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In this paper (2 + 1)-dimensional Kadomtsev-Petviashvili (KP) equation with variable coefficients is
investigated through the extended generalized (%)—expansion technique. One of the most universal
model is KP equation, which is used to explain the ion acoustic waves in plasma physics, to model two
dimensional shallow water waves, and in ferromagnetic, Bose-Einstein condensation and string theory.

The obtained exact solutions of KP equation are in the form of hyperbolic function, trigonometric func-
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tion, and rational function. With the aid of symbolic computational software Mathematica, the three
dimensional surface plots with corresponding contour plots are provided for the obtained closed from
solutions, which are of the form of solitary waves, multi solitons and periodic solitary wave like dynam-

© 2022 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The study of nonlinear evolution equations and soliton theory is
significant for the physical models in different scientific fields such
as physics, chemistry, biology, mathematical physics, and plasma
physics (Hirota, 2004). The exact solutions of nonlinear partial dif-
ferential equations plays an important role to understand the
dynamical structure of the physical models, to obtain such exact
solutions, different types of analytical methods are applied such
as generalized exponential rational function method (Kumar,
2021), Lie symmetry approach (Kumar and Niwas, 2021), Kudrya-
shov’s method (Alotaibi, 2021), (£)-expansion method (Mohanty

and Dev, 2021), generalized (£)-expansion method (Foroutan
et al., 2018; Naher and Abdullah, 2013), generalized and improved
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($)-expansion method (Mohanty et al., 2022), extended general-
ized (£)-expansion method (Mohanty et al., 2021) etc.

Invariance analysis frequently employs equations of higher-
dimensional nonlinear development. The dissipative long wave
equation (Kumar and Rani, 2021), the Pavlov equation (Kumar
and Rani, 2020), the Boussinesq equation (Kumar and Rani,
2021), the Sharma-Tasso-Olver equation (Kumar et al., 2021), the
Bogoyvlenskip Scheff equation (Kumar and Rani, 2021), and the
Kadomtsev-Petviashvili equation (Rani et al., 2021) are a few
examples of these equations. These equations have single soliton,
multisoliton, periodic soliton, bright soliton, kink wave soliton,
and kink wave type solitons, which have several applications in
the solitary wave theory.

Out of these equations, the KP equation exists extensively in
studying waves in dynamical system (Groves and Sun, 2008). Fur-
ther, the KP equation exists in the field of dusty plasma (Seadawy
and Rashidy, 2018; Samanta et al., 2013; Saha et al., 2015), in
Ocean Engineering (Gwinn, 1997).

sIn this paper, we consider a general form of the (2 +1)-
dimensional KP equation with variable coefficients, which is as
follows

1018-3647/© 2022 The Authors. Published by Elsevier B.V. on behalf of King Saud University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2022.102358&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.jksus.2022.102358
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:apulnarayandev@soa.ac.in
https://doi.org/10.1016/j.jksus.2022.102358
http://www.sciencedirect.com/science/journal/10183647
http://www.sciencedirect.com

S.K. Mohanty, O.V. Kravchenko, Manoj Kr. Deka et al.

Ugx +f(t)(ux)2 A f () Ul + G () Uere + P (E) U + G (8) Uy +m(E) 1y =0,
(1)

where u = u(x,y,t), f(t), g(t) are nonlinear and dispersion coeffi-
cients respectively, h(t), q,(t) are perturbed effects and m(t) is the
distributive wave velocities along the y-axis direction. Here, we
have noticed that our companion researcher have obtained the
reduced (2 + 1)-dimensional KP equation with variable coefficient,
by putting h(t) = 0, g,(t) = 0 and replacing m(t) with —m(t) in Eq.
(1), which provides multiple rogue wave solutions (Liu et al.,
2021), Wronskian and Gramian solution (Yao et al., 2008), breather
wave solution (Liu et al., 2020) and lump solutions (Jia et al., 2018;
Liu et al., 2019).

