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1. Introduction

In recent years, many experiments and theories have shown
that a large number of abnormal phenomena that occurs in the
engineering and applied sciences can be well described by using
discrete fractional calculus. Especially, fractional difference equa-
tions have been found to be powerful tools in the modeling of var-
ious phenomena in many different fields of engineering and
science, for example, in physics, fluid mechanics and heat conduc-
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tion (see, for example, Bohner and Peterson, 2003; Srivastava et al.,
2019; Liu, 2010; Kilbas et al., 2006; Srivastava, 2020; Srivastava,
2020; Goodrich and Peterson, 2015; Atici and Eloe, 2007; Atici
and Eloe, 2009; Goodrich, 2011; Wu and Baleanu, 2015; Wu
et al., 2017; Suwan et al., 2018; Mohammed and Abdeljawad,
2020; Zhu, 2015; Zhu, 2015; Lu and Zhu, 2019 and the references
which are cited therein).

In the last few years, considerable attention has been given to
the subject of fractional difference equations on the finite time
scales. There are a few papers which investigate the existence
and uniqueness of fractional difference equations in the sense of
the Riemann-Liouville (RL) fractional calculus (see, for example,
He et al.,, 2018 (2018),; Mohammed, 2019; Lu and Zhu, 2020;
Srivastava and Mohammed, 2020; Mohammed et al., 2020; Lu
et al., 2019; see also several recent developments Srivastava and
Saad, 2020; Khader et al., 2020; Srivastava et al., 2020; Izadi and
Srivastava, 2020; Srivastava and Saad, 2020; Singh et al., 2021 on
the theory and applications of fractional-order ODEs and PDEs
modelling various real-world situations). In particular, Lu et al.
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(2019) investigated the existence and uniqueness of the following
uncertain fractional forward difference equation (UFFDE):

(0187 4) (@) = H1(2+ 6, 2+ )

+ A, (Z +, plz+ ¢))£Z+phi7 (RL¢71A7(17¢

=y,

4)@)loc

(1.2)

where R, ;A? denotes fractional RL forward difference with
0 < ¢<1, and #; and #, are two real-valued functions defined
on [1,00|x#,z€ /oN[0,7],a0 €% is a crisp number, and
€p,Ep11, €744 are (7 + 1) IID uncertain variables with symmetri-
cal uncertainty distribution L(¢4, ¢;). The above work was general-
ized by Mohammed (2019) and, subsequently, by Srivastava and
Mohammed (2020). In addition, Mohammed et al. (2020) obtained
the existence and uniqueness of the nabla case (backward) of the
Eq. (1.2).

To the best of our knowledge, there are few studies that con-
sider the existence and uniqueness of the RL fractional difference
equations. Therefore, in the sense of the Liouville-Caputo fractional
calculus, it is generally important to study this kind of difference
equations by using the uncertainty theory, which extends and
enriches the existing body of literature. Motivated by the above-
cited investigations, in this article, we study the existence and
uniqueness of the following uncertain fractional Liouville-Caputo
like difference equation (UFLCDE):

(Co18%2) @) = 12+ 6 =1, plz+ 6 - 1)

+ 22+ ¢ =1, 42+ ¢ —1))e41, (1.3)
with the initial condition given by
(8 P 4) @) = MO = 1) = o, (14)

where C,,,,lA‘” denotes a fractional Liouville-Caputo forward differ-
ence with 0 < <1, and #;and.#, are two real-valued functions
defined on [1,00] x 2,z€ A/ oN[0,7],co € % is a crisp number,
and &,_1, &4, -+, €741 are the (7 + 1)-1ID uncertain variables with
symmetrical uncertainty distribution L(a, b).

The rest of this article is organized as follows. In Sections 2.1
and 2.2, we revisit some necessary definitions, lemmas and axioms
in the context of discrete fractional calculus and the uncertainty
theory, respectively. In Section 3, we state the main result. Finally,
we give some examples of applications in Section 4.

2. Preliminaries

In this section, we revisit notations, definitions, and preliminary
facts associated with the discrete fractional calculus and the uncer-
tainty theory, which are used throughout this article.

