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A B S T R A C T

This paper introduces a novel parametrized integral identity that forms the basis for deriving a comprehensive
class of generalized fractional integral inequalities. Building on recent advancements in fractional calculus,
particularly in conformable fractional integrals, our approach offers a unified framework for various known
inequalities. The novelty of this work lies in its ability to generate new and more general inequalities, including
Hermite–Hadamard-, Maclaurin-, and corrected Maclaurin-type inequalities, by selecting specific parameter
values. These results extend the scope of fractional integral inequalities and provide new insights into their
structure. To demonstrate the practical applicability and accuracy of the theoretical findings, we present a
detailed numerical example along with graphical representations.
1. Introduction

In classical error estimations for quadrature formulas, the accuracy
of the approximation improves as more points are included, often
involving higher-order derivatives of the function. However, this ap-
proach faces challenges when the function is not sufficiently smooth
or differentiable to the required order. The concept of convexity is of
utmost importance in this context because it enables the formulation
of integral inequalities that depend solely on the first- or second-order
derivative, eliminating the requirement for higher-order differentiabil-
ity. Using the characteristics of convex functions, it becomes feasible
to calculate precise error estimations involving lower-order derivative
terms; see Liu et al. (2023), Meftah et al. (2022), Meftah and Lakhdari
(2023), Saleh et al. (2023b,c).

Let us recall that a function is considered convex on an interval 𝐷
if, for all 𝑣1, 𝑣2 ∈ 𝐷 and 𝜍 ∈ [0, 1], the following inequality holds:

g
(

𝜍 𝑣1 + (1 − 𝜍)𝑣2
)

≤ 𝜍g(𝑣1) + (1 − 𝜍)g(𝑣2).

Among the three-point quadrature formulas, Simpson’s rule is the
most well known. However, Simpson’s rule, like many other closed
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quadrature formulas, is not effective for integrals where the function
values at the endpoints are not well defined or when the endpoints con-
tain singularities. In such situations, open-quadrature formulas are typ-
ically employed. One notable example of an open quadrature formula
is the Maclaurin formula, which is given by
h2

∫
h1

g(𝑣) 𝑑 𝑣 ≈ 1
8

[

3g
(

5h1 + h2
6

)

+ 2g
(

h1 + h2
2

)

+ 3g
(

h1 + 5h2
6

)]

.

The Maclaurin formula approximates the integral by evaluating
the function at three points within the interval ]h1, h2[, thus avoiding
potential issues at the boundaries. This makes it particularly useful
for integrals with undefined or problematic values at the endpoints,
providing a reliable approximation method in such cases.

In Meftah and Allel (2022), the authors established the following
Maclaurin inequality:
|

|

|

|

|

|

|

1
8

(

3g
(

5h1+h2
6

)

+ 2g
(

h1+h2
2

)

+ 3g
(

h1+5h2
6

))

− 1
h2−h1

h2

∫
h1

g (𝑣) 𝑑 𝑣
|

|

|

|

|

|

|

https://doi.org/10.1016/j.jksus.2024.103523
Received 8 July 2024; Received in revised form 7 October 2024; Accepted 4 Novem
vailable online 13 November 2024 
018-3647/© 2024 The Authors. Published by Elsevier B.V. on behalf of King Sau
 http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
ber 2024

d University. This is an open access article under the CC BY-NC-ND license 

https://www.sciencedirect.com
https://www.sciencedirect.com
mailto:fahd@cankaya.edu.tr
https://doi.org/10.1016/j.jksus.2024.103523
https://doi.org/10.1016/j.jksus.2024.103523
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2024.103523&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


A. Lakhdari et al.

R

o
s
R
p
u
M

i

e
e

t
c
d
a
t
o
t
h
c

g
i

F

e

w

t
c

Journal of King Saud University - Science 36 (2024) 103523 
≤ 25(h2−h1)
576

(

g′
(

h1
)

+ |

|

|

g′
(

h2
)

|

|

|

)

,

where |

|

g′|
|

is convex on [h1, h2].
By extending the concept of integrals and derivatives to non-integer

orders, fractional calculus provides a comprehensive framework for the
analysis of functions with intricate, memory-dependent behavior. The

iemann–Liouville fractional integral is one of the most prominent def-
initions of fractional integrals. It extends the standard integral to frac-
tional orders, thereby offering a potent instrument for the examination
of functions that exhibit fractional-order dynamics.

Definition 1.1 (Samko et al., 1993). The left- and right-sided Riemann–
Liouville fractional integrals 𝛿

h+1
g and 𝛿

h−2
g of order 𝛿 > 0 are defined

by

𝛿
h+1

g(𝑧) = 1
𝛤 (𝛿)

𝑧

∫
h1

(𝑧 − 𝑣)𝛿−1 g(𝑣)𝑑 𝑣, 𝑧 > h1,

𝛿
h−2

g(𝑧) = 1
𝛤 (𝛿)

h2

∫
𝑧

(𝑣 − 𝑧)𝛿−1 g(𝑣)𝑑 𝑣, 𝑧 < h2,

respectively, where 𝛤 (.) is the gamma function.
The above defined integrals have been crucial in the development of

a variety of integral inequalities that generalize classical results to the
fractional setting. These inequalities are essential for the development
f numerical methods for fractional-order systems and the comprehen-
ion of the behavior of solutions to fractional differential equations.
esearchers have developed new error estimates and bounds that ex-
and on conventional findings, thereby offering a more comprehensive
nderstanding of the fractional calculus framework; see Lakhdari and
eftah (2022), Saleh et al. (2023a), Xu et al. (2022) and the references

cited therein.
The authors in Djenaoui and Meftah (2023) provided the fractional

analogue of Maclaurin’s inequality via Riemann–Liouville integrals as
follows:
|

|

|

|

1
8

(

3g
(

5h1+h2
6

)

+ 2g
(

h1+h2
2

)

+ 3g
(

h1+5h2
6

))

− 6𝛿−1𝛤 (𝛿+1)
(h2−h1)𝛿

̂ (𝛿 , g)||
|

|

≤ h2−h1
36

[

1
(𝛿+1)(𝛿+2)

(

|

|

|

g′
(

h1
)

|

|

|

+ |

|

|

g′
(

h2
)

|

|

|

)

+

(

10−9𝛿−3𝛿2
2(𝛿+1)(𝛿+2) +

6𝛿
𝛿+1

(

3
8

)
1
𝛿 − 3𝛿

𝛿+2

(

3
8

)
2
𝛿

)

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

+

(

14−3𝛿
4(𝛿+2) +

4𝛿
𝛿+2

(

3
8

)1+ 2
𝛿

)

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

)

]

,

where

̂ (𝛿 , g) =
(

𝛿
( 5h1+h2

6

)−g(h1) + 𝛿
( 5h1+h2

6

)+g(h2)

)

+ 1
2𝛿 𝛿−1

(

𝛿
( 5h1+h2

6

)+g
(

h1+h2
2

)

+ 𝛿
( 5h1+h2

6

)−g
(

h1+h2
2

)

)

.

