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ARTICLE INFO ABSTRACT

MSC: This paper investigates the existence, uniqueness and stability of solutions to the nonlinear Volterra-Fredholm
26A33 integral equations (NVFIE) involving the Erdélyi-Kober (E-K) fractional integral operator. We use the Leray—
45G10 Schauder alternative and Banach’s fixed point theorem to examine the existence and uniqueness of solutions,
45M10 and we also explore Hyers-Ulam (H-U) and Hyers-Ulam-Rassias (H-U-R) stability in the space C([0, f],R).
47H10 Furthermore, three solution sets U, ;, U, and U, ; are constructed for ¢ > 0, 4> 0, and 6 € (0, 1), and then we
Keywords: obtain local stability of the solutions with some ideal conditions and by using Schauder fixed point theorem on

Erdélyi-Kober fractional integral operator
Hyers-Ulam-Rassias stability
Hyers—Ulam stability

Local stability

Fixed point theorem

these three sets, respectively. Also, to achieve the goal, we choose the parameters for the NVFIE as § € (%, 1),
p€(0,1), y > 0. Three examples are provided to clarify the results.

1. Introduction

Integral equations evolve spontaneously in various fields of basic
sciences and engineering, like mathematical physics, solid state physics,
astrophysics, microscopy, chemical reactions, plasma diagnostics, X-ray
radiography, semiconductors, fluid flow, mathematical biology, scatter-
ing theory, etc. (Ganji, 2006; He, 2005; Liu and Gu, 2001; Rahman,
2007; Wazwaz, 2011; Marzban, 2023b; Marzban and Nezami, 2022;
Marzban, 2023a; Marzban and Korooyeh, 2022; Marzban and Ashani,
2020; Rahimkhani and Ordokhani, 2023, 2022). Recent years have seen
a major increase in interest in the theory of fractional integral equa-
tions, which is now a significant field of nonlinear analysis. Although
integral equations containing the Erdélyi-Kober (E-K) fractional inte-
gral operator are typically used in kinetic theory of gases, to describe
the medium with non-integer mass dimension, traffic theory, porous
media, viscoelasticity, and electrochemistry (Alamo and Rodriguez,
1994; Kilbas et al., 2006; Lakshmikantham et al., 2009; Hilfer, 2000;
Kiryakova, 1994; Mainardi, 1997), it is essential to analyze such inte-
gral equations.

* Corresponding author.

Analysis of the existence criteria for the solutions of different kinds
of integral equations is an essential part of the study. One can use
these requirements to identify the situation under which the problem’s
solution exists. The concepts of fixed-point approaches are significant
in this sense.

In light of other viewpoints, stability is a crucial consideration for
numerical solutions and might be necessary to compare the results
and effectiveness of numerical methods. For instance, the papers in
Refs. Nwaigwe (2022), Nwaigwe and Benedict (2023), Nwaigwe and
Micula (2023), Nwaigwe et al. (2023) deal with numerical solutions of
integral equations. Also, different forms of stability analysis have been
performed on both differential and integral equations. In this regard,
Lyapunov stability has been studied in a wide range of real-world
problem settings. Further, exponential and Mittag-Leffler stabilities
have been implemented for many topics. In recent times, researchers
seem to be steadily more interested in H-U and H-U-R stability. In
Refs. Akkouchi (2011), Ali et al. (2019), Amin et al. (2022b,a), Kumam
et al. (2017), Morales and Rojas (2011), Subramanian et al. (2022),
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Paul et al. (2023), some current studies on H-U and H-U-R stabilities
are included.

It ought to be noticed that Ma and Pecari¢ (2008) examined the
following integral equation with the E-K fractional integral operator,
ie.,

(=

Al o waaan, y>o0 D
r'e) Jo ' ' ’
An explicit bounds of the solution for Eq. (1.1) is achieved by construct-
ing a generalized weakly singular integral inequality.

Wang et al. (2012) used the Schauder fixed point theorem to study
the solvability of the following integral equation with the E-K fractional
operator, i.e.,

y
() =g+ 29 / O = w0 W B CG)dp, y € 10,01, P> 0.
I ©) Jy

(1.2)

In Wang et al. (2012), they also discussed the local stability result
for the following nonlinear integral equation, i.e.,

b
(o) =)+ F((?) / O = u’ W How ) du, y € 10,00).
In 2022, Amin et al. (2022b,a) have examined the uniqueness and
H-U stability to the solution of the mixed type Volterra-Fredholm

fractional integral equations, those are,

y
() = g<y>+% / = Hy(u, L) du
(1.3)
L b
,%(;) / B — ™" Hy(u, E() dp,
and
y
() = g<y>+% / = w Cydu
1.4)

bz()’)
TT®) (%)
Motivated by the above literature’s, this paper begins the investigation
into the existence, uniqueness, H-U-R stability, H-U stability and local
stability to the solutions of the nonlinear Volterra-Fredholm integral
equation containing the Erdélyi-Kober fractional integral operator, i.e.,

/ B-w> ' Cwdu, ye[0,8], p>0.

y
Ly = g(y)+% / O = u)’ ™ W H (i, E()d
: 1.
ﬁfﬁ; / (B = )~ W Hy (v, C (), 1.5)

yER,,

where 5, p, and y are positive parameters, R, = [0,0), 0 < f < oo,
the functions g,b,,b, : R, - Rand H,, H, : R+ xR, xR - R are
continuous functions. More assumptions will be discussed later.