The symmetry property of the exact solutions of (2 + 1)-dimen-
sional KP equation with variable coefficients is studied by Ma et al.
(2013) by using a simple direct method. Borhanifar and Abazari
(2011), studied the periodic and solitary wave solutions of the gen-
eralized (2 + 1)-dimensional KP equation with constant coeffi-
cients by using the (%')—expansion method. The soliton-like
solutions of generalized KP equation with variable coefficients
are obtained using the extended hyperbolic function method
(Gao, 2001). The breather wave and cross-kink solutions of the
(2 4+ 1)-dimensional KP equation with variable coefficients has
been studied by Huang et al. (2020). On the other hand, the exact
solutions of the KP equation with constant coefficient are obtained
by using different methods such as exp(—¥(Z))-expansion
method, and extended complex method (Gu and Meng, 2019),
(¢,1)-expansion method (Yang and He, 2013), Lie symmetry anal-
ysis (Malik et al., 2021), extended homogeneous balance method
(Abdelsalam and Allehiany, 2018).

The extended generalized (%')—expansion method (Mohanty
et al.,, 2021) is a well defined, simple and effective method, which
has been already applied to solve the Schamel Burgers and the
Schamel equation with constant coefficients (Mohanty et al,
2021). The idea behind the extended generalized expansion
method is that, it is based on the initial assumption solution for
the nonlinear evolution equation, which can be a represented by
the polynomial of (%) where the coefficients of the polynomial
are functions of ¢, and G = G(¢) satisfies the differential equation
of the form

PiGG" — P,GG' — P3(G')* — P4G* = 0, 2)

where P; # 0,P,,P3,P, are constants. In present paper, extended
generalized (%')—expansion method is applied to obtain the exact
wave solutions of (2 + 1)-dimensional Kadomostev Petviashvili
equation with variable coefficients of the form of Eq. (1). In Sec-
tion 2, the details of the methodology is given and the new exact
solution of the Eq. (1) is also presented. The graphical discussion
and the remarkable conclusions are given in Section 3 and in Sec-
tion 4 respectively.

2. The extended (£) expansion method and new exact solutions

Consider the nonlinear partial differential equation of the form

S(”v Uy, Uy, Ug, Uyxy, Uxe, Uye, Uy, Uyy, - . ) = 07 (3)

where subscripts denotes the partial derivatives.

In the extended generalized (%) expansion method the assumed
solutions of (3) can be written as polynomial of (&) with degree m,
as follows (Mohanty et al., 2021).

G J
b;(Y) (E) , (4)

m
u=
=0
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where G=G(¢), & =¢(Y) is the traveling wave transformation,
Y=Y(x,y,t),b(=0,1,...,m) is undermined functions about
X,y,t, to be determined later. The function G satisfies the second
order differential equation of the form (2).

The general solution of equation Eq. (2) are given with different
conditions in Mohanty et al. (2021), Mohanty et al. (2022),
Foroutan et al. (2018), and Naher and Abdullah (2013)

Family-1: When P, # 0 and P3 + 4P4(P; — P3) > 0,

G\ P, VA C, sinh ({—gé) + C, cosh (%5)
(f) “20720 (c1 cosh (33¢) + C; sinh (ggc)>

G

Family-2: When P, » 0 and P2 + 4P4(P; — P3) <0,

(G’) p, +—A[ —Cisin (“Z;Q_Aé) +C; cos (%g)

€y b S NG
G 2Q 2Q C; cos (% éf) + Gy sin (% QV)

Family-3: When P, # 0 and P3 + 4P4(P; — P3) = 0,

A\ PG
(E) _m+C1 +C2§ (7)

Family-4: When P, = 0 and P4(P; — P3) > 0,

. (T P, .
(g,) - JOP; C; sinh <\/Q—g> + C, cosh <\/Q— §> 8
¢ & Cq cosh (@ é) + C; sinh (‘/37“ é)

Family-5: When P, = 0 and P4(P; — P3) > 0,

, —C; sin ﬂé + C, cos ﬂf
PR SRS

G Q C; cos (%E) + C; sin (%g)

where Q =P; —P3, A = P% +4P,Q and Cq, C, are constants.