(1.1)

The Riemann–Liouville operators have indeed been instrumental in
uncovering hidden dynamics within complex systems. However, the
unique characteristics exhibited by some nonlocal systems often escape
the descriptive power of existing fractional integrals and derivatives.
To better describe specific physical phenomena, many researchers have
focused on developing alternative types of fractional operators, opening
new avenues of research. This has led to numerous advancements
n the field of integral inequalities, particularly through the use of

Katugampola integrals (Lakhdari et al., 2024), fractional integrals with
xponential kernels (Li et al., 2024), Caputo–Fabrizio integrals (Yasin
t al., 2024), AB-fractional integrals (Yuan et al., 2023), 𝑘-fractional

Hilfer–Katugampola integrals (Naz et al., 2021b,a; Naz and Naeem,
2021), and discrete fractional sum (Naz and Chu, 2022), among others.
2 
In Jarad et al. (2017), Jarad et al. proposed generalized frac-
ional integral operators, achieved through the successive application of
onformable integrals. These operators share several attributes with tra-
itional fractional integrals and can be reduced to familiar forms such
s the Riemann–Liouville and Hadamard integrals. The introduction of
hese operators offers new insight into fractional variational problems,
ptimal control issues, and the modeling of complex systems. Notably,
hese operators feature a dependence on two parameters, which en-
ances their ability to detect memory effects within the system. The
onformable fractional integral operators are defined as follows:

Definition 1.2 (Jarad et al., 2017). The left- and right-sided con-
formable fractional integrals of order 𝛿 ∈ C with 𝑅𝑒 (𝛿) > 0 and
𝛾 ∈ (0, 1] are defined respectively by

𝛿
h1
 𝛾g(𝑧) = 1

𝛤 (𝛿)

𝑧

∫
h1

( (𝑧−h1)𝛾−(𝑣−h1)𝛾
𝛾

)𝛿−1
(

𝑣 − h1
)𝛾−1

g(𝑣)𝑑 𝑣, 𝑧 > h1,

𝛿 𝛾
h2
g(𝑧) = 1

𝛤 (𝛿)

h2

∫
𝑧

( (h2−𝑧)𝛾−(h2−𝑣)𝛾
𝛾

)𝛿−1
(

h2 − 𝑣
)𝛾−1

g(𝑣)𝑑 𝑣, h2 > 𝑧.

Remark 1.3. Note that for 𝛾 = 1, the generalized conformable integrals
iven in Definition 1.2 reduce to the Riemann–Liouville fractional
ntegrals presented in Definition 1.1.

Recent advancements in conformable fractional calculus have led to
significant contributions in the field of integral inequalities. In Hezenci
and Budak (2023a), Hezenci and Budak explored trapezoid-type in-
equalities, while Kara et al. investigated midpoint-type and trapezoidal-
type inequalities for twice-differentiable functions in Kara et al. (2023).
urthermore, Hezenci and Budak presented Simpson-type inequalities

in Hezenci and Budak (2023b), and Unal et al. examined Newton-
type inequalities for differentiable convex functions in Ünal et al.
(2023). Set et al. introduced Ostrowski-type inequalities in Set et al.
(2019), and studied Hermite–Hadamard-type inequalities in Set et al.
(2021). Further contributions include Rashid et al. on Minkowski in-
equalities (Rashid et al., 2020), and Hyder et al. on midpoint in-
qualities (Hyder et al., 2021). Rahman et al. also made significant

contributions with studies on Grüss-type and Chebyshev-type inequali-
ties in Rahman et al. (2018) and Rahman et al. (2019), respectively.
These works collectively advance the understanding and application
of conformable fractional integrals in mathematical analysis. For more

orks, we refer the readers to Nisar et al. (2019), Ying et al. (2024),
Zhou and Du (2023).

Motivated by the importance and utility of the generalized frac-
tional integrals introduced in Jarad et al. (2017), and inspired by the
aforementioned works, in this paper, we introduce a new parametrized
integral identity that will serve as the foundation for establishing
some new conformable fractional Maclaurin-like inequalities for dif-
ferentiable convex functions. Our findings provide a unifying frame-
work, as for constant values of the identity’s parameter, we derive
novel Maclaurin-, corrected Maclaurin-, as well as Hermite–Hadamard-
ype inequalities. The research concludes with an illustrative example
onfirming the correctness of the obtained results.

2. Auxiliary result

This section introduces a new integral identity related to con-
formable fractional integrals, which will serve as the main tool for
establishing our results.

Lemma 2.1. Let g ∶ 𝐷 ⊂ R → R be a differentiable function on 𝐼◦,
h1, h2 ∈ 𝐼◦ with h1 < h2. If g′ ∈ 𝐿1 [h1, h2

]

, then for 𝛾 ∈ (0, 1], 𝛿 > 0, and
𝜇 ∈ [0, 1], the following equality holds

3−2𝜇g
(

5h1+h2
)

+ 2𝜇g
(

h1+h2
)

+ 3−2𝜇g
(

h1+5h2
)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)
𝛾 𝛿  (𝛾 , 𝛿 ,g)
6 6 3 2 6 6 (h2−h1)
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=
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= 𝛾𝛿(h2−h1)
36

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
g′

(

(1 − 𝜍)h1 + 𝜍 5h1+h2

6

)

𝑑 𝜍

− 𝛾𝛿(h2−h1)
9

1

∫
0

(

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿

)

g′
(

𝜍 5h1+h2

6
+ (1 − 𝜍) h1+h2

2

)

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
9

1

∫
0

(

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿

)

g′
(

(1 − 𝜍) h1+h2

2
+ 𝜍 h1+5h2

6

)

𝑑 𝜍

− 𝛾𝛿(h2−h1)
36

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
g′

(

𝜍 h1+5h2

6
+ (1 − 𝜍)h2

)

𝑑 𝜍 .

where

 (𝛾 , 𝛿 , g) =
(

𝛿 𝛾
( 5h1+h2

6

)g(h1) + (

h1+5h2
6

)
𝛿 𝛾g(h2)

)

+ 1
2𝛾 𝛿−1

(

( 5h1+h2
6

)
𝛿 𝛾g

(

h1+h2
2

)

+ 𝛿 𝛾
(

h1+5h2
6

)g
(

h1+h2
2

)

)

. (2.1)

Proof. Let

 = 𝛾𝛿(h2−h1)
36

(

1 − 42 + 43 −4
)

, (2.2)

where

1 =

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
g′
(

(1 − 𝜍) h1 + 𝜍 5h1+h2
6

)

𝑑 𝜍 ,

2 =

1

∫
0

(

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿

)

g′
(

𝜍 5h1+h2
6 + (1 − 𝜍) h1+h2

2

)

𝑑 𝜍 ,

3 =

1

∫
0

(

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿

)

g′
(

(1 − 𝜍) h1+h2
2 + 𝜍 h1+5h2

6

)

𝑑 𝜍

and

4 =

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
g′
(

𝜍 h1+5h2
6 + (1 − 𝜍) h2

)

𝑑 𝜍 .

