
Journal of King Saud University – Science 33 (2021) 101180
Contents lists available at ScienceDirect

Journal of King Saud University – Science

journal homepage: www.sciencedirect .com
Original article
New exact solitary wave solutions, bifurcation analysis and first order
conserved quantities of resonance nonlinear Schrödinger’s equation with
Kerr law nonlinearity
https://doi.org/10.1016/j.jksus.2020.09.007
1018-3647/� 2020 The Author(s). Published by Elsevier B.V. on behalf of King Saud University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail address: gaowei@ynnu.edu.cn (W. Gao).

Peer review under responsibility of King Saud University.

Production and hosting by Elsevier
Adil Jhangeer a, Haci Mehmet Baskonus b, Gulnur Yel c, Wei Gao d,⇑
aDepartment of Mathematics, Namal Institute, 30KM Talagang Road, Mianwali 42250, Pakistan
bDepartment of Mathematics and Science Education, Faculty of Education, Harran University, Sanliurfa, Turkey
c Faculty of Educational Sciences, Final International University, Kyrenia, Mersin 10, Turkey
d School of Information Science and Technology, Yunnan Normal University, Yunnan, China

a r t i c l e i n f o a b s t r a c t
Article history:
Received 21 July 2020
Revised 16 August 2020
Accepted 6 September 2020
Available online 18 September 2020

Keywords:
Schrödinger’s equation
Bifurcation theory
Conservation laws
This paper anatomizes the exact solutions of the resonant non-linear Schrödinger’s equation (R-NLSE)
with the Kerr law non-linearity with the assistance of the new extended direct algebraic technique.
The secured soliton erections are newfangled and unreservedly invigorating for investigators. The graph-
ically comprehensive report of some specific solutions is embellished with the well-judged values of
parameters to illustrate their propagation. Then a planer dynamical system is introduced and the bifur-
cation analysis has been executed to figure out the bifurcation structures of the non-linear and super
non-linear traveling wave solutions of the heeded model. All possible phase portraits are exhibited with
specific values of parameters. Furthermore, a precise class of non-trivial and first-order conserved quan-
tities is enumerated by the intervention of the multiplier approach.
� 2020 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The non-linear Schrödinger’s equation (NLSE) has an imperative
influence and pivotal significance in different branches of science.
Quantummechanics, non-linear optics, fluid dynamics, and plasma
physics are some of the fields where NLSE has appeared. The R-
NLSE has availed oneself of the study of Madelung fluids and soli-
tonic dynamics in various non-linear processes (Baleanua et al.,
2017 and references therein):

iUt þ aUxx þ bXðjUj2ÞUþ c
jUjxx
jUj

� �
U ¼ 0; i ¼

ffiffiffiffiffiffiffi
�1

p
: ð1Þ

The independent variables x and t depicts the non-dimensional
distance in Eq. (1), along the fiber and temporal variables, respec-
tively. The complex valued dependent variable Uðt; xÞ represents
wave profile, while, the constants parameters a; b and c are the
coefficients of group-velocity dispersion, non-Kerr non-linearity
and resonant non-linearity respectively. In the Eq. (1), real valued
and n-times differentiable function X is defined as:

XðjUj2ÞU : C ! C:

where the two-dimensional linear space of R2 represents by Argand
plane C. Here we are assuming XðyÞ ¼ y, which arises in water
waves and the non-linear fiber optics when the refractive index is
directly proportional to intensity (Biswas and Konat, 2006).

The R-NLSE equation has been discussed by many means in lit-
erature. Over the last few years, scientists have been quantified the
exact solutions of Eq. (1) by utilizing numerous distinct
approaches. The Jacobi elliptic tool has been exploited to quantify-
ing the exact structures of Eq. (1) and also simplest equation
approach took under consideration (Eslami et al., 2013). To extract
the exact solitary wave solutions of Eq. (1), D. Baleanu has been
prosecuted the Ricatti-Bernoulli sub-ODE technique (Baleanua
et al., 2017). One of the aspirations of this exploration is to delib-
erate a futuristic class of exact solutions. On that account, a new
direct extended algebraic approach is maneuvered to come across
the exact solutions of Eq. (1). Some of the classical contributions on
numerical aspects of the PDEs are reported in Cattani et al. (2013),
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Cattani et al. (2012), Heydari et al. (2015), Kumar et al. (2018),
Kumar et al. (2020), Rushchitsky et al. (2004), Singh and
Srivastava (2020), Singh (xxxxx), Singh (2020), Singh et al.
(2019), Singh et al. (2020) and Yadav et al. (2019). In recent years,
the study of differential equations employing bifurcation analysis
is a hot topic of research. Dubinov et. al. in Dubinov et al. (2012)
characterized a new class of nonlinear and super-nonlinear waves.
In Zhang et al. (2013), a class of solutions is obtained for Klein–Gor
don–Zakharov equations by using bifurcation theory. More
recently, Sharma-Tasso-Olver equation is dealt with utilizing bifur-
cation theory (Ali et al., 2018) and the complete classification of
waves is presented. By the best of our knowledge, any study
related to the behavior of nonlinear and super-nonlinear traveling
waves for R-NLSE equation is not done before. Consequently, a pro-
fundity anatomy of Eq. (1) along with these trajectories is fascinat-
ing and is propounded here.

