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The medical image enhancement is major class in the image processing which aims for improving the
medical diagnosis results. The improving of the quality of the captured medical images is considered
as a challenging task in medical image. In this study, a trace operator in fractional calculus linked with
the derivative of fractional Rényi entropy is proposed to enhance the low contrast COVID-19 images.
The pixel probability values of the input image are obtained first in the proposed image enhancement
model. Then the covariance matrix between the input image and the probability of a pixel intensity of
the input image to be calculated. Finally, the image enhancement is performed by using the convolution
of covariance matrix result with the input image. The proposed enhanced image algorithm is tested
against three medical image datasets with different qualities. The experimental results show that the
proposed medical image enhancement algorithm achieves the good image quality assessments using
both the BRISQUE, and PIQE quality measures. Moreover, the experimental results indicated that the final
enhancement of medical images using the proposed algorithm has outperformed other methods. Overall,
the proposed algorithm has significantly improved the image which can be useful for medical diagnosis
process.
� 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Image enhancement is a method of improving the content of
image for specific application. Medical image enhancement is
one of categories of image processing which has a big effect on
the diagnosis decisions (Zhou et al., 2020). One of important topic
in medical imaging is the ‘‘image contrast” which is related to the
brightest and the darkest pixels inside the image. The research on
detecting and treating COVID-19 infection has sparked people’s
interest across the world. Furthermore, the widespread availability
of X-ray and CT imaging modalities makes these two imaging
modalities ideal for detecting COVID-19 infection early. To have a
better understanding of the state of the COVID-19 infection, chest
X-rays and CT scans are used to view the disease spreading across
the lungs. Most of captured medical images suffering from low
contrast of organs and tissues, which makes it difficult to distin-
guish between the normal and abnormal tissues. Therefore, the
process of medical image enhancement is an important stage for
correctly diagnosing task. Different image processing algorithms
for image enhancement are developed for image contrast enhance-
ment. The applications of fractional calculus in science, and engi-
neering, have been significantly increased due to the ability of
fractional calculus in obtaining accurate solutions which makes
the fractional-order-based methods more suitable approaches for
many image processing methods like image enhancement
(Ibrahim Rabha et al., 2021; Jalab et al., 2021a; Jalab et al., 2017).

In the literature, several spatial domain algorithms-based
images enhancing methods have been reported. Fractional calculus
is the most extensively utilized concept in image enhancement
methods (Ibrahim & Baleanu, 2021a, 2021b; Jalab et al., 2022;
Veeman et al., 2021). Due to the unpredictable change in the qual-
ity of the acquired images, enhancing medical imagery is a difficult
undertaking. Based on this, we present an automated approach for
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improving low contrast COVID-19 images utilizing the trace oper-
ator in fractional calculus and the derivative of fractional Rényi
entropy (FToRE). We aim to provide a newmedical image enhance-
ment algorithm which improves the perception information in an
image for other image processing algorithms. The following are
the study’s major contributions:

1- A new dynamic image enhancement algorithm to achieve
better contrast enhancement.

2- A new FToRE image enhancement based on trace operator in
fractional calculus which is associated with the derivative of
fractional Rényi entropy.

3- A new convolution window developed by using the covari-
ance between the input image and the probability image.

