Journal of King Saud University - Science 36 (2024) 103234

journal homepage: www.sciencedirect.com

Contents lists available at ScienceDirect

Journal of King Saud University - Science

Journal of
King Saud University
~Science

Full Length Article

t.)

Check for

Certain properties of g-analogue of M-function e

Biniyam Shimelis, D.L. Suthar *

Wollo University, P.O. Box 1145, Dessie, Ethiopia

ARTICLE INFO ABSTRACT

MSC: The intent of this work is to create and study certain fundamental characteristics of new generalizations of
primary 26A33 the M-function using g-calculus. We establish its characteristics, like the convergence condition, recurrence
33C05 relation, integral representations, g-derivative formulae, g-Laplace and ¢g-Sumudu transformations, and image
33C4?1 33c47 formulas for the Caputo fractional g-derivative and the Hilfer fractional g-derivative. Furthermore, we analyze
5363(:830 any some specific situations to demonstrate of our key findings.

Keywords:

M-series

g-beta functions
g-gamma functions
g-Laplace transform
g-Sumudu transform
Fractional g-derivative

1. Introduction
Sharma and Jain (2009) developed the new function known as

the M-function in 2009. It is expressed in terms of power series for
z,{,9€C,R()>0as:

Eagd _ &g
;Ms (z)= ;Ms (al

,M,ar; cl,“.,

n "t (CS)n F(§n+19)’
1.n

where the Pochhammer symbols are (g;),, (c/)n; i =
1,2,...,s, for more detail (see Kilbas et al., 2006). Special cases exist
for the generalized M-function. For instance, the M-function reduces
in the M-series described by Sharma (2008) if we give 9 = 1, for { =
9 = 1, obtain well-known generalized hypergeometric function, when
¢{=9=1,and s = r = 0, get Mittag-Leffler function (MLF) (Mittag-
Leffier, 1903) with one parameter, put s = r = 0, obtain MLF with two
parameter which is introduced by Wiman (1905), further, if we put r =
s=1,¢; =y, d, =1, then, Eq. (1.1) becomes to Generalized MLF which
is introduced by Prabhakar (1971). There are many characteristics of
M-Series (1.1) and the unique situations have investigated by Miller
(1993), Saxena et al. (2009), Saigo and Kilbas (1998), Purohit et al.
(2010), and Mishra et al. (2017). In order to solve differential and
integral equations of fractional order, the generalized M-function is
important.

1,2,...,r) =

* Corresponding author.

The article highlights the significance of gamma and beta functions,
along with their diverse forms. Lahcene (2021) provides properties
of the extended gamma and beta function together with a closed-
form representation of more integral functions. Additionally, some of
the extended function’s relative behaviors, the special cases that arise
from them when the parameters are fixed, the decomposition equation,
the integrative representation of the suggested general formula, the
frequency relationships, the correlations associated with the suggested
formula, and the differentiation equation for these fundamental func-
tions were examined. By investigating, integral representations, the
author additionally looked into the basic decomposition equation, the
differentiation formula, recurrence relations, convolutions, and the
asymptotic behavior of a few particular examples. Applications of these
functions to the infinite series and the complex of definite integrals
of related fundamental functions have been described, as well as the
assessment of various reversible Laplace transforms. Furthermore, by
using the weights offered by extended gamma functions, Lahcene et al.
(2022) provided rich theoretical and applied behaviors in models of
special functions, particularly expansion-generalized gamma delta, and
techniques to more thoroughly generalize integrals and derivatives. In
order to establish a connection between all of the fundamental modifi-
cations that had previously been discovered, the researcher (Palsaniya
et al., 2021) summarized the modifications that emerged on the most
significant special functions pertaining to the extended generalized
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gamma function that overlapped it in relationship to the fractional
calculus (FC), and additional findings regarding the generalized gamma
function that occurred in diffraction theory, as well as some special
functions associated with fractional functions. The incomplete function
of the beta and gamma functions, the H-function, and their generaliza-
tion have been the focus of some researchers’ recent work; for more
information, see the article (Bhatter et al., 2023; Meena et al., 2020,
2022).