Conservation laws have miraculous contributions to unfold
the partial differential equations and in various applications.
The suggestion about conservation laws ejaculated by the
perception of physical laws like mass, energy, and momentum.
Initially, The ideology and exploitation of the Noether’s theorem
was authenticated by German mathematician Emmy Noether
and also certified as a well-ordered approach for uncovering
the conservation laws Bessel-Hagen, 1921. Noether theorem
states that each Euler - Lagrange equation’s Noether symmetry
corresponds to a difference equation’s conservation law.
Noether’s theorem works only for a variational differential
equation, yet there are differential equations which have no
Lagrangian equations which can be dealt with different
approaches available in the literature, some of them are (Anco
and Bluman, 2002; Ibragimov, 2007; Kara and Mahomed,
2006) while computer package for construction of conserved
quantities by using (Anco and Bluman, 2002) is also developed
(Cheviakov, 2007) and utilized in this research. Here we search
out the first order nontrivial conserved quantities of Eq. (1) by
using a multiplier approach (Anco and Bluman, 2002). Some lat-
est works related to exact solutions and conservation laws are
given in Baskonus et al. (2019), Eskitaolu et al. (2019),
Khalique et al. (2018), Khalique and Mhlanga (2018) and
Moleleki et al. (2018).

This report is designated as segment 2 is customized for the
exact solutions of Eq. (1) by using the new direct extended alge-
braic technique. Bifurcation analysis of Eq. (1) is presented in Sec-
tion 3. Section 4 is devoted to conserved quantities while
concluding remarks are asserted at the termination.

2. Travelling wave solutions

2.1. Specification of the lodged approach

Suppose that the non-linear partial differential equation:

QðU;Ut;Ux;Uy;Utt;Uxx; . . .Þ ¼ 0; ð2Þ

remoulded into non-linear ordinary differential equation:

Gðu;u0;u00; . . .Þ ¼ 0; ð3Þ
operating the complex transformation

Uðt; xÞ ¼ uðnÞeivðt;xÞ; ð4Þ
where, n ¼ Kðxþ stÞ and vðt; xÞ ¼ �kxþxt þ h and here prime in
Eq. (3) demonstrates the notation of differentiation concerning to n.

Assume Eq. (3) has solution of the such pattern:

uðnÞ ¼ a0 þ
Xm
i¼1

aiWðnÞ½ �; ð5Þ
2

where,

W 0ðnÞ ¼ lnðqÞ lþ mWðnÞ þ fW2ðnÞ
� �

; q– 0;1; ð6Þ

where l; m and f are the real constants.
Eq. (6) has general solutions in respect of parameters l; m and f

are prescribed as Rezazadeh, 2018:

1): When m2 � 4lf < 0 with f– 0,
W1ðnÞ ¼ � m
2f

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2 � 4lfÞ

p
2f

tanq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2 � 4lfÞ

p
2

n

 !
; ð7Þ

W2ðnÞ ¼ � m
2f

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðm2 � 4lfÞp

2f
cotq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðm2 � 4lfÞp
2

n

 !
; ð8Þ

W3ðnÞ ¼ � m
2f

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðm2 � 4lfÞp

2f
tanq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� m2 � 4lfð Þ

q
n

� ��

� ffiffiffiffiffiffiffi
mn

p
secq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� m2 � 4lfð Þ

q
n

� �
Þ; ð9Þ

W4ðnÞ ¼ � m
2f

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðm2 � 4lfÞp

2f
cotq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� m2 � 4lfð Þ

q
n

� ��

� ffiffiffiffiffiffiffi
mn

p
cscq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� m2 � 4lfð Þ

q
n

� �
Þ; ð10Þ

W5ðnÞ ¼ � m
2f

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðm2 � 4lfÞp

4f
tanq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðm2 � 4lfÞp
4

n

 ! 

� cotq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2 � 4lfÞ

p
4

n

 !
Þ: ð11Þ
2): When m2 � 4lf > 0 with f– 0,
W6ðnÞ ¼ � m
2f

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
2f

tanhq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
2

n

 !
; ð12Þ

W7ðnÞ ¼ � m
2f

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
2f

cothq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
2

n

 !
; ð13Þ

W8ðnÞ ¼ � m
2f

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
2f

�tanhq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

q
n

� ��

� i
ffiffiffiffiffiffiffi
mn

p
sechq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

q
n

� �
Þ; ð14Þ

W9ðnÞ ¼ � m
2f

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
2f

�cothq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

q
n

� ��

� ffiffiffiffiffiffiffi
mn

p
cschq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

q
n

� �
Þ; ð15Þ

W10ðnÞ ¼ � m
2f

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
4f

tanhq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
4

n

 ! 