2. Related work

Medical image processing has received significant interest
recently due to the spread of COVID-19 infection. Most of the med-
ical imaging systems generate images with noise or with low con-
trast quality, therefore, the diagnosis process accuracy may be
affected. In the medical imaging, quality of captured images is
affected by the organ structure, tissue complexity, as well as the
imaging system noise, whereas the quality of these images could
be enhancement to obtain a clearer image. Image enhancement
algorithms are used to improve the visual look of images in such
a way without modifying the image information. In this context,
numerous challenges of medical image processing have been pro-
posed researchers, and most of them focusing on image enhance-
ment. In the literature, several image enhancement methods
with different mathematical models have been proposed. Several
studies concentrating on increasing image quality have recently
suggested the concept of fractional-order-based image enhance-
ment algorithms. Roy et al. 2016 (Roy et al., 2016) applied the
‘‘Fractional Poisson” model to enhance video frames as a pre-
processing step for text detection and recognition. The main aim
was to remove the generated Laplacian noise from video frames
to enhance the detection accuracy. Since this approach was devel-
oped as a pre-processing for video frames enhancement, so, it may
not work well for medical image enhancement. Similarly, ‘‘local
fractional entropy” based image enhancement method was devel-
oped by Al-Shamasneh et al. 2018 (Al-Shamasneh et al., 2018) for
MRI kidney images enhancement. This model achieved good
results for MRI kidney image enhancement only. In the same
research direction the ‘‘Riesz fractional operator” model was devel-
oped by Raghunandan et al. 2017 (Raghunandan et al., 2017) to
enhance the low contrast license plate. This model worked well
for license plate images only. A dual illumination estimation for
improving the image illumination is presented in Zhang Q et al
2019, (Zhang et al., 2019). This approach was developed for only
low illuminated images but not for images with low contrast.
Zhang et al. 2019 (Zhang & Yan, 2019) also proposed a fractional
mask-based image enhancing method. This approach relied on
the output of the image segmentation for enhancing the input
images which was unable to enhance the image contrast
efficiently.

Recently, (Ibrahim Rabha et al., 2021) presented a fractional
partial differential equations(FPDEs) based mathematical model
for medical image enhancement. The FPDE’s key benefit is its abil-
ity to improve low-contrast photos. Similarly, (Jalab et al., 2021b,c)
proposed a new fractional calculus-based medical image enhanc-
ing method. This enhancement method improves image contrast
while preserving image features, but it is ineffective for improving
non-uniform illumination areas within input images. Furthermore,
(Jalab et al., 2021b,c) developed a novel fractional integral entropy
(FITE) model for image enhancement. This model well enhanced
2

the input images using the image contents linked with the frac-
tional power to enhance the illumination pixel value of the image.
While, in Ibrahim et al (Ibrahim Rabha et al., 2021), a new class of
fractional partial differential equations (FPDEs) was presented for
medical image enhancement. The achieved results showed the
benefit of using FPDEs in improving the medical image quality. In
Qin et al, 2020 (Qin et al., 2020), a medical low contrast image
enhancement method was proposed based on multi-scale Retinex
method. This method significantly improved the information of the
medical image in dark area. However, it has high complexity. In
Rahman et, al., 2021 (Rahman et al., 2021), the effect of five stan-
dard image enhancement algorithms for detection of COVID-19
from the X-ray images using six different deep learning CNN mod-
els was explored. This work proved the benefit of using image
enhancement as a pre-processing step for achieving good accuracy
for COVID-19 image classification. Likewise, in Qiu T 2020 (Qiu
et al., 2019) an effective medical image enhancement approach
using CNN has been proposed. The experimental results indicated
that the edge details of the input image are much enhanced. How-
ever, the limitation of CNN based image enhancement was with
the training images.

More recently the, the fractional calculus operators have proven
to be effective as new approach in image enhancement (Aldawish
& Ibrahim, 2022; Aldawish & Jalab, 2022). There is still room for
improvement, regardless of the results of the fractional operators
as an image enhancement. This study presents a new mathemati-
cal model (FToRE) based on fractional trace operator associated
with the derivative of fractional Rényi entropy to enhance the
low contrast image intensities, which is the study’s key contribu-
tion. The main advantage of proposed (FToRE) is its ability to
enhance the low contrast image intensities by the derivative of
fractional Rényi entropy.
3. Methods

This section gives a quick overview of the background of the
deep connection between the trace operator and the fractional
concept to develop the image enhancement model using the driv-
itive of Rényi entropy which is considered to be a fractional
entropy of poewer a.
3.1. The trace operator

The trace operator covers the idea of the constraint of a function
to the boundary of its domain to extend this function into a Sobo-
lev space W(X), where X is the bounded domain with Lipschitz
boundary L(@ X). This is mainly significant for the invetigation of
methematical formila containing the derivative. The trace operator
can be formulated for functions in W(X). Let be a bounded domain
with Lipschitz boundary. Then, the bounded linear trace operator
be given as follows (Ekeland & Temam, 1999):

s : WðXÞ ! Lð@XÞ
Such that

ksðxÞkLð@XÞ � C kxkWðXÞ ð1Þ

where C > 0 (positive constant). To consider a fractional trace oper-
ator, we need to define a fractional concept.