Inspired by the depiction of a series mentioned above, which is
found in Eq. (1.1), as well as its significance and uses in applied
math, we have determined the g-analogue of generalized M-series and
obtained several fundamental properties. For these functions, a few g-
integral formulations are developed. In the last section, unique cases of
the main findings are presented.

In this work, We employ some definitions provided in the following
section.

2. Preliminaries

Regarding the idea of ¢-series (see Gasper and Rahman, 2004), given
lg| < 1 and A € C, the g¢-shifted factorial is stated as follows:

1 h=0
), = ’ : 2.1
©: ) { (1=0)(1 = 0g) - (1 ~0g"); hEN, @D
and its natural expansion as
(0: 9
©:9)p= ————., heC, (2.2)
LYY

where ¢"’s the fundamental value is determined.
For ¢ # 0, the power function (¢ — 7)™ is stated as follows in terms
of the g-analogue:
(2:9)
m e’ o)

(e—7)" =’ki_§(€—qkf)=€m (E;q)m - (Zq”‘;q)

Moreover, (see Ernst, 2003) the g-analogue of the power function
(yx1)" is

e #0. (2.3)

(n) —

)" =@ x0),=y"(F/r:9),

=y" [ ;’ ] dI 2 (xofy), neN), (X))
t q

wherein g-binomial coefficient is obtained from

[ ] 5 ‘I)t
(4;9);

B T(n+1)
T e+ D, +n-1’

n)l q—(t—l)t/2

teN,neC). (2.5)

The g-gamma and g-beta function (cf. Gasper and Rahman, 2004), is
defined as

(4: Do 1-¢
I ()= ——2(1-
7 (&) (qf:q)oo( q)
=1 - (@1 q)e_;; e €R\{0,-1,-2,...};]q] < 1, (2.6)
and
L@nm G
Balem =12 _/0 ST
1
- / 1 (1q: )t (R(E), R(p) > 0). 27)
0

Furthermore, Gasper and Rahman (2004) provides the g-derivative and
g-difference operator of a function f(r) defined on a subset of C.

D,f0= LG g1 120, 28
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D {-ep =ty a—ens D {-0 = —lul, 1= a0

(2.9)
and
t o
/ f@dz g =0 -t Y q" fiig"). (2.10)
0 k=0
The fractional g-integral operator is given as
I+
m — q _ S _
[ 24 e)q] ) THi55D (t-e)*; 6 € (-1.00). (2.11)

3. The g-analogue of M-function and its properties

Motivated by Eq. (1.1), we propose the g-analogue of M-function
¢
M, (q,z) for z,{,9 € C; |q| <1 and R() >0 as

¢
M (q,2) = [ ’ d 34,2

s
FIPN

(q 19)e ped

, 3.1
g‘ (¢11:9), (qﬁ,q)gfq(46+19) 3.1

where the g-analogue of Pochhammer symbol are as (¢, )., (qd/,q)g;
nodp #F00,-1,-2,... (= 1,2,...,r5) = 1,2,...,5), and r,() is the
g-gamma function. If 0 < |¢| < 1, series (3.1) converges for all z if
r <s, and for |z| < 1 if r = s+ 1. When |q| > 1, the seriesconverges for
|2l <|dy -~ dyq| / |ey -

The connections are additionally noted as particular examples of

C,

.9
M, (¢, z) with additional special functions as indicated below.

(1) For s = r = 0, the ¢-ML function, which Mansour (2009) defined,
replaces the M-function.
¢ had
My[Zaz] = Y —E—— =eq(za. 3.2)
00 = 520 q(§§+9> ‘o
(2) The M-function reduces to the ¢-ML function, which is defined
by Jain (2018) as follows for 9 =1, r = s =0.