þ cothq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 4lf

p
4

n

 !
Þ: ð16Þ
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3): When lf > 0 with m ¼ 0,
W11ðnÞ ¼
ffiffiffiffi
l
f

r
tanq

ffiffiffiffiffiffi
lf

p
n

� �
; ð17Þ

W12ðnÞ ¼ �
ffiffiffiffi
l
f

r
cotq

ffiffiffiffiffiffi
lf

p
n

� �
; ð18Þ

W13ðnÞ ¼
ffiffiffiffi
l
f

r
tanq 2

ffiffiffiffiffiffi
lf

p
n

� �
� ffiffiffiffiffiffiffi

mn
p

secq 2
ffiffiffiffiffiffi
lf

p
n

� �� �
; ð19Þ

W14ðnÞ ¼
ffiffiffiffi
l
f

r
�cotq 2

ffiffiffiffiffiffi
lf

p
n

� �
� ffiffiffiffiffiffiffi

mn
p

cscq 2
ffiffiffiffiffiffi
lf

p
n

� �� �
;

ð20Þ

W15ðnÞ ¼ 1
2

ffiffiffiffi
l
f

r
tanq

ffiffiffiffiffiffi
lf

p
2

n

 !
� cotq

ffiffiffiffiffiffi
lf

p
2

n

 ! !
: ð21Þ
4): When lf < 0 with m ¼ 0,
W16ðnÞ ¼ �
ffiffiffiffiffiffiffiffi
�l

f

r
tanhq

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �
; ð22Þ

W17ðnÞ ¼ �
ffiffiffiffiffiffiffiffi
�l

f

r
cothq

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �
; ð23Þ

W18ðnÞ ¼
ffiffiffiffiffiffiffiffi
�l

f

r
�tanhq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� ��
� i

� ffiffiffiffiffiffiffi
mn

p
sechq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �
Þ; ð24Þ

W19ðnÞ ¼
ffiffiffiffiffiffiffiffi
�l

f

r
�cothq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� ��
� ffiffiffiffiffiffiffi

mn
p

cschq 2
ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �
Þ; ð25Þ

W20ðnÞ ¼ �1
2

�
ffiffiffiffiffiffiffiffi
�l

f

r
tanhq

ffiffiffiffiffiffiffiffiffiffi�lfp
2

n

 !
þ cothq

ffiffiffiffiffiffiffiffiffiffi�lfp
2

n

 ! !
:

ð26Þ
5): When m ¼ 0 with l ¼ f,
W21ðnÞ ¼ tanq lnð Þ; ð27Þ

W22ðnÞ ¼ �cotq lnð Þ; ð28Þ

W23ðnÞ ¼ tanq 2lnð Þ � ffiffiffiffiffiffiffi
mn

p
secq 2lnð Þ; ð29Þ

W24ðnÞ ¼ �cotq 2lnð Þ � ffiffiffiffiffiffiffi
mn

p
cscq 2lnð Þ; ð30Þ

W25ðnÞ ¼ 1
2

tanq
l
2
n

� �
� cotq

l
2
n

� �� �
: ð31Þ
6): When m ¼ 0 with f ¼ �l,

W26ðnÞ ¼ �tanhq lnð Þ; ð32Þ

W27ðnÞ ¼ �cothq lnð Þ; ð33Þ

W28ðnÞ ¼ �tanhq 2lnð Þ � i
ffiffiffiffiffiffiffi
mn

p
sechq 2lnð Þ; ð34Þ

W29ðnÞ ¼ �cotq 2lnð Þ � ffiffiffiffiffiffiffi
mn

p
cschq 2lnð Þ; ð35Þ
3

W30ðnÞ ¼ �1
2
tanhq

l
2
n

� �
þ cotq

l
2
n

� �
: ð36Þ
7): When m2 ¼ 4lf,
W31ðnÞ ¼ �2lðmn lnqþ 2Þ
m2n lnq

: ð37Þ
8): When m ¼ p and l ¼ pq; ðq – 0Þ but f ¼ 0,
W32ðnÞ ¼ qpn � q: ð38Þ
9): When m ¼ f ¼ 0,
W33ðnÞ ¼ ln lnq: ð39Þ

10): When m ¼ 0 and l ¼ 0,
W34ðnÞ ¼ �1
fn lnq

: ð40Þ
11): When l ¼ 0 but m– 0,
W35ðnÞ � mm
f coshq mnð Þ � sinhq mnð Þ þm
� � ; ð41Þ

W36ðnÞ ¼ � m sinhq mnð Þ þ coshq mnð Þ� �
f sinhq mnð Þ þ coshq mnð Þ þ n
� � : ð42Þ
12): When m ¼ p and f ¼ pq; ðq– 0 but l ¼ 0Þ,
W37ðnÞ ¼ � mqpn

m� qnqpn
: ð43Þ
sinhqðnÞ ¼ mqn � nq�n

2
; coshqðnÞ ¼ mqn þ nq�n

2
;

tanhqðnÞ ¼ mqn � nq�n

mqn þ nq�n
; cothqðnÞ ¼ mqn þ nq�n

mqn � nq�n
;

sechqðnÞ ¼ 2
mqn þ nq�n

; cschqðnÞ ¼ 2
mqn � nq�n

;

sinqðnÞ ¼ mqin � nq�in

2i
; cosqðnÞ ¼ mqin þ nq�in

2
;

tanqðnÞ ¼ �i
mqin � nq�in

mqin þ nq�in
; cotqðnÞ ¼ i

mqin þ nq�in

mqin � nq�in
;

secqðnÞ ¼ 2
mqn þ nq�n

; cscqðnÞ ¼ 2i
mqn � nq�n

;

where, m and n are deformation parameters, which are arbitrary
positive constants.

