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A B S T R A C T

The intent of this work is to create and study certain fundamental characteristics of new generalizations of
the M-function using 𝑞-calculus. We establish its characteristics, like the convergence condition, recurrence
relation, integral representations, 𝑞-derivative formulae, 𝑞-Laplace and 𝑞-Sumudu transformations, and image
formulas for the Caputo fractional 𝑞-derivative and the Hilfer fractional 𝑞-derivative. Furthermore, we analyze
some specific situations to demonstrate of our key findings.
1. Introduction

Sharma and Jain (2009) developed the new function known as
the M-function in 2009. It is expressed in terms of power series for
𝑧, 𝜁 , 𝜗 ∈ C, ℜ (𝜁 ) > 0 as:

𝜁
𝑟𝑀

𝜗
𝑠 (𝑧) = 𝜁

𝑟𝑀
𝜗
𝑠
(

𝑎1,…,𝑎𝑟; 𝑐1,…,𝑐𝑠; 𝑧
)

=
∞
∑

𝑛=0

(

𝑎1
)

𝑛 …
(

𝑎𝑟
)

𝑛
(

𝑐1
)

𝑛 …
(

𝑐𝑠
)

𝑛

𝑧𝑛

𝛤 (𝜁 𝑛 + 𝜗)
,

(1.1)

where the Pochhammer symbols are
(

𝑎𝑖
)

𝑛,
(

𝑐𝑗
)

𝑛; 𝑖 = 1, 2,… , 𝑟; 𝑗 =
1, 2,… , 𝑠, for more detail (see Kilbas et al., 2006). Special cases exist
for the generalized M-function. For instance, the M-function reduces
in the M-series described by Sharma (2008) if we give 𝜗 = 1, for 𝜁 =
𝜗 = 1, obtain well-known generalized hypergeometric function, when
𝜁 = 𝜗 = 1, and 𝑠 = 𝑟 = 0, get Mittag–Leffler function (MLF) (Mittag-
Leffier, 1903) with one parameter, put 𝑠 = 𝑟 = 0, obtain MLF with two
parameter which is introduced by Wiman (1905), further, if we put 𝑟 =
𝑠 = 1, 𝑐1 = 𝛾, 𝑑1 = 1, then, Eq. (1.1) becomes to Generalized MLF which
is introduced by Prabhakar (1971). There are many characteristics of
M-Series (1.1) and the unique situations have investigated by Miller
(1993), Saxena et al. (2009), Saigo and Kilbas (1998), Purohit et al.
(2010), and Mishra et al. (2017). In order to solve differential and
integral equations of fractional order, the generalized M-function is
important.

∗ Corresponding author.
E-mail addresses: biniyam.shimelis@wu.edu.et (B. Shimelis), dl.suthar@wu.edu.et (D.L. Suthar).

The article highlights the significance of gamma and beta functions,
along with their diverse forms. Lahcene (2021) provides properties
of the extended gamma and beta function together with a closed-
form representation of more integral functions. Additionally, some of
the extended function’s relative behaviors, the special cases that arise
from them when the parameters are fixed, the decomposition equation,
the integrative representation of the suggested general formula, the
frequency relationships, the correlations associated with the suggested
formula, and the differentiation equation for these fundamental func-
tions were examined. By investigating, integral representations, the
author additionally looked into the basic decomposition equation, the
differentiation formula, recurrence relations, convolutions, and the
asymptotic behavior of a few particular examples. Applications of these
functions to the infinite series and the complex of definite integrals
of related fundamental functions have been described, as well as the
assessment of various reversible Laplace transforms. Furthermore, by
using the weights offered by extended gamma functions, Lahcene et al.
(2022) provided rich theoretical and applied behaviors in models of
special functions, particularly expansion-generalized gamma delta, and
techniques to more thoroughly generalize integrals and derivatives. In
order to establish a connection between all of the fundamental modifi-
cations that had previously been discovered, the researcher (Palsaniya
et al., 2021) summarized the modifications that emerged on the most
significant special functions pertaining to the extended generalized
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gamma function that overlapped it in relationship to the fractional
calculus (FC), and additional findings regarding the generalized gamma
function that occurred in diffraction theory, as well as some special
functions associated with fractional functions. The incomplete function
of the beta and gamma functions, the H-function, and their generaliza-
tion have been the focus of some researchers’ recent work; for more
information, see the article (Bhatter et al., 2023; Meena et al., 2020,
2022).

Inspired by the depiction of a series mentioned above, which is
found in Eq. (1.1), as well as its significance and uses in applied
math, we have determined the 𝑞-analogue of generalized M-series and
btained several fundamental properties. For these functions, a few 𝑞-
ntegral formulations are developed. In the last section, unique cases of
he main findings are presented.

In this work, We employ some definitions provided in the following
ection.

. Preliminaries

Regarding the idea of 𝑞-series (see Gasper and Rahman, 2004), given
𝑞| < 1 and 𝜆 ∈ C, the 𝑞-shifted factorial is stated as follows:

(d; 𝑞)ℎ =
{

1; ℎ = 0,
(1 − d)(1 − d𝑞)⋯ (1 − d𝑞ℎ−1); ℎ ∈ N, (2.1)

and its natural expansion as

(d; 𝑞)ℎ =
(d; 𝑞)∞
(d𝑞ℎ; 𝑞)∞

, ℎ ∈ C, (2.2)

where 𝑞ℎ’s the fundamental value is determined.
For 𝜀 ≠ 0, the power function (𝜀 − 𝜏)𝑚 is stated as follows in terms

of the 𝑞-analogue:

(𝜀 − 𝜏)𝑚 =
𝑚−1
∏

𝑘=0
(𝜀 − 𝑞𝑘𝜏) = 𝜀𝑚

( 𝜏
𝜀
; 𝑞
)

𝑚
= 𝜀𝑚

(

𝜏
𝜀 ; 𝑞

)

∞
(

𝜏
𝜀 𝑞

𝑚; 𝑞
)

∞

; 𝜀 ≠ 0. (2.3)

Moreover, (see Ernst, 2003) the 𝑞-analogue of the power function
𝛾±𝜏)𝑛 is

(𝛾 ± 𝜏)(𝑛) = (𝛾 ± 𝜏)𝑛 = 𝛾𝑛 (∓𝜏∕𝛾; 𝑞)𝑛

= 𝛾𝑛
𝑛
∑

𝑡=0

[

𝑛
𝑡

]

𝑞
𝑞𝑡(𝑡−1)∕2 (±𝜏∕𝛾)𝑡 , (𝑛 ∈ N) , (2.4)

wherein 𝑞-binomial coefficient is obtained from
[

𝑛
𝑡

]

𝑞
=

(𝑞−𝑛; 𝑞)𝑡
(𝑞; 𝑞)𝑡

(−𝑞𝑛)𝑡 𝑞−(𝑡−1)𝑡∕2

=
𝛤𝑞(𝑛 + 1)

𝛤𝑞(𝑡 + 1)𝛤𝑞(1 + 𝑛 − 𝑡)
, (𝑡 ∈ N, 𝑛 ∈ C). (2.5)

