Journal of King Saud University — Science 35 (2023) 102460

Contents lists available at ScienceDirect
Journal of King Saud University - Science =
journal homepage: www.sciencedirect.com
Original article
Exponential stabilization of swelling porous systems with thermoelastic )

damping

Check for
updates

Tijani A. Apalara®*, Moruf O. Yusuf b Soh E. Mukiawa?, Ohud B. Almutairi?®

2 Department of Mathematics, University of Hafr Al- Batin (UHB), Hafr Al- Batin 31991, Saudi Arabia
b Department of Civil Engineering, University of Hafr Al- Batin (UHB), Hafr Al- Batin 31991, Saudi Arabia

ARTICLE INFO ABSTRACT

Article history:

Received 9 June 2022

Revised 24 September 2022
Accepted 17 November 2022
Available online 24 November 2022

We study two systems of swelling porous thermoelasticity with minimum damping. Employing the stan-
dard multiplier method, we stabilize the systems exponentially without imposing restrictions on the
wave velocities of the systems. This result is contrary to those obtained for closely related systems (like
Timoshenko and porous systems) with similar single damping. In such scenarios, the authors established

that a single damping term is insufficient to exponentially stabilize the system unless the assumption of

AMS Subject Classifications:
93D23
35B40
74F05

Keywords:

Swelling porous
Thermoelasticity
Exponential stability

the equality of wave velocities is imposed.
© 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

It is imperative to study the characteristics of engineering mate-
rials for energy conservation, safety, environmental sustainability,
and the effective use of thermal insulation for mechanical and civil
engineering applications (Thomas and Rees, 2009). Understanding
the thermal properties of materials, such as thermal conductivity
and diffusivity, could provide further details about their thermal
performance under elastic loading conditions where a restrained
strain will induce stresses. Several studies have addressed different
methods to test these materials thermal related properties for
engineering and energy conservation applications (Low et al.,
2013; Sundberg, 1988; Upadhyay et al., 2011). It was established
in Liu et al. (2020) and Lopez-Acosta et al. (2021) that understand-
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ing the thermoelastic properties of the material enhances their
effective utilization for foundation stability. Meanwhile, Ghorbani
et al. (2017) proved that the presence of moisture could inversely
affect the peak velocity under dynamic vibration at elevated tem-
peratures. This could occur to the soil under structural foundations
due to earthquakes which could induce more significant shear
stress due to thermal changes of underline soil materials. Seasonal
changes such as summer and winter could cause changes in the
behavior of the substructure soil characteristics due to tempera-
ture gradient.

It is crucial to provide solutions towards understanding the
complexity of swelling porous using mathematical formulations
because it enables scientists and engineers to adequately compre-
hend the swelling soil’s behavior under several loading and damp-
ing conditions. Mathematically, the fundamental system of
equations governing the swelling porous thermoelastic soils (see
Eringen, 1994; Quintanilla, 2002) is formulated as

Pl — AUy — A2 Uxx — b1 Oy + Cv(uxt - th) — Oy =0,
oVt — g Uxx — Qallyy — 2 Ox — E(Uyxe — V) =0, (1.1)
p®t — ,u2®xx - ﬁ]uxt - ﬁZyXf = O’

where the unknown variables u, 7,0 : (0,L) x [0,00) — R, respec-
tively, symbolize the fluid displacement, the elastic solid material,
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and the temperature variation. The positive parameters p,, p,, des-
ignate the densities relate to z and u, respectively, and p denotes the
heat capacity. The other parameters &, o, a;, i;, f;,i = 1,2 are consti-
tute constants satisfying

a;>0, ;. >0, f;>0, ¢>0, 0>0, ajp, > a3

Quintanilla (2002) considered (1.1) in the isothermal case, ® = 0,
which necessitates that g; = , = 0, that is

Prle — il — A2 Ve + E(Uxe — Uxe) — Olllyee = 0,

1.2
pz Ut — ,u1 Uxx — QpUxx — Cy(uxt - vxt) =0. ( )

Employing the standard energy method, he proved that system
(1.2) decay exponentially. In addition, using Hurwitz theorem, he
showed that system (1.2) with ¢ =0 also decay exponentially. It
is obvious that system (1.1) in its general thermal case is exponen-
tially stable. Further on the case ¢ =0, we mention the work of
Wang and Guo (2006). They considered (1.2) with ¢=0 and
replaced the term —ouu,, with o(x)u,, that is

Prlle — Aillyx — A Uxx + A(X)U = 0,

13
pz Ut — ,ul Uxxy — QaUyx = 0, ( )

and stabilized the system exponentially via the spectral method.
Ramos et al. (2020) recently worked on system (1.2) with
¢ =0 =0 and a nonlinear feedback o(t)g(z;) added to the second
equation, that is