To establish our proposed results, we use three useful theorems
namely, Leray-Schauder alternative, Schauder fixed point theorem and
Banach’s fixed point theorem.

This paper is arranged as follows: Notations and supporting infor-
mation are included in Section 2. In Section 3, theoretical analysis
of existence and uniqueness of solutions have been discussed under
some suitable conditions. Stability results of solutions have been given
under some interesting conditions in Section 4. Three examples are
discussed to interpret our established results in Section 5. Conclusions
with notions for further research are discussed in Section 6.

2. Notations, definitions and auxiliary facts

Let A = [0, ], where 0 < f < co. Let V = C(A,R) be the space of
all continuous functions v(y) : A — R. Let D = C(R,,R) be the space
of all continuous functions d(y) : R, — R, where R, = [0,) and R is
the set of real numbers. Then (V, ||.||) and (D, ||.||) are the Banach spaces
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with norm [[v]| = sup{|v()| : y € [0, 1} and ||d|| = sup{|d()|

respectively.

tyeR,),

Definition 2.1. (Pagnini, 2012; Kilbas et al., 2006). The Erdélyi-Kober
fractional integral of a continuous function ¢ : [0,00) — R is defined
by

—IJ(5+Y)

5,0
1760 = P

/ O = u?)’ " Pt (wydp,

with s € R, and 6, p > 0, provided the right side is point-wise defined
on [0, c0).

Lemma 2.2. (Prudnikov et al., 1981). For0 < u <1 and 0 < p < q, we
have |p* — ¢*| < (p - .

Lemma 2.3. (Prudnikov et al,
constants, then

y
/ — ”ﬂ)V(”*l) Mv(q—l) dy =
0

1981). Let p, o, v and q be positive

2 D41
y—B<u,v(6—l)+l>, yER,,
p p

where a = v[plc — ) +q—1] +1,
and B(r, x) = /01 6"1(1-0)*"'d6, (Re(r) > 0, Re(x) > 0), is the well-known
Beta function.

Theorem 2.4. (Deimling, 1985). If U is a nonempty closed, bounded
convex subset of a Banach space X and f U - U is completely
continuous, then f has a fixed point in U".

Theorem 2.5 (Leray-Schauder alternative (Subramanian et al., 2022)).
Let M : € — & be a completely continuous operator. Let Q ={y€ & : y=
nM(p), for some 0 < n < 1}. Then, either the set 2 is unbounded or M has
at least one fixed point.

Theorem 2.6 (Arzela-Ascoli theorem (Subramanian et al., 2022)). A
subset H in £([c,d], R) is relatively compact if it is uniformly bounded and
equicontinuous on [c, d].

Theorem 2.7 (Banach’s fixed point theorem (Banach, 1922)). Assume that
V is a Banach space. Every contraction mapping M defined on V into itself
has a unique fixed point in V.

The following Definitions 2.8 and 2.9 are stated in the sense of the
papers given in Refs. Akkouchi (2011), Amin et al. (2022b,a), Morales
and Rojas (2011), Paul et al. (2023).

Definition 2.8.
¢(y) € V satisfying

b
|ew) - ) - 1(y)/ 0’ -

The Eq. (1.5) has the H-U-R stability, if for each

Pl Hy (yo w, S())d

()
b B
5O / (B = u")*~" w Hy(y, p, Cu)dp| < w(y), (2.6)
T TG o
where w(y) : A — R, Jasolution {(y) € V of Eq. (1.5) and a constant

A > 0 independent of ¢ and ¢ with |{(y) —¢,(»)| < Aw(y), for all y € A.

Definition 2.9. We say that the Eq. (1.5) has the H-U stability when
w(y) is a constant function in Definition 2.8.

Furthermore, the following definition of the local stability is stated
in the sense of the paper given in Ref. Wang et al. (2012).

Definition 2.10. If there exists a solution ¢{(y) of Eq. (1.5) such that
Jlim 12091 =0,

then the solution of Eq. (1.5) is said to be locally stable.
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Now, to prove the main results, we introduce an operator M as Step 2. Bounded sets of V' are mapped into bounded sets of V' under

y
MEG) =gB) + % / O = u")’™ ! Hy (v, p, () p

bz(Y)
F(&)

2.7)
/ (B — Py~ Hy(y, . S (w))d .

3. Existence and uniqueness of solutions

We consider the following assumptions for Eq. (1.5):

(A) g.b1.by [7 07 = u?) ™ Hy (o EGoYdp, [ (B2 = )" 7
Hy(y, u,C()du € V.

(A,) There exist constants G > 0, B; > 0 and B, > 0, such that
l§W| < G, |b;(»)] < By and |b,(y)| < By, for all y € [0, 5].

(A3) There exist constants Gy, >0, Gy, > 0, such that
[H\(y, 1.6 — Hi O < Gy l& = &l and [Hy(y, p.8y) —
Hy(y, 1, 8D < G, &1 = &l
forall ¢;,{, e Rand y,u € [0, with 0 < p < y.

(A4) There exist constants N; > 0 and N, > 0 such that |H,(y, u, {)| <
Ny and |Hy(y, 4, O S Np, VEER, y€ 0,6, 0< < y.

Theorem 3.1. Assume that, assumptions (A,;)-(A,) hold for Eq. (1.5),
then with the parameters 6 € (%, 1), p€(0,1) and y > 0, Eq. (1.5) has at
least one solution defined on [0, f].