The 𝑞-gamma and 𝑞-beta function (cf. Gasper and Rahman, 2004), is
defined as

𝛤𝑞 (𝜀) =
(𝑞; 𝑞)∞
(𝑞𝜀; 𝑞)∞

(1 − 𝑞)1−𝜀

= (1 − 𝑞)1−𝜀 (𝑞; 𝑞)𝜀−1 ; 𝜀 ∈ R∖ {0,−1,−2,…} ; |𝑞| < 1, (2.6)

and

𝐵𝑞(𝜀, 𝜂) =
𝛤𝑞(𝜀)𝛤𝑞(𝜂)
𝛤𝑞(𝜀 + 𝜂)

= ∫

1

0
𝑡𝜀−1

(𝑞𝑡; 𝑞)∞
(𝑞𝜂𝑡; 𝑞)∞

𝑑𝑞𝑡

= ∫

1

0
𝑡𝜀−1(𝑡𝑞; 𝑞)𝜂−1𝑑𝑞𝑡, (ℜ(𝜀),ℜ(𝜂) > 0). (2.7)

Furthermore, Gasper and Rahman (2004) provides the 𝑞-derivative and
𝑞-difference operator of a function 𝑓 (𝑡) defined on a subset of C.

𝐷𝑞𝑓 (𝑡) =
𝑓 (𝑡) − 𝑓 (𝑡𝑞)

, (𝑞 ≠ 1, 𝑡 ≠ 0), (2.8)
2

(1 − 𝑞)𝑡
𝐷𝑞

{

(𝑡 − 𝜀)𝜇𝑞
}

= [𝜇]𝑞 (𝑡 − 𝜀)𝜇−1𝑞 ; 𝐷𝑞

{

(𝜂 − 𝑡)𝜇𝑞
}

= − [𝜇]𝑞 (𝜂 − 𝑞𝑡)𝜇−1𝑞 ,

(2.9)

nd

∫

𝑡

0
𝑓 (𝑧)𝑑(𝑧; 𝑞) = (1 − 𝑞)𝑡

∞
∑

𝑘=0
𝑞𝑘𝑓 (𝑡𝑞𝑘). (2.10)

he fractional 𝑞-integral operator is given as
[

𝐼𝛿𝑞,𝑎+ (𝑡 − 𝜀)𝜇𝑞
]

(𝑧) =
𝛤𝑞(𝜇 + 1)

𝛤𝑞(𝜇 + 𝛿 + 1)
(𝑡 − 𝜀)𝜇+𝛿𝑞 ; 𝛿 ∈ (−1,∞) . (2.11)

3. The 𝒒-analogue of M-function and its properties

Motivated by Eq. (1.1), we propose the 𝑞-analogue of M-function
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) for 𝑧, 𝜁 , 𝜗 ∈ C; |𝑞| < 1 and ℜ(𝜁 ) > 0 as
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
𝜁,𝜗

𝑟𝑀𝑠

[

𝑞𝑐1 ,… , 𝑞𝑐𝑟
𝑞𝑑1 ,… , 𝑞𝑑𝑠

; 𝑞, 𝑧
]

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
, (3.1)

here the 𝑞-analogue of Pochhammer symbol are as (𝑞𝑐𝑖 , 𝑞)𝜉 , (𝑞
𝑑𝑗 , 𝑞)𝜉 ;

𝑖, d𝑗 ≠ 0,−1,−2,… (𝑖 = 1, 2,… , 𝑟; 𝑗 = 1, 2,… , 𝑠), and 𝛤𝑞(.) is the
-gamma function. If 0 < |𝑞| < 1, series (3.1) converges for all 𝑧 if
≤ 𝑠, and for |𝑧| < 1 if 𝑟 = 𝑠 + 1. When |𝑞| > 1, the seriesconverges for
𝑧| < |

|

𝑑1 ⋯ 𝑑𝑠𝑞|| ∕ ||𝑐1 ⋯ 𝑐𝑟||.
The connections are additionally noted as particular examples of

𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) with additional special functions as indicated below.

(1) For 𝑠 = 𝑟 = 0, the 𝑞-ML function, which Mansour (2009) defined,
replaces the M-function.

𝜁,𝜗

0𝑀0

[

−;
− ; 𝑞, 𝑧

]

=
∞
∑

𝜉=0

𝑧𝜉

𝛤𝑞 (𝜁 𝜉 + 𝜗)
= 𝑒𝜁,𝜗(𝑧, 𝑞). (3.2)

(2) The M-function reduces to the 𝑞-ML function, which is defined
by Jain (2018) as follows for 𝜗 = 1, 𝑟 = 𝑠 = 0.

𝜁,1
0𝑀0

[

−;
− ; 𝑞, 𝑧

]

=
∞
∑

𝜉=0

𝑧𝜉

𝛤𝑞 (𝜁 𝜉 + 1)
= 𝐸𝜁 (𝑧, 𝑞), (ℜ(𝜁 ) > 0). (3.3)

(3) We get the generalized small 𝑞-ML function, first suggested
by Purohit and Kalla (2011), as follows after setting 𝑟 = 𝑠 =
1, 𝑐1 = 𝛿 , 𝑑1 = 1 in (3.1):

𝜁,𝜗

1𝑀1

[

𝑞𝛿 ;
𝑞;

𝑞, 𝑧
]

=
∞
∑

𝜉=0

(

𝑞𝛿 ; 𝑞
)

𝜉

(𝑞; 𝑞)𝜉
𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
= 𝑒𝛿𝜁,𝜗(𝑞, 𝑧). (3.4)

(4) The generalized 𝑞-ML function that Sharma and Jain (2016)
proposed is obtained as follows when 𝑟 = 𝑠 = 1, 𝑐1 = 𝛾 𝑑1 = 𝛿 is
entered into (3.1).
𝜁,𝜗

1𝑀1

[

𝑞𝛾 ;
𝑞𝛿 ;

𝑞, 𝑧
]

=
∞
∑

𝜉=0

(𝑞𝛾 ; 𝑞)𝜉
(

𝑞𝛿 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
= 𝐸𝛾,𝛿

𝜁,𝜗(𝑧, 𝑞). (3.5)

(5) Put 𝑠 = 0, 𝑟 = 1, 𝑐1 = 𝛿 in (3.1), we get

1,1
1𝑀0

[

𝑞𝛿 ;
−;

𝑞, 𝑧
]

=
∞
∑

𝑛=0

(

𝑞𝛿 ; 𝑞
)

𝜉 𝑧
𝜉

(𝑞; 𝑞)𝜉
=

(

𝑞𝛿𝑧; 𝑞
)

∞
(𝑞; 𝑞)∞

= 1𝜙0(𝑞𝛿 ; −; 𝑞, 𝑧),

(3.6)

where the function 1𝜙0(𝑞𝛿 ; −; 𝑞, 𝑧) = (1 − 𝑧)−𝛿 is also known as
the 𝑞-binomial function.
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(6) Lastly, considering the relationships

lim
𝑞→1−

(

𝑞𝛿 ; 𝑞
)

𝜉

(1 − 𝑞)𝜉
= (𝛿)𝜉 , (3.7)

and

lim
𝑞→1−

𝛤𝑞(𝑧) = 𝛤 (𝑧), (3.8)

further note that

lim
𝑞→1−

𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) = 𝜁
𝑟𝑀

𝜗
𝑠 (𝑧). (3.9)

We begin our investigation from the convergence condition of 𝑞-
analogue of the M-function.