2.1. Discrete fractional calculus

Here, in this subsection, we recall some basics from discrete
fractional calculus for later use in the following sections (see, for
details, Goodrich and Peterson, 2015; Abdeljawad, 2013;
Abdeljawad et al., 2017; Abdeljawad, 2018). The functions we con-
sider are always defined on the isolated time scale

Np={0,0+1,0+2,---} for a fixed ¢ € . The operators given by
p(K) =K -1 and o(K):=K+1

are, respectively, the backward and forward jump operators for
K € /.. Moreover, the following operators:

Vp(K) = (k) = (p(k)) and  Ay(k) = p(0(K)) = 4(K)
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are, respectively, the backward and forward difference operators for
K e Ny

Definition 1 (see Goodrich and Peterson, 2015). Suppose that

/oo Ao — #and > 0. Then the A-RL fractional sum of 4 is defined
by

(7 4) = i S a0 e

Here z» represents the falling factorial function, which is defined
by

(VZ € ,/VH/}). (21)

w_ Te+1)
Tz+1-p)

for each z, 8 € %.

(2:2)

Lemma 1 (see Goodrich and Peterson, 2015). Suppose that

e p>0and ¢ > qO0. Then
1)
Abz_ @ - L@+ 20D (VZe Npiges).
[+¢ ( a) (d)+[g+1)( a) ( € l’+d+/3)

Lemma 2 (see Atici and Eloe, 2007; Atici and Eloe, 2009; Abdeljawad,
2013; Abdeljawad et al., 2017; Abdeljawad, 2018). For any function s
defined on /", and any B, ¢ > 0, it is asserted that

L) (+a" A 0@ = (A D) @) = (+pA7 AT 7))
forz e ,/Vp+¢+/}.

zmmmﬁmz@ﬁﬂw@m

3.uﬁ)@A*ﬁAﬁxz):(AzA*%)()A”L?XHﬁ“)
4.(iv) (AN 2)(2) = (A AT )(2) for

(AN 4)(2) = p2) - {i““A"ﬁ() (Be.h).

p ¢ A and

Lemma 3 (see Abdeljawad, 2011). Suppose that
teR,p>0,n—1< psnand ;. is defined on A",. Then

n—1

(+n—pATN2)(2) = (2= a Akﬁ) (1.3)
k=0

Particularly, for 0 < <1, it is asserted that

(41 BATN 4)(2) = 4(2) = H0). (1.4)

Definition 2 (see Abdeljawad, 2018). Let 4 be defined on .4", and
n—1<p<n for ne #; and B> 0. Then the delta Liouville-
Caputo fractional differences of order ¢ are defined by

(Ca’s)@) = (m"*f“ A”ﬁ) @)

[Z a(r /j D) A"/L( ) (YZ € Nipnp).

o
m A
:

(1.5)

Recently, Lu et al. (2019) introduced the pth order Riemann-
Liouville fractional sum for uncertain sequence ¢&,.

Definition 3 (see Lu et al, 2019). For any 8 > 0, ¢/ € # and uncer-
tain sequence ¢, indexed by z € .47, we define the pth order RL
fractional sum of ¢, as follows:
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[Aiﬁgz = =

We now define the pth order Liouville-Caputo fractional sum
for uncertain sequence ¢, in the following definition.

Definition 4. For any 8 > 0, ¢ € # and the uncertain sequence &,
indexed by ze€ ./, we define the pth order Liouville-Caputo
fractional sum of &, as follows:

z—(n-f)

) > z—an)

r=(

1
CA—Beo _ B-1) An
A Te = F(Tl — A'g,.

Definition 5 (see Lu et al, 2019). For any f > 0, the fractional RL
backward difference for the uncertain sequence ¢, is defined by

AaZ_A[(A a-hg )

forn—1<¢<nforne .1,

Next, we recall the definition of delta discrete Mittag-Leffler
(delta-ML) functions.

