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This paper presents a novel technique for solving two new form of equation with fuzzy and integro-
differential equations. The proposed numerical iterative technique is based on the use of the reproducing
Kernel theory. Two numerical examples are given to show the effectiveness and performance of the pro-
posed technique. Simulation results are illustrated and comparative studies with past published works to
the exact solution from Laplace transform of order integer have been performed to emphasize the sim-
plicity and accuracy of the proposed technique. Moreover, future applications of the proposed technique
are also discussed. Numerical experimental results fully support the findings of the proposed analytical
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1. Introduction

The study of Integro-differential Equation has received increas-
ing interest in various physical, biological and engineering sciences
(Abu Arqub et al., 2013; Gushing, 2010; Cushing, 2013). For the last
two decades, many researchers have paid their attention to the
analytical and numerical methods for the solution of Integro-
differential Equation. Certain iteration methods subject to periodic
boundary conditions have been proposed to solve the Integro-
differential Equation (Ben-Zvi et al., 2016; Oza and Callaway,
1987; Heydari et al., 2014; Maayah et al., 2014; Matache et al.,
2005; Abbasbandy et al., 2013). The Reproducing Kernel Theory
(RKT) has potential applications in integral equations, integro-
differential equations, statistics, numerical analysis (Cattani,
2010; Abu Arqub et al., 2012; Jiang and Chen, 2013) among the
other numerical and analytical methods. The RKT method has been
successfully employed in the concerned literature to investigate

* Corresponding author.
E-mail address: iak_2000plus@yahoo.com (I. Ahmad).
Peer review under responsibility of King Saud University.

ELSEVIER Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.jksus.2017.04.002

certain scientific applications (Yang et al., 2012; Javadi et al,,
2014; Abu Arqub, 2015).

Most recently, the authors proposed a reproducing kernel Hil-
bert space method for solving a system of integro-differential
equations of integer order (Abu Arqub, 2015) and fractional order
(Bushnagq et al., 2013). In this paper, the authors generalize the idea
of RKT method to provide a numerical solution for solving both
fuzzy and fractional orders as given in (1). The present work is
the extension of the past published works (Yang et al., 2012;
Javadi et al., 2014; Abu Arqub, 2015; Bushnaq et al., 2013). To
the best of the author’s knowledge, the said problem has not been
discussed before.

Consider the following form of integro-differential equation of
integer and fractional orders:

DL, 3100 = g0y + [ FlEy(©)dey0) =, 1)

where f € (0,1] and x € [0,1], Df,-, denotes the left fractional
derivatives for Caputo of order  and y} is a fuzzy value as a trian-
gular number.

It can be observed that Eq. (1) is a general formulation of fuzzy
integro-differential equation of fractional orders.

The rest of the paper is organized as follows: Section 2 provides
the basic definitions about the integro-differential equations and
for clarification of the general formula of the equation fuzzy
integro-differential equation of integer and fractional orders,
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followed by some fuzzy and reproducing kernel definitions in
Sections 3 and 4, respectively. Algorithm of the solution based on
RKT is presented in Section 5. Two numerical examples are given
in Section 6. Finally, the paper concludes in Section 7.

2. Caputo and Riemann-Liouville definitions

This section presents some important preliminaries and
definitions.

2.1. Caputo definitions
The left and right fractional derivatives by Caputo sense

(Manuel and Coito, 2012; Shaher and Odibat, 2007; Caputo,
1967) are defined, respectively as next form:

Df yx) = % /IX (x — T)/P=F=1y 18D (7). 2)
D}, y(x) = % / ’ (= x) 1yl (1) dx, (3)

where I'() representsthe gamma-function, y“/”)(f)=dj'f{(,f> and

|B] < B < [B,B€Z,[]is used for the nearest integer number more
than g and || is used for the nearest integer number less than 8.

2.2. Riemann-Liouville definition

The left and right Riemann-Liouville fractional integral opera-
tors of order B> 0 (Oliveira and Machado, 2014) are defined
respectively as next form:

Toa Y(X) = ﬁ /a x—1)"y(r)de (4)
b
IéL,b*Y(X) = ﬁ /X (T —x) " 'y(t)dr. (5)

3. Fuzzy definition

In this section, the set of all real numbers is denoted by R and
the space of n-dimensional fuzzy number by Rj, where
y(x):R"—10,1]

Definition 3.1. Let yF(x) ¢ R} and r < [0,1], and R} denotes the
space of n-dimensional fuzzy number. The r-cut off yf(x) is the
crisp set [yf(x)] that contains all elements with degree in yf(x)
either greater than or equal to r, that is;

WV (x)] = {x €R:yp(x) > r}, for fuzzy number ug(x), its r-cut is
closed and bounded interval in R and are denoted as follows:

YF OV = V1.0 (0. Y12, (X)),

where,

Vi =min{x:x € Y (0]}, (6)
and

Vi =max{x:x e [y (x)]'}, foreach re][0,1].