4. Convergence of
𝜻,𝝑

𝒓𝑴𝒔 (𝒒, 𝒛)

Theorem 4.1. The 𝑞-analogue of the M-function given by the summation
formula (3.1) converges absolutely for |𝑧| < (1 − 𝑞)−𝜁 given that 0 < 𝑞 <
1, 𝜁 > 0.

Proof. By Eq. (3.1), we have
𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝑧) =
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
=

∞
∑

𝜉=0
𝑢𝜉 (𝑠𝑎𝑦). (4.1)

Now, apply the ratio formula lim𝜉→∞
|

|

|

|

𝑢𝜉+1
𝑢𝜉

|

|

|

|

on Eq. (3.1). So

lim
𝜉→∞

|

|

|

|

|

𝑢𝜉+1
𝑢𝜉

|

|

|

|

|

= lim
𝜉→∞

|

|

|

|

|

|

(𝑞𝑐1 ; 𝑞)𝜉+1 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉+1
(

𝑞𝑑1 ; 𝑞
)

𝜉+1 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉+1

(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) 𝑧𝜉+1

𝛤𝑞 (𝜁𝜉 + 𝜁 + 𝜗) 𝑧𝜉

|

|

|

|

|

|

.

Using results (𝑞𝜁 , 𝑞)𝜉 =
(𝑞𝜁 ,𝑞)∞
(𝑞𝜁+𝜉 ,𝑞)∞

𝑎𝑛𝑑 𝛤𝑞(𝜉) = (1 − 𝑞)1−𝜉 (𝑞,𝑞)∞
(𝑞𝜉 ,𝑞)∞

, we get

lim
→∞

|

|

|

|

|

𝑢𝜉+1
𝑢𝜉

|

|

|

|

|

= lim
𝜉→∞

|

|

|

|

(𝑞𝑑1 ,𝑞)∞
(𝑞𝑑1+𝜉 ,𝑞)∞

⋯ (𝑞𝑑𝑠 ,𝑞)∞
(𝑞𝑑𝑠+𝜉 ,𝑞)∞

(𝑞𝑑1 ,𝑞)∞
(𝑞𝑑1+𝜉+1 ,𝑞)∞

⋯ (𝑞𝑑𝑠 ,𝑞)∞
(𝑞𝑑𝑠+𝜉+1 ,𝑞)∞

(𝑞𝑐1 ,𝑞)∞
(𝑞𝑐1+𝜉+1 ,𝑞)∞

⋯ (𝑞𝑐𝑟 ,𝑞)∞
(𝑞𝑐𝑟+𝜉+1 ,𝑞)∞

(𝑞𝑐1 ,𝑞)∞
(𝑞𝑐1+𝜉 ,𝑞)∞

⋯ (𝑞𝑐𝑟 ,𝑞)∞
(𝑞𝑐𝑟+𝜉 ,𝑞)∞

×
(1 − 𝑞)1−𝜁𝜉−𝜗 (𝑞,𝑞)∞

(𝑞(𝜁𝜉+𝜗) ,𝑞)∞

(1 − 𝑞)1−𝜁𝜉−𝜗−𝜁 (𝑞,𝑞)∞
(𝑞(𝜁𝜉+𝜁+𝜗) ,𝑞)∞

𝑧
|

|

|

|

= lim
𝜉→∞

|

|

|

|

(𝑞𝑑1+𝜉+1, 𝑞)∞ ⋯ (𝑞𝑑𝑠+𝜉+1, 𝑞)∞
(𝑞𝑑1+𝜉 , 𝑞)∞ ⋯ (𝑞𝑑𝑠+𝜉 , 𝑞)∞

(𝑞𝑐1+𝜉 , 𝑞)∞ ⋯ (𝑞𝑐𝑟+𝜉 , 𝑞)∞
(𝑞𝑐1+𝜉+1, 𝑞)∞ ⋯ (𝑞𝑐𝑟+𝜉+1, 𝑞)∞

×
(𝑞𝜁𝜉+𝜁+𝜗, 𝑞)∞(1 − 𝑞)𝜁

(𝑞𝜁𝜉+𝜗, 𝑞)∞
𝑧
|

|

|

|

Using 𝑞-analogue of power function which is define in (2.3), Then,
we obtain

lim
𝜉→∞

|

|

|

|

|

𝑢𝜉+1
𝑢𝜉

|

|

|

|

|

≤ lim
𝜉→∞

|

|

|

|

|

(1 − 𝑞𝑐1+𝜉 )⋯ (1 − 𝑞𝑐𝑟+𝜉 )
(1 − 𝑞𝑑1+𝜉 )⋯ (1 − 𝑞𝑑𝑠+𝜉 )

(1 − 𝑞𝜁𝜉+𝜗)𝜁 (1 − 𝑞)𝜁
|

|

|

|

|

|𝑧| .

⇒ lim
𝜉→∞

|

|

|

|

|

𝑢𝜉+1
𝑢𝜉

|

|

|

|

|

≤
{

(1 − 𝑞)𝜁 |𝑧| ; 0 < |𝑞| < 1
0; 𝑞 = 1

𝑎𝑠 𝜉 → ∞.

ence series
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) is convergent for 0 < |𝑞| < 1 if |𝑧| < (1 − 𝑞)−𝜁 .
urther, if 𝑞 → 1 then (3.1) coincide with (1.1), which was defined
y Sharma and Jain (2009).

. Recurrence relation

heorem 5.1. If 𝜁, 𝜗 ∈ C, ℜ(𝜁 ) > 0,ℜ(𝜗) > 0;then there hold the formula
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
𝜁,𝜗

𝑟+1𝑀𝑠 (𝑞, 𝑧) −
𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )
𝑧

𝜁,𝜁+𝜗
+1𝑀𝑠+1 (𝑞, 𝑧) −

𝑞𝑐𝑖+1

(1 − 𝑞𝑑𝑗 )
𝑧

𝜁,𝜁+𝜗
𝑟+1𝑀𝑠+1 (𝑞, 𝑞𝑧), (5.1)
3

where 𝑖 = 1, 2,… , 𝑟 and 𝑗 = 1, 2,… , 𝑠. T
Proof. To show the outcomes (5.1), we use the left-hand side and we
can write the definition (3.1) as

𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
1

𝛤𝑞(𝜗)
+

∞
∑

𝜉=1

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
. (5.2)

ere, we can express the above term as

𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

1
𝛤𝑞(𝜗)

+
∞
∑

𝜉=1

(𝑞𝑐𝑖 ; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
; 𝑖 = 1, 2,… , 𝑟; 𝑗 = 1, 2,… , 𝑠.