[N
oMo 7 0.2 = Zr@“l) Erz.. RO)>0.  (33)

(3) We get the generalized small ¢-ML function, first suggested
by Purohit and Kalla (2011), as follows after setting r = s =
l,e,=6,d, = 1in (3.1):

Lo [ 6o > (a%a), g s
M| g =Y 2 g, 3.4
! ‘[ @ ‘”‘] g:‘) @o: T,Cevy ~ wa@s GD

(4) The generalized ¢-ML function that Sharma and Jain (2016)
proposed is obtained as follows when r=s=1,¢, =yd, =6 is
entered into (3.1).

v e Q@ g
IMI[ v _52::‘) (@a), Tyer s Faa® 0 3.5

(5) Put s=0,r=1, ¢, =6 in (3.1), we get

LI [ g8 ® (4%4): 2% (¢°zq)
q; & ’ 00 P
M ,z| = = = 334, 2),
e [ = 1 Z] g‘) (4:9)¢ (4: Do 1@ =5 2)
(3.6)

where the function ;¢y(¢%;—;¢,2) = (1 — z)7° is also known as
the g-binomial function.



B. Shimelis and D.L. Suthar

(6) Lastly, considering the relationships

(¢°:q),

lim = 3.7
Jim % =@ 37)
and

lim Fq(z) =I'(2), (3.8)
g—1-

further note that

hm M (9.2) =M’ (2). (3.9

We begin our investigation from the convergence condition of ¢-
analogue of the M-function.

&9
4. Convergence of .M (g,z)

Theorem 4.1. The g-analogue of the M-function given by the summation
formula (3.1) converges absolutely for |z| < (1 — q)~* given that 0 < q <
1,¢{>0.

Proof. By Eq. (3.1), we have

)

¢ @159 -
M (q,z) =
rs g(t) (a%:4),

(g3 q)e P ~
= q)é T Cev 9 f;o ug(say).

(4.1)

Uiy

Now, apply the ratio formula lim,_, on Eq. (3.1). So

u
lim [
oo | Uy
dy. dy .
o | @D @ e (730) o (0%0); T g4 92
= lim .
&0l (qh3q),,, - (a%:0),,, @50 @79); T,CE+C+9)2¢
. L) _ 1-¢ 4.9
Using results (qg,q)g = (q“?qio and I'($)=(1-q) 5%, we get
O R Vo) (ORI Vi dt) ™
.| Y . @00 @D @1, @ e,
lim [—| = lim v y y -
-0 us ] AR P V) (q'._q)m AR
@ g @ g, @1, @+ e
BN P B C 201
-9 ¢+ g)g, ‘
X
_rE—9— [CX0NS
(1—g)'=s? Z(q(mum,q)m
@ o (@5 D @ D - (67, D
ool (ghtE g) (g5t q) (@ q)y - (gt g),
(g5, @) (1 = g)f .
(@49, @)y

Using g-analogue of power function which is define in (2.3), Then,
we obtain

u 1 =ga+e) . (1 = g&rté
tim |5 < g | U200 0200 () peseney - gy,
o | up | T e | (1 g o (1 - gt
u 1=¢g)¥ . 1
o fim |2t o A=t lzls 0<lgl < asé - oo,
fmoo | Ug 0, g=1

.9
Hence series , M, (g, z) is convergent for 0 < |q| < 1 if |z] < (1 —¢)~¢.
Further, if ¢ — 1 then (3.1) coincide with (1.1), which was defined
by Sharma and Jain (2009).

5. Recurrence relation

Theorem 5.1. If{,9 € C, R(&) > 0, R(I) > O;then there hold the formula

Ci
q —z
(1-q%)
.04+ qc,-+l £.64+9
et Moy (g,2) = ————2 . My, (g, 92),
(1-4%)

rand j=1,2,...,s

29 29
M (q,2) = 1 M, (q,2) —
(5.1)

where i =1,2,...,
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Proof. To show the outcomes (5.1), we use the left-hand side and we
can write the definition (3.1) as

1 o @159 (g5 9)e 2

9
M (q,2) = . (5.2)
rMy r,® = (qdl;q)é (q"s;q)g I,(CE+9)
Here, we can express the above term as
o - (@59 2
M, (4.2 = o+ — X =12, =1,2..,s
5@, 2) T,® ;(dj; F(C§+8) J
(5.3)
On using the g-identity, we get
.9 1 & (1= g (gt g)e_ ¢
M (4,0 = 5 — : T (5.4)
G (ql;q)s L&+