For more details, please refer to Buckley and Qu (1991), Arshad
and Lupulescu (2011) and Yue et al. (1998).

Definition 3.2. The Triangular and trapezoidal fuzzy numbers
respectively (Yue et al., 1998; Ahmad et al., 2013), are defined as
follows:

0, x<a
X—a
yTRF(X) _ b—a’ a <X< b (7)
&2, b<x<c
0, x>c

where TRF represents the triangular fuzzy and y™ (x) € Rf, and
its r-cut as follows:

W) =[a+rb—a),c—r(c—b)], for re[0,1] (8)
0, x<a
Foa<x<b

yU¥x) =<1, b<x<c 9)
X cgx<gd
0, x>c

where TLF represents the triangular fuzzy and y™f(x) € Rg, and
its r-cut as follows:

YY) =la+r(b-a),d—rd-c), for re0,1]. (10)
4. Reproducing kernel definitions

Definition 4.1. Let HS {y(x)|y(x) is a real value function or complex
function, x € X is abstract set} is a Hilbert space, with inner product
Y(x),8X))ps (V(x),8(x)) € HS

if 3Uy(x) € HS V fixed y € X, then Uy(x) € HS and any y(x) € HS
which satisfies the following:

(), Uy(x)) =y,

then,

forall yeX

(i) Uy(x) is a reproducing kernel of HS.
(ii) HS is a reproducing kernel Hilbert space (RKHS).

Definition 4.2 ((Cui and Lin, 2009)). The function space FSy [a, b] is
defined as follows:

FSy[a,b] = {y : y" is absolutely continuous, i
=0,...,m—1,y™ ¢ [*[a,b]}, (11)

where (i) denotes the order of derivative.

Definition 4.3 Cui and Lin, 2009. The inner product in the func-
tion space FS'[a, b] for any functions y(x), v(x) € FSy[a, b] is given
by:

b

0. Vs = u@)2(0) + [ Y00l (12)
a

Definition 4.4 Cui and Lin, 2009. The norm in the function space

FSy'[a,b] for any functions y(x),v(x) € FSyla,b] is defined as
follows:

||J/‘|Fs;[a.b] = <J/7Y>Fs;[a_b] (13)

Definition 4.5 Cui and Lin, 2009. The inner product space of
FS2[0,1] is defined as:
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0 (a) +f:y<2> v (x)dx

=y(@v(@) +y V(@2 (@) + [}y ()0 (x)dx,
vy, v € FSa[a, b).

(14)

Definition 4.6 Cui and Lin, 2009. The norm in the function space
FS2[0,1] for any functions y(x), v(x) € FS¥'[a, b] is defined as:

Hy“FS%[O‘]] = \/<V7Y>Fs§[o‘1] (15)

Theorem 4.1 Cui and Lin, 2009. FS}[0, 1] is RKHS with reproducing
kernel and the first reproducing kernel (FRK) given by:

1+y, y<x

FR(y) = {1+x y>x

(16)

Theorem 4.2 Cui and Lin, 2009. FS2[0, 1] is RKHS with reproducing
kernel and the second reproducing kernel (SRK) given by:

Ty +% -2 y<x

SRK(y) = { (17)

T+xy+% -2 y>x

5. Proposed algorithm of solution

To solve Eq. (1) using RKHS, consider the following homogeniz-
ing the initial fuzzy condition y(x,) = y§ as:

Y(x) = y"(x) + ¥5(xo0)- (18)

Therefore, the Eq. (1) becomes equivalent to the following:

Dl (00 +yioxo)] = 2230 +¥(x0)) + | (Y0 + v,
(19)

where y(xo) = ¥5,y"(x0) =0, and g€ (0,1],x € [0,1], and Eq.
(19) is equivalent to next form as given below:

DL 00+ i) = gy 00 + 95+ [ Sey O+ v (20)

where y"(xo) =0 and g € (0,1],x € [0,1].
Under the effect of r-cut definition, Eq. (20) can be written as
follows:

D! 9™ (%) + [V1.17(X0), Y1 20 (%0)]]
= g% Y (%) + [V1.1:(X0), Y1 2r (X0)] / fae,yH

+ [yl,lr(XO)’.VI.Zr(XU)Ddtv (2])

where y"(xo) =0 and g € (0,1],x € [0,1].