Proof. Assumption (A,) ensures that M : V —> V.
Now we will establish this theorem in the following four steps:

Step 1. M is continuous.
Let { € V and {¢{,} be a sequence in V such that lim,_, ||, —¢|| = 0.
Then for y € A,

_ |2 [ T AU
\M(cn<y>>—M<c<y>>|—|W N e R AT

bz(Y)
F(é) / @ -

Ii((:Sv: / 0 = w° ™ W H (i L)

by (y)
- r(é)/ @ -
b
< ‘%/ O -u
b
lfg)) / (8" = ™ ! [y, 6,0) = Holy, i E)]

6—1
ﬁm/o OF —u?) My|H1(y,ll,§n(ll))—H1(ysﬂ,§(/4))‘dﬂ

! Hy(p i, G (u))d

YN Hy(p, i, E(u)d p

7 W [H i 6 () = Hy 0t E) ] |

B s
T / B = ™" [ Ha . £,00) = Ho v S|

BG"‘/ OF = u?Y

§() = CGo)|dn

r'G)
B2G, 5-1
+ T®) / B = )t Cn(ﬂ)—é(u))dﬂ
BIGHI 51
=Te) / O = u’ W dpllg, ¢l
BzGHZ 0yl
o) / B =’ dpllg, — ¢l
B BIGHIIB(%, )ﬂﬂ(5—1)+y+l o
B pI(5) "
padl (6—1)+y+1
+ BB (545) 9 g, ¢
pL(3) " :

This implies that, [|M(E,) — M()]| — 0 as n - 0. So, the operator M
is continuous.

the mapping M.
Now, for { € B, and for all y € A, we get

b Y 5

IMEOD] = [s0) + % / O = w0 W Hy (. C ) p
by(y)
T

< |g(y)| + %/ OF = u?)’ " W [ H (v . Sl d

b
|F2(<;))l / B — w0 [ Hyo . £
G+—F(5) / 0 = w0 wdp
B2N2 ,s 1
F(5) / *- i
o B 2
P 14
BZNZIB <y +1 6) -7+
2T () p

Thus,

IMEOD <G + [BlNl + B2N2]B <y—“

’5> ﬂp(5—1)+y+]’
@)  pI'6) p

ie.,

IMOII < co.

Step 3. M(B,) is equi-continuous.
Let ¢ € B, and y,,y; € A with y, > y,. Then

M) = MEGD)] = [02)
b »
;(();2)) (y;—ﬂﬂ)s
bz(Yz)
G / -
l(yl) ( P _ Ilp)6

-gn )__F(é) f

bz(yl)
C TG / ® -

< ‘g(yz) —g(yl)( +‘

U Hy (g 1, E )

Yl W Hy (v, ., C())d

U Hy g s E )

Oy b C(M))du|

bi(y)
()

W Hy g 1, C )

4+ )

;()(;2) / (" — uhy*" ]ﬂyHZ(yZ’M C)du
o A
_ by(yy)

re)
< |s) - 50|

|b1(Y2) - b}((}:;)) +b,() /y2 (yg _ Mp)ﬁ—l

b el _
}((f;)) (- )’ 'u’Hl(yl,u,¢<u>>du|

by(y2) — by(y1) + by(yy)
+| I / w-

bz(yl)
C T / b=
< ‘g(yz) - g(yl)‘

|b1()’2) by(y)I /“V2
F(5)

|6y (vl
* o) /0 (¥ - 1) W Hy (g, 1, C))dp

s
/0 (B = )" W Hyon s S u|

W H (yy, 1, C(u))d p

)2 Hy(vy, s C(u))d

Y W Hy(yy. i, C(ﬂ))du)

) [ Hy g S|
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1 5—1
- /0 (¥ —w) u’Hl(yl,u,g(u»du'

by = byl [ -
e / (B = ™ w7 |y S|

b
|}((?)>I‘ / (B” — )"~ " Hy(ya, p, () p

- /O B — pu?)>! MHz(yl,u,c<m>du|

[by(32) = by(yDIN; [*2 _
< ‘g(yz)_g(yl)‘_,_%/o (y;_ﬂp)é Yrdu

F(&'/ (= 1)’ W Hy (3, 1, )

- B,
_/0 (0f =) W Hy 1. 5(;4>>du'+m

Y2 5—1
/O(yg—up) W Hy(py, 1, §(u))d p

" 6-1
- /0 (V) = w) uVHl(yl,u,cw»du'

[b2(y2) = by(yDIN, -1
+ TG) / (B - u'dp

2 5—1
+m/0 (B” — u) /47|Hz(y2,/4,C(/4))—Hz(yl,ﬂ,C(u))‘dM

[by(y2) = by (¥ N, B <7 +1 75> po-Drer+1
p

< ‘g()’z) —g(yl)‘ + G

B 2 3
+ T;) (yg - /4”)5 1 ;47|H1(Y2’#’C(l4)) - HI(YhM,C(ﬂ))‘dM
B 1 .
+ Tg) [(yf - ”)" 1 (y" " 1]”7|H1(ylvﬂ7C(M))|dy
B » 3
+T;) (yz_ﬂ”)ﬁ 1/47|H1(y17/47€(ﬂ))|dﬂ
ME@ <y . ) pro=Der+1
pI'(3) »

B, 5-1
+m/0 (B° = ) M’|Hz(yz,/4,§(/4))—Hz(yl,ﬂ,C(M))‘dﬂ

[b1(32) — by (yINy B <}’ +1 ’5> ﬂ,;(é—l)+y+1
p

< ‘g(h) —g(YI)‘ + pI'(6)