(5.3)

n using the 𝑞-identity, we get

𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

1
𝛤𝑞(𝜗)

+
∞
∑

𝜉=1

(1 − 𝑞𝑐𝑖 )(𝑞𝑐𝑖+1; 𝑞)𝜉−1
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
. (5.4)

Since (1 − 𝑞𝑐 ) = (1 − 𝑞𝑐+𝜉 ) − 𝑞𝑐 (1 − 𝑞𝜉 ), the above Eq. (5.4) reduces to

𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
1

𝛤𝑞(𝜗)
+

∞
∑

𝜉=1

{

(1 − 𝑞𝑐𝑖+𝜉 ) − 𝑞𝑐𝑖 (1 − 𝑞𝜉 )
}

(𝑞𝑐𝑖+1; 𝑞)𝜉−1
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

= 1
𝛤𝑞(𝜗)

+
∞
∑

𝜉=1

{

(1 − 𝑞𝑐𝑖+𝜉 )(𝑞𝑐𝑖+1; 𝑞)𝜉−1 − 𝑞𝑐𝑖 (1 − 𝑞𝜉 )(𝑞𝑐𝑖+1; 𝑞)𝜉−1
}

(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

× 𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

= 1
𝛤𝑞(𝜗)

+
∞
∑

𝜉=1

{

(1 − 𝑞𝑐𝑖+𝜉 )(𝑞𝑐𝑖+1; 𝑞)𝜉−1
}

(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

−
∞
∑

𝜉=1

{

𝑞𝑐𝑖 (1 − 𝑞𝜉 )(𝑞𝑐𝑖+1; 𝑞)𝜉−1
}

(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
. (5.5)

Using the 𝑞-identity in Eq. (5.5) as in denominator of second term,
we get

𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝑧) =
1

𝛤𝑞(𝜗)
+

∞
∑

𝜉=1

(𝑞𝑐𝑖+1; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

−
𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=1

(1 − 𝑞𝜉 )(𝑞𝑐𝑖+1; 𝑞)𝜉−1
(𝑞𝑑𝑗+1; 𝑞)𝜉−1

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

=
∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
−

𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=1

(𝑞𝑐𝑖+1; 𝑞)𝜉−1
(𝑞𝑑𝑗+1; 𝑞)𝜉−1

(1 − 𝑞𝜉 )𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

=
∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
−

𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=1

(𝑞𝑐𝑖+1; 𝑞)𝜉−1
(𝑞𝑑𝑗+1; 𝑞)𝜉−1

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

−
𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=1

(𝑞𝑐𝑖+1; 𝑞)𝜉−1
(𝑞𝑑𝑗+1; 𝑞)𝜉−1

(𝑞𝑧)𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
. (5.6)

y changing 𝜉 by 𝜉 + 1 in second and third summation, the RHS
f Eq. (5.6) becomes

𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
−

𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(𝑞𝑑𝑗+1; 𝑞)𝜉

𝑧𝜉+1

𝛤𝑞 (𝜁 (𝜉 + 1) + 𝜗)

−
𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(𝑞𝑑𝑗+1; 𝑞)𝜉

(𝑞𝑧)𝜉+1

𝛤𝑞 (𝜁 (𝜉 + 1) + 𝜗)

=
∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
−

𝑞𝑐𝑖𝑧
(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(𝑞𝑑𝑗+1; 𝑞)𝜉

𝑧𝜉+1

𝛤𝑞 (𝜁𝜉 + 𝜁 + 𝜗)

−
𝑞𝑐𝑖+1𝑧

(1 − 𝑞𝑑𝑗 )

∞
∑

𝜉=0

(𝑞𝑐𝑖+1; 𝑞)𝜉
(𝑞𝑑𝑗+1; 𝑞)𝜉

(𝑞𝑧)𝜉

𝛤𝑞 (𝜁𝜉 + 𝜁 + 𝜗)
. (5.7)

n view of the definition (3.1), the above expression becomes

𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

𝜁,𝜗

𝑟+1𝑀𝑠 (𝑞, 𝑧) −
𝑞𝑐𝑖

(1 − 𝑞𝑑𝑗 )
𝑧

𝜁,𝜁+𝜗
𝑟+1𝑀𝑠+1

× (𝑞, 𝑧) −
𝑞𝑐𝑖+1

(1 − 𝑞𝑑𝑗 )
𝑧

𝜁,𝜁+𝜗
𝑟+1𝑀𝑠+1 (𝑞, 𝑞𝑧).

his concludes the proof of the result (5.1).
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Theorem 5.2. If 𝜁, 𝜗 ∈ C, ℜ(𝜁 ) > 0,ℜ(𝜗) > 0; then there hold the
ormula

𝑧𝜁 𝑞𝑐𝑖−1
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑎 𝑧𝜁 ) =
𝜁,𝜗−𝜁
𝑟𝑀𝑠 (𝑞, 𝑎 𝑧𝜁 ) −

𝜁,𝜗−𝜁
𝑟−1𝑀𝑠+1(𝑞, 𝑎 𝑧𝜁 ) (5.8)

here 𝑖 = 1, 2,… , 𝑟 and 𝑗 = 1, 2,… , 𝑠.

roof. To show the outcomes (5.8), we use the left-hand side and apply
efinition (3.1) as

𝑧𝜁 𝑞𝑐𝑖−1
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑎 𝑧𝜁 ) = 𝑞𝑐𝑖−1
∞
∑

𝜉=0

(𝑞𝑐𝑖 ; 𝑞)𝜉
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉

(

𝑎 𝑧𝜁
)𝜉+1

𝛤𝑞 (𝜁𝜉 + 𝜗)

n using the 𝑞-identity, namely
𝑐−1(1 − 𝑞𝜉+1)(𝑞𝑐 ; 𝑞)𝜉 = (𝑞𝑐 ; 𝑞)𝜉+1 − (𝑞𝑐−1; 𝑞)𝜉+1, (5.9)

and the 𝑞-identity defined in [Mishra et al., 2017, p. 6, Eq. (1.2.33)],
we have

𝑎 𝑧𝜁 𝑞𝑐𝑖−1
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑎 𝑧𝜁 ) =
∞
∑

𝜉=0

(𝑞𝑐𝑖 ; 𝑞)𝜉+1 − (𝑞𝑐𝑖−1; 𝑞)𝜉+1
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉 (1 − 𝑞𝜉+1)

(

𝑎 𝑧𝜁
)𝜉+1

𝛤𝑞 (𝜁𝜉 + 𝜗)
.

nce more, the aforementioned series exists for 𝜉 = −1 and the
ssociated value is zero, therefore for ℜ(𝜗) > ℜ(𝜁 ) > 0, we may write

𝑎 𝑧𝜁 𝑞𝑐𝑖−1
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑎 𝑧𝜁 ) =
∞
∑

𝜉=−1

(𝑞𝑐𝑖 ; 𝑞)𝜉+1 − (𝑞𝑐𝑖−1; 𝑞)𝜉+1
(

𝑞𝑑𝑗 ; 𝑞
)

𝜉 (1 − 𝑞𝜉+1)

(

𝑎 𝑧𝜁
)𝜉+1

𝛤𝑞 (𝜁𝜉 + 𝜗)
.

e obtain the right-hand side of (5.8) by replacing 𝜉 with 𝜉 − 1 and
roving that (3.1) is used.

