function. We presented the existence and unique-
ness for the achieved results with the help of fixed point theorem.
More preciously, the considered scheme offered the solution for
the considered model without necessitating any discretization,
conversion or perturbation. As associated with consequences
accessible in the literature, the results acquired by the projected
solution procedure are more stimulating. The present investigation
illuminates, the projected chaotic system highly be contingent on
the time history and the time instant, and these phenomena can
be effectively exemplified will be aid of the concept of fractional
calculus. Lastly, the present study ensures considered solution pro-
cedure is very accurate, more effective and extremely methodical,
and it can be employed to describe the distinct classes of the
dynamical system.
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Fig. 5. Behaviour of the time series for the suggested model (a) x—y, (b)) y—zand (c)x—zath=-1,n=1and a = 1.
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