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Abstract This study investigates the unsteadyMHD free convective Couette flow of viscous incom-

pressible electrically conducting fluid between two infinite vertical porous plates in the presence of

transverse magnetic field and thermal radiation. Solutions for time dependent energy andmomentum

equations are obtained by the implicit finite difference method. To check the accuracy of the numer-

ical solutions, steady state solutions for energy and momentum equations are obtained by using the

perturbation method. The effect of various parameters controlling the physical situation is discussed

with the aid of line graphs. Significant results from this study are that both velocity and temperature

increase with the increase in thermal radiation parameter and time. A series of numerical experiments

show that steady state velocity and temperature occur when the dimensionless time approaches the

values of Prandtl number of the fluid. During the course of numerical computation, an excellent

agreement was found between unsteady and steady state solutions at large value of time.
ª 2015 TheAuthors. Production and hosting by Elsevier B.V. on behalf ofKing SaudUniversity. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The literature on steady and unsteady free convective flow
phenomenon in vertical plates associated with Couette flow
with or without porosity or MHD is numerous. Many studies

have been conducted on steady state Couette flow under differ-
ent physical situations (Tsangaris et al., 2007; Barletta and
Magyari, 2008; Chen and Zhu, 2008; Chaughan and Rastogi,

2012) while many others considered their investigation on
unsteady Couette flow problems (Dash and Biswal, 1989;
Zhu and De Kee, 2007; Raptis, 2011; Salama, 2011; Seth
et al., 2012; Jha et al., 2013).

MHD free convective Couette flow has been studied with
kin interest due to its possible applications in many industrial
problems. For example, in the power industry, among the

methods of generating electric power is one in which electrical
energy is extracted directly from a moving conducting fluid
Ibrahim et al. (2008). Chaughan and Rastogi (2012) studied
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Figure 1 Schematic diagram of the problem.
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steady state MHD Couette flow of a viscous, incompressible
and electrically conducting fluid flow between two infinite par-
allel plates in the presence of an inclined magnetic field. Hayat

et al. (2004) considered Hydromagnetic Couette flow of an
Oldroyd-B fluid in a rotating system of a viscous, incompress-
ible and electrically conducting fluid bounded between two

rigid non-conducting parallel plates. Moreover, several
authors have studied excellent works on unsteady MHD
free-convective flow between vertical parallel porous plates.

Hazem (2010a,b) reported unsteady magnetohydromagnetic
Couette flow of an electrically conducting incompressible
non-Newtonian viscoelastic fluid between two parallel hori-
zontal non-conducting porous plates with heat transfer.

Salama (2011) investigated flow formation in Couette motion
in magnetohydrodynamics with time varying suction and tak-
ing into account the effects of heat and mass transfer. Khem

(2012) analyzed MHD Couette motion of an electrically con-
ducting, viscous incompressible fluid through saturated porous
medium bounded by two insulated vertical porous plates.

Farhad et al. (2012) investigated the hydromagnetic rotating
flow of viscous fluid through a porous space under slip condi-
tion. Baoku et al. (2012) studied the problem of steady hydro-

magnetics Couette flow of a high viscous fluid through a
porous channel in the presence of an applied uniform trans-
verse magnetic field and thermal radiation.

The present work is motivated to study Unsteady MHD

free-convective Couette flow between vertical porous plates
with thermal radiation.

2. Mathematical analysis

Consider a time dependent unsteady free convective Couette
flow of a viscous, incompressible, electrically conducting and

radiating fluid between two infinite vertical parallel porous
plates in the presence of transverse magnetic field as shown
in Fig. 1. At time, t0 6 0 both the fluid and porous plates

are assumed to be at rest at temperature T0. At some time,
t0 > 0 the temperature of the porous plate situated at y0 ¼ 0
rises to Tw and starts moving in its own plane with impul-

sive motion with velocity U while the other porous plate
at a distance H from it is fixed and maintained at tempera-
ture T0. A uniform magnetic field of strength B0 is imposed
normal to the porous plates. The Cartesian (x0; y0)
co-ordinate systems are taken with x0-axis along the moving
porous plate in the vertical upward direction and the y0-axis
normal to it. Since the porous plates are of infinite length,

the velocity and temperature are functions of y0 and t0 alone.
Using Boussinesq’s approximation, the governing equations
for the present physical situation in dimensional form are:
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where T0 is the initial temperature of the fluid and porous

plates, T0 is the dimensional temperature of the fluid, a is the
thermal diffusivity, K is the thermal conductivity, q is the den-
sity of the fluid, b is the coefficient of the thermal expansion, r1
is the fluid electrical conductivity and B0 is the strength of
applied magnetic field. The flow is assumed laminar and fully

developed.
The quantity qr appearing on the right hand side of Eq. (2)

represents the radiative heat flux in the y0-direction where the

radiative heat flux in the x0-direction is considered insignificant
in comparison with that in the y0-direction. The radiative heat
flux term in the problem is simplified by using the Rosseland
diffusion approximation for an optically thick fluid according

to (Hossaini et al., 1999; Aydin and Kaya, 2009; Rashad, 2009;
Ali Agha et al., 2014).