Integrating by parts 1, we get

1 =
6

h2−h1

(

1−(1−𝜍)𝛾

𝛾

)𝛿
g
(

(1 − 𝜍) h1 + 𝜍 5h1+h2
6

)

|

|

|

|

1

0

− 6𝛿
h2−h1

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿−1
(1 − 𝜍)𝛾−1 g

(

(1 − 𝜍) h1 + 𝜍 5h1+h2
6

)

𝑑 𝜍

= 6
𝛾𝛿(h2−h1)

g
(

5h1+h2
6

)

− 6𝛾 𝛿+1𝛿
(h2−h1)𝛾 𝛿+1

5h1+h2
6

∫
h1

( ( 5h1+h2
6 −h1

)𝛾
−
( 5h1+h2

6 −𝑢
)𝛾

𝛾

)𝛿−1

×
(

5h1+h2
6 − 𝑢

)𝛾−1
g (𝑢) 𝑑 𝑢

= 6
𝛾𝛿(h2−h1)

g
(

5h1+h2
6

)

− 6𝛾 𝛿+1𝛤 (𝛿+1)
(h2−h1)𝛾 𝛿+1

𝛿 𝛾
( 5h1+h2

6

)g(h1). (2.3)

Similarly, we have

2 = − 3
h2−h1

(

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿

)

g
(

𝜍 5h1+h2
6 + (1 − 𝜍) h1+h2

2

)|

|

|

|

|

1

0

+ 3𝛿
h2−h1

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿−1
(1 − 𝜍)𝛾−1 g

(

𝜍 5h1+h2
6 + (1 − 𝜍) h1+h2

2

)

𝑑 𝜍

= − 3(1−𝜇) g
(

5h1+h2
)

− 3𝜇 g
(

h1+h2
)

𝛾𝛿(h2−h1) 6 𝛾𝛿(h2−h1) 2

3 
+ 3𝛾 𝛿+1𝛿
(h2−h1)𝛾 𝛿+1

h1+h2
2

∫
5h1+h2

6

( (

h1+h2
2 − 5h1+h2

6

)𝛾
−
(

𝑢− 5h1+h2
6

)𝛾

𝛾

)𝛿−1

×
(

𝑢 − 5h1+h2
6

)𝛾−1
g (𝑢) 𝑑 𝑢

 − 3(1−𝜇)
𝛾𝛿(h2−h1)

g
(

5h1+h2
6

)

− 3𝜇
𝛾𝛿(h2−h1)

g
(

h1+h2
2

)

+ 3𝛾 𝛿+1𝛤 (𝛿+1)
(h2−h1)𝛾 𝛿+1

( 5h1+h2
6

)
𝛿 𝛾g

(

h1+h2
2

)

, (2.4)

3 =
3

h2−h1

(

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿

)

g
(

(1 − 𝜍) h1+h2
2 + 𝜍 h1+5h2

6

)|

|

|

|

|

1

0

− 3𝛿
h2−h1

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿−1
(1 − 𝜍)𝛾−1 g

(

(1 − 𝜍) h1+h2
2 + 𝜍 h1+5h2

6

)

𝑑 𝜍

= 3(1−𝜇)
𝛾𝛿(h2−h1)

g
(

h1+5h2
6

)

+ 3𝜇
𝛾𝛿(h2−h1)

g
(

h1+h2
2

)

− 3𝛾 𝛿+1𝛿
(h2−h1)𝛾 𝛿+1

h1+5h2
6

∫
h1+h2

2

( (

h1+5h2
6 −h1+h2

2

)𝛾
−
(

h1+5h2
6 −𝑢

)𝛾

𝛾

)𝛿−1

×
(

h1+5h2
6 − 𝑢

)𝛾−1
g (𝑢) 𝑑 𝑢

3(1−𝜇)
𝛾𝛿(h2−h1)

g
(

h1+5h2
6

)

+ 3𝜇
𝛾𝛿(h2−h1)

g
(

h1+h2
2

)

− 3𝛾 𝛿+1𝛤 (𝛿+1)
(h2−h1)𝛾 𝛿+1 }

𝛿 𝛾
(

h1+5h2
6

)g( h1+h22 ) (2.5)

and

4 = − 6
h2−h1

(

1−(1−𝜍)𝛾

𝛾

)𝛿
g
(

𝜍 h1+5h2
6 + (1 − 𝜍) h2

)

|

|

|

|

1

0

+ 6𝛿
h2−h1

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿−1
(1 − 𝜍)𝛾−1 g

(

𝜍 h1+5h2
6 + (1 − 𝜍) h2

)

𝑑 𝜍

= − 6
𝛾𝛿(h2−h1)

g
(

h1+5h2
6

)

+ 6𝛾 𝛿+1𝛿
(h2−h1)𝛾 𝛿+1

h2

∫
h1+5h2

6

( (

h2−
h1+5h2

6

)𝛾
−
(

𝑢−h1+5h2
6

)𝛾

𝛾

)𝛿−1

×
(

𝑢 − h1+5h2
6

)𝛾−1
g (𝑢) 𝑑 𝑢

 − 6
𝛾𝛿(h2−h1)

g
(

h1+5h2
6

)

+ 6𝛾 𝛿+1𝛤 (𝛿+1)
(h2−h1)𝛾 𝛿+1

𝛿
(

h1+5h2
6

) 𝛾g(h2). (2.6)

The required result is obtained by using the equalities (2.3)–(2.6) into
(2.2). □

3. Primary results

This section presents the main results of our study.

Theorem 3.1. Let g be as in Lemma 2.1. If |

|

g′|
|

is convex on
[

h1, h2
]

,
then we have
|

|

|

|

3−2𝜇
6

g
(

5h1+h2

6

)

+ 2𝜇
3
g
(

h1+h2

2

)

+ 3−2𝜇
6

g
(

h1+5h2

6

)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤h2−h1

36𝛾

[

𝐵
(

2
𝛾
, 𝛿 + 1

) (
|

|

|

g′ (h1
)

|

|

|

+ |

|

|

g′ (h2
)

|

|

|

)

+
(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)]

+ 𝛾𝛿(h2−h1)
9

[

1 (𝛾 , 𝛿 , 𝜇)
(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

+ 22 (𝛾 , 𝛿 , 𝜇)
|

|

|

g′
(

h1+h2
)

|

|

|

]

,

|

2
|
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where  (𝛾 , 𝛿 , g), 1 (𝛾 , 𝛿 , 𝜇) and 2 (𝛾 , 𝛿 , 𝜇) are defined as in (2.1), (3.3)
nd (3.4) respectively, and 𝐵 (., .) and 𝐵𝑧 (., .) are the beta and the

incomplete beta function, respectively.