. Elementary properties of
𝜻,𝝑

𝒓𝑴𝒔(𝒒, 𝒛)

We start from the following theorem, by illustrates the integral
epresentation of the 𝑞-analogue of the M-function.

.1. 𝑞-integral representations

heorem 6.1. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, and ℜ(𝜗) > ℜ(𝜁 ) > 0,then
𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

𝑧𝜁−𝜗

(1 − 𝑞1∕𝑚) ∫

∞

0
𝑒𝑞(−𝑡𝑚∕𝑧𝑚) 𝑡𝜗−𝜁−1

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

×
𝑞𝛿(𝛿−1)∕2𝑡𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) (𝑞; 𝑞)𝛿−1
𝑑𝑞𝑡, (6.1)

where 𝛿 = (𝜗− 𝜁 + 𝜉)∕𝑚 and any non-zero positive integer is denoted by 𝑚.

Proof. To show the outcomes (6.1), we use the R.H.S. (say-R) of (6.1).

𝑅 = 𝑧𝜁−𝜗

(1 − 𝑞1∕𝑚) ∫

∞

0
𝑒𝑞(−𝑡𝑚∕𝑧𝑚) 𝑡𝜗−𝜁−1

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

×
𝑞𝛿(𝛿−1)∕2𝑡𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) (𝑞; 𝑞)𝛿−1
𝑑𝑞𝑡. (6.2)

Substituting 𝑡𝑚∕𝑧𝑚 = 𝑤, in see of the 𝑞-difference operator (2.8), we
ave

𝑞𝑡 =
(1 − 𝑞1∕𝑚)
(1 − 𝑞)

𝑧𝑤1∕𝑚−1𝑑𝑞𝑤.

As a result, we can write

𝑅 = 1
(1 − 𝑞) ∫

∞

0
𝑒𝑞(−𝑤)𝑤((𝜗−𝜁 )∕𝑚)−1

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

×
𝑞𝛿(𝛿−1)∕2

(

𝑧𝑤1∕𝑚)𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) (𝑞; 𝑞)𝛿−1
𝑑𝑞𝑤. (6.3)

If we reverse the integration and summation order, we have (6.1),
under which the condition is valid.

𝑅 = 1
(1 − 𝑞)

∞
∑ (𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉

(

𝑑
) (

𝑑
)

𝑞𝛿(𝛿−1)∕2 (𝑧)𝜉

𝛤 (𝜁𝜉 + 𝜗) (𝑞; 𝑞) ∫

∞
𝑒𝑞(−𝑤)𝑤𝛿−1𝑑𝑞𝑤
4

𝜉=0 𝑞 1 ; 𝑞 𝜉 ⋯ 𝑞 𝑠 ; 𝑞 𝜉 𝑞 𝛿−1 0
= 1
(1 − 𝑞)

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑞𝛿(𝛿−1)∕2 (𝑧)𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) (𝑞; 𝑞)𝛿−1
𝐿𝑞

{

𝑢𝛿−1; 1
}

, (6.4)

In this case, Hahn (1949) established the 𝑞-Laplace transform of
(𝑤), which is shown by 𝐿𝑞 {𝑓 (𝑤); 𝑠}.

𝑞 {𝑓 (𝑤); 𝑠} = 1
(1 − 𝑞) ∫

∞

0
𝑒𝑞(𝑠𝑤) 𝑓 (𝑤)𝑑𝑞𝑤. (6.5)

sing Abdi’s previously known result (Abdi, 1961), namely

𝑞
{

𝑤𝛿−1; 𝑠
}

=
(𝑞; 𝑞)𝛿−1𝑞−𝛿(𝛿−1)∕2

𝑠𝛿
, ℜ(𝛿) > 0. (6.6)

e have

𝑞
{

𝑤𝛿−1; 1
}

= (𝑞; 𝑞)𝛿−1𝑞−𝛿(𝛿−1)∕2,

s result (6.4) leads to the left-hand side of (6.1).
This brings the proof of (6.1).

heorem 6.2. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0 and ℜ(𝜗) > ℜ(𝜁 ) > 0, then
𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

(1 − 𝑞)
(1 − 𝑞𝜁 )𝛤𝑞(𝜗 − 𝜁 ) ∫

1

0

(

𝑞𝑡1∕𝜁 ; 𝑞
)

𝜗−𝜁−1

𝜁,𝜁

𝑟𝑀𝑠(𝑞, 𝑧𝑡)𝑑𝑞𝑡. (6.7)

roof. Applying the definition (3.1) in the right-hands of (6.7) we say
L), we obtain

=
(1 − 𝑞)

(1 − 𝑞𝜁 )𝛤𝑞(𝜗 − 𝜁 ) ∫

1

0

(

𝑞𝑡1∕𝜁 ; 𝑞
)

𝜗−𝜁−1

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

× 𝑧𝜉 𝑡𝜉

𝛤𝑞 (𝜁𝜉 + 𝜁 )
𝑑𝑞𝑡

=
(1 − 𝑞)

(1 − 𝑞𝜁 )𝛤𝑞(𝜗 − 𝜁 )

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜁 )

× ∫

1

0
𝑡𝜉
(

𝑞𝑡1∕𝜁 ; 𝑞
)

𝜗−𝜁−1 𝑑𝑞𝑡.

Let 𝑡 = 𝑦𝜁 then 𝑑𝑞𝑡 =
(

(1 − 𝑞𝜁 )∕(1 − 𝑞)
)

𝑦𝜁−1𝑑𝑞𝑦 and using Eq. (2.7),
we have

𝐿 =
(1 − 𝑞)

(1 − 𝑞𝜁 )𝛤𝑞(𝜗 − 𝜁 )

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

(1 − 𝑞𝜁 )𝛤𝑞(𝜗 − 𝜁 )𝛤𝑞 (𝜁𝜉 + 𝜁 ) 𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜁 ) (1 − 𝑞)𝛤𝑞 (𝜁𝜉 + 𝜗) .

(6.8)

After simplification, we obtain left hand side of Eq. (6.7).

Theorem 6.3. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, and ℜ(𝜗) > ℜ(𝜁 ) > 0, then
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
1

𝛤𝑞(𝜁 ) ∫

1

0
𝑡𝜁−1 (𝑞𝑡; 𝑞)𝜗−𝜁−1

𝜁,𝜗−𝜁
𝑟𝑀𝑠 (𝑞, 𝑧(1 − 𝑡𝑞𝜗−𝜁 )(𝜁 ))𝑑𝑞𝑡. (6.9)

roof. Applying the definition (3.1), we obtain
𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

1
𝛤𝑞 (𝜁 ) ∫

1

0
𝑡𝜁−1 (𝑞𝑡; 𝑞)𝜗−𝜁−1

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑧𝜉 (𝑡𝑞𝜗−𝜁 ; 𝑞)𝜉𝜁
𝛤𝑞 (𝜁𝜉 + 𝜗 − 𝜁 )

𝑑𝑞 𝑡.