2.2. Applications to Eq. (1)

The R-NLSE with the Kerr law nonlinearity is considered for
estimation of exact solutions via method purposed in Rezazadeh
(2018). For this let us substitute a complex envelope (4) into Eq.
(1) and splitting into the real and imaginary portion, respectively.
We will attain:

K2ðcþ aÞu00 � ðk2aþxÞuþ bu3 ¼ 0; s ¼ 2ka: ð44Þ
After stabilizing the highest order derivative expressions with

contact to the highest power of non-linear expressions in Eq.
(44), one can take the solution of such type:

u ¼ a0 þ a1WðnÞ; ð45Þ
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where WðnÞ satisfies Eq. (6). On exchange Eq. (45) into Eq. (44) and
equating the coefficients of non-identical powers of WðnÞ, leads to a
system of an algebraic equations.

WðnÞð Þ0 : �k2aa0 �xa0 þ ba30 þ K2lmaa1 log ðqÞ2 þ K2lmca1 log ðqÞ2 ¼ 0;

WðnÞð Þ1 : �k2aa1 �xa1 þ 3ba20a1 þ K2m2aa1 log ðqÞ2 þ 2K2lfaa1 log ðqÞ2
þK2m2ca1 log ðqÞ2 þ 2K2lfca1 log ðqÞ2 ¼ 0;

WðnÞð Þ2 : 3ba0a2
1 þ 3K2mfaa1 log ðqÞ2 þ 3K2mfca1 log ðqÞ2 ¼ 0;

WðnÞð Þ3 : ba3
1 þ 2K2f2aa1 log ðqÞ2 þ 2K2f2ca1 log ðqÞ2 ¼ 0:

To extricate the solution of an algebraic equations by means of
Mathematica, following set of solution is achieved:

a0 ¼ � m
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p ; a1 ¼ �2f
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p ; K ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
�2H

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pðaþ cÞ log ðqÞ2

q ; ð46Þ

where

H ¼ k2aþx; P ¼ m2 � 4lf

Case 1. If P < 0 with f– 0, then.
By mentioning the values of a0 and a1 from (46) into Eq. (45) we

get:

u1�ðnÞ ¼ �
ffiffiffiffiffiffiffiffi
�H

p

b
tanq

ffiffiffiffiffiffiffiffi
�P

p

2
n

 !
;

where, along with complex transformation (4), u1�ðnÞ capitulates as
solutions of Eq. (1):

U1�ðt; xÞ ¼ �
ffiffiffiffiffiffiffiffi
�H

p

b
tanq

ffiffiffiffiffiffiffiffi
�P

p

2
n

 !
eið�kxþxtþhÞ:

Thus working on the same line following solutions are obtained.

U2�ðt; xÞ ¼ �
ffiffiffiffiffiffiffiffi
�H

p

b
cotq

ffiffiffiffiffiffiffiffi
�P

p

2
n

 !
eið�kxþxtþhÞ:

U3�ðt; xÞ ¼ �
ffiffiffiffiffiffiffiffi�Hp

b
tanq

ffiffiffiffiffiffiffiffi
�P

p
n

� �
� ffiffiffiffiffiffiffi

mn
p

secq
ffiffiffiffiffiffiffiffi
�P

p
n

� �� �
eið�kxþxtþhÞ:

U4�ðt; xÞ ¼ �
ffiffiffiffiffiffiffiffi
�H

p

b
cotq

ffiffiffiffiffiffiffiffi
�P

p
n

� �
� ffiffiffiffiffiffiffi

mn
p

cscq
ffiffiffiffiffiffiffiffi
�P

p
n

� �� �
eið�kxþxtþhÞ:

U5�ðt; xÞ ¼ �
ffiffiffiffiffiffiffiffi�Hp

b
tanq

ffiffiffiffiffiffiffiffi�Pp

4
n

 !
� cotq

ffiffiffiffiffiffiffiffi�Pp

4
n

 ! !
eið�kxþxtþhÞ:

Case 2. If P > 0 with f– 0, then

U6�ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
tanhq

ffiffiffiffiffi
P

p

2
n

 !
eið�kxþxtþhÞ:

U7�ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
cothq

ffiffiffiffiffi
P

p

2
n

 !
eið�kxþxtþhÞ:

U8�ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
�tanhq

ffiffiffiffiffi
P

p
n

� �
� i

ffiffiffiffiffiffiffi
mn

p
sechq

ffiffiffiffiffi
P

p
n

� �� �
eið�kxþxtþhÞ:

U9�ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
�cothq

ffiffiffiffiffi
P

p
n

� �
� ffiffiffiffiffiffiffi

mn
p

cschq
ffiffiffiffiffi
P

p
n

� �� �
eið�kxþxtþhÞ:

U10�ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
tanhq

ffiffiffiffiffi
P

p

4
n

 !
þ cothq

ffiffiffiffiffi
P

p

4
n

 ! !
eið�kxþxtþhÞ:
4

Case 3. If lf > 0 with m ¼ 0, then

U11ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ 2
ffiffiffiffiffiffi
lf

p
tanq

ffiffiffiffiffiffi
lf

p
n

� �� �
eið�kxþxtþhÞ:

U12ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p m� 2
ffiffiffiffiffiffi
lf

p
cotq

ffiffiffiffiffiffi
lf

p
n

� �� �
eið�kxþxtþhÞ:

U13ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ 2
ffiffiffiffiffiffi
lf

p
tanq 2

ffiffiffiffiffiffi
lf

p
n

� �nh

� ffiffiffiffiffiffiffi
mn

p
secq 2

ffiffiffiffiffiffi
lf

p
n

� �
g�eið�kxþxtþhÞ:

U14ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ 2
ffiffiffiffiffiffi
lf

p
�cotq 2

ffiffiffiffiffiffi
lf

p
n

� �nh

� ffiffiffiffiffiffiffi
mn

p
cscq 2

ffiffiffiffiffiffi
lf

p
n

� �
g�eið�kxþxtþhÞ:

U15ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2
ffiffiffiffiffiffi
lf

p
tanq

ffiffiffiffiffiffi
lf

p
2

n

 !("

� cotq

ffiffiffiffiffiffi
lf

p
2

n

 !
g�eið�kxþxtþhÞ:

Case 4. If lf < 0 with m ¼ 0, then

U16ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p m� 2
ffiffiffiffiffiffiffiffiffiffi
�lf

p
tanhq

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �n o
eið�kxþxtþhÞ:

U17ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p m� 2
ffiffiffiffiffiffiffiffiffiffi
�lf

p
cothq

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �n o
eið�kxþxtþhÞ:

U18ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ 2
ffiffiffiffiffiffi
lf

p
�tanhq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �nh
� i

� ffiffiffiffiffiffiffi
mn

p
sechq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �
g�eið�kxþxtþhÞ:

U19ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ 2
ffiffiffiffiffiffi
lf

p
�cothq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �nh

� ffiffiffiffiffiffiffi
mn

p
cschq 2

ffiffiffiffiffiffiffiffiffiffi
�lf

p
n

� �
g�eið�kxþxtþhÞ:

U20ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p m� 2
ffiffiffiffiffiffiffiffiffiffi
�lf

p
tanhq

ffiffiffiffiffiffiffiffiffiffi�lfp
2

n

 !("

þ cothq

ffiffiffiffiffiffiffiffiffiffi�lfp
2

n

 !
g�eið�kxþxtþhÞ:

Case 5. If When m ¼ 0 with l ¼ f, then

U21ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ 2ftanq lnð Þ	 

eið�kxþxtþhÞ:

U22ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p m� 2fcotq lnð Þ	 

eið�kxþxtþhÞ:

U23ðt;xÞ¼�
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ2f tanq 2lnð Þ� ffiffiffiffiffiffiffi
mn

p
secq 2lnð Þ� �	 


eið�kxþxtþhÞ:

U24ðt;xÞ¼�
ffiffiffiffiffi
H

p

b
ffiffiffiffiffi
P

p mþ2f �cotq 2lnð Þ� ffiffiffiffiffiffiffi
mn

p
cscq 2lnð Þ� �	 


eið�kxþxtþhÞ:
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U25ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2f tanq
l
2
n

� �
� cotq

l
2
n

� �n oh i
eið�kxþxtþhÞ:

Case 6. If m ¼ 0 with f ¼ �l, then

U26ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p m� 2ftanhq lnð Þ	 

eið�kxþxtþhÞ:

U27ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p m� 2fcothq lnð Þ	 

;

U28ðt;xÞ¼�
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ2f �tanhq 2lnð Þ�	 � i

� ffiffiffiffiffiffiffi
mn

p
sechq 2lnð Þg�eið�kxþxtþhÞ:

U29ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2f �cothq 2lnð Þ�	
� ffiffiffiffiffiffiffi

mn
p

cschq 2lnð Þg�eið�kxþxtþhÞ:

U30ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

4b
ffiffiffiffiffi
P

p mþ 2f tanhq
l
2
n

� �
þ cothq

l
2
n

� �n oh i
eið�kxþxtþhÞ:

Case 7. If m2 ¼ 4lf, then

U31ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2f
�2lðmn lnqþ 2Þ

m2n lnq


 �� �
eið�kxþxtþhÞ:

Case 8. If m ¼ p and l ¼ pq; ðq– 0Þ but f ¼ 0, then

U32ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2f qpn � q
� �	 


eið�kxþxtþhÞ:

Case 9. If m ¼ f ¼ 0, then

U33ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2fln lnq½ �eið�kxþxtþhÞ:

Case 10. If m ¼ 0 and also l ¼ 0, then

U34ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2f
�1

fn lnq


 �� �
eið�kxþxtþhÞ:

Case 11. If l ¼ 0 but m– 0 then

U35ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p m½

þ 2f � mm
f coshq mnð Þ � sinhq mnð Þ þm
� �

( )
�eið�kxþxtþhÞ:
Fig. 1. Different graphical representations of j U1 j with n ¼ 3; m ¼

5

U36ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p m½

þ 2f � m sinhq mnð Þ þ coshq mnð Þ� �
f sinhq mnð Þ þ coshq mnð Þ þ n
� �

( )
�eið�kxþxtþhÞ:

Case 12. If m ¼ p and f ¼ pq; ðq – 0 but l ¼ 0Þ then

U37ðt; xÞ ¼ �
ffiffiffiffiffi
H

p

2b
ffiffiffiffiffi
P

p mþ 2f � mqpn

m� qnqpn


 �� �
eið�kxþxtþhÞ:

3D-graphics, 2D-graphics and contour plots of different
solutions jUij of Eq. (1) with n ¼ 3;m ¼ 2;q ¼ 3;P ¼ 1;a ¼ 0:5;
c ¼ 0:5;H ¼ 1; b ¼ 1ands ¼ 0:2 are presented to describe their
behaviour in Fig. 1–6.

3. Bifurcations behavior and phase portraits

According to ideology of the planar dynamical systems, equilib-
rium point ðuq; zqÞ is exclaimed as the saddle point if J < 0, if J > 0,

then center and T1 ¼ 0, a node if J > 0 and T2
1 � 4J > 0 while, when

J ¼ 0 then zero point and Poincaré index of ðuq; zqÞ is zero. Where, J
and T1 exhibits the trace of coefficients matrix and also Jacobian
matrix for any linearized system of (47). For the categorization of
non-identical orbits in phase portraits of dynamical system (47),
some symbols will be practised:

(1): Super non-linear periodic orbit is manifested by SNPO(e,s),
(2): Non-linear homoclinic orbit is manifested by NHO(e,s),
(3): Non-linear heteroclinic orbit is manifested by NHTO(e,s),
(4): Non-linear periodic orbit is manifested by NPO(e,s),

where ‘e’ exemplifies the equilibrium points and ‘s’ exhibits the
seperatix layers enveloped by an orbit. Every one phase orbit is
the closed non-self-intersecting curve on the phase plane. Phase
portrait of dynamical systems is a certain class of such nested
phase directions. Eq. (44) can be demonstrated as a system of
non-linear dynamical equations:

du
dn ¼ z;

dz
dn ¼ ðk2aþxÞu

K2ðcþaÞ þ bu3

K2ðcþaÞ :

8<
: ð47Þ

The system (47) delineates the planar Hamiltonian kind. Hamil-
tonian functions prevailed by integrating (47):

Hðu; zÞ ¼ z2

2
� ðk2aþxÞu2

2K2ðcþ aÞ � bu4

4K2ðcþ aÞ ¼ h: ð48Þ

From (48), validity can be attested as:

du
dn

¼ @H
@z

and
dz
dn

¼ � @H
@u

: ð49Þ
2; q ¼ 3; P ¼ 1; a ¼ 0:5; c ¼ 0:5; H ¼ 1; b ¼ 1 and s ¼ 0:2.



Fig. 2. Different graphical representations of j U8 j with n ¼ 3; m ¼ 2; q ¼ 3; P ¼ 1; a ¼ 0:5; c ¼ 0:5; H ¼ 1; b ¼ 1 and s ¼ 0:2.

Fig. 3. Different graphical representations of j U9 j with n ¼ 3; m ¼ 2; q ¼ 3; P ¼ 1; a ¼ 0:5; c ¼ 0:5; H ¼ 1; b ¼ 1 and s ¼ 0:2.

Fig. 4. Different graphical representations of j U25 j with n ¼ 3; m ¼ 2; q ¼ 3; P ¼ 1; a ¼ 0:5; c ¼ 0:5; H ¼ 1; b ¼ 1 and s ¼ 0:2.

Fig. 5. Different graphical representations of j U32 j with n ¼ 3; m ¼ 2; q ¼ 3; P ¼ 1; a ¼ 0:5; c ¼ 0:5; H ¼ 1; b ¼ 1 and s ¼ 0:2.
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As a system (47) is a planar Hamiltonian system and from (49),
it can be concluded that system (47) is conservative and thus phase
orbits expressed by the vector field of (47) will posses each travel-
ing waves solution of Eq. (44) (for detail see Li et al., 2015 and ref-
erences therein).

Level curves Lhðu; zÞ in respect of energy level h can be defined
in the following fashion:
6

Lh ¼ fðu; zÞ 2 R� R : Hðu; zÞ ¼ hg;

where, Hðu; zÞ is expounded in (48) and h is known as the
energy level. In phase portraits against every energy level, h
one can have an orbit. To investigate the relations between
closed orbit and the energy level of the system (47), let us
define:



Fig. 6. Different graphical representations of j U33 j with n ¼ 3; m ¼ 2; q ¼ 3; P ¼ 1; a ¼ 0:5; c ¼ 0:5; H ¼ 1; b ¼ 1 and s ¼ 0:2.