Under the effect of fuzzy value over all equations, Eq. (21) can
be written as the system of integro-differential equations in new
next form as follows:

H(X) +y1.1:(%0)) + fo)if(t YH(E) + y1.0r(%0))dE,
1],x € 0,1].
H(X) + Y120 (%0)) + Jor f(

1],x € [0,1].

Dﬁm W (%) + Y10 (X0)] = g%,y
where ¥, (xo) =0and € (0
Dﬁow W5 (%) + Y12r (X0)] = 8(x,y YH(t) + 12, (x0))dt,
where y#, (xo) = 0and /)’ € (0,

(22)

Then, the following two cases arise.

Case 1 If y(xo)
0+ [yl 1r(

)
=gx,y"(x)+a+rb-a)
+ Joc fEey(t) +a+r(b—

)

(

(

=yf is a TRF, then Eq. (21) yields:
+a+r(b-a)

a))d,
D’ [y, (%) + ¢ —r(c—b)] 3)
c0t W 1.2r
=gx.y"(x)+c—r(c—b)
-s-fo+ t,yH(t) + ¢ —r(c — b))dt,
where r € [0,1],y,,.(%0) = 0,y{,,(%0), € (0,1] and x € [0, 1].
Case 2 If y(xo) = yf is a TLF, then Eq. (21) gives:
CO‘Lym( )+a+r(b—a)=gx.y?x)+a+rb—a)+ [y f(t.y7(t)
+a+r(b—a))dt,
DLy o (o) +d —r(d—c)] =g(x,y"(X) +-d —r(d - ) + [5. F(EY" ()
+d—r(d—c))dt,
(24)

where r € [0,1],y,,(x0) = 0,¥¥,,(x0), f € (0,1] and x € [0, 1].

Now solving Eq. (22) by using the RKHS tool, follows the next
procedure:
(i) Need to construct a reproducing kernel defined in Eq. (11).
Ly : FS3[0,1] — FS}[0,1] such that Ly;y%, (%)
= V1ir(®), (25)
then, L,;,i = 1,2, are bounded linear operators.
(ii) Let

{X1,X2,..., X} = {Xk}r; be a countable set in [0, 1].

(26)
At this stage, there are two cases.

Case 1 Consider the order of derivative in integro-differential
Eq. (1) is B =1, then, the linear differential operator is

used.
Case 2 Consider 8 € (0,1), then, the Caputo fractional operator
is used.
(iii) Let
@ (£) = SRKx(x,X), X" () = LiG 0" (%), (27)
where L% represents the adjoint operator of L .

Theorem 5.1. Let {x;,Xa,...
Suppose that the inverse operator L; !

X} = {xk};; is a dence set in [0,1],

1jr for Eq. (25) exists. Then,

YR} = (0T X)) (28)

is a complete fuzzy system of FS§ [0,1].

{7 (x), 3" (x), ...

Proof. Vy¥, (x) € FS3[0,1], let
Then
O/I{I‘jr(x)7Ykl‘ir(x))FS%[O‘]] = O’Ifl\jr( ), ]]rq)kljr(x))FSZO]
= <L1er1Jr( ) Py, ljr(x»FS1 0.1]
= Ly (%) =0,

(X X), Y7 (x)) =0, for k=1,2,...
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where {x};Z, is dense in [0, 1], then, L,y (x) =0
from the existence of inverse and the continuity of y# #(x). O

Using Gram process to construct orthonormal

(")} ,jo‘f)l ;) as the following:

system

1,ir —l1,ir —1,ir 1.ir (00.2)
(M0 5 W T ) = (B} of ES0.L

where

k N
Y=Y B0, BT >0, Vk=1,2,...00,i=12 (29)
j=1

where "

2013).

is orthogonalization coefficient (Abu Arqub et al.,

Theorem 5.2. Let {X1,X2,...,Xoc} = {Xk}q iS a dence set in [0, 1],
where the solution of Eq. (22) is unique on FS [0, 1], then, the solution
of these Eq. (22) is given by:

y] ;r ZQ}( erl Jir (30)

where

Lo Zﬂ”( 806.50%) + Yuask0) + [ FEY0) 43,000 ).