Since the trase operator is defined on the boundary Lð@XÞ;
therefore, the drivitive of the trase operator can be considered. This
study aims to generalize the trase operator in view of fractional
calculus. For this purpose we sugest to use the drivitive of Rényi
entropy which is considered to be a fractional entropy of poewer
a to enhance the low contrast image intensities.
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The recommended fractional order trace operator was used to
convert the formula to the appropriate kinds. It also has the poten-
tial to provide useful information about the images.

3.2. Rényi entropy

The image enhancement is a function used for improving the
image quality (Jalab et al., 2017). This concept motivated us to
develop a new medical image enhancement model using based
Rényi fractional entropy (RFE) which is presented as follows
(Jalab et al., 2021a):

Ra qð Þ ¼ 1
1� a

log
Xm
i¼1

qa
i

 !
;a � 0 ð2Þ

Ra qð Þ is obviously a non-increasing concave function in a � 0
for all discrete random variables. In addition, when a! 1, we
obtain the Shannon Entropy. Moreover, when a ? 0, RFE shows
the logarithm of the dimension of the space that is
R0 qð Þ ¼ log mð Þ: The temporal derivative of RFE can be used to con-
nect RFE with the trace operator (DeMars et al., 2013).

Ra qð Þ ¼ 1
2
s N�1N
� �

ð3Þ

where N;N�1; N indicate the covariance matrix of q, the inverse
matrix and the temporal derivative of @ respectively. q is the prob-
ability of the pixel i and j. Then, the covariance matrix of q is given
by:

@qiqj
¼ E½ðqi � EðqiÞÞðqj � EðqjÞÞ�

We next go on to look into the characteristics of (3).
Theorem 1
Consider Eq. (2) for a set of pixel probabilities. Then the upper

bound of Eq.(3) is given by

Ra qð ÞL @Xð Þ 6 Ma

2
C2

1 qi; qj

� �
C2

2 qi; qj

� �
; a P 0 ð4Þ

where C1;C2 indicate the branch covariance matrix N�1;N respec-
tively andMa > 0; is a positive constant depending on the fractional
parametera � 0 which is determined by

Ma ¼ max
a

CM1M2f g ð5Þ

Proof.
By substituting the trace operator theorem Eq. (1) in Eq.(3), we

have

Ra qð ÞL @Xð Þ 6 C
2

N�1NW Xð Þ

6 C
2

N�1
W Xð Þ NW Xð Þ ð6Þ

In view of [3]-Relation (9), we conclude that there are two pos-
itive constants M1;M2 > 0 satisfy the inequalities respectively.

k@�1kW Xð Þ � M1C
2
1 qi;qj

� �
;M1 > 0

And

jjNjjW Xð Þ 6 M2 C
2
2 qi; qj

� �
;M2 > 0: ð7Þ

Substituting the last two inequalities in inequality (5), we con-
clude that

Ra qð ÞL @Xð Þ 6
a
2

M1 C2
1 qi; qj

� �
:M2 C2

2 qi; qj

� �
ð8Þ

W ¼ a
2
½@�4:ðMaÞ ð9Þ
3

where Ma > 0 is a positive constant satisfy the inequalities in (4),
and a is the fractional parameter.

