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1. Introduction

Historically, it has been established that the question of the
numerical derivation of the fractional order of functions and its
inverse integral operation has been discussed in various correspon-
dences between Gottfried Leibniz (1646–1716), Guillaume de
L’Hôpital (1661–1704). However, the question will remain con-
fined to this fact and no major development was realized by these
early precursors in this field of mathematics, it is only later, when
studying certain phenomena in fluid mechanics, that it was
observed the presence of an integral of order one-half in the equa-
tions of heat when it is desired, for example, to explain a lateral
heat flux of a fluid flow as a function of the temporal evolution
of the internal source. As a result, developments took place in dif-
ferent fields of study, in particular hydrodynamics, thermodynam-
ics, diffusion theory, electrochemistry, to name but a few examples
(Ziane et al., 2016).

In addition to the above, we find that the development of this
branch has also led to the emergence of linear and nonlinear
differential equations of fractional order, which became requires
researchers to use conventional methods to solve them, for
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example, the Adomian decomposition method (Adomian et al.,
1989; Adomian et al., 1990; Adomian et al., 1994), homotopy
perturbation method (He et al., 1999; He et al., 2005; He et al.,
2000) and variational iteration method (He et al., 1997; He et al.,
1998; He et al., 1998). The reader wishing to learn more about
the subject can consult (Singh et al., 2016; Kumar et al., 2017;
Aslefallah and Shivanian, 2015; Hosseini et al., 2016; Abbasbandy
et al., 2011; Soltani et al., 2016).

Recently, local fractional derivative and calculus theory has
been introduced by the researcher in (Yang et al., 2011; Yang,
2012), which is set up on fractal geometry and which is the best
method for describing the non-differentiable function defined on
Cantor sets Yang and Hua, 2014. The fractional calculus is used
in generalized Newtonian mechanics, the Maxwell’s equations
and the Hamiltonian mechanics Golmankhaneh et al., 2015. This
then led to the emergence of ordinary differential equations or
partial differential equations relating to this new concept, which
became known as local fractional differential equations or local
fractional partial differential equations, prompting some
researchers to use the above-mentioned methods to solve this
new type of equations, among them we find, local fractional
Adomian decomposition method (Yang et al., 2015; Baleanu
et al., 5350; Yang et al., 2013), local fractional homotopy pertur-
bation method (Yang et al., 2015; Zhang et al., 2015), local frac-
tional variational iteration method (Yang et al., 2014; Yang et al.,
2026), local fractional variational iteration transform method
Yang et al., 3659 and local fractional Laplace decomposition
method Jassim et al., 2015. Other authors have also been inter-
ested in this area of research (see Kumar et al., 2017; Singh
et al., 2016).

The objective of this study is coupling the Adomian decomposi-
tion method (ADM) with Sumudu transform in the sense of local
fractional derivative. Then we apply this modified method to solve
some examples related to linear local fractional partial differential
equations.
2. Preliminaries

In this section, we present the basic theory of local fractional
calculus and we focus specifically on the following concepts: local
fractional derivative, local fractional integral, and local fractional
Sumudu transform. Some important results are cited.

2.1. Local fractional derivative
Definition 2.1. The local fractional derivative of UðrÞ of order m at
r ¼ r0 is defined by (Yang et al., 2011; Yang, 2012)

UðmÞðrÞ ¼ dmU
drm

����
r¼r0

¼ DmðUðrÞ �Uðr0ÞÞ
ðr � r0Þm

; ð2:1Þ

where

DmðUðrÞ �Uðr0ÞÞ ffi Cð1þ mÞ ðUðrÞ �Uðr0ÞÞ½ �: ð2:2Þ
For any r 2 ða; bÞ, there exists

UðmÞðrÞ ¼ Dm
rUðrÞ;

denoted by

UðrÞ 2 Dm
r ða; bÞ:

Local fractional derivative of high order is written in the form

UðmmÞðrÞ ¼ DðmÞ
r � � �DðmÞ

r UðrÞ
zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{m times

; ð2:3Þ
and local fractional partial derivative of high order is

@mmUðrÞ
@rmm

¼ @m

@rm
� � � @

m

@rm
UðrÞ

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{m times

: ð2:4Þ
2.2. Local fractional integral
Definition 2.2. The local fractional integral of UðrÞ of order min the
interval ½a; b� is defined as (Yang et al., 2011; Yang, 2012)

aI
ðmÞ
b UðrÞ ¼ 1

Cð1þ mÞ
Z b

a
UðsÞðdsÞm

¼ 1
Cð1þ mÞ lim

Ds�!0

XN�1

j¼0

f ðsjÞðDsjÞm; ð2:5Þ

where Dsj ¼ sjþ1 � sj;Ds ¼ max Ds0;Ds1;Ds2; � � �f g and
sj; sjþ1
� �

; s0 ¼ a; sN ¼ b, is a partition of the interval ½a; b�. For any
r 2 ða;bÞ, there exists

aI
ðmÞ
r UðrÞ;

denoted by

UðrÞ 2 IðmÞr ða;bÞ:
2.3. Some important results
Definition 2.3. The local fractional Laplace transform of UðrÞ of
order mis

Lm UðrÞf g ¼ 1
Cð1þ mÞ

Z 1

0
Emð�smrmÞUðrÞðdrÞm: ð2:6Þ
Definition 2.4. In fractal space, the Mittag–Leffler function, sine
function and cosine function are defined as (Yang et al., 2011;
Yang, 2012)

EmðrmÞ ¼
Xþ1

m¼0

rmm

Cð1þmmÞ ; 0 < m 6 1; ð2:7Þ

sinmðrmÞ ¼
Xþ1

m¼0

ð�1Þm rð2mþ1Þm

Cð1þ ð2mþ 1ÞmÞ ; 0 < m 6 1; ð2:8Þ

cosmðrmÞ ¼
Xþ1

m¼0

ð�1Þm r2mm

Cð1þ 2mmÞ ; 0 < m 6 1: ð2:9Þ

The properties of local fractional derivatives and integral of
non-differentiable functions are given by (Yang et al., 2011;
Yang, 2012)

dm

drm
rmm

Cð1þmmÞ ¼
rðm�1Þm

Cð1þ ðm� 1ÞmÞ ; ð2:10Þ

dm

drm
EmðrmÞ ¼ EmðrmÞ; ð2:11Þ

dm

drm
sinmðrmÞ ¼ cosmðrmÞ; ð2:12Þ

dq

drq
cosqðrqÞ ¼ �sinqðrqÞ; ð2:13Þ

0I
ðmÞ
r

rmm

Cð1þmmÞ ¼
rðmþ1Þm

Cð1þ ðmþ 1ÞmÞ : ð2:14Þ
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2.4. Local fractional Sumudu transform

We present here the definition of local fractional Sumudu
transform (denoted in this paper by LFSm) and some properties
concerning this transformation Srivastava et al., 1763. If there is
a new transform operator LFSm : UðrÞ�!FðuÞ, namely

LFSm
X1
m¼0

amrmm
( )

¼
X1
m¼0

Cð1þmmÞamumm: ð2:15Þ

As typical examples, we have

LFSm EmðimrmÞ
� � ¼

X1
m¼0

immumm: ð2:16Þ

LFSm
rm

Cð1þ mÞ
� 	

¼ um: ð2:17Þ

Definition 2.5. The local fractional Sumudu transform of UðrÞ of
order mis

LFSm UðrÞf g¼FmðuÞ¼ 1
Cð1þmÞ

Z 1

0
Emð�u�mrmÞUðrÞ

um
ðdrÞm; 0< m61

ð2:18Þ
Following (2.18), its inverse formula is defined by

LFS�1
m FmðuÞf g ¼ UðrÞ; 0 < m 6 1: ð2:19Þ
Theorem 2.1. (linearity). If LFSm UðrÞf g ¼ FmðuÞ and LFSm uðrÞf g ¼
WmðuÞ, then one has