31

where i = 1.
And

12'*2#"( 806.5%) + Yrark0) + [ FEY0) 43,0 ).

(32)

where i = 2.

Proof. Note that {Y,l""(x)}i,zf_)i:]) in Eq. (29) is a complete
orthonormal basis of FS;*'[0,1]. Thus, y#,(x) can be expanded in

the Fourier series about the orthonormal system aswhere i = 1:

y] lr Z(yl 1r

Yl Jr ))Y;JT(X)

yl 1r Z(yl ir Y] r >Y1 zr( )

_ Z(yl o Zﬁllqer]l 1r

k

=ZZ/31" 1 (00, L5 0" (0) T (%)

k=1 j=1

Yl IT( )

8

ﬁ11r<L1,irqu1r( X), QD; )T )

T
n

I
hgE
LM»

B (€Y (X) + ¥11,(x0)) + Jo- F(EYH (D)

AagE
M?:-

x-
L
Il

-

J

110 (%0))de, 90 ) T ()

e
M»

ﬁl]glr( (vay (Xj) +.VI.1T(X0)) + j())‘{ f(tvyH(t)

T
—_
L

=
+Y1, 1r( ))dt)Tll{]r(x)

Clearly, ¥, (x) = >0, Q"Y' fori = 1.where i = 2:

yl 1r Z(yl ir
yl 2r 20/1 ir

Tl 2r ))Y’llr(x)
X), T2 ()Y (x)

Yl 2r( )

ﬂl er1 Jir
i Z

k
= Z 0 (), LG () T ()
k=1 :

T 4
=30 B Ly (%), @] 0) Y (%)

k=1 j=1
o« k
Zz]: ]zr
+Y12(X ))dt (Plzr( ))Y/lzr(x)
ook

Z o (806,01 (%) + Y120(%0)) + Ji F(E ()

Il
8 TMg

3

X) + Y1.2:(Xo) +fo+ ( yH(t)

+Y1.2r (X 0))dt)T:]< 2r( X)

Clearly, y4,,(x) = S5, Q> Y%, for i=2.
Through the application of the formula in Egs. (23), (31) and
(32) leads to the next forms, respectively.

”’fZﬁ“’ x Y (%) +a+r(b—-a) /fty

+1(b—a))dt), (33)
where i = 1.
And
12r Zﬂlzr X] +C—TC— / fty
—r(c — b))dt), (34)

where i = 2.
Now, the approximate solution of y’{ir(t) can be obtained by
taking finitely N-terms in Eq. (30), which is given as follows:

Yl ZQ& Y (x), (35)

For the approximate solution of Eq. (22), let discuss the follow-
ing two cases.

Case 1. If the initial value is a TRF, then:

N
y] 1r ZZﬂl lr

k=1 j=1

x] +a+r(b—a))

+ /] fe, () +a+r(b—a)do) Y} " (x), (36)
where i = 1.
And
y] 1r ZYl ” Z[gl ” XJ +C—T(C—b))

+/ F&, ¥ (%) + ¢ —r(c — b))db), (37)