Since (1 — ¢¢) = (1 — ¢°*%) — g°(1 — ¢°), the above Eq. (5.4) reduces to

o {A=g") =g 0=} @ iey 22
M N =
M, (q.2) qu Z @), T, CE+9)
Z {1 =)@ s = 60— ) 1) )
r(a) (49:q),
X 25
T,EE+9)
Z {A=aD@ e} 2
r(s) (4“:0), I,CE+9)
<i(] — g Cﬁ'l, ¢
Z{q( @ e} o (5.5)

= (¢“:0), r,ge+9)’

Using the g-identity in Eq. (5.5) as in denominator of second term,
we get

1 ) (qCH,l])é z‘5

T,® +; (¢¥:q), T,@E+9)

g i A=)
(- d/)g—l @hgen L EE+)

[
er(qa Z) =

qcit i+l

i : g 5 @0 (1 -ghF
£=0 q &E q rq CE+9  (-q%) =1 (¢! )P T, @Ee+9
e c+l

-1

z¢ _ qci (q(H 4)5 1 z¢

s q Tq CE+9)  A-q") & @ g, T,EE+9)

B qc, 0 (qc'-H;q)g,[ (qz)5
(1—q%) P @, T, CE+ 9’

(5.6)

By changing ¢ by £ + 1 in second and third summation, the RHS
of Eq. (5.6) becomes

€] S (@it ) ¢ i (it g) e+
M@9=) —— g~ T o
5 (¢959), TGEFD  (1-¢") 5 @59, T,CE+D+9)
i & @), (qz)fH!

- (1 -¢) 5 (@59, T, CE+D+9)
Cw @ gz & @ s
T & (dUa), TLEEHD (1-g) & (¢, T,CE+CHD)

gtz S (@it ), (qz)%
A =q%) & @, T, CE+E+9)

5.7)

In view of the definition (3.1), the above expression becomes

.9 [ Ci LL+9
M (q,2) = . 1 M(q.2) - —— 2,41 My,
(1-4%)
ci+1 649

x (q,2) = Z 1 My (g, q2).

(1 -q¢")
This concludes the proof of the result (5.1).
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Theorem 5.2. If ¢,9 € C, R() > 0,RW) > 0; then there hold the
formula

¢ gl £.9-¢ £9-¢
aztqci M(q,az)— M(q,az)—,_lMHl(q azb) (5.8)

wherei=1,2,...,r and j =1,2,....s

Proof. To show the outcomes (5.8), we use the left-hand side and apply
definition (3.1) as

@) (azf)™
(4%:q), T,€E+9)

azc i~

LM, (g0 = ¢t 12

On using the g-identity, namely

77N = ™G5 D = (@5 Deyr — @ D (5.9)

and the g-identity defined in [Mishra et al., 2017, p. 6, Eq. (1.2.33)],
we have

_l;q).§+1 (azg)fﬂ

I,Ce+9)

Z (@5 Qg1 — (g
£=0 (qdfﬂl); (1 — g5t

Once more, the aforementioned series exists for & = —1 and the
associated value is zero, therefore for R(9) > R(¢) > 0, we may write

azbqsi™ M (g.az%)

&+l
azbqsi™ )

@ Dert — @5 Peqr (azf
M vazb) = )
(g.az°) = 5—211 (qdj;q)é(] _g+ly T,CE+9)

We obtain the right-hand side of (5.8) by replacing ¢ with & — 1 and
proving that (3.1) is used.

¢,9
6. Elementary properties of , M(q, z)

We start from the following theorem, by illustrates the integral
representation of the g-analogue of the M-function.

6.1. g-integral representations

Theorem 6.1. If z,¢,9 € C, R({) > 0, and RI) > R() > 0,then

(CaH ) PERC st )
( M M)tlg -1
1/"')/ ¢ /z Z 5 (aU159), - (a%:4),

)
M (q, 2) =

§PED/24E
—d t,
T, e+ (g5 *

where § = (9 — ¢ + £)/m and any non-zero positive integer is denoted by m.