Fig. 7. Phase portraits of nonlinear dynamical system.
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EhðuÞ ¼ hþ ðk2aþxÞu2

2K2ðcþ aÞ þ bu4

4K2ðcþ aÞ : ð50Þ

From (48), one can easily find the following relation:

z ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hþ ðk2aþxÞu2

K2ðcþ aÞ þ bu4

2K2ðcþ aÞ

s
; ð51Þ

which means z2
2 ¼ EhðuÞ. Graphical illustration of (50) is given in

Fig. 9(a-b). Here, all feasible phase trajectories for dynamical system
(47) are presented and categorized.

System (47) has three equilibrium points:

u1 ¼ ð0;0Þ; u2 ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2aþxÞ

b

s
;0Þ; u3 ¼ ð�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2aþxÞ

b

s
;0Þ:

The linearized system (47) reported as coefficient matrix at an
equilibrium point ðuq; zqÞ:

M ¼
0 1

ðk2aþxÞ
K2ðcþaÞ 0

 !
; ð52Þ

while Jacobian for the system (47) is:

J ¼
0 1

ðk2aþxÞ
K2ðcþaÞ þ

3bu2

K2ðcþaÞ 0

 !
: ð53Þ

It yields the following cases:

3.0.1. K2ðcþ aÞ > 0; ð�k2a�xÞ < 0;C > 0 or
K2ðcþ aÞ < 0; ð�k2a�xÞ > 0; b < 0

There are three equilibrium points of system (47) u1; u2, and u3

for this type. For this Jðu1Þ < 0; Jðu2Þ > 0; Jðu3Þ > 0 while
7

T1ðMðu2ÞÞ ¼ 0 and T1ðMðu3ÞÞ ¼ 0. Above information helps to claim
that u1 is the saddle point and u2;u3 are the center points (see Fig. 7
(a)).

For this case, the phase portraits of the nonlinear dynamical
system (47) is presented in Fig. 7(a). This phase portrait encom-
passes a class of SNPO(3,1), where the family of SNPO(3,1) carries
all included equilibrium points of the considered dynamical model.
It also carries two families of NPO(1,0), which accommodates u2

and u3. There is also a pair of NHO(1,0) at u1 which carries u2

and u3.

3.0.2. K2ðcþ aÞ < 0; ð�k2a�xÞ > 0; b > 0

A single equilibrium point u1 incorporated in the system (47),
where Jðu1Þ < 0 thus u1 is a saddle point. (see Fig. 7(b)).

3.0.3. K2ðcþ aÞ > 0; ð�k2a�xÞ > 0;C < 0. or
K2ðcþ aÞ < 0; ð�k2a�xÞ < 0; b > 0

There are three equilibrium points of system (47) u1;u2, and u3

for this type. For this Jðu1Þ > 0 and T1ðMðu1ÞÞ ¼ 0, so u1 is the cen-
ter point, while Jðu2Þ > 0 and Jðu3Þ > 0 with Poincarè index is zero
thus u2;u3 are cusp points, (see Fig. 8(a)). The phase portraits of the
carried system of non-linear ODEs (47) is given in Fig. 8(a). This
phase portrait carries a family of NPO(1,0) which envelops u1.

3.0.4. K2ðcþ aÞ > 0; ð�k2a�xÞ > 0; b > 0

Only single equilibrium point u1 is assimilated in (47). For
which Jðu1Þ > 0 and T1ðMðu1ÞÞ ¼ 0, thus u1 is a center point. The
phase portraits for this case is presented in Fig. 8(b), which shows
that there is a family of NPO(1,0) which carries u1.



Fig. 8. Phase portraits of nonlinear dynamical system.

Fig. 9. Phase portraits of nonlinear dynamical system with different energy levels.
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4. Conserved quantities

In this section, nontrivial conserved quantities (Nother et al.
(1918) and Olver (1986)) are enumerated by using the method
given by Anco and Bluman Anco and Bluman, 2002. They advo-
cated a systematic approach to built non-trivial conservation laws.