2 [ )y G ) = H s £
T ) Yy~ H H 102, H, 61 1W K6 WH)apu

BN " 1-6 1-6
LB [ ! _( ]HW
@) Jo [\y[-wr Yy —we

BN, [, 81
+ =1 Vy—w')" Wdu
) » ( 2 )
[b,(y2) = br(y1)I N, B <}’ +1 ’5> o=yt
pI'(6) p

o / 8"~ V™" | Hys. . £ = Haoy 0. E )

< ‘g(yz) - g(yl)‘ + MB <7 : 1 > ﬂp(5—1)+y+1

2T(3)
B, [, _
T o (5 - )’ u’|H1(yz,u,C(M)) - Hl(yl,M,C(ﬂ))(dﬂ
B N, /’ , BN, prti-r Y
TG [y ) ] Wkt = Sr - )

[b2(y2) — bz(y1)|N2B <7 +1 ,6) poo=D+r+1
pI'(5) 14

B, [* 51
+m/o (B° = u) /4’|Hz(yz,u,C(u))—Hz(yl,u,C(u))‘du

[by(y2) = by (¥ N, y+1 S—1)4y+1
<lg) — gyl + ———=———B | ——, 5 ) pro- D+

4673 DI TG )
B, [»

P 6—1
*re fy ) W | Hy a1 €G0) = H O, £
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BN _ )P0 )
" 1 |(J’2 yl) /Ol(yf_”p)wfl)”,dﬂ

')
BN, pr*!r 8
Srern )
150) = b,O)INz o <J’ +1 ) pro=Dr+1
pI'(6) p

B, 5-1
+m/0 (B? = u) /4’|Hz(yz,/4,C(M))—Hz(yl,ﬂ,C(#))‘dﬂ

161 (y2) — by (y)IN; B <V +1 ’5> =D+l
p

<lg(n) — gl + 2T0)

B »2
i GA ) [ G0 = Hy e ]
p(1-5)

BN, (y, =) ]B<7+1’25_1>ﬂ2ﬁ(5—1)+}/+1
pI () p

BN, fr+!=r 6

S 2

[by(y,) — bz(y1)|NZB <7’ + 1 ,5> pre=Dr+1
pI(5) p

* T / B = w0 | Hy s CG0) = Ho 0 CG)|d .

Thus, [ M) = MEG)| = 0 as vy = .

So, M(B,) is equi-continuous.

Hence, combining all the above steps, the operator M is completely
continuous by the consequence of Arzela-Ascoli theorem.

Step4.Let 2={¢ €V : { =nM(), for some 0 <7 < 1}.
We need to show that the set 2 is bounded.
Let ¢(y) € ©, this indicates that £(y) = pM(E(y)), for some 0 <5 < 1.
Then for y € A, we obtain

e < Jeo| + BB [ 07 = e s
'bﬁg))' / B = )" | Hy (o 0, )|
G+W/ O =u " u m)/ B = uY"™ udu
e (st

ie.,

(C(y)( <G+ [p]l_l(\;l) + 512‘1(\(/32)]18 <y’%1’5> RO+ o

which shows that the set £ is bounded. Hence, by the Leray-Schauder
alternative, M has at least one fixed point, which is a solution of
Eq. (1.5). O

Theorem 3.2. Assume that, conditions (A,)—(A3) hold for Eq (1.5), and
¢= max{GHl s GH2} satisfies the relation 0 < G <

(B, +B, )B(V:R >ﬂp(5 D417
then with the parameters § € (5, 1), p€(0,1) and y > 0, Eq. (1.5) has a
unique solution defined on [0, f].

Proof. Assumption (A;) ensures that M : ¥V — V. Now we need to
show that M is a contraction.
Let ¢,,¢, € V, then Vy € A, we get

b y
M@0 - MG)| = |% |08 G

by(y)
lf(g) / (B = 1wy~ Hy(y, 1, &y ()

by (y)

5—1
TG /0 O = Y™ W H (v )
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_ b
T®) / @ -

b
< % / <y”—uﬂ)‘“uV|H1(y.u,¢l(u))—Hl(y,u,@(m)\du

|b2()’)|
) / ® -

YN W Hy(y, . & (u))d p

O W [ Ha( s €1G0) = Hy(v s ()|

B GHI pyo—1 !
<ot [ ot wana -
BZGHz 5-1
s [N -t -
B(2L5)pro- G, B,G
P 16, 26w,
< - ( s )||§1—C2||
OB, + By) B (121,5) pooo-trr+!
< 2T®) 15 = &l
Thus,

IME () = MG < < (1€ = &l

(B, +BZ)IB( & ) ﬁp(5*1)+V+1

As by the condition of G, we obtain x = < 1.
So, M is a contraction. Hence, by the Banach’s flxe(f pomt theorem, M
has a unique fixed point, i.e., Eq. (1.5) has a unique solution. []

4. Stability of solutions

We consider the following assumptions for Eq. (1.5):

(S)) 8.byby. [ 0 = w2V Hy (o CCud . [ (B2 — oyt
Hy(y, 4, {(w))dp € D. Furthermore, the functions g, b,,b, :
R are bounded.

(S,) There exist two continuous functions A, h, : R, — R, such that
[Hi0on &) = Hivan &) € MO = Gl and |HaGp6y) =
Hy(y, 1. &) < )| = &,
for all {;,{, e R and y,u € R, with u <y.