LFSm UðrÞ þuðrÞf g ¼ FmðuÞ þWmðuÞ: ð2:20Þ
Proof. From the definition (2.18), we obtain the result. h
Theorem 2.2. (local fractional Laplace-Sumudu duality). If

Lm UðrÞf g ¼ UL;m
s ðsÞ and LFSm UðrÞf g ¼ FmðuÞ, then one has

LFSm UðrÞf g ¼ 1
um

Lm Uð1
r
Þ

� 	
; ð2:21Þ

Lm UðrÞf g ¼ Sm Uð1sÞ
� �
sm

: ð2:22Þ
Proof. By using the formulas (2.6) and (2.18), we get the results of
this theorem. h
Theorem 2.3. (1) (local fractional Sumudu transform of local frac-
tional derivative). If LFSm UðrÞf g ¼ FmðuÞ, then one has

LFSm
dmUðrÞ
drm

� 	
¼ FmðuÞ � Fð0Þ

um
: ð2:23Þ

As the direct result of (2.23), we have the following results. If
LFSm UðrÞf g ¼ FmðuÞ, we obtain

LFSm
dnmUðrÞ
drnm

� 	
¼ 1

unm FmðuÞ �
Xn�1

k¼0

ukmUðkmÞð0Þ
" #

: ð2:24Þ

When n ¼ 2, from (2.24), we obtain

LFSm
d2mUðrÞ
dr2m

( )
¼ 1

u2m FmðuÞ �Uð0Þ � umUðmÞð0Þ
h i

ð2:25Þ
(2) (local fractional Sumudu transform of local fractional integral). If
Sm UðrÞf g ¼ FmðuÞ, then we have

LFSm 0I
ðmÞ
r UðrÞ

n o
¼ umFmðuÞ: ð2:26Þ
Proof. (see Srivastava et al. (1763)). h
Theorem 2.4. (local fractional convolution). If LFSm UðrÞf g ¼ FmðuÞ
and LFSm uðrÞf g ¼ WmðuÞ, then one has

LFSm UðrÞ �uðrÞf g ¼ umFmðuÞWmðuÞ; ð2:27Þ

with

UðrÞ �uðrÞ ¼ 1
Cð1þ mÞ

Z 1

0
UðsÞuðr � sÞðdrÞm:
Proof. (see Srivastava et al. (1763)). h
3. Local fractional Sumudu decomposition method

Let us consider the following linear operator with local frac-
tional derivative

LmUðr; sÞ þ RmUðr; sÞ ¼ gðr; sÞ; ð3:1Þ

where La ¼ @ma

@tma ðm 2 N�Þ denotes linear local fractional derivative
operator of order mm;Rm denotes linear local fractional derivative
operator of order less than Lm, and gðr; sÞ is the non-differentiable
source term.

Taking the local fractional Sumudu transform (denoted in this
paper by LFSm) on both sides of (3.1), we obtain

LFSm LmUðr; sÞ½ � þ LFSm RmUðr; sÞ½ � ¼ LFSm gðr; sÞ½ �: ð3:2Þ

Using the property of the local fractional Sumudu transform, it
follows

LFSm Uðr;sÞ½ �¼
Xm�1

k¼0

ukm@
kmUðr;0Þ
@tkm

þumm LFSm gðr;sÞ½ �
 ��umm LFSm RmUðr;sÞ½ �
 �
:

ð3:3Þ
In taking the inverse local fractional Sumudu transform of both

sides of (3.3), it follows

Uðr; sÞ ¼
Xm�1

k¼0

ukm @
kmUðr;0Þ
@tkm

tkm

Cð1þ kmÞ þ
LFS�1

m umm LFSm gðr; sÞ½ �
 �
 �
� LFS�1

m umm LFSm RmUðr; sÞ½ �
 �
 �
: ð3:4Þ

According to the Adomian decomposition method Adomian
et al., 1989, we decompose the unknown function U as an infinite
series given by