Proof. Taking the absolute value in both sides of the equality given in
Lemma 2.1, then using the convexity of |

|

g′|
|

, we get

|

|

|

|

3−2𝜇
6

g
(

5h1+h2

6

)

+ 2𝜇
3
g
(

h1+h2

2

)

+ 3−2𝜇
6

g
(

h1+5h2

6

)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤ 𝛾𝛿(h2−h1)
36

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
|

|

|

|

g′
(

(1 − 𝜍)h1 + 𝜍 5h1+h2

6

)

|

|

|

|

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
9

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

|

|

|

|

g′
(

𝜍 5h1+h2

6
+ (1 − 𝜍) h1+h2

2

)

|

|

|

|

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
9

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

|

|

|

|

g′
(

(1 − 𝜍) h1+h2

2
+ 𝜍 h1+5h2

6

)

|

|

|

|

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
36

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
|

|

|

|

g′
(

𝜍 h1+5h2

6
+ (1 − 𝜍)h2

)

|

|

|

|

𝑑 𝜍

≤ 𝛾𝛿(h2−h1)
36

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
(

(1 − 𝜍) ||
|

g′ (h1
)

|

|

|

+ 𝜍
|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

)

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
9

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

(

𝜍
|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+ (1 − 𝜍)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

)

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
9

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

(

(1 − 𝜍)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

+ 𝜍
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

𝑑 𝜍

+ 𝛾𝛿(h2−h1)
36

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
(

𝜍
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

+ (1 − 𝜍) ||
|

g′ (h2
)

|

|

|

)

𝑑 𝜍

=h2−h1

36𝛾

[

𝐵
(

2
𝛾
, 𝛿 + 1

) (
|

|

|

g′ (h1
)

|

|

|

+ |

|

|

g′ (h2
)

|

|

|

)

+
(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)]

+ 𝛾𝛿(h2−h1)
9

[

1 (𝛾 , 𝛿 , 𝜇)
(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

+ 22 (𝛾 , 𝛿 , 𝜇)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

]

,

where we have used the facts that
1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
(1 − 𝜍) 𝑑 𝜍 =

𝐵
(

2
𝛾 ,𝛿+1

)

𝛾𝛿+1
, (3.1)

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
𝜍 𝑑 𝜍 =

𝐵
(

1
𝛾 ,𝛿+1

)

−𝐵
(

2
𝛾 ,𝛿+1

)

𝛾𝛿+1
, (3.2)

1 (𝛾 , 𝛿 , 𝜇) =
1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

𝜍 𝑑 𝜍 (3.3)

= 𝜇
2𝛾𝛿

⎛

⎜

⎜

⎝

2

(

1 −
(

1 − 𝜇
1
𝛿
)

1
𝛾

)2

− 1
⎞

⎟

⎟

⎠

+ 1
𝛾𝛿+1

(

𝛶
𝜇
1
𝛿

(

𝛿 + 1, 2𝛾
)

− 𝛶
𝜇
1
𝛿

(

𝛿 + 1, 1𝛾
)

)

and

2 (𝛾 , 𝛿 , 𝜇) =
1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

(1 − 𝜍) 𝑑 𝜍

= 𝜇
2𝛾𝛿

(

1 − 2
(

1 − 𝜇
1
𝛿
)

2
𝛾

)

− 1
𝛾𝛿+1

𝛶 1

(

𝛿 + 1, 2𝛾
)

, (3.4)

𝜇 𝛿

4 
where 𝛶𝑧(., .) is given by

𝛶𝑧 (𝑥, 𝑦) = 𝐵𝑧 (𝑥, 𝑦) − 𝐵1−𝑧 (𝑦, 𝑥) , (3.5)

and 𝐵(., .) is the beta function. The proof is complete. □

Corollary 3.2. By setting 𝛾 = 1, Theorem 3.1 gives
|

|

|

|

3−2𝜇
6 g

(

5h1+h2
6

)

+ 2𝜇
3 g

(

h1+h2
2

)

+ 3−2𝜇
6 g

(

h1+5h2
6

)

− 6𝛿−1𝛤 (𝛿+1)
(h2−h1)𝛿

̂ (𝛿 , g)||
|

|

h2−h1
36

[

1
(𝛿+1)(𝛿+2)

(

|

|

|

g′
(

h1
)

|

|

|

+ |

|

|

g′
(

h2
)

|

|

|

)

+ 1
𝛿+2

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

)]

+ h2−h1
9

[

(

1
𝛿+2 − 𝜇

2 + 𝛿
𝛿+2𝜇

1+ 2
𝛿
)

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

)

+
(

2
(𝛿+1)(𝛿+2) − 𝜇 + 4𝛿

𝛿+1𝜇
1+ 1

𝛿 − 2𝛿
𝛿+2𝜇

1+ 2
𝛿
)

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

]

,

where ̂ (𝛿 , g) is defined as in (1.1).

Corollary 3.3. In Corollary 3.2, if we take 𝛾 = 𝛿 = 1, we get
|

|

|

|

|

|

|

3−2𝜇
6 g

(

5h1+h2
6

)

+ 2𝜇
3 g

(

h1+h2
2

)

+ 3−2𝜇
6 g

(

h1+5h2
6

)

− 1
h2−h1

h2

∫
h1

g (𝑣) 𝑑 𝑣
|

|

|

|

|

|

|

h2−h1
216

[

|

|

|

g′
(

h1
)

|

|

|

+ 2 (5 − 6𝜇 + 4𝜇3) |
|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+ 8 (1 − 3𝜇 + 6𝜇2 − 3𝜇3) |
|

|

|

g′
(

h1+h2
2

)

|

|

|

|

+ 2 (5 − 6𝜇 + 4𝜇3) |
|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

+ |

|

|

g′
(

h2
)

|

|

|

]

.

Theorem 3.4. Let g be as in Lemma 2.1. If |

|

g′|
|

𝑞 is convex on
[

h1, h2
]

here 𝑞 > 1 with 1
𝑝 + 1

𝑞 = 1, then we have
|

|

|

|

3−2𝜇
6

g
(

5h1+h2

6

)

+ 2𝜇
3
g
(

h1+h2

2

)

+ 3−2𝜇
6

g
(

h1+5h2

6

)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤h2−h1

36

(

𝐵
(

1
𝛾
,𝛿 𝑝+1)
𝛾

)
1
𝑝
⎛

⎜

⎜

⎜

⎝

(

|
g′(h1)|𝑞+

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

𝑞

2

)

1
𝑞

+

(

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞
+
|
g′(h2)|𝑞

2

)

1
𝑞
⎞

⎟

⎟

⎟

⎠

+ h2−h1

9

(

1
𝛾

(

𝛾 𝜇𝑝 − 2𝛾 𝜇𝑝
(

1 − 𝜇
1
𝛿

)
1
𝛾 − 𝛶

𝜇
1
𝛿

(

𝛿 𝑝 + 1, 1
𝛾

)

))

1
𝑝

×

⎛

⎜

⎜

⎜

⎝

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞

2

)

1
𝑞

+

(

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞

2

)

1
𝑞
⎞

⎟

⎟

⎟

⎠

,

where  (𝛾 , 𝛿 , g) and 𝛶𝑧 (., .) are defined as in (2.1) and (3.5), respectively,
nd 𝐵 (., .) is the beta function.