The preceding equation results in when the integration and summation
are performed in a different order and the 𝑞-identity is used [Gasper
and Rahman, 1990, P. 234, 1.17].
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
1

𝛤𝑞(𝜁 )

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑧𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗 − 𝜁 )

× ∫

1

0
𝑡𝜁−1 (𝑡𝑞; 𝑞)𝜉𝜁+𝜗−𝜁−1 𝑑𝑞𝑡. (6.10)

rom (2.7) and (3.1), Eq. (6.10) becomes to the left-hand side of (6.9).

.2. 𝑞-derivative

heorem 6.4. For 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0 and ℜ(𝜗) > ℜ(𝜁 ) > 0, then for
ny 𝑚 ∈ N, we have

𝑚
𝑞

[

𝑧𝜗−1
𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝜁 )
]

= 𝑧𝜗−𝑚−1
𝜁,𝜗−𝑚
𝑟𝑀𝑠 (𝑞, 𝛾𝑧𝜁 ). (6.11)
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Proof. By using the function 𝑓 (𝑧) = 𝑧𝜗−1
𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝜁 ) in (2.8) and using
the definition (3.1), we obtain

𝐷𝑞

[

𝑧𝜗−1
𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝜁 )
]

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

(1 − 𝑞𝜁𝜉+𝜗−1) 𝛾𝜉𝑧𝜁𝜉+𝜗−2

(1 − 𝑞)𝛤𝑞 (𝜁𝜉 + 𝜗) .
(6.12)

The functional relation as

𝛤𝑞 (𝜀 + 1) =
1 − 𝑞𝜀

1 − 𝑞
𝛤𝑞 (𝜀) ,

the right-hand side of Eq. (6.12) expression becomes
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛾𝜉𝑧𝜁𝜉+𝜗−2

𝛤𝑞 (𝜁𝜉 + 𝜗 − 1)
= 𝑧𝜗−2

𝜁,𝜗−1
𝑟𝑀𝑠 (𝑞, 𝛾𝑧𝜁 ).

terating this result, up to 𝑚 − 1 times, we have the required outcome
6.11).

.3. 𝑞-Laplace transform

heorem 6.5. For 𝑧, 𝑠, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, ℜ(𝑠) > 0, and ℜ(𝜗) > ℜ(𝜁 ) >
0, then

𝑞𝐿𝑠

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

= 1
𝑠

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛤𝑞 (1 + 𝛿𝜉)
𝛤𝑞 (𝜁𝜉 + 𝜗)

(

𝛾(1 − 𝑞)𝛿

𝑠𝛿

)𝜉

.

(6.13)

Proof. The following 𝑞- integral defines the 𝑞-Laplace transform of an
appropriate function.

𝑞𝐿𝑠 [𝑓 (𝑧)] =
1

(1 − 𝑞) ∫

𝑠−1

0
𝐸𝑞(𝑞𝑠𝑧)𝑓 (𝑧)𝑑𝑞𝑧, (6.14)

since the 𝑞-exponential series is given by

𝐸𝑞(𝑧) =
∞
∑

𝑛=0

𝑞𝑛(𝑛−1)∕2

(𝑞; 𝑞)𝑛
𝑧𝑛 = (−𝑧; 𝑞)∞.

By applying the 𝑞-integral equation (2.10) and the above 𝑞-exponential
series, Eq. (6.14) can be write as

𝑞𝐿𝑠 [𝑓 (𝑧)] =
(𝑞; 𝑞)∞

𝑠

∞
∑

𝑙=0

𝑞𝑙𝑓 (𝑠−1𝑞𝑙)
(𝑞; 𝑞)𝑙

. (6.15)

Now, by applying the 𝑞-Laplace transform definition and definition
(3.1), we get

𝑞𝐿𝑠

[ 𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝛾𝑧𝛿)
]

=
(𝑞; 𝑞)∞

𝑠

∞
∑

𝑙=0

𝑞𝑙

(𝑞; 𝑞)𝑙

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

{

𝛾(𝑠−1𝑞𝑙)𝛿
}𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
.

On switching the order of summations and summing the resulting inner
0𝜙0(.) series using the result of Gasper and Rahman (Miller, 1993),
namely,

0𝜙0(−; −; 𝑞, 𝑧) =
1

(𝑧; 𝑞)∞
, (6.16)

we obtain

𝑞𝐿𝑠

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

=
(𝑞; 𝑞)∞

𝑠

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 (𝑞
1+𝛿𝜉 ; 𝑞)∞

{𝛾}𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) 𝑠𝛿𝜉
.

This, after certain simplifications reduces to the right-hand side of
(6.13).

𝑞𝐿𝑠

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

= 1
𝑠

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 (1 − 𝑞)−𝛿𝜉
𝛤𝑞 (1 + 𝛿𝜉) {𝛾}𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) 𝑠𝛿𝜉

= 1
𝑠

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛤𝑞 (1 + 𝛿𝜉)
𝛤𝑞 (𝜁𝜉 + 𝜗)

(

𝛾(1 − 𝑞)𝛿

𝑠𝛿

)𝜉

.

The completes the proof.
5

6.4. 𝑞-Sumudu transform

Theorem 6.6. For 𝑧, 𝑠, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, ℜ(𝑠) > 0, and ℜ(𝜗) > ℜ(𝜁 ) >
, then

𝑆𝑞

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛤𝑞 (1 + 𝛿𝜉)
𝛤𝑞 (𝜁𝜉 + 𝜗)

(

𝛾𝑡𝛿(1 − 𝑞)𝛿
)𝜉 .

(6.17)

roof. By the definition of (3.1), we have

𝜁,𝜗
𝑀𝑠(𝑞, 𝛾𝑧𝛿) =

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛾𝜉𝑧𝛿𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
= 𝑓 (𝑧)(𝑠𝑎𝑦).

and

𝑓 (𝑡𝑞𝑚) =
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛾𝜉 𝑡𝛿𝜉𝑞𝛿𝑚𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
. (6.18)

The 𝑞-Sumudu transform (Albayrak et al., 2013) is defined as

𝑡𝑆𝑞 [𝑓 (𝜂)] =
1

(1 − 𝑞)𝑡 ∫

𝑡

0
𝐸𝑞 {(𝑞∕𝑡) 𝜂} 𝑓 (𝜂)𝑑𝑞𝜂 = (𝑞; 𝑞)∞

∞
∑

𝑚=0

𝑞𝑚𝑓 (𝑡𝑞𝑚)
(𝑞; 𝑞)𝑚

, 𝑡 > 0,

(6.19)

where 𝐸𝑞(𝜂) =
∑∞

𝑚=0
(−1)𝑚𝑞{𝑚(𝑚−1)∕2}𝜂𝑚

(𝑞;𝑞)𝑚
= (𝜂; 𝑞)∞, (𝜂 ∈ C) is classical

xponential.
Using the definition of Sumudu transform (6.19) and (6.16), We

btain

𝑆𝑞

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

= (𝑞; 𝑞)∞
∞
∑

𝑚=0

𝑞𝑚

(𝑞; 𝑞)𝑚

∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛾𝜉 𝑡𝛿𝜉𝑞𝛿𝑚𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)
.