Definition 6 (see Haider et al., 2020). Assume that ¢, i, { € € with
Re(¢) >0 and 2€ % with |i] < 1. Then the discrete delta-ML
functions are given by

R e C e Yl
Ep(4,0) = ; TEs+ 0 (1.6)
Particularly, if u = 1, we obtain
% 1€
d) ) C Z[(GT‘I)]AE. (17)

e=

2.2. Uncertainty theory

In this subsection, we focus on the uncertainty theory concepts
(see Liu, 2010). Let y be a non-empty set and L be a g-algebra over
the set y. Each element ¢ in L is called an event. A set function .#
defined on the g-algebra L is called an uncertain measure if it sat-
isfies the following axioms:

[Normality axiom:] .#{y} = 1 for the universal set y.

[Duality axiom:] .#{5} + .#{5°} = 1 for each event 4.
[Subadditivity axiom:] .# {{z 16k } <31 -#{5x} for each count-
able sequence of events d,, 5, - -

[Product axiom:] In view the above three axioms, it is clear that
uncertain measure is a monotone increasing set function. The
triplet (y,L,.#) is called an uncertainty space.

We now suppose that (,(J 7ﬂj> are the uncertainty spaces

and ¢; are any arbitrarily chosen events for j=1,2,---. Then
the product uncertain measure .# is an uncertain measure sat-
isfying the following condition:

//{jﬁé;} :Z\lﬂj{&f}»

where A is the minimum operator.

Consequently, we have the following definitions.
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Definition 7 (see Liu, 2010). A function ¢ from an uncertainty
space (y,L,.#) to # (the set of real numbers) is called an uncertain
variable such that the set {¢ € #} := {y € x; &(y) € # is an event for
any Borel set # of real numbers. The uncertainty distribution ¥ (x)
of an uncertain variable ¢ is defined as W(x) := .#{e<x}.

Definition 8 (see Liu, 2010). An uncertainty distribution W is
called regular if it is a continuous and strictly increasing function
with respect to x for which 0 < W(x) < 1 and it satisfies the follow-
ing condition:

Xli[n Y(x)=0 and IlimW¥(x)=1.

X—+00

Definition 9 (see Liu, 2010). Let ¢ be an uncertain variable with a

regular uncertainty distribution . Then the inverse function ¥~'
is called the inverse uncertainty distribution (IUD) of e.

Example 1. In the light of Definition 9, one can observe that

1. (i) The IUD of linear uncertain variable L(¢;,¢,) is given by

Y (P) = (1)1 + dplo.

2. (ii) The IUD of a normal uncertain variable ./7(¢;,¢,) is given by

f] +\/W[2 In (1 —d))

3. (iii) The IUD of a normal uncertain variable L0%.A"(¢1,4;) is
given by

Pl(¢) =

) —expi + (125)

Definition 10 (see Liu, 2010). Let W(x) be a regular uncertainty
distribution of &. Then we say that an uncertain variable ¢ is sym-
metrical if

Y(x)+¥(—x)=1.

Remark 1. From Definition (10, we can deduce that the symmet-
rical uncertain variable has the inverse uncertainty distribution

¥!(¢) that satisfies the following condition:

Yl p)+¥P'(1-¢)=0.

Example 2. From Definition 10, we deduce that

1. The linear uncertain variable
positive real number a.
2. The normal uncertain variable N(0, 1) is symmetrical.

L(—¢,¢) is symmetrical for any

Definition 11 (see Liu, 2010). The uncertain variables &;, &, -, &,
are said to be independent if, for any Borel sets %, %,,---, %, of
real numbers, we have

ﬂ{ﬁ{gj c zj}} — \tle e 3},

j=1 j=1
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Definition 12 (see Liu, 2010). (The IID) The uncertain variables
€1,&, -+, & are said to be independent identical distribution (or,
briefly, IID) if they are independent and have the same uncertainty
distribution.

3. UFLCDE and the associated existence and uniqueness
theorem

In view of the earlier works Lu et al., 2019 and Mohammed
et al., 2020, we can state the definition of the UFLCDE as follows.

Definition 13. An uncertain fractional difference equation is a
fractional difference equation which is driven by an uncertain
sequence. Moreover, an uncertain fractional forward difference
equation in the Liouville-Caputo sense (UFLCDE) is the uncertain
fractional difference equation with the Liouville-Caputo forward
difference.