(S3) There exist two continuous functions N,, N; : R, — R, such that
max{|Hy(.4,0) : 0 < < ¥} = Ny(v) and max{[H, (. ,0)| : 0 <
=y} =N

R, —

Theorem 4.1. Assume that Eq. (1.5) meets all of the requirements of
Theorem 3.2. Suppose {(y) € V is such that it satisfies (2.6). Then the
Eq. (1.5) has the H-U-R stability.

Proof. According to Theorem 3.2, 3 a unique solution {; € V of
Eq. (1.5).

As stated in Definition 2.8, we need to show that 3 a constant A > 0
such that, |C(y) - {S(y)‘ < Aw(y). Now,

b0

y
|c0) - 6] = [c0) - 80 - /0 0F = u)" W Hy G, C ()

')
b p
- % /0 (B = " W ol . Ey)d
b 4 5
< e -em- % / O = W) W H . C ()

by (y) o
r((s)/ - W Hy(y, p, C(u))du)
* |'r1((;)) /0 O = ) H L C )

y
rlfﬁi / 07— u’Hmy,u,g(u»du)

bz()’)

T ©) / @ -
_ b
F(5)

Lt Hy (0, S())d

/ (B = ™" ! Hoy, €, () |
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b y
<0+ L [0 iy €0 = 0
r® Jo
b B
+ % / B = w0 | Hay . £)) = Ho( e E )|
SW(y)+ F(é) / O =’ W aulic - &l
B G
+ 22 [ e e -
<o+ B (V_“, )ﬁp(&—l)+y+1 (BIGH] BZGH2> .
w — Gy
= , e ~ T ‘
O(B, + By)B (L4, 5) poto=trvr!
<w(y) + i IE =&l
G(By+ByB( L2 5) prio-Dr+!
Thus, [¢() = ¢,0)] < 1€ =&, < w() + = 1E =&,

which implies that, ‘C(y)—(s(y)‘ <NIE=&Il < Aw(y), where A= ;= >0,
g<31+32)13(¢1 o)ﬁﬂ(5-1>+r+'

as k = < 1, by the condition of G.
So, the Eq. (1 5) has the H-U-R stability. []

Theorem 4.2. Assume that Eq. (1.5) meets all of the requirements of
Theorem 3.2. Let {(y) € V and e > 0 such that satisfies

ho)
')

p
/ (B — )" W Hy(y, . C(u))d | < e,

|c0) - e -

_ bk
F(ﬁ)

then the Eq. (1.5) has the H-U stability.

y
/0 O = u?)’ " ! Hy (i, E(u)d p

Proof. By using w(y) = ¢, in Theorem 4.1, we can establish this
theorem similarly as well. []

Theorem 4.3. Assume that, there are two constants ¢ > 0 and A > 0 such
that

e+ S [ 02 =

bz(Y)

F ()
holds for Eq. (1.5). Then with the conditions (S,)—(S;), and with the
parameters 6 € (%, 1), p€(0,1) and y > 0, Eq. (1.5) has a solution which
is locally stable.

/ B — u")* ™" W Hy (v, . C())d | < 2y™°

Proof. Define a set U, ; = {{(») : {(») € D and ’C(y)} < Ay~°, for
y=y>0}

It is easy to observe that the set U, ; is closed, bounded, and convex
subset of D.

Firstly, we show that M maps U, ; in U, ;.

As by the assumption, we have
MU, ) C U,,.

Now we will establish this theorem in the following two steps:

< Ay™°, for y > 0, then

Step 1. M is continuous.

Let {¢,} be a sequence in U, ; and { € U, ; such that lim,_, , [I{, —
¢|l = 0. Let € > 0 be given, 3 # > 0 such that Ay < %, for y > . Now
for 0 < y < g,

by v
| MG, - M) < % /0 U4l HENTN AT

— Hy (.1, £ d

|b2(Y)‘ o
) / B = 1Y [ Hoy 0,6, 0) = Ha £ |d
‘bl(}/)l y ot
*T6 /0 O = u)’ " W R |G () = ()| d u
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|b2(y)‘/ (ﬂp p)ﬁl yhz(y)
I'(6)

sup, ([B103[m )

Ca(p) = E(u)|du

/0 0F = WP W dullc, — |

r'e)
Sup e (tf;)y)\hz(Y>) /Oﬁ B — u?) " W dulic, - €|

_ e (\b1<y>|"1(yp)2i )(%5) P -
| s (|”2(y>\"2(y3i)(%’ o [}

This implies that, [|M(,) — M)l - 0 as n — oo.
For y > p, we get

b y
M@, 00) = MED)| < [sm+ % / 07 — 0 7 H o 0
by(y)
13(«%/ B = 0 W Hy v, i Gy

uoY Nt Hy (v, p, E(u)d

1)
- (g(Y)'f‘m/ (Gl

— w7 W Hy (v, i, C(u))d ) |

Thus, for y > 0, [[M(,) — M|l — 0 as n — . So, the operator M is
continuous.

Step 2. To prove that M(U, ;) is equi-continuous.
Let y,,y, > 0 with y; < y,. Let ¢ > 0 be given, 3 g > 0 such that
AyT° < g, for y > p.