Switching the order of summation, we obtain

𝑡𝑆𝑞

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛾𝜉 𝑡𝛿𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

∞
∑

𝑚=0

(𝑞; 𝑞)∞𝑞𝑚(1+𝛿𝜉)

(𝑞; 𝑞)𝑚

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛾𝜉 𝑡𝛿𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

∞
∑

𝑚=0
(𝑞1+𝑚; 𝑞)∞𝑞𝑚(1+𝛿𝜉).

sing the result ∑∞
𝑚=0(𝑞

1+𝑚; 𝑞)∞𝑞(1+𝛿𝜉)𝑚 = 𝛤𝑞 (1 + 𝛿𝜉) (1−𝑞)𝛿𝜉 , we obtain

𝑆𝑞

[ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝛾𝑧𝛿)
]

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝛤𝑞 (1 + 𝛿𝜉)
𝛤𝑞 (𝜁𝜉 + 𝜗)

(

𝛾𝑡𝛿(1 − 𝑞)𝛿
)𝜉 .

This is the result (6.17).

7. Fractional 𝒒-derivative of
𝜻,𝝑

𝒓𝑴𝒔 (𝒒, 𝒛)

Theorem 7.1 (Caputo Fractional 𝑞-Derivative). If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0,
then for 𝜇 ∈ N
[

𝑐𝐷
𝜇
𝑞, 𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧) = (𝑧 − 𝑞𝑎)−𝜇𝑞

×
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉 𝛤𝑞 (1 + 𝜇𝜉) (𝑧 − 𝑞𝑎)𝜇𝑞
𝜉

(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 + 𝜇𝜉 − 𝜇)
. (7.1)

roof. The Caputo fractional 𝑞-derivative (Rajkovic et al., 2009) is
iven by
[

𝑐𝐷
𝜇
𝑞,𝑎+𝑓

]

(𝑧) =
[

𝐼1−𝜇𝑞,𝑎+ 𝐷𝑞𝑓
]

(𝑧) = 1
𝛤𝑞(1 − 𝜇) ∫

𝑧

𝑎
(𝑧 − 𝑞𝑡)−𝜇𝑞 𝑓 (𝑡)𝑑𝑞𝑡. (7.2)

ow, by using (3.1) and (7.2), we have
[

𝑐𝐷
𝜇
𝑞, 𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧)

=

[

𝑐𝐷
𝜇
𝑞, 𝑎+

∞
∑ (𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉

(

𝑑1
) (

𝑑𝑠
)

(𝑡 − 𝑞𝑎)𝜇𝑞
𝜉

𝛤 (𝜁𝜉 + 𝜗)

]

(𝑧)

𝜉=0 𝑞 ; 𝑞 𝜉 ⋯ 𝑞 ; 𝑞 𝜉 𝑞
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U
[

=

t

o

C

𝑟

C

𝑟

t
k
E
(
c
r
(

t
e
T
f

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)

[

𝑐𝐷
𝜇
𝑞, 𝑎+ (𝑡 − 𝑞𝑎)𝜇𝑞

𝜉
]

(𝑧)

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)

[

𝐼1−𝜇𝑞,𝑎+ 𝐷𝑞 (𝑡 − 𝑞𝑎)𝜇𝑞
𝜉
]

(𝑧).

Using (2.9), we get
[

𝑐𝐷
𝜇
𝑞, 𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧) =
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)

×
[

𝐼1−𝜇
𝑞,𝑎+ [𝜇𝜉]𝑞 (𝑡 − 𝑞𝑎)𝜇𝑞

𝜉−1
]

(𝑧)

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)
[𝜇𝜉]𝑞

×
[

𝐼1−𝜇
𝑞,𝑎+ (𝑡 − 𝑞𝑎)𝜇𝑞

𝜉−1
]

(𝑧).

sing (2.11), we obtain

𝑐𝐷
𝜇
𝑞, 𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧) =
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉 𝛤𝑞 (𝜇𝜉)
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 + 𝜇𝜉 − 𝜇)

× [𝜇𝜉]𝑞
[

(𝑡 − 𝑞𝑎)𝜇𝑞
𝜉−𝜇

]

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉 𝛤𝑞 (1 + 𝜇𝜉) (𝑡 − 𝑞𝑎)𝜇𝑞
𝜉−𝜇

(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 + 𝜇𝜉 − 𝜇)

⇒

[

𝑐𝐷
𝜇
𝑞, 𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧)

(𝑧 − 𝑞𝑎)−𝜇𝑞
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉 𝛤𝑞 (1 + 𝜇𝜉) (𝑧 − 𝑞𝑎)𝜇𝑞
𝜉

(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 + 𝜇𝜉 − 𝜇)
.

This is the desired result (7.1).

Theorem 7.2 (Hilfer Fractional 𝑞-Derivative). If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0,
hen for 𝜇 ∈ N
[

𝑐𝐷
𝜇,𝜔
𝑞,𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧) = (𝑧 − 𝑞𝑎)−𝜇𝑞
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

×
𝛤𝑞 (1 + 𝜇𝜉) (𝑧 − 𝑞𝑎)𝜇𝑞

𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 + 𝜇𝜉 − 𝜇)
(7.3)

Proof. The Hilfer fractional 𝑞-derivative (Hilfer, 2000, 2002) of 0 <
𝜇 < 1 and 0 ≤ 𝜔 ≤ 1 is defined as
[

𝑐𝐷
𝜇,𝜔
𝑞,𝑎+ 𝑓

]

(𝑧) =
[

𝐼 (1−𝜇)𝜔𝑞,𝑎+ 𝐷𝑞

(

𝐼 (1−𝜇)(1−𝜔)𝑞,𝑎+

)]

(𝑧) . (7.4)

Using (7.4) and (3.1), we have
[

𝐷𝜇,𝜔
𝑞,𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧)

= 𝐷𝜇,𝜔
𝑞,𝑎+

[ ∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

(𝑡 − 𝑞𝑎)𝜇𝑞
𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗)

]

(𝑧)

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

1
𝛤𝑞 (𝜁𝜉 + 𝜗)

[

𝐷𝜇,𝜔
𝑞,𝑎+ (𝑡 − 𝑞𝑎)𝜇𝑞

𝜉
]

(𝑧)

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

1
𝛤𝑞 (𝜁𝜉 + 𝜗)

×
[

𝐼 (1−𝜇)𝜔𝑞,𝑎+ 𝐷𝑞

(

𝐼 (1−𝜇)(1−𝜔)𝑞,𝑎+

)

(𝑡 − 𝑞𝑎)𝜇𝑞
𝜉
]

(𝑧).