(6.1)

Proof. To show the outcomes (6.1), we use the R.H.S. (say-R) of (6.1).
769

=m e(tm/zm)tz‘)c"]z
8(6-1)/24¢
S il S
I, CE+9) (@951

Substituting " /z"
have

@5 (@3 9)e
5 (ah:4), - (a%39),

(6.2)

= w, in see of the g-difference operator (2.8), we

As a result, we can write

@9 (@3 9)e
JCw) @Oty 2 TE
(1 - q) / Z dl q)},’ (qd.r;q)é__

6D/ (Zwl/m) .

T, CE+9) (@951 ¢
If we reverse the integration and summation order, we have (6.1),
under which the condition is valid.

e @0 @0 g0 e / " e (cwywdw
(I-¢9) = (qdl;q)g (q”’:;q)‘§ LCE+) (@951 Jo ° K

(6.3)
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C L s @99 P02 (g
1-9 = (qd| ;q)é (qd‘;q)g I, (CE+9) (¢:9)5-4

In this case, Hahn (1949) established the g-Laplace transform of
f(w), which is shown by L, {f(w);s}.

L, {u‘s_l; 1} , (6.4

1 o
L, {f(w);s} = —/ e, (sw) f(wyd,w. (6.5)
-a) Jo

Using Abdi’s previously known result (Abdi, 1961), namely

- O Y
Ly {wls) = —=2 ‘Ss ., R©) > 0. (6.6)
We have
L, w1} = (g: )54/,

as result (6.4) leads to the left-hand side of (6.1).
This brings the proof of (6.1).

Theorem 6.2. If z,¢,9 € C, R(¢) > 0 and R(9) > R() > 0, then

.9 1-9 Lo &L

M (g, 2)= ————— 1185 M,(q, zt)d,t. 6.7
M (q, z) a- qC)Fq(S— o Jo (q ‘1)3_{_] ~M(q, zt) q 6.7)
Proof. Applying the definition (3.1) in the right-hands of (6.7) we say
(L), we obtain

_ (1-9) Z (q”‘,q)g (G
A =gHr,0-0 Jo Jo- 1:q), -+ (4%:49),
id t
L,ge+o) 7
(1-¢q) @5 (@3 9): z¢

(=g, -0 & (4M:q), -

¢
x/o ©* (at"/%50) g,y dyt.

Let 1 = y* then d,t = ((1 —¢°)/(1 — )) ¥*~'d,y and using Eq. (2.7),
we have

(qu;q)5 r,g&+9)

@) (1=gI,O - O, &+ 2
(¢%:q), T,CE+O U -, CE+9).

(6.8)

(1-9) o (G5 q) -
L=
(1=gH,0-0) Zg (ah:q), -

After simplification, we obtain left hand side of Eq. (6.7).
Theorem 6.3.

9
M (q, 2) =

Ifz,{,9€ C, R() > 0, and RW) > R() > 0, then

1 9-¢
1 / ¢-1 gM 9-£4(©)
157 (gt q)g_¢— (g, z(1 —tg"*)*)dt.  (6.9)
Fq(C) 0 et s ?

Proof. Applying the definition (3.1), we obtain

@5 @59 20070
{-1 4 &
(@ 2) = r(;)/ T g ‘Z aq), (%), T, CE+0- 54"

The preceding equation results in when the integration and summation
are performed in a different order and the g-identity is used [Gasper
and Rahman, 1990, P. 234, 1.17].

1w @5
L, & (a":q),

1
X / &1 (9 Depr9—¢—1 dgt-

0
From (2.7) and (3.1), Eq. (6.10) becomes to the left-hand side of (6.9).

(g3 )¢ z¢

¢9
M, (q, z) =
r s(q z) (qu;q)g Fq(C§+19—C)

(6.10)

6.2. g-derivative

Theorem 6.4. For z,{,9 € C, R(¢) > 0 and R(®9) > R() > 0, then for
any m € N, we have

o1 &9 gm O
Dy [z“ ~M(q, yzg)] =z2""1 M (g, y2°). (6.11)
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X
Proof. By using the function f(z) = z%~!,M(q, yz°) in (2.8) and using
the definition (3.1), we obtain

oc

(q"l . q)f
5 (a91:4), -+ (¢%:4),

(g°7:9); (1 — gFerdT) y2 7082
A=l EE+9).

b, |: [ " . yzc)] (6.12)

The functional relation as

1 — £
re+h=5——-I,
the right-hand side of Eq. (6.12) expression becomes
(Ch) PR

o (qdl ;q)g

Iterating this result, up to m — 1 times, we have the required outcome
(6.11).