For y;,y, € [0, f], let K = max{|{(y)| : y € A}. Then,

|ME2) = MEG)|

b n .
= Ig(yz)+ }((};2)) (=)™ W Hy gy i C )
b( )
}(f;) / B = W W Hy (3, 1, CG)

—-g) - 1(yl)/ (v —u)

T®)
_ by
o)

W H (s s EG))d

s )
/ @ = Wy CGo)d
0

by(y) yz - ‘,5—1

< |s2) - 8| + |5 W H, 3. 1 S0

()
b (32)
;(22) / B = 1)~ W Hy(yy, 1, C(u))d e
b (y)
_ ‘r(?) 0 ) W H Gy Co)

by(yy)
) / @ -
< |s2) - 80|

|b(yz)—b(yl)+b(y1)/ )
)

b / e
TG
by(y,) — b b ’ )
+ |—2(y2) 200) + b200) / B = p?) ™" Hy vy . )
O] 0
by(yy)
()
< |8(J’2) - g(y1)|

|b () — by (Y1)|/
')

1b; ()l -
A [* -y

T®)
’1 51

—/ (v —w*) ﬂ’Hl(yl,u,C(u))dﬂ'
0

P W Hy v s CGo)d |

W H, (g, s E))d

) W Hy . G

s
[0 = o cnand
0

) W |Hy s CG) |

u’Hl V2 1, C())d p
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|b2(Y2) —b,(y))|
T Te / @ -

15, (vl
)

P |y i o) |d

+

‘ /0 B = Y 7 Hy (e . S0
s
- /0 @ = 1Y W oy C(ﬂ))dﬂ'
[by(y2) = by (y))]
< |8(.V2) - g(y|)' + —TIe
2
/ (o —w)’! ﬂy|H1(yz,u,C(;4)) — H,(y, 4,0) + H, (9, 1,0)|d
0
byl (2
@) /0 (5 =)’
2 5-1
—/ (v —w?)"™ W H (3, 1, C(M))dﬂ|
0

b 72 _
[b; () / (y;_”‘,)ﬁ 1
0

)
"
/(yl_”) ﬂ'Hl(ylaM,C(u))du|+

/ -

|b2(y1)|
"o

W H, (g, p C))d e

WH (yy, 1 C(w)d p

[6,(y2) = b,y
)

O W | o CG0) = Ho(ys 1. 0) + Hy (v 1, 0)|d

/0 B = ) | (s . CG0) = oy S| d

[by(32) = by (yp)I
@)

([ 021 £G0) = Hy 02,0, 0] + [ Hy 02,1, 0)] ) s

<lg(n) -l +

» _
/0 (5 =w)" wr

b ,;,
| }((f;)) | 5 (% -w) ‘;ﬂ|Hl (2. £G0) = Hy 0yt G|
by 5—
| F((f;))' (yg =) W (G €0 = Hy 0, 1.0)|
|60l -
+ |H1(y1./4,0)|)d;4 + F(f;) = 1) W (0 CG0) = Hy (3110 0)|
b - b #
+ | Hi 10 + M/ B = w0V W (Ha e )
re o

— Hy(vs 1. 0)| + | Ha(s 1.0

+ 15, (y)I

s
5—1
S 0 = Haton 200 = Ha S0

by(y,) = b » _
<o)~ g00)| + "(”)F(—&)‘(y')l [0 =) W (GGl + Ny ) d
b n s
+% ; (¥ —u) IHV|H1()’2~I43§(14))_Hl(ylsﬂ»g(ﬂ))|dﬂ
1-6
|b I 1
%) / [( ) <y§—;4"> ]/4’ (M GDICWI+ NG d
16, (vl » o1y
* e (y2 =) W (O] + N ()))du
b -b 4 5
+ w / B = w’™ i (R + Ny(yy)) du
0
b p
+'}((f;))' /0 B =WV W [ oz 1. CG0) = Hy (s CG0)|

< [s) = 50|

sup,, 4 (1 (1)K + Ny (y,)) pro-ber+l
+ P)ZEA( 102 107) B(% >Ib(y2)—b(y1)|

pI(3)
sup, e 4lb; ()l 32
+y‘ErT/0 (- w)’ |H1(yz o CG) = Hy (pys 1, C(u)|d
N SupyleA|b1()’1)|(hl(Y1)K+N1(.V1 / [ ] wd
%) o —w) !

S“PyleA|b1(YI)| (h](yl)K + N](y])) / , st
+ —uf ’d
) 1 (05 =) wrdu

SUPy, e (hy (3K + Ny(y,)) pro—Dr+l yi1
+ pI'(6) B <_,0 5) 1by(5) = by(yy)
supy, elba (vl ff )
+ Lzl / B - ”p)r)—] MY'HZ(yZ,”’ CG) = Hy(yo s )|
) o

< |g()’z) - g()’l)'

sup, e (A ()K + N, (yy)) pro-Dr+1 :
oA prw)l : B(& )lb ) = b))
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sup byl 32
+ &/ (= w)’ My|H1(Y2,I‘»§(#))—H](ylvﬂyc(ﬂ))|d#
0