Pils — Al — G Uy = 0,

14
P2Vt — Py Usx — Gallx + 0(£)g(2:) = 0. (14)

They obtained an exponential stability result under the assumption
of equality of wave velocities, that is

G _ ﬂ, (1.5)
P P2

Meanwhile, Apalara et al. (2021a) proved the same exponential sta-
bility result for system (1.4) regardless of assumption (1.5). In a
similar work, Apalara (2020) investigated system (1.4) replacing
the nonlinear feedback with a viscoelastic damping represented

by fég(t — S)VUx(S)ds, that is,
PqUg — iUy — Q2 Uy = 0,

1.6
P2Vt — g Uxe — Qo + [ 8(E — 5) U (S)ds = 0, (1.6)

and achieved a general stability result without imposing the
assumption of equality of the system’s wave velocities. Readers
are invited to consult (Feng et al., 2022; Quintanilla, 2004;
Quintanilla, 2002; Ramos et al., 2021; Choucha et al., 2021;
Ramos et al., 2022; Apalara et al., 2022a; Apalara et al., 2021b; Al-
Mahdi et al., 2021; Al-Mahdi et al., 2022a; Al-Mahdi et al., 2022b;
Al-Mahdi et al., 2022c¢; Youkana et al., 2022; Baibeche et al., 2022)
and the references therein for more fascinating results.

In this article, we consider two independent swelling porous
classical thermoelastic systems with minimum damping terms.
The first system is

plutt —Q1lxx — Q2 Uxx = 0
le/n - ,Lt] Uxx — QalUxx — ﬁz(')x =0
POL — O — fr Ve =0

and the second system is

in (0,L) x [0, 00),
in (0,L) x [0, 00), (1.7)
in (0,L) x [0, 00)

p1utt — M Uyxy — U Vxx — ﬁ]®x = 0
pz U — M] Uxx — QalUxx = 0
p®t - ,uQ@)O( - ﬁluxt = 0

in (0,L) x [0, 00),
in (0,L) x [0, 00), (1.8)
in (0,L) x [0, 00).
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Each of the systems is supplemented with initial conditions:

u(x,0) = ug(x), u(x,0) =us(x), v(x,0) = vo(x),
vi(x,0) = v1(X), O(x,0) = Og(x), x e (0,L) (1.9)

and boundary conditions:

u(0,t) = u(L,t) = v(0,t) = v(L,t) = ©4(0,t) = O(L,t) =0,

t € [0,00). (1.10)

In each case, we utilize the standard energy method (also known as
the multiplier method) to demonstrate exponential stability results
notwithstanding the system’s wave velocities. The result is unex-
pected as opposed to the result obtained for similar systems like
thermoelastic porous, where the exponential stability depends on
the wave velocities. For example, in Casas and Quintanilla (2005),
Casas and Quintanilla considered

Pl — Wylhey — by 4 fO, = 0,
JU — 0V + buy + Ev —mb =0,
a0; — Uy Ox + Py + My =0

(1.11)

and proved a slow decay of solutions. The same result was obtained
by Pamplona et al. (2009) when yvy,: was added to the fluid dis-
placement equation in (1.11). However, Santos et al. (2019)
extended the slow decay result obtained in Casas and Quintanilla
(2005) to exponential stability under the equality of the system’s
wave velocities. Analogous result was achieved by Apalara in
Apalara (2019). For the thermoelastic Timoshenko system, we men-
tion the result of Rivera and Racke (2002), where they considered

Pl — K(ux+ v), =0,
PVt — bvg + K(ux + v) + 70, = 0,
PO — O + YUy =0

(1.12)

and demonstrated an exponential stability result owing to the
assumption o= % See (Janior et al., 2014) for similar result. In

all these systems, we see that the exponential stability results
depend on the equality of wave velocities of the system. Interest-
ingly, in our systems ((1.7) and (1.8)), we establish the exponential
decay results without any restrictions on the wave velocities or any
other relationship between the system’s parameters. We must say
that the result is similar to the result obtained for the thermoelastic
Timoshenko system free of the second spectrum (Apalara et al.,
2022b).

Using the boundary conditions (1.10), it follows from the last
equation in (1.7)(which is also true for (1.8)) that

% (/OL O(x, t)dx) =0.