The following is the proposed image enhancement model
(FToRE):

FToRE = W*I ð10Þ
where (*) is the two-dimensional convolution of W and I. The pro-
posed image enhancement model (FToRE) is defined in (10), which
is based on fractional trace operator associated with the derivative
of fractional Rényi with the fractional parameter a. The idea behind
using proposed FToRE as an image enhancement is that the deriva-
tive of fractional Rényi model boosts the low contrast intensities
using the details of image pixels’ frequency. The steps of the algo-
rithm are as follows:

1. Consider the input image (I).
2. Initialize the fractal power (a = 0.036) as tune image enhance-

ment value.
3. Find the pixel probability value (q).
4. Calculate the covariance matrix @.
5. Calculate the proposed window W mask using Eq. (9).
6. Calculate the enhanced image using Eq. (10).

The fractional power a is the parameter for fine detail enhance-
ment in the proposed FToRE model. The value of a is obtained
empirically by calculating the average BRISQUE score for all images
in the dataset, as shown in Fig. 1. It should be noted that the best
BRISQUE score is reached when the value of is equal to 0.036
(lower is better).

4. The results

This section focuses on the proposed medical image enhance-
ment model’s performance analysis. All experiments are executed
using MATLAB 2021a on Windows 10, Intel(R), i7 with 8 GB RAM
and GeForce GTX 950M GPU(The Mathworks (2021). ‘‘Matlab”. In.
Massachusetts, USA).

4.1. Datasets

In this study, two datasets are obtained from:

1- The dataset contains 137 of COVID-19 and 317 in total con-
taining Pneumonia and Normal Chest X-ray. (Covid-19 Chest
X-rays Dataset.: COVID-19, Viral Pneumonia, Normal).

2- The CT scan dataset named as COVID-19 DATABASE is cre-
ated by ‘‘Italian Society of Medical and Interventional Radi-
ology” (Radiology, 2020).

4.2. Evaluation metrics

The following quality assessment metrics are used to assess the
improved image’s quality (The Mathworks (2021). ‘‘Matlab”. In.
Massachusetts, USA):

1- ‘‘The blind referenceless image spatial quality evaluator
(BRISQUE)”, which calculates the image perceived quality (Mittal
et al., 2011).

2- ‘‘Perception based image quality evaluator (PIQE)”, which
measures the image with arbitrary distortion (Venkatanath et al.,
2015).

4.3. Results of proposed FToRE model

The qualitative achieved results of the proposed image
enhancement model (FToRE) including the input images; the



Fig. 1. The average scour of BRISQUE for various values of a.
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enhanced images, as well as the histogram plot are shown in Fig. 2.
It is clear from Fig. 2 (b) that the input image pixel probability
looks dense, while the enhanced image pixels probability in
Fig. 2 (d) looks distributed. Some of image details of input images
are unclearly shown as illustrated in Fig. 2a. The achieved image
contrast is well enhanced by proposed FToRE model as shown in
Fig. 2c. This indicates that the image’s contrast has been improved
by proposed image enhancement model (FToRE), which proved the
a

b

c

d

Fig. 2. The output of the proposed FToRE enhancement algorithm. (a) Input images, (b) H

4

efficacy of the proposed FToRE as a medical image enhancement
technique.
4.4. Comparative analysis

For comparative analysis, we considered the following image
enhancement methods, which are proposed to improve images
with low contrast.
istogram of input images, (c) Enhanced images, (d) Histogram of enhanced images.
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Shamasneh et al.(LFE) (Al-Shamasneh et al., 2018), proposed
local fractional entropy for enhancing the MRI Kidney images with
low contract, while, Raghunandan et al. (RF) (Raghunandan et al.,
2017), proposed Riesz fractional method for license plate images
enhancement.

Zhang Q et al. (DIE) (Zhang et al., 2019), presented a dual illumi-
nation estimation method to improve the illumination of poor illu-
minated. Jalab et al (FITE) (Jalab et al., 2021b,c) introduced a new
fractional integral entropy (FITE) for medical image improvement.
Ibrahim et al (FPDE) (Ibrahim Rabha et al., 2021), proposed a new
class of fractional partial differential equations for medical image
improvement using a similar approach.