')
sup, e 416y ) (M (DK + N1 () 0 . .
N y1ealP1y F(é) 1 1 / (yz_yl),,u 5) (y,l,_”p)zw l)ﬂ,dﬂ
+ sup, ealby ()l (R DK + Ny(y) prei=r (- p)s
P5I() 27h
s . h ( )K+N ( ) ﬂp(ﬁ—l)+7+l
4 e (ROK+ Nalrs) B(—y“ 5) 1by(3) = by
pI'(6) P
sup byl P X
I [ 7 i £0) = H 0 £

ie.,

[IME (1)) = MEG)I < 1g(ry) — gl

. h ( )K + N ( ) ﬂp(6—1)+y+1
+ SBnea (HODK + N,G) B(—y“ 5) 1610) = by ()
pI'(3) p

supy, e 416, (DI 2
+ y,ealD1()y / (y; _ M‘,)é
0

T®) _IMV|H1(Y251’”C(I4))_Hl()’l’l"’g(/‘)) du

+ SUPy,eAlbl(yl)l (h1(yl)K + N1(Y1)) ﬁzﬂ(é_l)ﬂ/ﬂ
pI'(6)

xB(—y:1 25—1)( -y

+ sup,, e 416,y (hl(yl)K + Nl()’])) prei-r

-n)”
TG+ 1) 2= 0
o h ( )K + N( ) ﬂp(6—1)+y+]
+ nea (0K + o) B <_y+ 5) 16 (32) = b3y
pI'(3) p
supy, b0l 7 :
e /O B = ™ [y 1 £G00) = Hy (. S|

Thus, |M((3)) = MEG)| = 0 as 5 = 1.
For y;,y, > f, we have

M) = MEOD)| < [s0)

b »
;((J;z)) (y;—/t”)é

bz(Yz)
re) / # =

) -
-gly 1)-% (yﬂ—llp)& !

by(yy)

0) / vr-
For 0 < y; < f < y,, observe that y, — y, implies y, > g and g — y,,
then
[ ME2) = MEGD)| < [MEG))=MEE)|+[MEB)-ME)| = 0
as y, = yj.

Thus, M) - M(C(yl))‘ - 0asy, - y for y,,y; € [0,00).
Therefore, M(U, ;) is equi-continuous. Subsequently, M(U, ;) is rela-
tively compact as M(U,, ;)C U, ; is uniformly bounded. Hence, M is
completely continuous on U, ;. By Schauder fixed point theorem, M
has a fixed point in U, ; which is the solution of the Eq. (1.5), and it is

easy to see that the solution tends to zero as y — oo. Thus, the solution
of Eq. (1.5) is locally stable. []

W H (s, E ) p

Yl W Hy(y, i, ()

W H (y, 1, () p

7Y W Ha(v, i E) | < 2377 + 477

In the next two theorems, we provide another easy checked sufficient
conditions for the local stability of the solutions of Eq. (1.5).

Theorem 4.4. Assume that, |g(y)| < %y“g, y € [P,+x), § > 0,

6 € (0,1) and there are four constants Ly , Ly, Ly, Ly, > 0 such that

16y < Ly, y* 1074 | Hy (9, 1, S € Ly, [€), 1b,(0)] < Ly, y7%,

[Hy(y, . )| < Ly, |C1, where Ly Ly, < and Ly, L, <
pI'(8) .

33(%,5)/3,;(5—1&%9“

Journal of King Saud University - Science 35 (2023) 102949

Then with the conditions (S;)—(S3), and with the parameters § € (%, 1),
p€(0,1) and y > 0, Eq. (1.5) has a locally stable solution on [, +c0).

Proof. We define a set Uy; = {{(y) : {(») € D and ‘C(y)‘ <y, for
y=y>0}

It is easy to observe that the set Uy, is closed, bounded, and convex
subset of D.

Now, we need to show that M maps Uy, in Uy .

For y > 0, we get

IMEGI < lgO)] + % / "0 = w0 W VLG C)
'I;Eg))' / B = ) W | Hy(y, i Cu)ldp
%y +LHLb;:;)5)H/(y 7Y w0y
P [

< ly_g_'_ Ly Ly y~ ]B(y_0+1,5>
3 pI'(8) p
-0
Ly, Lo,y B (7 —0+1 5) pro-D4r=0+1
pL(8) p
0

<y

Then MU, ) C Uy ;.
The remaining part of the proof is the same as the proof of Theo-
rem 4.3, it is simple to complete. []

Theorem 4.5. Assume that, |g(y)| < %y", y € [§,+), § > 0, and
there are two constants N, ,N, > 0 such that |b;(»)| < N,,ly‘e‘1
[H(y, 1, S| < €742, 1by(»)] < szy_l,
1
s _ pL ()4 —
[Hy(y, . ()| < e°H[C|, where N, = 3B( A= pa-1)+1) o =
1
PINOICK]
3B<w,p(571)+1)ﬂ9’
0=plpG-D+y—-1]+1 and§+$=1.
Then with the conditions (S;)—(S3), and with the parameters 6 € (%, 1),
p € (0,1) and y > 0, Eq. (1.5) has a locally stable solution on [J, +oo).

Proof. We define a set U;; = {{(») : {(») € D and )é‘(y)) <yl for
y23 >0}

It is easy to observe that the set U, ; is closed, bounded, and convex
subset of D.

Now, we need to show that M maps U, ; in U ;.

For y > 0, we obtain

15l
()

y
[MEODI < lgW)] + / O = w)’> ™ [ Hy (v Sl d

b
lrz((;))l/ B = w) ™ W | Hy(y. . E ()l d e
N y
3=1 r=14=5

1

—0-1
1 Ny ’ 6-1) (- ’
< = R — LAY =Dy
<3y TG A O = wu) 7 H
y 1
(o)
0
N,y (/ﬂ 6-1)  p(y—1) ’ r o :
+ (B = oy - dﬂ) </ . w,,> ,
r) 0 0
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ie.,
N y—9—1y9 1 1
MEOD] < 337!+ = B("(y R ,p<5—1>+1) L
(69)4
N, y~1p¢ _
e B<p(y pl)H”’(‘s_l)“) .
Ga)

<y

Then MU, ) CUy;.
The remaining part of the proof is the same as the proof of Theo-
rem 4.3, it is simple to complete. []

5. Examples

Three examples are given in this section to interpret our established
results.