Uðr; sÞ ¼
X1
n¼0

Unðr; sÞ: ð3:5Þ

Substituting (3.5) in (3.4), we get

X1
n¼0

Unðr; sÞ ¼
Xm�1

k¼0

@kmUðr;0Þ
@tkm

tkm

Cð1þ kmÞ

" #
þ LFS�1

m umm LFSm gðr; sÞ½ �
 �
 �

� LFS�1
m umm LFSm Rm

X1
n¼0

Unðr; sÞ
" # ! !

: ð3:6Þ



86 D. Ziane et al. / Journal of King Saud University – Science 31 (2019) 83–88
On comparing both sides of (3.6), it then comes

U0ðr; sÞ ¼
Xm�1

k¼0

@kmUðr;0Þ
@tkm

tkm

Cð1þ kmÞ

" #
þ LFS�1

m ummLFSm gðr; sÞ½ �
 �
;

U1ðr; sÞ ¼ � LFS�1
m umm LFSm RmðU0ðr; sÞÞ½ �
 �
 �

; ð3:7Þ
U2ðr; sÞ ¼ � LFS�1

m umm LFSm RmðU1ðr; sÞÞ½ �
 �
 �
;

U3ðr; sÞ ¼ � LFS�1
m umm LFSm RmðU2ðr; sÞÞ½ �
 �
 �

;

..

.

The local fractional recursive relation in its general form is

U0ðr; sÞ ¼
Xm�1

k¼0

@kmUðr;0Þ
@tkm

tkm
Cð1þkmÞ þ LFS�1

m ðummLFSm gðr; sÞ½ �Þ;

Unðr; sÞ ¼ �LFS�1
m ðummLFSm RmðUn�1ðr; sÞÞ½ �Þ;

ð3:8Þ

where 0 < m 6 1; n 2 N� and m ¼ 1;2;3; . . .

4. Applications

In this section, we will implement the proposed method local
fractional Sumudu decomposition method (LFSDM) for solving
some examples.

Example 4.1. First, we consider the following local fractional
partial differential equation

@mUðr; sÞ
@sm

þ @2mUðr; sÞ
@r2m

� Uðr; sÞ ¼ 0;

Uðr;0Þ ¼ sinmðrmÞ:
ð4:1Þ

From (3.8) and (4.1), the successive approximations are

U0ðr; sÞ ¼ sinmðrmÞ;

Unðr; sÞ ¼ �LFS�1
m um LFSm

@2mUn�1ðr; sÞ
@r2m

� Un�1ðr; sÞ
" # ! !

; n P 1:

ð4:2Þ
According to the successive formula (4.2), we have

U0ðr; sÞ ¼ sinmðrmÞ;

U1ðr; sÞ ¼ �LFS�1
m um LFSm

@2mU0ðr; sÞ
@r2m

� U0ðr; sÞ
" # ! !

;

U2ðr; sÞ ¼ �LFS�1
m um LFSm

@2mU1ðr; sÞ
@r2m

� U1ðr; sÞ
" # ! !

;

U3ðr; sÞ ¼ �LFS�1
m um LFSm

@2mU1ðr; sÞ
@r2m

� U1ðr; sÞ
" # ! !

;

..

.

ð4:3Þ

and so on.
From the formulas (4.3), the first terms of local fractional

Sumudu decomposition method are given by

U0ðr; sÞ ¼ sinmðrmÞ;

U1ðr; sÞ ¼ sinmðrmÞ 2sm

Cð1þ mÞ ;

U2ðr; sÞ ¼ sinmðrmÞ 4s2m

Cð1þ 2mÞ ;

U3ðr; sÞ ¼ sinmðrmÞ 8s3m

Cð1þ 3mÞ ;

..