The qualitative enhancement results using the three standard
datasets are shown in Fig. 3. The input images are shown in
Fig. 3(a) while the corresponding enhanced images by proposed
method which are shown in Fig. 3(g). The brightness of fine details
in enhanced images such as edge pixels’ increases compared to the
edge pixels in the input images. Therefore, the proposed FToRE
algorithm enhancement images effectively independent of image
contents.

The quantitative enhancement results of proposed FToRE and
the existing methods are illustrated in Table 1. The proposed FToRE
algorithm has achieved the most accepted scores for BRISQUE, and
PIQE measures with respect to the existing enhancement methods.
In which the lower scores of BRISQUE, and PIQE represent the bet-
ter image quality. This supports the robustness of proposed FToRE
in improving the fine details of low contrast images whatever
image content.

Overall, the brightening enhancement of the proposed FToRE
algorithm makes becomes the image boundaries clear and well-
Input Images

(b) LFE (Al-

Shamasneh et al., 

2018)

(c)

RF(Raghunandan 

et al., 2017)

(d) DIE(Zhang et 

al., 2019)

(e) FITE (Jalab, 

Ibrahim, et al., 

2021a)

(f) FPDE (Ibrahim 

Rabha I et al., 

2021)

(g) Proposed 

FToRE

Fig. 3. The comparative analysis of enhancement results. (a) Input Image, (b) LFE (Al-Sha
(e)FITE (Jalab et al., 2021b,c), (f) FPDE (Ibrahim Rabha et al., 2021), (g) Proposed FToRE.
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seen. This is due to the model’s ability to produce fair visual results
for images with low contrast. This is the contribution of the frac-
tional trace operator with the fractional Rényi entropy in this
study.
5. Conclusions

In this study, we developed a novel image enhancing method
based on a trace operator in fractional calculus which is associated
with the derivative of fractional Rényi entropy to enhance the low
contrast images. The proposed method involved dynamic enhance-
ment using the convolution operation between the window mask
with the input image. The proposed image enhancement model
started with finding the pixel probability values of the input image,
then the covariance between the input image and the calculated
probability image be calculated as the enhancement window.
Finally, the proposed image enhancement is performed by using
the convolution window with the input image. The proposed
FToRE algorithm enhances images more successfully than existing
image enhancement algorithms, according to the findings of the
experiments. In comparison to previous approaches, the proposed
FToRE algorithm has the benefit of being better suitable for low
contrast image enhancement. The proposed enhancement model’s
limitation is that it may tend to over-emphasize smooth region-
s and retain or amplify noise as well. We will investigate how to
customize the proposed FToRE algorithm for specific applications
in future work to attain the best possible image contrast enhance-
ment outcomes.
masneh et al., 2018), (c) RF (Raghunandan et al., 2017), (d) DIE (Zhang et al., 2019),



Table 1
The quantitative enhancement results of proposed FToRE and the existing methods.

Input Image Enhanced Image

Methods BRISQUE PIQE BRISQUE PIQE

X-ray
LFE (Al-Shamasneh et al., 2018) 19.3789 22.0338 41.7218 39.7814
RF (Raghunandan et al., 2017) 25.4803 24.5502
DIE (Zhang et al., 2019) 14.7144 15.3783
FITE (Jalab et al., 2021b,c) 19.2169 23.2188
FPDE (Ibrahim Rabha et al., 2021) 16.9769 29.5673
Proposed FToRE 16.4486 21.0140
CT
LFE(Al-Shamasneh et al., 2018) 43.0733 45.3261 48.2256 49.6971
RF(Raghunandan et al., 2017) 41.1033 42.0481
DIE (Zhang et al., 2019) 41.7663 39.1558
FITE (Jalab et al., 2021b,c) 37.2590 40.4642
FPDE (Ibrahim Rabha et al., 2021) 43.2146 44.3182
Proposed FToRE 36.7163 41.4708
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