(g3 q)¢
(q%:q), T, €&+ 9-1)

£ LEHI-2 £.9-1
Va4
=22 M(q, 7Z°).

6.3. g-Laplace transform

Theorem 6.5. Forz,5,¢,9 € C, R() > 0, R(s) > 0, and R®) > R() >
0, then

@) T, (1+38) <y(1_q)é><’

9 - o (G q)E
L,|,Mq,rZ
oLs [ AURZ: )] p :Z;) e (ghsq), T, CE+9)

s0

(6.13)

Proof. The following ¢- integral defines the g-Laplace transform of an
appropriate function.

-1
1 N
L@ = /0 E,(¢59)f (2)d,z. (6.14)

since the g-exponential series is given by

E=Y 1

= (@,

n(n—1)/2

2" = (=2 Q)

By applying the g-integral equation (2.10) and the above g-exponential
series, Eq. (6.14) can be write as

. X ] -1,
L (@) = e 50 TG0

6.15
(@), ¢ )

Now, by applying the g-Laplace transform definition and definition
(3.1), we get

@50 @) {res7'gy
(g% ,q): I,ge+9) "
On switching the order of summations and summing the resulting inner

o%o() series using the result of Gasper and Rahman (Miller, 1993),
namely,

(a3 q) q
=0 (‘ﬁq)r = (qdl;q)i

oL [M(q }’Z)]

1
0bo(—=—:q,2) = W, (6.16)
we obtain
¢9 . (43 Do @159 - (3 9); (¢
L, |,M(q. yz)| = .
qls [r $(a, 7z )] s A (qd];q)ém(qu;q)g_(qlmg;q)m T, (CE+9)s%

This, after certain simplifications reduces to the right-hand side of
(6.13).
(@59 -+ (47 9); I,(1+68) {r)*
= (qdl;q)g_ (qd,v;q)ga —q) % T+ 9)s%
_ li @159 (g7 @) T, (1+68) (y(l—q)5>5
s & (a:q),  (a%:q), [, CE+D)

s%

The completes the proof.
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6.4. g-Sumudu transform

Theorem 6.6. For z,s,£,8 € C, R(&) > 0, R(s) > 0, and R(I) > R() >
0, then

(r°(1 = qy)* .

&9 o @9 @9 T,(1+88)
Sq [+M,(a, J’ZS)] =
q ;) (a15q), ~ (a%:4), T,(CE+9)

(6.17)
Proof. By the definition of (3.1), we have
¢ o (@50 (@5a)y  yEz5%
M(q, y2%) = = f(z)(say).
fg‘) (¢41:9), - (¢%:4), T €E+9)
and
o @ De (@ yEe% gome
fag =Yy ————— = L (6.18)
£ (a"34), -+ (¢%:q), Ty €6 +9)
The ¢g-Sumudu transform (Albayrak et al., 2013) is defined as
1 ! q"’f(lq'")
Ky =— t dn= ,1>0,
Sqlral =5 _q)t/ {G@/Dn) fdyn = (@ s 2 T
(6.19)

zm (=1ymgtmm=D/2} ym

where E (n) = X @D

exponential.
Using the definition of Sumudu transform (6.19) and (6.16), We
obtain

= (1,9)e> (1 € C) is classical

(qu . q)f
0 (@D 5 (¢39), -

G 9)¢
“(q%:q), T, 6E+9) ’

yE1e gomé

[
Sy |- Mg, yz&)] = (49w 2
Switching the order of summation, we obtain

£d < @9
Sy [,M_;(q, rzs)] E 5

m(14+5¢)

RN i(q;q)ooq
~(g%:q), T, €+ S (@),

(q'q) (g3 q) £08 &
- Z (a:4), : (g% q; T, Z/§;+19) z(‘lw?q)wqm(wg)'

Using the result Y™ (q!*™; Q)mq(H’Sf)”’ =T, (1 +6¢) (1-¢)%, we obtain

_ i (@15 9):

£ (a%:a),
This is the result (6.17).