So, using the intial condition
j;f O(x,t)dx = fOL Oy (x)dx. By setting

(1.9), we have

O(x,t) = O(x,t) —% /OL B (x)dx

we get fé 0(x,t)dx = 0. Consequently, the usage of Poincaré’s
inequality is appropriate to the Neumann boundary conditions on
©. Furthermore, it is obvious that 0, = ©, 0, = Oy, and 0,x = Oy.
Accordingly, systems (1.7), (1.9)-(1.10) and (1.8), (1.9)-(1.10),
respectively, transform to



T.A. Apalara, M.O. Yusuf, S.E. Mukiawa et al.

Pille — il — Q2 Uy = 0,

PV — ,u1 Uxxy — OaUyxy — ﬁZOX = 0:
POt — 10w — oV = 0,
u(x,0) = up(x), ue(x.0) = Uy (x), v(x,0) = vo< % (113)
ve(%,0) = v1(x), 0(x,0) = Op(x) _%f
u(0,) = u(L,t) = v(0,t) = v(L,t) = 64(0, t)_HX(L £)=0
and
P1Uu —O1Uxx — Uy Uxx — /319x = 0~,
Po Ut — ,u1 Uxx — Oalxx = 0;
PO — 0 — 1y = 0,
U 0) = o0, 1, 0) = h (4 #(3,0) = (), (114)
v(x,0) = v1(x), 0(x,0) = Og(x) — 1 [T Op(x)dx,

u(0,t) = u(L,t) = v(0,) = v(L,t) = 0,(0,t) = O,(L,t) =0,

for (x,t) € (0,L) x [0,00). Moving forward, we consider systems
(1.13) and (1.14). The following is the outline of the remaining sec-
tions: In Section 2, we demonstrate an exponential stability result
for (1.13). Section 3 deals with the proof of an exponential stability
result for (1.14). We end the paper with conclusions in Section 4.
Throughout this article, the letter c, in the estimates denotes a Poin-
caré’s constant.

2. Stability result for (1.7), (1.13)

Specific to our system, we have the following suitable Lyapunov
functional

P(t) == GE(t) + i:%,-f,-(t)
i=1

where ¢ >0, 4;>0,i=1---

vt >0, 2.1)

4, are constants to be discreetly cho-

sen later. #;,i=1---4, are auxiliary functionals given by

L

F1(t) == azp, / (veu — uv)dx, (2.2)
0

L L

75 (t) —pz/ vtz)dx——pl/ Uy vdx, (2.3)

= —p/ vt/ 0(y)dydx, (2.4)

F4(t) = f/ ucudx, (2.5)

0

and E represents the energy of the system (it is the same for both
systems) defined by

vt > 0.
(2.6)

1 L
E(t) =5 /0 (o112 + a1u? + po 0% + py V2 + p0® + 2a5u ] dX,

The routine implementation of both Young’s inequality as well as
Cauchy-Schwarz inequality leads to the critical fact that the Lya-
punov functional 2 is equivalent to the energy E provided that ¥
is sufficiently large. Specifically, for large ¥ and some constants
01, f, >0, we have

GE(t) <2(t) < LE(1),

The next five lemmas capture the derivatives of the energy func-
tional E and the estimate of the derivatives of functionals
Fi,i=1-..4. Afterwards, we state and prove Theorem 2.6 which
deals with the exponential stability result for system (1.13).

vt > 0. (2.7)

Lemma 2.1. The energy E of system (1.13) defined by (2.6), satisfies
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L
E(t) = ,Mz/ Rdx <0, V&> 0. (2.8)
0

Proof. By respectively multiplying (1.13);, (1.13),, and (1.13)3 by
u;, ¢, and 0, then using integration by parts with respect to x on
the product, we get

&g d/‘ 5 E/L - /L B
3 dt/ dx+2 a de+a2dt‘0 Uy vydx az‘o Uy Vyedx=0, Vt>0,

(2.9)
d . 2 oL L

F dt/ vzdx+ 5 dt/ de+a2A uxyxtdx+ﬂ2/) ve0dx=0, Vt>0,

(2.10)
2dt/ szx+,u2/ 02dx — [;’2/ Vu0dx=0, Vt>0. (2.11)
Summing (2.9)-(2.11) and considering (2.6), yields (2.8). square
Lemma 2.2. The functional %1, defined by (2.2), satisfies

2

7 ( 2 1) 4Py L2
Tt [0 uzdx + ( + ( b ,u]> )fo vidx 2.12)

+f2c, [L62dx,  Vt>0.