In order to construct the exact solutions with arbitrary func-
tions ¢(x,y, t) for the (2 + 1)-dimensional KP Eq. (1), we substitute
Eq. (4) into (1). Balancing the highest order derivative term gy
with the nonlinear term uu,, in (1), we obtained m = 2. Thus Eq.
(4) can be changed to

u = bo(Y) + by (Y) (%) +by(Y) (%)2

For simplifying the computation, we choose
bo(Y) = a(y,t), b1(Y) = b(y,t), bo(Y) =c(y,t), and ¢=p(y,t)+kx,
where p is function of y,t and k is constant, are to be determined
later. Hence the assumed solution of (1) can be written of the form

u(x,y,t) = a@,6) + by, £ (%) +et) (%)2 (10)

Now substituting the values of Eq. (10), into Eq. (1), then Eq. (1)
is converted in the form of polynomial of (%) of degree 6, then col-
lecting the coefficients of same power of (%) which is equal to zero,
we get the system of partial differential equations is a form

/N 6
— ) gck™ T, + 10fc" kT =
(é 120gck*T? + 10f°K*T? = 0 11

NEE]
<%) : 24gbk*T? + 336gck*T>T, + 12fck’T?b + 18fc*k*T; T, = 0

(12)
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()" : 60gbK T3 Ty + 240gbk* T3 T, + 330gk*T2T2 + 3b?K*T?
+21fck’ Ty bT, + 16fc*K* Ty Ts + 8fc’k*T? + 6fack’ T (13)
+6mcp?T; + 6q;ckp, T; + 6¢ckp,T; =0

()’ : 40gbk*T3T5 + 50gbk*TT2 + 440gck*T2T, T + 130gck* T, T
+5fb°K*T T, + 18fck’T1bT5 + 9fck’ T2b + 2fabk’T?
+14fC* KT, Ts + 10fack’Ti T, + 2mbp3T7 + 2q,bkp, T2
+2hbK*T; + 10mcp2T1 T, + 10q,ckp,T1 T2 + 10hck’T; T
+2bp[ka + 10p,ckT1 T, + 4mcyp, T1 + 24, ¢y kT,
+2mcep,, Ty +2¢kT; =0

(14)

(%)2 : 4p,ckT5 + b.kTy + 2¢,kT, + mc,y + 3bp,kT1 T, + 8p,ckT; T
+4hckT + 2mbyp, Ty + q,bykT; + mbp,,T1 + 4mc,p, T
+2q,¢,kT2 + 2mcp,, T> + 16gck*T; + 20K’ T3 + 6/’ K’ T3
+4mep3T; + 15gbk* T T; + 136gck ' TiT3 + 4f0°K’ T T
+4fack’T5 + 3mbpiT1 T, + 3hbk*T T, + 8mcp2T:Ts
+4q, ckp, T3 + 8hckTTs + 60gbk*T1T, T + 232gck* T; T3 T
+15fck®T,bT; + 3fabk’T1 T, + 8fack’T; Ts + 3q,bkp, T: T,

+8q;ckp,T:Ts =0
(15)

(€)' - mbyy + bp,KT? + bKT, + 26KT5 + 2bpKT: T + 6p,cKT, T
+gbk*T3 + mbp2T5 + hbk*T5 + 2mbyp, T + q;b,kT + mbp,, T
+4me,p, T3 + 2q,¢,kT3 + 2mep,, T; + 16gbk*TIT3 + 30gck*T5Ts
+3fb*K*ToTs + 6fck’T3b + fabk®T5 + 2mbp,T1T5 + q,bkp, T3
+2hbK’T1 T3 + 6mep3ToTs + 6hck’T,Ts + 22g()bK*T1 T3 T

+120gck* Ty T, T3 + 2fabk’T; Ts + 6fack’T, T + 2q,bkp, T T
+6q,ckp,T,T3 =0
(16)

()" : 2ckp, T2 + 16gck* T3 T, + 14gck*T2T? + gbk*T3Ts + hbk*T,Ts
+2q,ckp, T3 + 2fack®T5 + bkp, T, Ts + fabk’T,T; + 8gbk*T; T3 T
+q;bkp,T>Ts + bekT3 + mayy + fo*k*T3 + 2hck’T3 + q,bykT5
+mbp,, Ts + 2mcp?T5 + 2mbyp,Ts + mbp.T,T5 = 0

(17)
where T; = g—? -1, T, = g—f, T; = ,‘Z—‘;. Now solving the system of Egs.

