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Abstract In this paper, a new reliable technique for solving systems of Volterra integral equations
of the second kind has been introduced. This new method is resulted from HPM by a simple mod-
ification. This modification is based on the existence of Taylor expansion of the kernel and source
terms. To illustrate the new modification on HPM some examples are presented. Comparisons of

the results of applying modified HPM and classical HPM reveal the new technique is very effective

and convenient.

© 2010 King Saud University. All rights reserved.

1. Introduction

Homotopy perturbation method established by He, on 1998
(He, 1999, 2000). The ability of the method will be more ap-
pear when it is applied to solve nonlinear equations (Siddiqui
et al., 2006; Cveticanin, 2006; Biazar et al., 2009; Abbasbandy,
2006; Biazar and Ghazvini, 2009; Biazar et al., 2007; Ozis and
Yildirim, 2007; Ghori et al., 2007; Rana et al., 2007; Tari et al.,
2007; Ariel et al., 2006; Odibat and Momani, 2008). In this
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article a simple modification on the method will be studied
and will be applied to solve systems of Volterra integral equa-
tions of the second kind.

A system of Volterra integral equations of the second kind
(Delves and Mohamed, 1985) can be considered as

F(t)=G(1)+ /OIK(S, t, F(s))ds, (1)

If k(s, ¢, F(s)), be linear, system (1) can be presented as the fol-
lowing simple form:

Fi(t) = g;(1) + /Ot Zn:k,-j,-(s, NHF(s)ds, i=1,2,...,n. (2)

Using the usual vector-matrix notation, this linear system will
be written as
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+ /0 K(s, t)F(s)ds. (3)

For solving system (2), by He’s homotopy perturbation meth-
od we construct the following homotopy

b0 =5+ | > ks 060

Suppose the solutions of system (4) have the following form
$i(1) = Gio(1) + pi (1) + P Pin() +---, i
=1,2,....,n, (%)

where ¢, ;i = 1,2,...,n, are functions which should be
determined.

Substituting (5) into (4) and equating the coefficients of p
with the same power leads to

P () =g, i=1,2,.

p ¢:1 / ZkI/St ,() s, i=1,2,...,n,
=[S ks ()as
0 =1
g n
) = / z:k,-d-(s7 D¢a(s)ds, i=1,2,...,n,
JO =1

i=1,2,....n. (4

i=1,2,...,n,

The approximated solutions of (2), therefore, can be obtained
by setting p = 1

Fi(1) = lim ¢,(1) i% 1,2,....m. (6)

J=

2. The new technique

To accelerate the convergence of homotopy perturbation
method, when it is used for systems of Volterra integral equa-
tions of the second kind, if the kernels k; (s, ) are separable,
say k;(s,t) = k;;1(s)k;;»(¢), and functions k;; (s), k; () and
gdt) are analytic, the new idea is based on the replacement
of these functions by their Taylor expansions

Zg,z kij(s, 1) = kija (s)kija (1)
=0
=D ki) D ki) (7
=0 =0
With g (1) = &0 e (r) = St and gy (s)
= W, respectively.
Substitution Egs. (7) into Eq. (2) results in
LE) = B0 = el - [ ka zkl,z,
=0
=0, j=12,....n
The following homotopy can be constructed
H(¢,,p) = Zg,/ 7 p/ > kiji(s)p
=0
x Z kijo ()P ¢,(s)ds
=0
=0, j=12,...,n (8)

Substituting (5) into (8), and equating the coefficients of the
terms with identical powers of p, components of series solution
(6) will be obtained.

This technique is simple and very effective tool which usu-
ally leads to the exact solutions. This method can be used for
problems that the homotopy perturbation method does not
work.

3. Existence and uniqueness of the solution

To prove existence and uniqueness, we extend the same results
for the linear Volterra integral equation of the second kind
(Linz, 1985), to (3), and use the classical approach, so-called
the Picard method. This consists of the following simple
iterations:

+/01K(t, $)F,_1(s)ds, 9)
with
Fo(t) = G(1).
For simplicity it is convenient to introduce
V. (t)=F,(t) - F,_(t), n=1,2,..., (10)
with
Yo(t) = G(1).