Proof. Taking the derivative of (2.2) and using (1.13), we see that,
for all t > 0,

ﬁ’l(t):—aﬁ/o uZdx + 2p2/0 v2dx

P1

L L
+az <% - Nl) / Uy Vydx — a2 8, / UyOdX.
p 0 0

By first utilizing Young's inequality followed by Poincaré’s inequal-
ity, we get,

a2<alp2—u]>/ U vydx < 2/ u?dx
P1 0

(2.13)

ap z ot
+ (ﬁ—u> / dx,  Vt>0, (2.14)
1 0
t a [t 2 L
—azﬂz/o uXdegz/O uxdx+ﬁch/0 0.dx, vt>0. (2.15)

The substitution of estimates (2.14) and (2.15) into (2.13) gives
(2.12). square

Lemma 2.3. The functional #,, defined by (2.3), satisfies, for any
&; > 0 and some constant mgy > 0,

L L
m
f’z(t)g—%/o vﬁdx+81/0 udx

aspi 2 Baco [* 2
+ <p2 +4a§81>/ dx+ / 0 dx,

vt > 0.

(2.16)

Proof. Differentiating #, and adapting (1.13); and (1.13), for
terms u, and vy, respectively, we get

a2 L oL
73 =—(m -2 [ vhdcrp, [ vhax
JO 0

L
702p1/ u[vtdxfﬂz/ v,0dx,
ar Jo 0

1

vt > 0.

(2.17)
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Implementing Young’s inequality for any ¢; > 0, & > 0, followed
by Poincaré’s inequality, we achieve

L L 2 02 L
ap azp
,71'/0 urvedx < & /o u[zdx+4;%81] /0 v2dx, (2.18)
L L ﬂZC L 5
fﬁz/ vxedxgal/ vﬁdx+ﬁ/ 02dx (2.19)
0 0 401 Jo

Direct substitution of (2.18) and (2.19) into (2.17) gives

a2 L oL
,%’;(t)g—(u]—a—z—m)/) z))z‘dx-i-s]/) uzdx

1
api / 2 B3 p/ 2
+ <p2 +4a%81 cdx + Oydx, vt>0.

Using the fact that a; ¢, > a2, we have mo = g, —% > 0. So, by tak-
%0, we end up with estimate (2.16). square

ing o, =

Lemma 2.4. The functional 75, defined by (2.4), satisfies, for any
&,&3 > 0, the estimate

FL) <~ B [T vkdx+ & fyuddx+es [ vidx
phacy | P2, | PRI 9 02d (2.20)
+( + 4e2p + 4e3p Z/i ) fo X.
Proof. Employing (1.13), we obtain, for all t > 0,
Fy(t) = — By [r v2dx+ L [ Pdx 422 [ u,0dx
3 2Jo “t p, JO p, Jo x (22])

+0 [T 00X — 1, [o vibidx.

Similar to the proof of the previous two lemmas, by enforcing
Young'’s inequality for any &, &; > 0, and Poincaré’s inequality, the
last three integrals of (2.21), give

&/Luxedxggz/Luﬁderpach/ 62dx,
P2 Jo 0

p—M/Ovaﬁdxggg/ovadx+pulcp/ 62dx,
L [))2 2
f,uz/o V0,dx < 2, dx+2ﬁ2/9dx

P2
The combination of (2.21)-(2.24) gives (2.20).

(2.22)

(2.23)
(2.24)
square
Lemma 2.5. The functional 7 4, defined by (2.5), satisfies

F(t) < — / 2dx+—/ wdx + “l/ 2dx, V>0,
0 4p1 Jo

(2.25)
Proof. Using (1.13), it is clear that

F(t) = — .Luzdx+ﬂ Luzdx+2 Luvdx
R piJo " prJo T

Using Young’s inequality, we get

a L2 a
_fOu dx+4a1pl

5 v2dx

a 2 M 2
gp—ifou dx + ‘foydx using a; f, > a3.

L
—“2 Uy vxdx <
0

Consequently, we end up with (2.25). square

Journal of King Saud University — Science 35 (2023) 102460

Having achieved the necessary estimates, we now focus on the
theorem which captures our first result.

Theorem 2.6. The problem (1.13) is exponentially stable, that is, for
some constants ko, ky > 0, the energy of system (1.13) defined by (2.6)
satisfies

E(t) < koe Mt vt>0. (2.26)

Proof. Recall the Lyapunov functional defined by (2.1), that is

4
P(t) = CE(t) + Y _CiFi(t) vt >0,

and using the estimates (2.8), (2.12), (2.16)-(2.25), together with
setting

1 (12(5] Mo%>
G =2, & =— =2 &3 =
e ST TN

we conclude that
Q}/(t)<_flu2dx_ Mo gz — %+(M_M)2 C1 — j UZdX
£ X o “t 4 ) 01 1 2/) 0
, 2 B, phacp | PPp% P2 cps L 2
B [.“2%) — BaGp%1 — ﬁng %2 - (Z/fz + pzz =+ pi/13 + mo}) 362 3] Jo O

(G 1] fruzdx— [5% — (p + B2) ) ft vk,

vt > 0.