Proof. From Lemma 2.1, Hölder’s inequality and convexity of |
|

g′|
|

𝑞 , we
educe
|

|

|

|

3−2𝜇
6

g
(

5h1+h2
6

)

+ 2𝜇
3
g
(

h1+h2
2

)

+ 3−2𝜇
6

g
(

h1+5h2
6

)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

𝛾𝛿(h2−h1)
36

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑝
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

g′
(

(1 − 𝜍)h1 + 𝜍 5h1+h2
6

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

𝑝
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑝

×
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

g′
(

𝜍 5h1+h2
6

+ (1 − 𝜍) h1+h2
2

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

1

∫
|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

𝑝
𝑑 𝜍

⎞

⎟

⎟

1
𝑝

⎝ 0 ⎠
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×
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

g′
(

(1 − 𝜍) h1+h2
2

+ 𝜍 h1+5h2
6

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
36

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑝
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

g′
(

𝜍 h1+5h2
6

+ (1 − 𝜍)h2

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

𝛾𝛿(h2−h1)
36

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑝

×
⎛

⎜

⎜

⎝

1

∫
0

(

(1 − 𝜍) ||
|

g′ (h1
)

|

|

|

𝑞
+ 𝜍

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

𝑞)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
−
(

𝜇
𝛾𝛿

)𝑝
|

|

|

|

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑝

×
⎛

⎜

⎜

⎝

1

∫
0

(

(1 − 𝜍)
|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

𝑞
+ 𝜍

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
−
(

𝜇
𝛾𝛿

)𝑝
|

|

|

|

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑝

×
⎛

⎜

⎜

⎝

1

∫
0

(

(1 − 𝜍)
|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞
+ 𝜍

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
36

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑝

×
⎛

⎜

⎜

⎝

1

∫
0

(

(1 − 𝜍)
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞
+ 𝜍 ||

|

g′ (h2
)

|

|

|

𝑞
)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞

=h2−h1
36

(

𝐵
(

1
𝛾 ,𝛿 𝑝+1

)

𝛾

)
1
𝑝

×

⎛

⎜

⎜

⎜

⎝

(

|
g′(h1)|𝑞+

|

|

|

|

g′
( 5h1+h2

6

)

|

|

|

|

𝑞

2

)

1
𝑞

+

(

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞
+
|
g′(h2)|𝑞

2

)

1
𝑞 ⎞

⎟

⎟

⎟

⎠

+ h2−h1
9

(

1
𝛾

(

𝛾 𝜇𝑝 − 2𝛾 𝜇𝑝
(

1 − 𝜇
1
𝛿

)
1
𝛾 − 𝛶

𝜇
1
𝛿

(

𝛿 𝑝 + 1, 1
𝛾

)

))
1
𝑝

×

⎛

⎜

⎜

⎜

⎝

(

|

|

|

|

g′
( 5h1+h2

6

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞

2

)

1
𝑞

+

(

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞

2

)

1
𝑞 ⎞

⎟

⎟

⎟

⎠

,

where we have used
1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿 𝑝
−
(

𝜇
𝛾𝛿

)𝑝
|

|

|

|

𝑑 𝜍

= 1
𝛾𝛿 𝑝

1

∫
0

|

|

|

(

1 − (1 − 𝜍)𝛾
)𝛿 𝑝 − 𝜇𝑝|

|

|

𝑑 𝜍

= 1
𝛾𝛿 𝑝

1−
(

1−𝜇
1
𝛿
)

1
𝛾

∫
0

(

𝜇𝑝 −
(

1 − (1 − 𝜍)𝛾
)𝛿 𝑝) 𝑑 𝜍

+ 1
𝛾𝛿 𝑝

1

∫

1−
(

1−𝜇
1
𝛿
)

1
𝛾

(

(

1 − (1 − 𝜍)𝛾
)𝛿 𝑝 − 𝜇𝑝

)

𝑑 𝜍
5 
= 1
𝛾𝛿 𝑝+1

1

∫
1−𝜇

1
𝛿

(

𝜇𝑝 − (1 − 𝑧)𝛿 𝑝) 𝑧
1
𝛾 −1𝑑 𝑧 + 1

𝛾𝛿 𝑝+1
1−𝜇

1
𝛿

∫
0

(

(1 − 𝑧)𝛿 𝑝 − 𝜇𝑝) 𝑧
1
𝛾 −1𝑑 𝑧

= 1
𝛾𝛿 𝑝+1

⎛

⎜

⎜

⎜

⎜

⎝

𝜇
1
𝛿

∫
0

(

𝜇𝑝 (1 − 𝑧)
1
𝛾 −1 − 𝑧𝛿 𝑝 (1 − 𝑧)

1
𝛾 −1

)

𝑑 𝑧

+

1−𝜇
1
𝛿

∫
0

(

𝑧
1
𝛾 −1 (1 − 𝑧)𝛿 𝑝 − 𝜇𝑝𝑧

1
𝛾 −1

)

𝑑 𝑧
⎞

⎟

⎟

⎟

⎟

⎠

= 1
𝛾𝛿 𝑝+1

(

𝛾 𝜇𝑝 − 2𝛾 𝜇𝑝
(

1 − 𝜇
1
𝛿
)

1
𝛾 − 𝛶

𝜇
1
𝛿

(

𝛿 𝑝 + 1, 1𝛾
)

)

, (3.6)

where 𝛶𝑧 (𝑥, 𝑦) is defined as in (3.5). The proof is finished. □

Corollary 3.5. By setting 𝛾 = 1, Theorem 3.4 gives
|

|

|

|

3−2𝜇
6 g

(

5h1+h2
6

)

+ 2𝜇
3 g

(

h1+h2
2

)

+ 3−2𝜇
6 g

(

h1+5h2
6

)

− 6𝛿−1𝛤 (𝛿+1)
(h2−h1)𝛿

̂ (𝛿 , g)||
|

|

h2−h1
36

(

1
𝛿 𝑝+1

)
1
𝑝

⎛

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

|g′(h1)|𝑞+
|

|

|

|

g′
( 5h1+h2

6

)

|

|

|

|

𝑞

2

⎞

⎟

⎟

⎠

1
𝑞

+
⎛

⎜

⎜

⎝

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞
+|g′(h2)|𝑞

2

⎞

⎟

⎟

⎠

1
𝑞 ⎞
⎟

⎟

⎟

⎠

+ h2−h1
9

(

1+2𝛿 𝑝𝜇𝑝+ 1
𝛿

𝛿 𝑝+1 − 𝜇𝑝

)
1
𝑝

×

⎛

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

|

|

|

|

g′
( 5h1+h2

6

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞

2

⎞

⎟

⎟

⎠

1
𝑞

+
⎛

⎜

⎜

⎝

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞

2

⎞

⎟

⎟

⎠

1
𝑞 ⎞
⎟

⎟

⎟

⎠

,

where ̂ (𝛿 , g) is defined as in (1.1).