On subtracting from (9) the same equation with # replaced by
n — 1, we obtain

= /rK(l,s)‘l’ﬂ,l(s)ds7 n=12... (11)
0
Also from (4),
n=> W) (12)
=0

In the following theorem, we use this iteration to prove the
existence and uniqueness of the solution under the hypothesis
that K(z,s) and G(t) are continues.

Theorem 1. If G(t) and K(t,s) are continuous in0 < s <t < T,
then the system (3) has a unique continuous solution for
0<t<T.

Proof 1. There exist constants g and k such that
GOl <g 0<i<T |K(s)|<k 0<s<i<T
We first prove, by induction, that
kt
|| < ( s 0<t<T n=1,2,... (13)

Let’s assume validity of (13) for n — 1, then form (11),

kn t kntn
||%u<g—/ glgs =550
(n—1)"!J, n!

Since (11) is obviously true for n = 0, it holds for all n. These
bounds make it obvious that the sequence F,(¢), in (6) conver-
gence uniformly and we can write

= i w,(1). (14)
i=0
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We now show that F(¢) satisfies Eq. (3). By uniform conver-
gence of (14), order of integration and summation in the fol-
lowing expression, can be changed

= i (1) — G(1)

This proves that F(¢), defined by (14), satisfies Eq. (3). Each of
the ¥(¢) are clearly continuous. Therefore F(¢) is continuous,
since it is the limit of a uniformly convergent series of contin-
uous functions.

To show that F(r) is the unique continuous solution,
suppose that there exists another continuous solution F(r),
then

F(s))ds. (15)

_ ) :/'K(z,s)(F(s) ~F

Since F(r) and F(1) are both continuous there exists a constant
B such that

IF(5) = F(1))| < B
Substituting this into (9) gives,
IF() = F(1)|| < kB,

Repeating this substitution leads to

B(kt)"
n!

0<r<T.

0<r<T.

1) = F(n)]| <

for any n. obviously
plies that

, 0<1<T,

B(kt)

— 0, as n — oo for any ¢, which im-

Fit)=F(), 0<t<T.

This completes the proof. [

4. Numerical Example

In this part three examples are provided. These examples are
considered to illustrate ability and reliability of the new

technique.

Example 1. Consider the following linear system of Volterra
integral equations of the second kind

{ u(x) = fx) + [y (re'v() +
v(x) = g(x) + [y (-

where f{x) = 1 -, and g(x) = 1 +%.

u(0))dr,
te”"u(t) — v(t))dt,

(16)
Homotopy perturbation method:
Using HPM, leads to

u(1))dt,
v(t))dt.

u(x) = fx) + p [y (te'v(1) +
v(x) = g(x) +p Jy (—te~u(t) -
Substituting (5) into (17), and equating the coefficients of the
terms with identical powers of p, the following terms will be
achieved

(17)

up(x) =4+ x —1x* —de* 4 dxe* —3x%e* +1x%e
v(x) =2 —x—1ix}—2e — 2xe” "'73x26’“’ ;x%’x,

Then the series solution, by the homotopy perturbation meth-
od, is as follows:

u(x) = Y u(x) = 4t 4 dxe®

1—7+4+x——
% x2e* + X3e¥ +22 4 -

v(x):iv,-(x):1+§+2—x—%x3—2e“’—2xe"‘"

LN

The new technique:

We use the Taylor series for fe and —te™’

o errl
r__
te _Z P
n=0
00 n+l1 1
B (_1) tn+
—te'=) ~—r
; n!

And construct the following homotopy, after substitution of
Taylor series in Eq. (16)

ux) = 1-p=ip ) (z (i) +u<r>)dz,
n=0

o [ & [yt
) =154 fy (55 (B

n=0

prult) — v(t)))dt,
(18)

Substituting (5) into (18), and equating of the terms with iden-
tical powers of p, gives

g
P
" w1 (x) = [y <,§ ((I/;) vik(t )) + u,-(t))dz,

(71)k,/\+l

[ u_,-,/((t)) - Vj(l)>dl,

\<
¥
=
=
|
2
N
|

T
(=1

Therefore the solution of Example 1 can be readily presented
by

o) xz 3 x4
- (x) = 1 ot
u(x) ;u,(xc) tx+ St
%0 2 3 4
v(x):Zvi(x):1—x—|—%—%—|—§4—|—~-~