Lemma 4. The initial-value problem (1.3) with the initial conditions
(1.4) is equivalent to the following uncertain fractional sum equation:

-9

1 .
#(2) :co+m§j[z—o<r>1<¢ )

r=0
+H(r+ -1, 400+ ¢ —1))€r41]

[T+ =1, r+¢—1))

(ze /yN[0,T]).
(3.1)

Proof 1. By applying oA~ on IVP (1.3) and, by using (1.4), we can
directly obtain the desired result. Moreover, the readers can see
Abdeljawad, 2011, Example 17 and Baleanu et al., 2020, Lemma
2.10 for more details.

In this investigation, we focus now on the following special lin-
ear UFLCDE:

(Co18%2) @) =2 plz+ &= 1) + dtzisn, (3.2)

c -1
‘P*lAd) ﬁ(z)|z:0 = Co,

forze /on[0,7] and / € (0,1).

33)

Theorem 1. For any z€ 4", N [0,7] and || < 1, the linear UFLCDE
(3.2) with the initial condition (3.3) has a solution given by

#(2) =E)

where ¢, is an uncertain sequence with the uncertainty distribution
as follows:

(7,2)Co + &, (3.4)

L(¢- 2E(.9+1)(4:2),b - 2E(4.411)(2,2)).

Proof 2. Applying (A% on the Eq. (3.2), we get

oAy [0 4(2)| = 20Dz + 6 - 1)

+20A 41 (z€ N yN[0,T)). (3.5)
Thus, by making use of Lemma 3, it follows that
#2) = o+ 7oAz + b 1)
+ 00 %41 (z€ 44N [0, 7)), (3.6)

which is the solution of the given UFLCDE (3.4).
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To obtain an explicit solution, we use the method of the Picard
approximation with a starting point 4,(z) = co. In addition, we can
obtain the other components by using the following recurrence
relation:

/@) =Co+AoA " fi(z+ = 1)

+h0A %1 (z€NyN[0,7];q=0,1,--). (3.7)

We can now write ¢, =¢ in the distribution, since
€p-1,84,, €791 are the IID uncertain variables. By making use
of Lemma 1 and the fact that the linear combination of finite inde-
pendent uncertain variables is also an uncertain variable with pos-
itive linear combination coefficient (see, for details, Liu, 2010,
Theorems 1.21 to 1.24), we can obtain

/1(2) = Co + 2oA™? iy (2) + oA e

L, 2 o Z#
[* <¢+1)}C°“F<¢+1>‘°‘
/n(2) f%cOHOA 1 (2) + 20A™ "¢,

($) 2 Z29)
= [1+ a8y + 2 o] o + |2y + 72 rom

and so on. Continuing the process up to the gth term, we find that

l)](k¢)

87

kg - Iz +k-1)(¢ -
*Cozﬂk‘ T(ké+1) *;‘k T(ko + 1)

for ze /74yNJ0,
solution:

z+k¢ 1)k k[ z+(k D(¢-1)]
M2) = H?f = COZA k¢+1> Z; T(kg+1)

k=0
= CQE(d))(;L,Z) + AE (¢ p+1) (A,Z) &,

7). Now, by letting g — oo, we get the following

ze /yN[0,7].
(38)

The solution ;(z) exists, since the Mittag-Liffler functions E)(%,z)
and E 4:1)(4,t + ¢ — 1) are absolutely convergent for || < 1.

In addition, if we take lim,_.., on both sides of (3.7), we get
H2)=Co+20A 2+ ¢~ 1)+ 20A Pepq (z€ N yN[0,7]).
This means that /(z) satisfies the Eq. (3.6). Hence, clearly, 4(z) is a
solution of the Eqs. 3.2,3.3. Our proof of Theorem 1 is thus
completed.

We now state the existence and uniqueness of the solution of
UFLCDEs.