.

Unðr; sÞ ¼ sinmðrmÞ ð2smÞn
Cð1þ nmÞ:

ð4:4Þ
Then the local fractional series form is

Uðr; sÞ ¼ sinmðrmÞ 1þ 2sm

Cð1þ mÞ þ
ð2smÞ2

Cð1þ 2mÞ þ
ð2smÞ3

Cð1þ 3mÞ þ � � � þ ð2smÞn
Cð1þ nmÞ þ � � �

 !

ð4:5Þ

Hence the exact solution of (4.1) by local fractional Sumudu
decomposition method has the form

Uðr; sÞ ¼sinmðrmÞ
X1
n¼0

ð2smÞn
Cð1þ nmÞ ¼ sinmðrmÞEmð2smÞ: ð4:6Þ
Example 4.2. Second, we consider the local fractional Laplace
equation as Yang et al., 2026

@2mUðr; sÞ
@s2m

þ @2mUðr; sÞ
@r2m

¼ 0;

Uðr;0Þ ¼ 0; ;
@mUðr;0Þ

@sm
¼ �EmðrmÞ:

ð4:7Þ

From (3.8) and (4.7), the formula of successive approximations
is

U0ðr; sÞ ¼ �EmðrmÞ sm

Cð1þ mÞ ;

Unðr; sÞ ¼ �LFS�1
m u2m LFSm

@2mUn�1ðr; sÞ
@r2m

" # ! !
;n P 1:

ð4:8Þ

According to the successive formula (4.8), we obtain

U0ðr; sÞ ¼ �EmðrmÞ;

U1ðr; sÞ ¼ �LFS�1
m u2m LFSm

@2mU0ðr; sÞ
@r2m

" # ! !
;

U2ðr; sÞ ¼ �LFS�1
m u2m LFSm

@2mU1ðr; sÞ
@r2m

" # ! !
;

U3ðr; sÞ ¼ �LFS�1
m u2m LFSm

@2mU2ðr; sÞ
@r2m

" # ! !
;

..

.

Unðr; sÞ ¼ �LFS�1
m u2m LFSm

@2mUn�1ðr; sÞ
@r2m

" # ! !
:

ð4:9Þ

From the formulas (4.9), the first terms of local fractional
Sumudu decomposition method are given by

U0ðr; sÞ ¼ �EmðrmÞ;

U1ðr; sÞ ¼ EmðrmÞ s3m

Cð1þ 3mÞ ;

U2ðr; sÞ ¼ �EmðrmÞ s5m

Cð1þ 5mÞ ;

U3ðr; sÞ ¼ EmðrmÞ s7m

Cð1þ 7mÞ ;

..

.

Unðr; sÞ ¼ EmðrmÞð�1Þnþ1 sð2nþ1Þm

Cð1þ ð2nþ 1ÞmÞ :

ð4:10Þ

Then the local fractional series form is

Uðr; sÞ ¼ �EmðrmÞð1� s3m

Cð1þ 3mÞ þ
s5m

Cð1þ 5mÞ � � � � þ ð�1Þn

� sð2nþ1Þm

Cð1þ ð2nþ 1ÞmÞ þ � � �Þ ð4:11Þ
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Hence the exact solution of (4.7) by local fractional Sumudu
decomposition method is given by

Uðr; sÞ ¼ � EmðrmÞ
X1
n¼0

ð�1Þn sð2nþ1Þm

Cð1þ ð2nþ 1ÞmÞ ¼ �EmðrmÞsinmðsmÞ:

ð4:12Þ
Example 4.3. Finally, we consider the following local fractional
partial differential equation with the initial conditions

@4mUðr; sÞ
@s4a

� 2m
@3mUðr; sÞ

@r3m
¼ 1; ð4:13Þ

Uðr;0Þ ¼ Emðð2rÞmÞ; @
mUðr; 0Þ
@sm

¼ 0;