where i = 2.
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Table 1
Results of y, ;,(x), when r = 0.
X Exact Solution for Approximate Solution  Error
Yi1r(x),r=0 for y; 4, (x),r =0
00 1.0 1.0 1.0
0.1 0.09139129761499401 0.09140732189 1.602427395 x 10~°
0.2 0.1703750454251937  0.1704008855 2.584008915 x 107>
0.3 0.2427946105625625  0.2428272169 3.260630034 x 10~°
0.4 0.3131354255840278  0.3131738996 3.847399588 x 10~°
0.5 0.3849752557910373  0.3850201079 4.485213601 x 107>
0.6 0.4613115423320764  0.4613642561 5.271378091 x 10>
0.7 0.5448029996492808  0.5448658117 6.281207332 x 10>
0.8 06379520045310086 0.6380278393 7583480056 x 10>
0.9 0.7432468092864707  0.7433393321 9.252276769 x 10~°
1.0 0.8632773332921827  0.8633911057 1.137724473 x 107*
Table 2
Results of y, ,,(x), when r = 0.
X Exact Solution for Approximate Solution  Error
Yiar(x),r=0 for y; 5,(x),r=0
00 20 2.0 0.0
0.1 1.7728457782490132  1.772756224 8.955466741 x 10~°
0.2 1.667543323444828 1.667406352 1369713923 x 107°
03 1.65721227300583994 1.657054154 1.585757531 x 10~
04 1.724168412974534 1.724003197 1.652161054 x 107
0.5 1.8574476540096005  1.857284432 1.632220096 x 10~°
0.6 2.0510930798934095  2.050937136 1.559440032 x 10°°
0.7 2.30297424901518 2.302829493 1.447555513 x 107
0.8 2.613996998399984 2.613867349 1.296488898 x 10~°
0.9 2.987594278355136 2.987484746 1.095328168 x 10~
1.0 3.429424290763692 3.429341985 8.230529053 x 1076
Table 3
Results of y, ;,(x), when r = 0.5.
X Exact Solution for Approximate Solution Error
Y11,(x),r =05 for y;4,(x),r=0.5
00 05 0.5 0.0
0.1 0.5117549177734989 0.5117445473 1.037046139 x 107>
0.2 0.5446671149301022 0.5446522521 1486278121 x 107°
0.3 0.5963991404365216 0.5963839512 1.518921303 x 10~°
0.4 0.6658936724316544 0.6658812239 1.244852945 x 107°
0.5 0.7530933553456781 0.7530861889 7.166400387 x 106
0.6 0.8587569267224099 0.8587574761 5.493348798 x 1077
0.7 0.9843458119907555 0.9843567322 1.092016716 x 107>
0.8 1.1319632528582564 1.131987717 2.446387798 x 10~°
0.9 1.304333676553637  1.304375685 4.200887155 x 107>
1.0 1.5048140726600605 1.504878826 6.475301284 x 10>
Table 4

Results of y, ,,(x), when r = 0.5.

Table 5
Results of y, ;,(x)andy; ,,(x), when r = 1.0.
X Exact Solution for Approximate Solution Error
Y11r(%) and yy 5 (x), for y; 1,(x) and y; 5, (x),
r=10 r=10
0.0 1.0 1.0 0.0
0.1 0.9321185379320037 0.9320817727 3.676519673 x 10~
0.2 0.9189591844350107 0.9189036188 5.556565157 x 10~°
0.3 0.9500036703104807 0.9499406856 6.298472639 x 10°
04 1.018651919279281 1.018588548 6.337105478 x 107>
0.5 1.121211454900319 1.12115227 5.918493679 x 10~°
0.6 1.2562023111127427 1.256150696 5.161511116 x 10~°
0.7 1.4238886243322302 1.423847653 4,097173901 x 10~°
0.8 1.6259745011855036 1.625947594 2.69070466 x 107>
0.9 1.8654205438208034 1.865412039 8.505024577 x 1076
1.0 2.1463508120279373 2.146366546 1573357838 x 10~°
Table 6

Results of y, ;,(x), ¥, 5 (x), when r = Oandp = 0.9.

X Approximate Solution for y, 1,(x), ~ Approximate Solution for y, ,,(x),
r=0and =09 r=0and =09

0.0 0.0 2.0

0.1 0.1046233715 1.760498987

0.2 0.1901266044 1.659279709

0.3 0.2639141379 1.672267844

0.4 0.3345895685 1.766712006

0.5 0.407120093 1.927536637

0.6 0.4850255456 2.148099512

0.7 0.571182339 2.426921574

0.8 0.6681857686 2.765976621

0.9 0.7786341156 3.170065497

1.0 0.9053539844 3.646721337

Table 7

Results of y; 1,(X).y; - (x), when r = 0.5andp = 0.9.

Approximate Solution for y; ;,(x),

r=05and =09

Approximate Solution for y; ,.(X),

r=05and =09

00 05 1.5

0.1 0.5185922754 1.346530083
0.2 0.5574148807 1.291991433
0.3 0.6160025645 1.320179417
04 0.6926201778 1.408681396
0.5 0.787224229 1.547432501
0.6 0.9007940372 1.73233102
0.7 1.035117148 1.962986765
0.8 1.192633482 2.241528909
0.9 1.376491961 2.572207652
1.0 1.590695822 2.961379499

Table 8

Results of y; 1,(X),y;,.(x), when r = 1.0andp = 0.9.