Theorem 2 (Existence and Uniqueness). Let #(z,z,) and
Ho(z, q) be two real-valued functions in (1.3) and satisfy the
following Lipschitz condition:

= H1(Z, o) | +|H2(2, 1) = H2(2, 103) |ELI oy = 1o

3.9
with the Lipschitz constant L that satisfies the inequality given by
L<F(¢+1)F(f+1—¢)

rz+nHw+1) °

where ¢ = |¢1| V |¢2|. Then the UFLCDE (1.3)-(1.4) have a unique solu-
tion 4(z) for all z € 4", N[0, 7] almost surely.

|3f1 (Z, /ﬁ)

(3.10)
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Proof 3. Let us define lf; (the set of all finite real sequences

{/z(z)}’;) with the norm || 4|| as follows:

l’{; = {/@; VS {/4(2)}’;, ke JV]}
and

I£1l:= max [x(2)],

ze/"4N[0,7]

which has k terms. It is easy to see that (l’;, I| - H) is a Banach space
(see, for details, Sacks, 2017, Chapter 4).
We now define the operator Z for 4, € l'; as follows:

A

15
I'(¢) <
+%z<r+¢—

9%2 =Co + [Z - O-(r)](QFU {J’{l (I’ + ¢ - 17ﬁr+¢—1)

Il
o

17ﬁr+¢71>8r+4’*1:|'

We also assume that y represents the universal set on the uncer-
tainty  space. Clearly, .#{(e;,<a)uU(e,>b)} =0, since
&(z e /yn[0,7]) is an uncertain variable at each time t with the
linear uncertainty distribution L(¢, ¢;). In addition, the inequality
&,(7)<9, where 9 = |¢1] v |£2], holds true almost surely for each y
given by

yeEx{(&: <) U (&> b); z€ N yN[0,T]}.

For any x;, s, € l{;, we then obtain

H9x2(7)

iz - a(r)] (’m T+ ¢ —1,%91() —

=9

Thus, by the help of the assumptions and Lemma 1, we get

=4
) =24 0|SLA+9) i max > (2 o(r) ) = 4]

r=0

LA+ 0)e() — ()] _max (oa2)

ze N yN[0,7

=LA +9) %) = 4] max ( e

SHEZE x(y) - m)H
= rr s () = A,

The mapping Z is a contraction in l’:b almost surely such that (see
Sacks, 2017, Chapter 4)

T+ DI(T —p+1)

A+ +1)
Therefore, by using the Banach contraction mapping theorem (see
Sacks, 2017, Chapter 4), we obtain a unique fixed point 4, () of

O0<L<

in lg‘) almost surely. Furthermore, we have

-2/, =, max

A (T4 6 =1 ey D) || [#2 4 6 = LX) = #2 (146 = 1 fr (D) |

z— a(r]” 1<‘f Tt d—1,Xg 1(})))—%1(r+d)—1,///r+¢71( )‘w‘m Tt —1,%91(7) —
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/2(0) = imA (),

where
A0 =207 ()
with

(z- )"

On the other hand, the operator 2 is measurable for any
ze /yN[0,7), since #¢ and #, are Lipschitz continuous func-
tions. Since

are uncertain variables and since 42(y) is a real-valued measurable
function of uncertain variables, 42(y) is seen to be an uncertain vari-
able by using Liu, 2010, Theorem 1.10. Hence, clearly, z, = lim; .../
is an uncertain variable by using Zhu, 2015, Theorem 3. Therefore,
the UFLCDE (3.2) subject to the initial condition (3.3) has a unique
solution 4, for ze€ 474 N[0,7] almost surely. We thus have com-
pleted the existence and uniqueness asserted by Theorem 2.

4. Illustrative examples

In this section, we deal with some UFLCDE applications to con-
firm the validity our Theorem 2.

|2%:(7) - D (3

)
(r+¢ 1 /ZHWW))D

Example 3. Consider the following UFLCDE:

C—O.SAOISﬁ(Z) _ {

In (|(z— 05)\+1)
64(z—0.5)°

#G) =

+0. 5¢&, 05 (ZE NN [03]),

(4.1)
where ¢_gs, €05, €15, 625 are four IID uncertain variables with the
uncertainty distribution L(—1,2).