@2mUðr;0Þ
@s2m

¼ �22mEmðð2rÞmÞ; @
3mUðr;0Þ
@s3m

¼ 0:
ð4:14Þ

From (3.8) and (4.13), we get the following formula

U0ðr; sÞ ¼ Emðð2rÞmÞ � 22mEmðð2rÞmÞ s2m

Cð1þ 2mÞ þ
s4m

Cð1þ 4mÞ ;

Unðr; sÞ ¼ LFS�1
m u4m LFSm 2m

@3mUn�1ðr; sÞ
@r3m

" # ! !
;n P 1:

ð4:15Þ

Using the formula (4.15), we obtain the following successive
approximations

U0ðr; sÞ ¼ Emðð2rÞmÞ 1� 22m s2m

Cð1þ 2mÞ
� 


þ s4m

Cð1þ 4mÞ ;

U1ðr; sÞ ¼ LFS�1
m u4m LFSm 2m

@3mU0ðr; sÞ
@r3m

" # ! !
;

U2ðr; sÞ ¼ LFS�1
m u4m LFSm 2m

@3mU1ðr; sÞ
@r3m

" # ! !
;

U3ðr; sÞ ¼ LFS�1
m u4m LFSm 2m

@3mU2þ�ðr; sÞ
@r3m

" # ! !
;

..

.

Unðr; sÞ ¼ LFS�1
m u4m LFSm 2m

@3mUn�1ðr; sÞ
@r3m

" # ! !
:

ð4:16Þ

According to the formulas (4.16), the first terms of local frac-
tional Sumudu decomposition method have the form

U0ðr; sÞ ¼ Emðð2rÞmÞ 1� 22m s2m

Cð1þ 2mÞ
� 


þ s4m

Cð1þ 4mÞ ;

U1ðr; sÞ ¼ Emðð2rÞmÞ 24m s4m

Cð1þ 4mÞ � 26m s6a

Cð1þ 6mÞ
� 


;

U2ðr; sÞ ¼ Emðð2rÞmÞ 28m s8m

Cð1þ 8mÞ � 210m s10m

Cð1þ 10mÞ
� 


;

U3ðr; sÞ ¼ Emðð2rÞmÞ 212m s12m

Cð1þ 12mÞ � 214m s14m

Cð1þ 14mÞ
� 


..

.

ð4:17Þ

Then the local fractional series form is

Uðr;sÞ¼ s4m

Cð1þ4mÞþEmðð2rÞmÞ 1� ð2sÞ2m
Cð1þ2mÞþ

ð2sÞ4m
Cð1þ4mÞ�

ð2sÞ6m
Cð1þ6mÞ

 

þ ð2sÞ8m
Cð1þ8mÞ�

ð2sÞ10m
Cð1þ10mÞþ �� �þð�1Þn ð2sÞ2nm

Cð1þ2nmÞþ �� �
!

ð4:18Þ
Hence the exact solution of (4.13) by local fractional Sumudu
decomposition method take the form

Uðr; sÞ ¼ s4m

Cð1þ 4mÞ þ Emðð2rÞmÞ
X1
n¼0

ð�1Þn ð2sÞ2nm
Cð1þ 2nmÞ

¼ s4m

Cð1þ 4mÞ þ Emðð2rÞmÞ cosðð2sÞmÞ: ð4:19Þ
5. Conclusion

The coupling of Adomian decomposition method (ADM) and the
Sumudu transform method in the sense of local fractional deriva-
tive, proved very effective to solve linear local fractional partial dif-
ferential equations. The proposed algorithm provides the solution
in a series form that converges rapidly to the exact solution if it
exists. From the obtained results, it is clear that the LFSDM yields
very accurate solutions using only a few iterates. As a result, the
conclusion that comes through this work is that LFSDM can be
applied to other linear local fractional partial differential equations
of higher order, due to the efficiency and flexibility in the applica-
tion as can be seen in the proposed examples.
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