By consecutively letting

% = 4a,? (4“1 + 1)

%, = 4my' ((%Jr (“”’2 u1> )% o+ 1),
-2+ 2o ),

2 ¢ 212¢,%
€= (ﬁch% +0g, ¢ (2’;32 + o 4 L 3)% + CP)

P2 2</1 mop3%;

and using Poincaré’s inequality

L L
- cp/ 02dx < 7/ 0*dx,
0 0

it turns out that

vt >0,

PO)< — iR+ 02+ 2407 dx, VE>0. (2.27)

Meanwhile, by recalling the energy functional defined by (2.6)

1 L
E(t) =5 /0 [p1u? + a1 + p, V2 + W, 02 + p0® + 2auv,]dx,  VE>0,

and using Young’s inequality, we have, for some constant ¢ > 0,

L
E(t)gc/ U +u2+ v+ 02 +0*)dx, Vt>0
JO

which implies

L
—/ W22+ 02+ 02+ Pdx< —GE(t),  VE>0,  (2.28)
0

where ¢; =1> 0. Consequently, by merging (2.27) and (2.28), we
have

2'(t) < —1E(b).

Using (2.7), we get
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2(t) < =S (0).
0

Solving the differential inequality, we arrive at

2

2(t) < 2(0) exp (- Z—l)

Finally, wusing (2.7) once again, we obtain (2.26), with
ko = %E(O) >0andk; = % > 0. Thus, we conclude the proof of The-
orem 2.6. square

3. Stability result for (1.14)

Similar to Section 2, we specify the following Lyapunov
functional

2(t) == ME(t) + ijligi(t),

i=1

vt >0, (3.1)

where .#, .#;,i=1---4, are positive constants to be carefully
selected subsequently. %;,i =1---4, are auxiliary functionals given
by, for all t > 0,

oL
G1(t) := azpl/0 (urv — veu)dx, (3.2)
L a, L
Gy(t) = p]/ utudx——pz/ veudx, (3.3)
0 H 0
L X
G3(t) :=—p | ut/o 0(y)dydx, (3.4)
L
Ga(t) := —/ vevdx (3.5)
0

and E remains the same as in Section 2. Using (1.14), the derivative
of the functionals satisfy, for all t > 0,

@ [k L L
9 (t) < —?2 / yﬁdx-&-k/ uﬁdx+l<cp/ 02dx, (3.6)
JO JO JO
o L L 1 L L
%(t)g——/ ufdx+el/ vfdx+k<1+—>/ ufdx+k/ fdx,
2 Jo 0 €1/ Jo 0
(3.7)

g5(t) < b uZdx + € Luzdere ' v2dx 4 k(1 +l+l ! 02dx
3 X 2 t 2 X 3 X € € x YA,
0 0 0 2 3 0

(3.8)
L L L

G(t) < 7/ vfderk/ vﬁdx+k/ u2dx, (3.9)
JOo JO JO

where k represents a generic positive constant. Since a; i, > a3, we

2 . . . .
have np = a; — 2—21 > 0. The main thorem of this section is:

Theorem 3.1. The problem (1.14) is exponentially stable, that is, for
some constants Ko,k > 0, the energy of system (1.14) defined by
(2.6) satisfies
E(t) < Kkpe™™*

vt > 0. (3.10)

Proof. Using the Lyapunov functional defined by (3.1), the esti-
mates (2.8), (3.6)-(3.9), and setting

1 - No.A

¢ € a%u%]
1=—, 2 = s =
’ 443"’

€; =
3 4,//{37

e/%zl = 2,

we end up with
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9! B L2
9 (t) < —[TJ//3 — C//z(] + ﬂz)] fO uth
—[B iy — ctty — ] fy udx — [y vidx

7[%///1 - c] Ja v2dx

- [k./% — CM1 — Clly — CM3 (1 + Z; + %)] j;)L 02dx.
Emulating the remaining steps in the proof of Theorem 2.6 yields
(3.10). This marks the conclusion of our results. square

4. Conclusions

In this paper, we use the energy (also known as multiplier)
method to achieve exponential decay results for two independent
swelling porous thermoelastic systems where the heat conduction
is controlled by the classical Fourier law. The results are obtained
without imposing the well-known restrictions on the wave veloc-
ities or any other relationship between the coefficients of the sys-
tem. So, our present results substantially contribute to the theory
related to the asymptotic behaviors of swelling porous elastic
media and improve earlier endeavors in the literature.
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