(g Ty (1+68)
(¢%:4), T, CE+9)

9
Sy M, vz (P - 9)°)°.

¢9
7. Fractional g-derivative of , M, (g, z)

Theorem 7.1 (Caputo Fractional g-Derivative). If z,{,9 € C, R() > 0,
then for y € N

£,9
[CD:;,a+ {rMs(‘L (t - qa):;)}] (Z) = (Z - qa);ﬂ

& (e (@) T, (1 + p) (z—qa) s
X 4 . (7.1)
£ (ah:a), - (a%:q), T, €6+ T, (1 + ué = )

Proof. The Caputo fractional g-derivative (Rajkovic et al.,
given by

2009) is

:Dtnt] @ = [12 D, f] 2= / (2= qn;* fOd,t. (7.2)

r(1

Now, by using (3.1) and (7.2), we have

[ Dl a+{ M(q, (1 — qa);) }] (2)

< @ q); (qr:q); (1 —qa)y®
[ fw+§ 020), (%), [,CE+9) 2
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[ (qcl,q)/; (qc,;q).f ) )
;‘) -(q Y,q)f T, (EE+9) [ch,a+ (t - qa)} ] (z)
5 (4 De - (43 9); .

26 “ '(‘1%4)511,(C5+19)[W+ (t = qa), ](Z)

Using (2.9), we get

< @5 9); -
[C qa+{ gea (t—qa)“)}](z) D J
;=0 (g%

"',q

(g3 9);
)Jq &&+9)

x [0zt el @ - a7 @)

i (q“ 9+ (g3 9); el
(4934), - (a%:0), T, CE+9) "

&=
x[12 <t—qa>gf .

Using (2.11), we obtain
~ (G°59); =+ (55 @) T,y (&)
Dy, M(q (i—qa)”)}}(1)= :
[ ¢ +{ 520 (¢939), -+ (a%:q), T, CE+O) T, (1 + pé — )
x g, |- g
i @59+ (@759): Ty (1+ ug) (1 = ga)y <"
S (ah:a),~ (a%39), T, €+ ) T, (1 + pué — )

[c - {,qu, <t—qa>g>}] (2

( )_”i @@ @30 Ty (14 p) (2 - qa)ly*
=(z—qa .
T (ahia), e (a%09), T CE+ O T, (1 + pé = )

This is the desired result (7.1).

Theorem 7.2 (Hilfer Fractional g-Derivative). If z,{,9 € C, R(¢) > 0,
then for y € N

o o @) (@)
cD“Z) {rMs(q’ (- ‘Ia)”)}] @=¢z-qa)*y ———— =
[ a.a+ q a ;;) (‘ld‘§‘1)5 (qu;q)f

I, (1+ pé) (z - qa)}

7.3
T arm-m 7

Proof. The Hilfer fractional g-derivative (Hilfer, 2000, 2002) of 0 <
u<1and 0 <w <1 is defined as

[os r] @ = [1022 Dy (1027 | ). 7.4)
Using (7.4) and (3.1), we have
0] &9
[Df,‘ja+ {,Ms(q, (- qa)’;)}] (2)
e (griq); —qa)h®
¢ q ] (2)

< (qc‘;q)5
= p"®
g.a+ L;O (qd| ;q)‘;‘ (qdj;q) [‘q (CE+9)

_ @ 9)e - (@5 e s
& (a'ia), - (a%2a0), T cer [P -] @
_ @ 9)e - (@5 e 1

20 (‘I"‘:q)g---(q“s;q)g Ir,(¢é+9)

(-pww (I=p)(1-w) I3
[1 D, (1) (= qarsé] .