(11)-(17) for a,b,c,p and m, the obtained solutions is as follows

mit) = "L p(y, £) = S5+ o0 + f (1),
(v, ) = 12T c(y, 1) = — 12061
0.0) = s (220, S8’ ~ (078 ),
+2(0F (295,87 + F2(0F ) 8-8518 (2 OWf + 3 (0)f
4—(k3 (T1T3 +%T§)g+%kh +%f2(t)ql>f2 +§q1yslg2)>,
(18)

where f,(t), f5(t), are arbitrary differential functions and
f2(t), f5(t) denotes the partial derivative of f,(t), and f5(t) with
respect to t accordingly.
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New exact solutions of the (2 + 1)-dimensional Kadomtsev-
Petviashvili Eq. (1) can be obtained as follows. Substituting Eq.
(18) and Eq. (5) into Eq. (10), the hyperbolic solution of Eq. (1) is

u=a(y,t) —28amn (7 g3 (o ($Bp(y.0)+hx) ) +C2 cosh (Y. +kx)
’ f 20 C; cosh (m(p(y t)+kx)) +Cysinh (29 (p(y. t)+kx))

12k gT Py, | VA Cysinh ( Ap(y, t)+kx))+C2 cosh (29 (p(y.t)+kx )
=7l ta
Cy cosh (m(p(y t)+kx))+C2 sinh (zg (p(y,t)+kx )

(19)
where p(y,t) = S‘g Y+ f,(t)y + f5(t) for all the solutions of Eq. (1).

Substituting Eq (18) and Eq. (6) into Eq. (10), the trigonometric
solution of Eq. (1) is

u= a(y t) 12k gT2T1 pz + VoA —C;q sin (% (v.£)+kx) )+C2 cos ( pIo) Ap(y.t) +kx))
20 Cy cos (% (p(y,t) +kx)) +Cy sin (m(p(y t)+kx))

_ 12I<2grf <p2 n \/—< Cy sm(ZQ p(yt+kx)+czcos (%p(ywrkx)
)

ST 20 p(yt )+kx)

Cy cos ( 70 Ap(y, t)+kx)) +Cy sin (

(20)

Fig. 1. (a) and (b) are three dimensional surface plot and contour plot of Eq. (19)
respectively where the values of the free parameters are taken as P; = 40,P, =1,
P3=2,Py=1,C; =1,C; = 0,81 = 1,k = 8,f(t) = > + 1,g(t) = > + 1,h(t) = £ + 1,
q,(t) =t +1,f,(t) = t,f5(t) = 1,y = —8, and x varies from —10 to 10, ¢ varies from
-1to1.
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Substituting Eq. (18) and Eq. (7) into Eq. (10), the rational solu-
tion of the Eq. (1) is
12K%gT, T, (Pz G
=a(y,t) - ==+
.0 f 20 G +G(p(y,
 12k°gT; (Pz N G, )2
f 20 Ci+GC(pWy,t) +kx)) -

Substituting Eq. (18) and Eq. (8) into Eq. (10), the hyperbolic
solution of Eq. (1) is

t)+ kx))

(21)

or,

(p(y r)+kx)) +Cy cosh ( a—(P.0)+kx )

Cq sinh(
U= a(y t) 12K gT2T1 \/SP‘:

\/ 9P, Qp,
[ cosh( o p(y,t)+kx)) +Cysinh o 4 (p(y.t)+kx)