Corollary 3.6. In Corollary 3.5, if we take 𝛾 = 𝛿 = 1, we get
|

|

|

|

|

|

|

3−2𝜇
6 g

(

5h1+h2
6

)

+ 2𝜇
3 g

(

h1+h2
2

)

+ 3−2𝜇
6 g

(

h1+5h2
6

)

− 1
h2−h1

h2

∫
h1

g (𝑣) 𝑑 𝑣
|

|

|

|

|

|

|

h2−h1
36

(

1
𝑝+1

)
1
𝑝

⎛

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

|g′(h1)|𝑞+
|

|

|

|

g′
( 5h1+h2

6

)

|

|

|

|

𝑞

2

⎞

⎟

⎟

⎠

1
𝑞

+
⎛

⎜

⎜

⎝

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞
+|g′(h2)|𝑞

2

⎞

⎟

⎟

⎠

1
𝑞 ⎞
⎟

⎟

⎟

⎠

+ h2−h1
9

(

1+2𝑝𝜇𝑝+1
𝑝+1 − 𝜇𝑝

)
1
𝑝

×

⎛

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

|

|

|

|

g′
( 5h1+h2

6

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞

2

⎞

⎟

⎟

⎠

1
𝑞

+
⎛

⎜

⎜

⎝

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞
+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞

2

⎞

⎟

⎟

⎠

1
𝑞 ⎞
⎟

⎟

⎟

⎠

.

Theorem 3.7. Let g be as in Lemma 2.1. If |

|

g′|
|

𝑞 is convex on
[

h1, h2
]

here 𝑞 ≥ 1, then we have
|

|

|

|

3−2𝜇
6

g
(

5h1+h2

6

)

+ 2𝜇
3
g
(

h1+h2

2

)

+ 3−2𝜇
6

g
(

h1+5h2

6

)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤h2−h1

36𝛾

(

𝐵
(

1
𝛾
,𝛿+1

)

𝛾

)1− 1
𝑞

×

[

(

𝐵
(

2
𝛾
, 𝛿 + 1

)

|

|

|

g′ (h1
)

|

|

|

𝑞
+
(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

𝑞)
1
𝑞

+
(

(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

𝑞
+ 𝐵

(

2
𝛾
, 𝛿 + 1

)

|

|

|

g′ (h2
)

|

|

|

𝑞
)

1
𝑞

]

+ 𝛾𝛿(h2−h1)
(

1
(

𝛾 𝜇 − 2𝛾 𝜇
(

1 − 𝜇
1
𝛿

)
1
𝛾 − 𝛶 1

(

𝛿 + 1, 1
)

))1− 1
𝑞

9 𝛾𝛿+1 𝜇 𝛿 𝛾
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×

[

(

1 (𝛾 , 𝛿 , 𝜇)
|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

𝑞
+ 2 (𝛾 , 𝛿 , 𝜇)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞)
1
𝑞

+
(

2 (𝛾 , 𝛿 , 𝜇)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞
+ 1 (𝛾 , 𝛿 , 𝜇)

|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

𝑞)
1
𝑞

]

,

where  (𝛾 , 𝛿 , g), 1 (𝛾 , 𝛿 , 𝜇) and 2 (𝛾 , 𝛿 , 𝜇) are defined as in (2.1), (3.3)
nd (3.4) respectively.

Proof. From Lemma 2.1, power mean inequality and the convexity of
|

|

g′|
|

𝑞 , we get
|

|

|

|

3−2𝜇
6

g
(

5h1+h2

6

)

+ 2𝜇
3
g
(

h1+h2

2

)

+ 3−2𝜇
6

g
(

h1+5h2

6

)

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

𝛾𝛿(h2−h1)
36

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
𝑑 𝜍

⎞

⎟

⎟

⎠

1− 1
𝑞

×
⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
|

|

|

|

g′
(

(1 − 𝜍)h1 + 𝜍 5h1+h2

6

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

𝑑 𝜍
⎞

⎟

⎟

⎠

1− 1
𝑞

×
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

|

|

|

|

g′
(

𝜍 5h1+h2

6
+ (1 − 𝜍) h1+h2

2

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

𝑑 𝜍
⎞

⎟

⎟

⎠

1− 1
𝑞

×
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

|

|

|

|

g′
(

(1 − 𝜍) h1+h2

2
+ 𝜍 h1+5h2

6

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
𝑑 𝜍

⎞

⎟

⎟

⎠

1− 1
𝑞

×
⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
|

|

|

|

g′
(

𝜍 h1+5h2

6
+ (1 − 𝜍)h2

)

|

|

|

|

𝑞
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞

≤ 𝛾𝛿(h2−h1)
36

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿
𝑑 𝜍

⎞

⎟

⎟

⎠

1− 1
𝑞

×

⎡

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿 (
(1 − 𝜍) ||

|

g′ (h1
)

|

|

|

𝑞
+ 𝜍 |

|

g′ (𝑥)|
|

𝑞
)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞

+
⎛

⎜

⎜

⎝

1

∫
0

(

1−(1−𝜍)𝛾

𝛾

)𝛿 (
𝜍 ||
|

g′ (h1 + h2 − 𝑥
)

|

|

|

𝑞
+ (1 − 𝜍) ||

|

g′ (h2
)

|

|

|

𝑞)
𝑑 𝜍

⎞

⎟

⎟

⎠

1
𝑞 ⎤

⎥

⎥

⎥

⎦

+ 𝛾𝛿(h2−h1)
9

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

𝑑 𝜍
⎞

⎟

⎟

⎠

1− 1
𝑞

×

⎡

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

(

𝜍 |
|

g′ (𝑥)|
|

𝑞 + (1 − 𝜍)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞

+
⎛

⎜

⎜

⎝

1

∫
0

|

|

|

|

(

1−(1−𝜍)𝛾

𝛾

)𝛿
− 𝜇

𝛾𝛿
|

|

|

|

(

(1 − 𝜍)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞
+ 𝜍 ||

|

g′ (h1 + h2 − 𝑥
)

|

|

|

𝑞
)

𝑑 𝜍
⎞

⎟

⎟

⎠

1
𝑞 ⎤

⎥

⎥

⎥

⎦

=h2−h1

36𝛾

(

𝐵
(

1
𝛾
,𝛿+1

)

𝛾

)1− 1
𝑞

×

[

(

𝐵
(

2
𝛾
, 𝛿 + 1

)

|

|

|

g′ (h1
)

|

|

|

𝑞
+
(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

𝑞)
1
𝑞

+
(

(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

|

|

|

g′
(

h1+5h2

6

)

|

|

|

𝑞
+ 𝐵

(

2
𝛾
, 𝛿 + 1

)

|

|

|

g′ (h2
)

|

|

|

𝑞
)

1
𝑞

]

| |

6 
+ 𝛾𝛿(h2−h1)
9

(

1
𝛾𝛿+1

(

𝛾 𝜇 − 2𝛾 𝜇
(

1 − 𝜇
1
𝛿

)
1
𝛾 − 𝛶

𝜇
1
𝛿

(

𝛿 + 1, 1
𝛾

)

))1− 1
𝑞

×

[

(

1 (𝛾 , 𝛿 , 𝜇)
|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

𝑞
+ 2 (𝛾 , 𝛿 , 𝜇)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞)
1
𝑞

+
(

2 (𝛾 , 𝛿 , 𝜇)
|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞
+ 1 (𝛾 , 𝛿 , 𝜇)

|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

𝑞)
1
𝑞

]