q.a+

Using (2.11), we get

&9
[DZ;‘; {rMS<q, - qa>g>}] (2)

(I(l—u)u D, - qa)[]l—y—uﬂ—;mﬂ-yi) @

i (g5 q)g (g3 9)e 1 qat
5:0 dl q qd‘ ; ‘7)5 rq CE+9) < I, 2—p—w+patpé) >
I, (1)

Using (2.9), we get

[
[DZZ {,M&w, (- qa)f,')}] (2)
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(=)@ —pU—w+pw+ué
(@°59); -+ (@3 9); 1 (Iqa+ Dt —qa), )(Z)
& (gia), - (g%s), @+ 0) | (_Tlwonons
(I—p—w+pw+pud), I,(1+u)

Again, using (2.11), we get

1,0 &9
[D{,ﬁ {er(q, (G qa)g)}] (2)

i @59 -+ (%3 9);
5:0 (g% q - (g 4)5 I, Ce+9)
Iy (1= p=wortportug) o - = o+
(F(l —H— 1:+mu+ﬂ;4§+: ya))>(z - qa)q HomToTIOTE
F(l p— m+;4w+u§))
I, (1+ué)
i (g5 Q)g (g @) T, (1 + ud) (2 — qay e
£ (et q - (g q)gl"q(§§+«9)1"(1—ﬂ+ﬂ€) ¢
[Dﬁzi{ M,(q, (r—qam}] (2)
@5 Qe - (@3 e T,(1 + ué)
'Y, - — —! (z - qa).
S (a954), - (a%30), T, CE+ T, (L= p+ pd)

This is the required result (7.3).
8. Concluding observations

A few of the ramifications of the findings discussed in the previous
sections are briefly discussed below. For example, the following is the
outcome of Theorem 6.1 when m = 1, is used:

Corollary 8.1. If z,{,9 € C, R({) > 0, and RWI) > R() > 0, then

9 PR
Mg, z)= —— —t/z)"¢"1
+M(g, 2) (l—q)/o e,(—1/2)

© .
G°1;9); -+ (g3 q) (O—C+EO-C+E-1)/24¢
x Y . dt. (8.1)
= (e l;q)é - (q .v;q)é q CE+N (@ Dy_rre
For ¢ — 17, Corollary 8.1 and Theorem 6.2-6.3 yields the following
outcomes involving integral representation for the M-series (1.1).

Corollary 8.2. If z,{,9 € C, R(¢) > 0, and RWI) > R({) > 0, then

29 o
M (z) = zg"y/ exp(—t/z) ¢t
0

e (C1)§ (c,)5 “
dt. 8.2
* 2 (), T@+O -+ ®2

Corollary 8.3. If z,{,9 € C, R(¢) > 0 and R(9) > R() > 0, then

9
M (q, z) = TO- g)/

Corollary 8.4. If z,{,9 € C, R(¢) > 0, and RWI) > R({) > 0, then

— eyt M (z1)dt. (8.3)

5\’; (q, 2) = ;/] £ (1 = ¢! {:,J‘z/f(z(l —0F)dt (8.4)
P ETTO Jo m ' ‘

Further, If we set r = s = l,¢; = y,d; = é and use Eq. (3.5),
the outcomes of Theorem 5.1 and Theorem 6.4 gives, respectively, the
known results due to Sharma and Jain [Sharma and Jain, 2016, p.793,
Eq. (2).1] and Sharma and Jain [Sharma and Jain, 2016, p.794, Eq.
(2).2]. Similar in way, by setting r = s = 1,¢; = 6,d; = 1 and special
case defined in (3.4), the results of Theorem 5.2 gives, the known
results due to Purohit and Kalla [Purohit and Kalla, 2011, p.19, Eq.
(3).9].

The g-analogue of M-functions and their properties discussed in
this article can be used to obtain results with extensions of the g-
exp functions, the ¢-ML functions, and the g-hypergeometric function.
They can also be applied to investigate solutions to a large number of
fractional g-integral and g-difference equations. Finally, we conclude
by noting that these properties hold true.
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