According to Lemma 4 with ¢ =1, the inverse uncertainty

distribution of the solution for the UFLCDE (4.1) is the solution of
the following sum equation:

z-0.5

#0) =0+ gy 32— 0t

In(|4(r—0.5)|+1)
4(r—05)°

+ 0.258r0,5) (Z e NN [07 3])

Thus, for z € 44N 10, 3], we have
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A1 (2, f0) = H1 (2 1)+ 122 1) = H2(2, 1)
_|In(lal +1)  In(lz,0 +1)

64(z—05)° 64(z—0.5)°
= sz g MIA L+ D =Inlal 1)
§64é)3 ] = ol
il
and
ros +3]r)(r3(i+1)1 =03 01636 > % ~0.125.

Therefore, in view of Theorem 2, this confirms that the UFLCDE (4.1)
has a unique solution almost surely.

Example 4. We consider the following UFLCDE:

/*(z—0.75)
40
where &_g7s5, €25, €125, €205 are four IID linear uncertain variables

with the linear uncertainty distribution L(—3, 3).

According to Lemma 4 with ¢ =], the inverse uncertainty
distribution of the solution for the UFLCDE (4.2) is the solution of
the following sum equation:

2o D (ZE 2T ).

C70‘75A0'25/%(Z) = +é&.075 (z€ AoN(0,3]), 4.2)

1 z-0.25

#(Z) =¢co+ T(0.25)

r=0
We observe that
|1 (27/7/1) = (Zﬂ/”z)| + "%2(27/“1) - ‘#2(27/’/2)‘

is Lipschitz continuous in [—20,20] with Lipschitz constant 0.1 as
follows:

1
‘”1(1%1) —%1(2,/42)| + ‘%2(2%1) _”2(27/7/2>‘§EW1
"’ﬁz”ﬂl _/42‘ = 0~]‘//41 _ﬁ2|-
We also have

I'(0.25+1)I'(3 +1-0.25)
ar3+1)

Consequently, in the light of Theorem 2. this confirms that the
UFLCDE (4.3) has a unique solution almost surely.

~0.167 > 0.1.

Example 5. Consider the following UFLCDE:

_sin(4(z-3))

€ 05A% 4(2) +0.1¢,

(ze #oN[0,3]), (43)

where £y, 8, 85 are four IID linear uncertain variables with the

linear uncertainty distribution L(—1,1).
According to Lemma 4 with ¢ =1, the inverse uncertainty
distribution of the solution for the UFLCDE (4.3) is the solution of

the following sum equation:

13 (os) (SIn(A(r—3))
#(Z) = Co + z—o(r ’ +0.1¢,41 |.
#o = e+ 3 ool T 2

We can thus verify directly that

1
1H01(2, 1) = K1 (2 )| +1H02(2, ) = H2 (2, 1) S1glm — 7l
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and

rg+nre+1-13) 1
SINEES) ~0.2454 > 0°- 0.1.

Therefore, in view of Theorem 2, this confirms that the UFLCDE (4.3)
has a unique solution almost surely.

5. Conclusion
Our investigation in this article can be summarized as follows:

e The basic concepts of the discrete fractional calculus and the
uncertainty theory have been recalled and applied.

e A certain UFLCDE (uncertain fractional forward difference equa-
tion in the Liouville-Caputo sense) has been introduced and
investigated systematically.

e An uncertain fractional sum equation, corresponding to the
UFLCDE considered here, has been found.

e The successive Picard iteration method has been successfully
used for finding a solution to the UFLCDE investigated here.

e The theory of Banach contraction under the Lipschitz constant
condition has been used in order to investigate the existence
and uniqueness of the solution of the UFLCDE studied here.

o Three illustrative examples are presented to exhibit and verify
the validity of the proposed investigations.

In concluding this investigation, we remark that several recent
developments (see, for example, Srivastava and Saad, 2020;
Khader et al., 2020; Srivastava et al., 2020; Izadi and Srivastava,
2020; Srivastava and Saad, 2020; Singh et al., 2021) on the theory
and applications of fractional-order ODEs and PDEs modelling var-
ious real-world situations will provide motivation for interesting
further directions for researches related to the subject-matter
which we have presented here.
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