,

where we have used (3.1)–(3.4) and (3.6) and Theorem 3.7. The proof
is finished. □

Corollary 3.8. By setting 𝛾 = 1, Theorem 3.4 gives
|

|

|

|

3−2𝜇
6 g

(

5h1+h2
6

)

+ 2𝜇
3 g

(

h1+h2
2

)

+ 3−2𝜇
6 g

(

h1+5h2
6

)

− 6𝛿−1𝛤 (𝛿+1)
(h2−h1)𝛿

̂ (𝛿 , g)||
|

|

h2−h1
36𝛾

(

1
𝛿+1

)1− 1
𝑞
⎡

⎢

⎢

⎣

(

1
(𝛿+1)(𝛿+2)

|

|

|

g′
(

h1
)

|

|

|

𝑞
+ 1

𝛿+2

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

𝑞)
1
𝑞

+
(

1
𝛿+2

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞
+ 1

(𝛿+1)(𝛿+2)
|

|

|

g′
(

h2
)

|

|

|

𝑞
)

1
𝑞 ⎤
⎥

⎥

⎦

+ h2−h1
9

(

1+2𝛿 𝑝𝜇𝑝+ 1
𝛿

𝛿 𝑝+1 − 𝜇𝑝

)1− 1
𝑞

×
[(

(

1
𝛿+2 − 𝜇

2 + 𝛿
𝛿+2𝜇

1+ 2
𝛿
)

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

𝑞

+
(

1
(𝛿+1)(𝛿+2) −

𝜇
2 + 2𝛿

𝛿+1𝜇
1+ 1

𝛿 − 𝛿
𝛿+2𝜇

1+ 2
𝛿
)

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞)
1
𝑞

+
(

(

1
(𝛿+1)(𝛿+2) −

𝜇
2 + 2𝛿

𝛿+1𝜇
1+ 1

𝛿 − 𝛿
𝛿+2𝜇

1+ 2
𝛿
)

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

𝑞

+
(

1
𝛿+2 − 𝜇

2 + 𝛿
𝛿+2𝜇

1+ 2
𝛿
)

|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

𝑞)
1
𝑞 ⎤
⎥

⎥

⎦

,

where ̂ (𝛿 , g) is defined as in (1.1).

Corollary 3.9. In Corollary 3.8, if we take 𝛾 = 𝛿 = 1, we get
|

|

|

|

|

|

|

3−2𝜇
6

g
(

5h1+h2

6

)

+ 2𝜇
3
g
(

h1+h2

2

)

+ 3−2𝜇
6

g
(

h1+5h2

6

)

− 1
h2−h1

h2

∫
h1

g (𝑣) 𝑑 𝑣
|

|

|

|

|

|

|

≤h2−h1

36𝛾

(

1
2

)1− 1
𝑞

[

(

1
6
|

|

|

g′ (h1
)

|

|

|

𝑞
+ 1

3

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

𝑞)
1
𝑞

+
(

1
3

|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

𝑞
+ 1

6
|

|

|

g′ (h2
)

|

|

|

𝑞
)

1
𝑞

]

+ h2−h1

9

(

1+2𝑝𝜇𝑝+1

𝑝+1
− 𝜇𝑝

)1− 1
𝑞

×

[

(

(

1
3
− 𝜇

2
+ 𝜇3

3

)

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

𝑞
+
(

1
6
− 𝜇

2
+ 𝜇2 − 𝜇3

3

)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞)
1
𝑞

+
(

(

1
6
− 𝜇

2
+ 𝜇2 − 𝜇3

3

)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

𝑞
+
(

1
3
− 𝜇

2
+ 𝜇3

3

)

|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

𝑞)
1
𝑞

]

.

4. Special cases

In this section, we derive several results related to some well-known
quadrature rules.

Corollary 4.1. In Theorem 3.1, if we take 𝜇 = 0, we get the following
Hermite–Hadamard-type inequality for conformable fractional integrals
|

|

|

|

1
2

(

g
(

5h1+h2

6

)

+ g
(

h1+5h2

6

))

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤h2−h1

36𝛾

[

𝐵
(

2
𝛾
, 𝛿 + 1

) (
|

|

|

g′ (h1
)

|

|

|

+ |

|

|

g′ (h2
)

|

|

|

)

+
(

𝐵
(

1 , 𝛿 + 1
)

− 𝐵
(

2 , 𝛿 + 1
))

(

|

|

|

g′
(

5h1+h2
)

|

|

|

+
|

|

|

g′
(

h1+5h2
)

|

|

|

)]
𝛾 𝛾
|

6
| |

6
|
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+ h2−h1

9𝛾

[

(

𝐵
(

1
𝛾
, 𝛿 + 1

)

− 𝐵
(

2
𝛾
, 𝛿 + 1

))

(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

+ 2𝐵
(

2
𝛾
, 𝛿 + 1

)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

]

.

Moreover, if we set 𝛾 = 1, we get
|

|

|

|

1
2

(

g
(

5h1+h2

6

)

+ g
(

h1+5h2

6

))

− 6𝛿−1𝛤 (𝛿+1)

(h2−h1)𝛿
̂ (𝛿 ,g)||

|

|

≤h2−h1

36𝛾

[

1
(𝛿+1)(𝛿+2)

(

|

|

|

g′ (h1
)

|

|

|

+ |

|

|

g′ (h2
)

|

|

|

)

+ 1
𝛿+2

(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

+ 4
𝛿+2

(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

+ 8
(𝛿+1)(𝛿+2)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

]

.

Furthermore, if we take 𝛿 = 1, we get
|

|

|

|

|

|

|

1
2

(

g
(

5h1+h2
6

)

+ g
(

h1+5h2
6

))

− 1
h2−h1

h2

∫
h1

g (𝑣) 𝑑 𝑣
|

|

|

|

|

|

|

≤ h2−h1
36𝛾

[

1
6

(

|

|

|

g′
(

h1
)

|

|

|

+ |

|

|

g′
(

h2
)

|

|

|

)

+ 1
3

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

)

+ 4
3

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

)

+ 4
3

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

]

.

Corollary 4.2. In Theorem 3.1, if we take 𝜇 = 3
8 , we obtained the

following conformable fractional Maclaurin inequality
|

|

|

|

1
8

(

3g
(

5h1+h2
6

)

+ 2g
(

h1+h2
2

)

+ 3g
(

h1+5h2
6

))

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤ 𝛾𝛿(h2−h1)
36

[

𝐵
(

2
𝛾 ,𝛿+1

)

𝛾𝛿+1

(

|

|

|

g′ (h1
)

|

|

|

+ |

|

|

g′ (h2
)

|

|

|

)

+ 82

(

𝛾 , 𝛿 , 3
8

)

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

+

(

41

(

𝛾 , 𝛿 , 3
8

)

+
𝐵
(

1
𝛾 ,𝛿+1

)

−𝐵
(

2
𝛾 ,𝛿+1

)

𝛾𝛿+1

)

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

)

]

.