Using (2.11), we get
[

𝐷𝜇,𝜔
𝑞,𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧)

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

1
𝛤𝑞 (𝜁𝜉 + 𝜗)

⎡

⎢

⎢

⎢

⎣

(

𝐼 (1−𝜇)𝜔
𝑞,𝑎+ 𝐷𝑞 (𝑡 − 𝑞𝑎)1−𝜇−𝜔+𝜇𝜔+𝜇𝜉𝑞

)

(𝑧)
(

𝛤𝑞 (2−𝜇−𝜔+𝜇𝜔+𝜇𝜉)
𝛤𝑞 (1+𝜇𝜉)

)

⎤

⎥

⎥

⎥

⎦

.

Using (2.9), we get
[

𝐷𝜇,𝜔
𝑞,𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇)
}]

(𝑧)
6

𝑞 b
=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

1
𝛤𝑞 (𝜁𝜉 + 𝜗)

⎡

⎢

⎢

⎢

⎣

(

𝐼 (1−𝜇)𝜔
𝑞,𝑎+ 𝐷𝑞 (𝑡 − 𝑞𝑎)−𝜇−𝜔+𝜇𝜔+𝜇𝜉𝑞

)

(𝑧)
(

𝛤𝑞 (2−𝜇−𝜔+𝜇𝜔+𝜇𝜉)
(1−𝜇−𝜔+𝜇𝜔+𝜇𝜉)𝑞 𝛤𝑞 (1+𝜇𝜉)

)

⎤

⎥

⎥

⎥

⎦

.

Again, using (2.11), we get
[

𝐷𝜇,𝜔
𝑞,𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧)

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)

×

⎡

⎢

⎢

⎢

⎣

(

𝛤𝑞 (1−𝜇−𝜔+𝜇𝜔+𝜇𝜉)
𝛤𝑞 (1−𝜇−𝜔+𝜇𝜔+𝜇𝜉+𝜔−𝜇𝜔)

)

(𝑧 − 𝑞𝑎)𝜔−𝜇𝜔−𝜇−𝜔+𝜇𝜔+𝜇𝜉𝑞
(

𝛤𝑞 (1−𝜇−𝜔+𝜇𝜔+𝜇𝜉)
𝛤𝑞 (1+𝜇𝜉)

)

⎤

⎥

⎥

⎥

⎦

.

=
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉 𝛤𝑞(1 + 𝜇𝜉)
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 − 𝜇 + 𝜇𝜉)
(𝑧 − 𝑞𝑎)−𝜇+𝜇𝜉𝑞

⇒

[

𝐷𝜇,𝜔
𝑞,𝑎+

{ 𝜁,𝜗

𝑟𝑀𝑠(𝑞, (𝑡 − 𝑞𝑎)𝜇𝑞 )
}]

(𝑧)

= (𝑧 − 𝑞𝑎)−𝜇𝑞
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉 𝛤𝑞(1 + 𝜇𝜉)
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉 𝛤𝑞 (𝜁𝜉 + 𝜗)𝛤𝑞 (1 − 𝜇 + 𝜇𝜉)
(𝑧 − 𝑞𝑎)𝜇𝜉𝑞 .

This is the required result (7.3).

8. Concluding observations

A few of the ramifications of the findings discussed in the previous
sections are briefly discussed below. For example, the following is the
outcome of Theorem 6.1 when 𝑚 = 1, is used:

Corollary 8.1. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, and ℜ(𝜗) > ℜ(𝜁 ) > 0, then
𝜁,𝜗

𝑟𝑀𝑠(𝑞, 𝑧) =
𝑧𝜁−𝜗

(1 − 𝑞) ∫

∞

0
𝑒𝑞(−𝑡∕𝑧) 𝑡𝜗−𝜁−1

×
∞
∑

𝜉=0

(𝑞𝑐1 ; 𝑞)𝜉 ⋯ (𝑞𝑐𝑟 ; 𝑞)𝜉
(

𝑞𝑑1 ; 𝑞
)

𝜉 ⋯
(

𝑞𝑑𝑠 ; 𝑞
)

𝜉

𝑞(𝜗−𝜁+𝜉)(𝜗−𝜁+𝜉−1)∕2𝑡𝜉

𝛤𝑞 (𝜁𝜉 + 𝜗) (𝑞; 𝑞)𝜗−𝜁+𝜉−1
𝑑𝑞𝑡. (8.1)

For 𝑞 → 1−, Corollary 8.1 and Theorem 6.2–6.3 yields the following
utcomes involving integral representation for the M-series (1.1).

orollary 8.2. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, and ℜ(𝜗) > ℜ(𝜁 ) > 0, then
𝜁,𝜗
𝑀𝑠(𝑧) = 𝑧𝜁−𝜗 ∫

∞

0
exp(−𝑡∕𝑧) 𝑡𝜗−𝜁−1

×
∞
∑

𝜉=0

(

𝑐1
)

𝜉 …
(

𝑐𝑟
)

𝜉
(

𝑑1
)

𝜉 …
(

𝑑𝑠
)

𝜉

𝑡𝜉

𝛤 (𝜁𝜉 + 𝜗)𝛤 (𝜗 − 𝜁 + 𝜉)
𝑑𝑡. (8.2)

Corollary 8.3. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0 and ℜ(𝜗) > ℜ(𝜁 ) > 0, then
𝜁,𝜗

𝑟𝑀𝑠 (𝑞, 𝑧) =
1

𝛤 (𝜗 − 𝜁 ) ∫

1

0

(

1 − 𝑡1∕𝜁
)𝜗−𝜁−1 𝜁,𝜁

𝑟𝑀𝑠(𝑧𝑡)𝑑𝑡. (8.3)

orollary 8.4. If 𝑧, 𝜁 , 𝜗 ∈ C, ℜ(𝜁 ) > 0, and ℜ(𝜗) > ℜ(𝜁 ) > 0, then
𝜁,𝜗
𝑀𝑠 (𝑞, 𝑧) =

1
𝛤𝑞(𝜁 ) ∫

1

0
𝑡𝜁−1 (1 − 𝑡)𝜗−𝜁−1

𝜁,𝜗−𝜁
𝑟𝑀𝑠 (𝑧(1 − 𝑡)𝜁 )𝑑𝑡. (8.4)

Further, If we set 𝑟 = 𝑠 = 1, 𝑐1 = 𝛾 , 𝑑1 = 𝛿 and use Eq. (3.5),
he outcomes of Theorem 5.1 and Theorem 6.4 gives, respectively, the
nown results due to Sharma and Jain [Sharma and Jain, 2016, p.793,
q. (2).1] and Sharma and Jain [Sharma and Jain, 2016, p.794, Eq.
2).2]. Similar in way, by setting 𝑟 = 𝑠 = 1, 𝑐1 = 𝛿, 𝑑1 = 1 and special
ase defined in (3.4), the results of Theorem 5.2 gives, the known
esults due to Purohit and Kalla [Purohit and Kalla, 2011, p.19, Eq.
3).9].

The 𝑞-analogue of M-functions and their properties discussed in
his article can be used to obtain results with extensions of the 𝑞-
xp functions, the 𝑞-ML functions, and the 𝑞-hypergeometric function.
hey can also be applied to investigate solutions to a large number of
ractional 𝑞-integral and 𝑞-difference equations. Finally, we conclude
y noting that these properties hold true.
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