X Exact Solution for Approximate Solution  Error X Approximate Solution for y; 1,(x), ~ Approximate Solution for y, ,,(x),
Y12r(),7 =05 for y; (x),r=0.5 r=10and =09 r=10and =09

00 15 1.5 0.0 00 1.0 1.0

0.1 1.3524821580905086 1.352418998 1.037046139 x 107> 0.1 0.9325611793 0.9325611793

0.2 1.2932512539399192 1.293154985 1.486278121 x 10°° 0.2 0.924703157 0.924703157

0.3 1.3036082001844398 1.30349742 1.518921303 x 10~° 0.3 0.968090991 0.968090991

04 1.3714101661269074 1.371295873 1.244852945 x 107° 04 1.050650787 1.050650787

0.5 1.4893295544549596 1.489218351 7.166400387 x 10> 0.5 1.167328365 1.167328365

0.6 1.6536476955030763 1.653543916 5.493348739 x 10~° 0.6 1.316562529 1.316562529

0.7 1.863431436673705 1.863338573 1.092016716 x 107> 0.7 1.499051957 1.499051957

0.8 2.119985749512751 2.119907472 2.446387798 x 107° 0.8 1.717081195 1.717081195

0.9 2.42650741108797 2.426448392 4.200887155 x 107> 0.9 1.974349806 1.974349806

1.0 2.787887551395815 2.787854266 6.475301284 x 10> 1.0 2.276037661 2.276037661
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Case 2. If the initial value is a TLF, then:

Wir(t) = ZYl (. ZE T(gx. Y (%) +a+r(b—a)
n / eV () + a+ (b — a))de), (38)
where i = 1.
And
Y ZYI T(x) Zﬂ,l;f *y"(x) +d—r(d-0))

+ / TF(e %)+ d— r(d — ©)do), (39)

wherei=2. O
6. Numerical examples

Example 1. Consider the following fuzzy integro-differential
equations with integer order

D, y(x) = =2y(x) + 5 [5 y(t)dt + 1, when
B=1,

¥(x0) =y(0) =y5 = (0,1,2),x € [0,1]. (40)
Solution.

The exact solution for the last example by Laplace transform
method give by:

(1)
(—1-VBx _ p(~1+vB)x
X)=—————————,
Yiar(%) 26

where r = 0.0.

(ii)
Y1.2r(x) = ‘1‘1*2(724 + ]2(*1*\/5))( i \/6(71—

146
7\/6‘5( 1+ 6)x)+27

where r = 0.0.
(iii)
ler(X) =

VB)x 112 (-1+VB)x

2.5(=0.2 + 0.0598e34498 | (0.1408¢! 449 4 0.5,

where r = 0.5.

(iv)

V12:(%) = —=2.0(=0.75 — 0.426e 3449 _

0.324e™4495%) 1 1.5,

where r = 0.5.

(v)

V11r(X) = Y100(%) = 5 (—2 + e1VOx pel1HVBX) 4 q

N —

where r = 1.0.

Approximate solution by RKHS at N = 50 is listed in Tables 1-5.
From these tables, one can see the accuracy in comparing the
approximate solution with the exact solution. These results show a
convergence in results between the approximate solution and
exact solution at different values of r.

Example 2. Consider the following fuzzy integro-differential
equations with fractional order g = 0.9

DI,y = 240 +5 | "yt +1, a1

where y(xo) = y§ = (0,1,2) and x € [0, 1].

Solution. In this example approximate solution by RKHS has
been finding at N = 15. Results are listed in Tables 6-8.

As compared to the past published results, the proposed
approach generalizes the idea of RKT method to provide a
numerical solution for solving both fuzzy initial value and
fractional orders. The proposed solution covers multi cases for
the different initial conditions.

7. Conclusion

In this paper, new steps and procedures for solving fuzzy
integro-differential equation of integer and fractional orders by
the reproducing Kernel theory, where the initial value in problems
given as a triangular fuzzy or trapezoidal fuzzy is focused. Numer-
ical simulation results fully support analytical findings. The pro-
posed approach appears well adaptable to fuzzy applications that
need multiple and variable values. Moreover, the method and all
the procedures are suitable to solve nonlinear problems in frac-
tional calculus with uncertain situation.

The presented results can extended to the cases of other inter-
vals with using another reproducing kernel suitable for these cases
and can extended to the cases system fuzzy integro-differential
equation.
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