Remark 4.3. Here are some observations from Corollary 4.2:

1. By setting 𝛾 = 1, Corollary 4.2 becomes equivalent to Corollary
2.1 in Djenaoui and Meftah (2023).

2. When 𝛾 and 𝛿 are both set to 1, Corollary 4.2 enhances the result
presented by Meftah and Allel in Corollary 3.3 from Meftah and
Allel (2022), as their result can be deduced by leveraging the
convexity of |

|

g′|
|

.

Corollary 4.4. In Theorem 3.1, if we take 𝜇 = 39
80 , we obtained the

following conformable fractional Corrected Maclaurin inequality
|

|

|

|

1
80

(

27g
(

5h1+h2

6

)

+ 26g
(

h1+h2

2

)

+ 27g
(

h1+5h2

6

))

− 6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿+1)

(h2−h1)𝛾 𝛿  (𝛾 , 𝛿 ,g)||
|

|

≤ 𝛾𝛿(h2−h1)
36

[

𝐵
(

2
𝛾
,𝛿+1

)

𝛾𝛿+1

(

|

|

|

g′ (h1
)

|

|

|

+ |

|

|

g′ (h2
)

|

|

|

)

+ 82

(

𝛾 , 𝛿 , 39
80

)

|

|

|

|

g′
(

h1+h2

2

)

|

|

|

|

+

(

41

(

𝛾 , 𝛿 , 39
80

)

+
𝐵
(

1
𝛾
,𝛿+1

)

−𝐵
(

2
𝛾
,𝛿+1

)

𝛾𝛿+1

)

(

|

|

|

|

g′
(

5h1+h2

6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2

6

)

|

|

|

|

)

]

.

Moreover, if we choose 𝛾 = 1, we get
|

|

|

|

1
80

(

27g
(

5h1+h2
6

)

+ 26g
(

h1+h2
2

)

+ 27g
(

h1+5h2
6

))

− 6𝛿−1𝛤 (𝛿+1)
(h2−h1)𝛿

̂ (𝛿 , g)||
|

|

≤ h2−h1
36

[

1
(𝛿+1)(𝛿+2)

(

|

|

|

g′
(

h1
)

|

|

|

+ |

|

|

g′
(

h2
)

|

|

|

)

+

(

8
(𝛿+1)(𝛿+2) −

39
20 + 16𝛿

𝛿+1

(

39
80

)1+ 1
𝛿 − 8𝛿

𝛿+2

(

39
80

)1+ 2
𝛿

)

|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

+

(

5
𝛿+2 − 39

40 + 4𝛿
𝛿+2

(

39
80

)1+ 2
𝛿

)

(

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

)

]

,

Furthermore, if we take 𝛿 = 1, we obtain
|

|

|

|

|

|

|

1
80

(

27g
(

5h1+h2

6

)

+ 26g
(

h1+h2

2

)

+ 27g
(

h1+5h2

6

))

− 1
h2−h1

h2

∫
h1

g (𝑣) 𝑑 𝑣
|

|

|

|

|

|

|

≤ 708923(h2−h1)

138244000

m

7 
×

(

64000
|
g′(h1)|+206281

|

|

|

|

g′
(

5h1+h2
6

)

|

|

|

|

+374642
|

|

|

|

g′
(

h1+h2
2

)

|

|

|

|

+206281
|

|

|

|

g′
(

h1+5h2
6

)

|

|

|

|

+64000
|
g′(h2)|

708923

)

.

Remark 4.5. As with Theorem 3.1, numerous special cases can be
derived from Theorems 3.4 and 3.7 by setting specific values of 𝜇.

5. Illustrative example

In this section, we present a numerical example with graphical
epresentations to confirm the accuracy of our results.

Example 5.1. Consider the function g ∶ [0, 1] → R, defined by
g(𝑧) = 𝑧3. The derivative of this function satisfies the basic condition
of our results. Indeed, we have |

|

g′(𝑧)|
|

= 3𝑧2, which is convex on the
nterval [h1, h2] = [0, 1].

The considered function yields:

 (𝛾 , 𝛿 , g) =
(

𝛿 𝛾
1
6

g (0) +𝛿
5
6
 𝛾g (1)

)

+ 1
2𝛾 𝛿−1

(

𝛿
1
6
 𝛾g

(

1
2

)

+𝛿  𝛾
5
6

g
(

1
2

)

)

= 1
6𝛾 𝛿−1𝛾𝛿𝛤 (𝛿 + 1)

[

13𝛾+18𝐵
(

2
𝛾 ,𝛿+1

)

+4𝐵
(

1
𝛾 ,𝛿+1

)

72𝛾

]

. (5.1)

By substituting the expression of g and its derivative, and using the
fact that h1 = 0 and h2 = 1, we obtain the following values for the left-
hand side (LHS) and right-hand side (RHS) of the inequality provided
in Theorem 3.1:

𝐿𝐻 𝑆 ∶=
|

|

|

|

|

21−8𝜇
72 −

7𝛾+6𝐵
(

2
𝛾 ,𝛿+1

)

−4
(

1
𝛾 ,𝛿+1

)

24𝛾

|

|

|

|

|

.

𝑅𝐻 𝑆 ∶= 1
12𝛾

[

5
18𝐵

(

2
𝛾 , 𝛿 + 1

)

+ 13
18𝐵

(

1
𝛾 , 𝛿 + 1

)]

+ 𝛾𝛿

3

[

13
181 (𝛾 , 𝛿 , 𝜇) +

1
22 (𝛾 , 𝛿 , 𝜇)

]

,

where 1 (𝛾 , 𝛿 , 𝜇) and 2 (𝛾 , 𝛿 , 𝜇) are defined as in (3.3) and (3.4) respec-
ively.

Now, in order to graphically represent the LHS and RHS, which
depend on three parameters, we need to fix one of these parameters and
plot the two quantities as functions of the remaining two parameters in
turn.

Case.1 Let us begin by fixing the parameter 𝜇. Some examples for
= 0, 𝜇 = 3

8 , and 𝜇 = 39
80 are depicted by Figs. 1(a), 1(b), and 1(c).

Case.2 Now, let us fix the parameter 𝛾 = 1. The result related to
he parametrized Riemann–Liouville fractional integrals is depicted in

Fig. 2.

Based on the different representations provided in Figs. 1 and 2, we
observe that the left-hand side consistently lies below the right-hand
side, which validates the accuracy of our results.

6. Conclusion

In this paper, we have developed a novel parametrized identity
that significantly broadens the scope of fractional integral inequalities.
The key contribution of this work is the unification of several well-
nown inequalities through a single framework, which not only encom-
asses classical results such as Hermite–Hadamard and Maclaurin-type
nequalities but also yields new, more generalized versions. By intro-
ucing new parameters, our results offer greater flexibility and wider
pplicability in both pure and applied mathematics. The numerical
xamples and graphical representations provided serve to validate the
orrectness and effectiveness of our theoretical results. Future research
ay explore additional applications of these generalized inequalities

cross various fields, further enhancing their utility in solving complex
athematical problems.
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Fig. 1. Case.1.
Fig. 2. Case.2.
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