—X

With the summation, u(x) = %, , which is exact

solution.

v(x) = e
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Example 2. Let’s solve the following system of integral

equation (| A<

u(x) = Z:;u,(x) =1 +%x—éx2+%x —%x“ + -
| fo]( ) = 200(0) ), o) M= ww = v %x‘* +116x5 f%x"
x) = Jy (kv + 2zu(z))dz. And henew
Homotopy perturbation method: u(x) = VT + xcos(x?),
Using HPM, we have { v(x) = VT + xsin(x?).
ux)—1=pf (ﬁ u(r) — 2”}([))0”7 . Which is solution of Example 2.
x)=pf; <ﬁ v(t) + 2tu(l)>a’l. 20 Example 3. Consider the following system of integral
o ) ) ) equations
L T i ot
{ to(x) = 1, J0)+ 1eH (s

Therefore the approximation solution of Example 2 can be

written as
u(x) =Y ui(x) =1+3In(l +x) —ix* +{In(1 +x) +
i=0
v(x) =3 vi(x) =2+ 12 (1 +x) + -
=0

The new technique:

The Taylor series of the function

can be presented as
follows:

(x+l)

> 5

n=0

x+:

by substitution of these series into Eq. (19) the following
homotopy can be constructed.

ux)—1=p [ @0 (% Pult) — 2tv(z))>dt,

—p fr (’g (“‘T)"’”p”v(z) + 2tu(t)))dt.

Substituting (5) into (21), and equating the coefficients of the
terms with identical powers of p, reads to

21

P
P

R
L~

: ((’Qk’k uj,k(t)) - 2tvj(t))dt,

(S ya0) + 2ru_,-(t)) d,

—
OM\

Therefore the solution of Example 2, can be readily presented
as the following

)ds + [ tcossf>(s)ds =2sint +#(sin’ 1+ e'),

(22)

where f1(f) = ¢ ', and f>(t) = 2 sint (Biazar and Ghazvini
2009).

Let’s use the new technique to solve this equation

Substitution of Taylor series of fi#) and k; (s,?) in the Eq.
(22), the following homotopy can be constructed

7pf0 ,,l p vapnf (S)
zz;m D S S )
1
_pfo x o 2n+l ot ds
+Z( D' o Z( D' Gmp"f2(s)
3 (S 1) e
n=0
fZ(l pfo ,,uP anpnfl dS pf()lz 71 (zn’)vpan(s)ds
25y ;f,’;*i>.p~+z( S+ 2 ).

(23)
Substituting (5) into (23), and equating the terms with identical
powers of p, leads to

{ﬁr)()_l+f2

f20(1)
g 0= -3 =3,
for(t)= ﬁt3+t~ft
2 lz(t) Lt — t’+§t“+ét3,
fra(t)= z5+ £ 7

J=lj—i=l

S == [ S GLAf i (s)ds

i=0 k=0
k 2k
ZJOAZ:( 1) ( ) é/(le/Azl()
*](; o AO ds
LUE! i g2l ko 2k+1
+Z Z (_l) (le)l( 1) (2k+1) le/ k—i— 1( )
i=0 k=0
+;(ﬁ+ ; )+z< R

**foE Z = Alfl, ki I(S)dS*fOlz

(1),

k .
—1) ok (s)ds
t/+1

2/+1,+t

+2(-1Y
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The series form of the solution is given by

t2 t3 l4

A=Y Sy =1 =145 =t
i=0

6
N _ o, @
fll) = ;fz,i(z) =225+ 250+
With the closed form, fi(f) = ¢, and f>(f) = 2 sinz, which is

exact solution.
5. Conclusion

In this paper, a modified form of HPM, for solving systems of
Volterra integral equations of the second kind, is studied suc-
cessfully. This new idea is based on the series forms of the
function G(¢) and the kernel K(s, 7). So it is necessary to men-
tion that this procedure can be used when G(7), K(s, ?) are ana-
lytic. The most important note which is worth to mention is
that this procedure leads, almost, to exact solution for both
linear and nonlinear equations. The computations associated
with examples were performed using the package maple 13.
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