4.1. Multiplier approach

A system containing two partial differential equations of second
order with three independent v ¼ ðt; xÞ and two dependent vari-
ables W ¼ ðu;vÞ and is denoted by

R1½W� ¼ F1 v;W;Wv; . . . ;Wvv
� �

;

R2½W� ¼ F2 v;W;Wv; . . . ;Wvv
� �

;
ð54Þ

where Wv and Wvv stand for the first and second order partial
derivatives of the dependent variables in connection with indepen-
dent variables, respectively. Let U ¼ ðU1;U2Þ represents the stream
of arbitrary functions of independent variable v;Uv and Uvv etc. A
set of multipliers (factors, characteristics) K ¼ ðK1;K2Þ yields a
divergence expression for the system given in Eq. (54) if the identity

K1½U�R1½W� þK2½U�R2½W� ¼ DvC
v½U� ð55Þ

holds for arbitrary function UðvÞ. In Eq. (55), Tv are called the con-
served densities (fluxes) while Dv is the total derivative:
8

Dv ¼ @

@vþWv
@

@Wv
þ . . . � ð56Þ

If U ¼ ðU1;U2Þ is the solution of Eq. (54), form Eq. (55), one can
derive the local conserved quantity by using the following
equation

DvT
v½W� ¼ 0: ð57Þ
System (54) contains the set of multipliers for the conserved

quantities if and only if following identity holds:

d
dW

K1½U�R1½W� þK2½U�R2½W�ð Þ ¼ 0; ð58Þ

where d
dU is said to be Euler operators and defined as:

d
dW

¼ @

@W
� Dv

@

@Wv
þ . . . � ð59Þ

Eq. (58) leads to a set of over-diagnosed system of determining
equations in expressions of multipliers K ¼ ðK1;K2Þ. The solution
of the obtained determining equations with some computation
further gives the conserved quantities. In this section, first-order
nontrivial conserved quantities are computed by using the method
given by Anco and Bluman Anco and Bluman, 2002. They advo-
cated a systematic approach to built non-trivial conservation laws.
In this method, multipliers K of precise order for undertook prob-
lem is required, additionally, which is used to get their analogous
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fluxes !. Each class of multipliers and fluxes fabricates a local con-
servation law D! ¼ 0 holding for all solutions of considered differ-
ential equations.

4.2. Conserved quantities

In this section, conserved quantities of Eq. (1) are computed
(Anco and Bluman, 2002; Cheviakov, 2007).

Eq. (44) with complex envelope:

Uðt; xÞ ¼ uðt; xÞeivðt;xÞ ð60Þ
converts into a complex partial differential equation, after splitting
into real and imaginary parts it yields:

bu3 � uv t � auðvxÞ2 þ ðaþ cÞuxx ¼ 0; ut þ 2auxvx þ auvxx ¼ 0:

ð61Þ
Substituting system (61) in Eq. (58) gives:

d
dW

K1ðbu� uv t � auðvxÞ2 þ ðaþ cÞuxxÞþK2ðut þ 2auxvx þauvxxÞ
h i

¼ 0:

ð62Þ
Equating the coefficients of derivatives of dependent variables

concerning independent variables in Eq. (62), we get a linear
homogeneous over-determined system of partial differential equa-
tions. After solving the obtained system of partial differential equa-
tions for

K1 ¼ K1ðt; x;u;v ;ut;v t ;ux;vxÞ and
K2 ¼ K2ðt; x;u;v ;ut;v t ;ux;vxÞ

with the assistance of Maple, we will secure the following
consequences:

K1 ¼ ðc1t þ c3Þux þ c2ut;

K2 ¼ c1vxt � c1x
2a

þ c2v t þ c3vx þ c4
� �

u: ð63Þ

The next step is to find the fluxes by using the multiplier given
in (63). For instance, the multipliers K1 and K2 for the constants ci
give the following conservation laws:

(i): K1
1 ¼ tux; K1

2 ¼ ðvxt � x
2aÞu
T1
t ¼ u2

4a
ð2atvx � xÞ;

T1
x ¼ 1

4
btu4 � 2tv tu2 þ 2atu2v2

x þ 2atu2
x þ 2ctu2

x � 2vxxu2� �
:

ð64Þ
(ii): K2
1 ¼ ut ; K2

2 ¼ v tu
T1
t ¼ 1

4
bu4 � 2au2v2

x � 2u2
xa� 2u2

xc
� �

;

T1
x ¼ au2v tvx þ autux þ cutux: ð65Þ
(iii): K3
1 ¼ ux; K3

2 ¼ vxu
T1
t ¼ u2vx

2
;

T1
x ¼ 1

4
bu4 � 2v tu2 þ 2au2v2

x þ 2u2
xaþ 2u2

xc
� �

: ð66Þ
(iv): K4
1 ¼ 0; K4

2 ¼ u
T1
t ¼ u2

2
; T1

x ¼ vxau2: ð67Þ
9

4.3. Conclusion

To be brief, the new direct extended algebraic method
(Rezazadeh, 2018) is applied to perceive the exact solutions of
the resonant non-linear Schrödinger equation with Kerr law non-
linearity. The proffered technique gave a class of solutions that
may be worthwhile for explaining certain physical phenomena
accurately. Moreover, the physical composition of these solutions
is described via their graphical presentation. Four portraits of a
dynamical system (47) are obtained and the existence of the trav-
eling wave solutions is discussed as well. It is observed that
obtained solutions are new and not available in the literature. Fur-
ther, all possible cases of the system parameters are considered by
using the phase portraits, and the effect of different situations are
shown in detail. Moreover, nontrivial, first order and new con-
served quantities are given by using the multiplier approach.

In the future, the perturbed dynamical structure of the consid-
ered model can be investigated in light of chaos and sensitivity
analysis.
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