Example 5.1.
operator as

H y
C(y)=y2+y+—sm(4y)/ (y%—u%)
r¢) Jo

Consider the NVFIE with the E-K fractional integral

-1
5

w3 Hy Gy Cu)d

1 (5.8)
1 ! INT5 8
w— [ (1=w2) W Hy O ),
')

with H(y, u. C(w) = sin(yp) sin(C(w)), Hy(y, u,{(w)) = sin(p) cos({(w)),
y€0,1].

Comparing Eq. (5.8) with Eq. (1.5), we get § = %, p = %, y = g,
by(y) =1, by(y) =sin(y), ) =y* +y, f=1.

Then, |g()| = [¥? + ¥l €2, by = Isin(»)| < 1, |b,()] = 1.

As [Hy(vn 1) = HyOup )| = Isin(u)cos(c)) = sinGu)cos(&)] <

I$1 = &ls
and ‘Hl O u.8) — Hy (y,/d,@)‘ = [sin(yu) sin(¢}) — sin(yu) sin(&)| < 1§
&l

Also, |Hy(y, i, Ew)| =
[sin(yp) sin(C(w))| < 1.

Therefore, assumptions (A,) — (A,) are satisfied with G =2, B, =1,
By=1,Gy, =1,Gy, =1, N, =1, N, =1.

As a result, all the requirements of Theorem 3.1 are satisfied for
Eq. (5.8). Hence, we can say that Eq. (5.8) has at least one solution
defined on [0, 1].

[sin(u) cos(C(u))| < 1, and |H,(y, u. { (1))

Example 5.2. Consider the NVFIE with the E-K fractional integral
operator as
1

2 L I\"3 5
(=5 + = [ (2 -u) T W H G LG0dn

ré)
o . (5.9)
1\"3 5
$ SO [ 3) ks v
I’(g) 0
with Hy(y. 4. () = sin(yu) sin€(w), Hy(y, p. E(u) = ——EW

W+ A+’
y € [0,1].
Comparing Eq. (5.9) with Eq. (1.5), we get § = %, p=-,7= %1

0=

£0) = 2, by(y) = cosy), by(») =y, f= 1.

Then, |z0)| = 151 < 1, 16,001 = leos)l < 1, 15,0 = Iy < 1.

As |H (., ) = Hi . &)| = IsinGmsin¢y) = sin(p) sin(&)| <
1$1 = &,
and |Hy(. . 6) = Hy0 i )| < 16 = &l

Therefore, assumptions (A;) — (A3) are satisfied with G = %, B =1,
By =1, Gy = 1and Gy, = &. Then G = max{Gy,,Gy,} = 1 and

0<G< 2L18) =1.1725.
(B)+By) B( L ) po6-+r+1
As a result, all the requirements of Theorem 3.2 are satisfied for
Eq. (5.9). Hence, we can say that Eq. (5.9) has a unique solution on

[0, 1].
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Also for this equation, we can apply Theorems 4.1 and 4.2 to
analyze the corresponding H-U-R and H-U stability.

Example 5.3. Consider the NVFIE with the E-K fractional integral
operator as

=

YL INTs s
(== [ (y7=n2) "W H G L)
are)
| 1 (5.10)
5 1\75 8
2 / (1=02) " 2 o G0,
4r(z) Jo

where H|(y, u, {(0)) = sin(u + (), Hy(y, 1, (1)) = cos(C(w)), y = 9> 0.
Comparing Eq. (5.10) with Eq. (1.5), we get § = ‘5‘, p= % y = g,
§ _
by(y) = 1, b1() = % HOES
Then
s >+ﬁ/y< o — W H (5, CGa)d
T®) V' —nu W H(y, p, C())d p
bz(Y)

76 / (B = ™ W Hoyo . L))

-5 Yool N3 s -3 1 I\-F s
<2 / <y5_,ﬁ) Turdp+ 2 / (1—,45) S urdu
4r@) Jo 4r) Jo

8 8

_8 s "y
) 2;:%‘)]3(7’ $)+ 2?(5‘5—‘) 2(7.5)= %3(7%) - rr(%)ﬂ‘%.

As a result, all the requirements of Theorem 4.3 are satisfied for
Eq. (5.10). Hence, we can say that Eq. (5.10) has a solution which is
locally stable.

6. Conclusions and future work

In this study, we investigated existence and uniqueness of solutions
for the NVFIE given in Eq. (1.5), by using Leray-Schauder alternative
and Banach’s fixed point theorem, we also analyzed H-U and H-U-—
R stability in the space C([0, #],R). Moreover, three different solutions
sets has been constructed and under some ideal conditions, local stabil-
ity of solutions has been obtained. Also, to achieve our aim, we have
been chosen the parameters as 6 € (%, 1), p € (0,1) and y > 0, for
Eq. (1.5).

In the future, more results can be investigated, such as local stability
results on some different solutions sets by assuming different condi-
tions. Moreover, one can investigate the above results for the quadratic
Volterra—Fredholm integral equations involving more generalized inte-
gral operator.
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