2

Qr, QPy
g [ /ap; [ Crsinh ( Vo “(p(y,t)+kx)> +Cycosh ( V2w, t)+kx))
e v
Cycosh < L §P4(p(y,t)+kx)> +Cysinh (

5

(. t)+kX)>
(22)

Substituting Eqs. (18) and (9) into equation Eq. (10), Thus the
trigonometric solutions of the Eq. (1) is

Fig. 2. (a) and (b) are three dimensional surface plot and contour plot of from
Eq. (20) respectively, where P; = 30,P, = 10,P3 = 2,P4 = -1,C; =0,C; = 1,51 =1,
k=1,f,(t)=t.f;()=1y==-2fO) =2 +1,g) =2+ 1,h(t) = > + 1,q, () = > + 1,
and x varies from —10 to 10, t varies from —5 to 5.

f2(8) = t.f5(0)
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Ve \/ P
u=ay,t)— 1262g1,T, | /0P [ © Sm( T (y’mk"))%l o (Té(p O’IH"X))
- ) f Q /- /-
Cy cos (7QQP4(p()/,t)+kx)) +C; sin ( QQPA(p(y,t)Jrkx))

2
12k2gT% \/m —C; sin (@(p(y,tﬂkx)) +C, cos (@(p(y.tﬂkx))
— - - - .
! Cy cos ( v QQFA(p(y,t)+kx)> +C; sin ( v QQPA(p(y.,t)-v»kx))

(23)

3. Graphs and discussion

The solutions obtained for the (2 + 1)-dimensional KP equation
with variable coefficients are verified by back substitution in the
original equation using the symbolic computational software
Mathematica. The graphical representation of some of the obtained
solutions are considered by using Mathematica 12. The dynamical
structures of the obtained solutions are given as follows Fig. 1-3
illustrates the solitary wave, double soliton, and multisoliton type
traveling waves for the KP equation with variable coefficients using
the extended generalized expansion method approach through the
three-dimensional surface plots and corresponding contour plots.
In Fig. 1 the annihilation of surface plot and contour plot of

Fig. 3. (a) and (b) are three dimensional surface plot and contour plot of Eq. (21)
respectively, where P; =3P, =4,P;=5"P;=2,C; =10,C; =30,5y =1,k=5,
=1,y=-6f(t) =2 +1,g(t) =t> + 1,h(t) =2 + 1,q,(t) = 2 + 1,
varies from —10 to 10, t varies from —1 to 1.
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solution (19) represent the solitary type traveling wave soliton,
and similar type of dynamic structures of solitary tye wave soliton
also exists for solution (22). As seen from Fig. 1 with time, there is a
smooth transition of the isolated region which resembles a typical
classical solitary wave formation in nonlinear dynamics. Fig. 2
shows a typical formation of double layer type structure for such
solution (20). Fig. 2 depicts two types of wave propagation: com-
prehensive and rarefactive. We know that compressive waveform
is where the amplitude is positive, and rarefactive when the ampli-
tude is negative. Fig. 2 shows both positive and negative ampli-
tude, comprising both compressive and rarefactive waveforms.
The same double layer structure also exists for the solution (23).
Fig. 3 provides the information about the multi-soliton structure
of solution (21).

4. Conclusion

The exact solutions of (2 + 1) dimensional KP equation with
variable coefficients are obtained, for which the extended general-
ized (%)—expansion method is employed. The resulting solutions
are trigonometric, hyperbolic, and rational functions. Dynamical
structures of the obtained solutions are the solitary wave, double
layer soliton, and multi soliton structures. The graphical represen-
tations of the figures also ensure the typical properties of solitonic
characteristics of the nonlinear wave dynamics of plasma physics,
which is quite encouraging. We believe this method can also be
safely applied in nonlinear plasma physics wherein such a situa-
tion arises. The method and solutions obtained may help study
degenerate nonlinear plasma physics and compact astronomical
phenomena such as non-rotating neutron stars (Chabrier et al.,
2006), ultra-intense laser-plasma (Eliezer et al., 2005), and optical
fibers (Njikue et al., 2018).
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