qr ¼ �
4r@T04

3j�@y0
ð3Þ

where r is Stefan–Boltzmann constant and k* is the mean

absorption coefficient. This approximation is valid for inten-
sive absorption, that is, for an optically thick boundary layer.
Despite these shortcomings, the Rosseland approximation has

been used with success in a variety of problems ranging from
the transport of radiation through gases at low density to
the study of the effects of radiation on blast waves by nuclear
explosion Ali et al. (Ali Agha et al., 2014).

The required initial and boundary conditions to be satisfied
are

t0 6 0 : u0 ¼ 0; T0 ¼ T0; 0 6 y0 6 H

t0 P 0 :
u0 ¼ U; T0 ¼ Tw; at y0 ¼ 0

u0 ¼ 0; T0 ¼ T0; at y
0 ¼ H

(
ð4Þ

The dimensionless quantities used in the present problem
are

t ¼ t0v=H; y ¼ y0=H; u ¼ u0=U

Pr ¼ v=a; M2 ¼ r1B
2
0H

2=qv

Gr ¼ gbH2ðTw � T0Þ=Uv

R ¼ 4rðT0 � T0Þ3=j�K; CT ¼ T0=ðTw � T0Þ

h ¼ ðT0 � T0Þ=ðTw � T0Þ; S ¼ V0H=v ð5Þ
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By introducing the dimensionless quantities defined in Eq.
(5), Eqs. (1) and (2) in dimensionless form are
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subject to the dimensionless initial and boundary conditions

t 6 0 : u ¼ 0; h ¼ 0; 0 6 y 6 1

t P 0 :
u ¼ 1; h ¼ 1; at y ¼ 0

u ¼ 0; h ¼ 0; at y ¼ 1

�
ð8Þ
3. Analytical solution

The governing equations presented in the previous section are
highly nonlinear and exhibited no analytical solutions. In gen-

eral such solution can be very useful in validating computer
routines of complicated time dependent two or three-
dimensional free convective and radiating conducting fluid
and comparison with experimental data. It is therefore of

interest to reduce the governing equations of the present prob-
lem to the form that can be solved analytically. A special case
of the present problem that exhibits analytical solution is the

problem of steady state MHD free-convective Couette flow
between vertical porous plates with thermal radiation. The
resulting steady state equations and boundary conditions for

this special case can be written as

0 ¼ d2u

dy2
� S

du
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�M2uþ Grh ð9Þ
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3
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d2h
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� SPr
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the boundary conditions are

u ¼ 1 h ¼ 1 at y ¼ 0

u ¼ 0 h ¼ 0 at y ¼ 1
ð11Þ

To construct analytical solutions of Eqs. (9) and (10) sub-
ject to (11), it is assumed that the radiation parameter is small
and taking a power series expansion in the radiation parameter

R employs a regular perturbation method.

hðyÞ ¼ h0ðyÞ þ Rh1ðyÞ þ 0ðRÞ

uðyÞ ¼ u0ðyÞ þ Ru1ðyÞ þ 0ðRÞ

)
ð12Þ

Substituting Eq. (12) into Eqs. (9) and (10) and equating the
coefficient of like powers of, R the required solutions of the

governing steady state momentum and energy equations are
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From (13) the steady-state skin frictions on the boundaries
are:

u0ðyÞjy¼0 ¼ x1A� x2Bþ SPrD1 þ x1A1 � x2B1½
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Also from (14) the steady-state Nusselt numbers on the
boundaries are:
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4. Numerical solution procedure

The nonlinear momentum and energy equations given in (6)
and (7) are solved under the appropriate initial and boundary

condition (8) by the implicit finite difference method. The
transport Eqs. (6), (7) at the grid point (i, j) are expressed in
difference form using Taylor’s expansion. The momentum
equation reads.
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and the energy equation becomes
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with the following initial and boundary conditions:

ui;0 ¼ 0; hi;0 ¼ 0 for all i ¼ 0

u0;j ¼ 1; h0;j ¼ 1

uM;j ¼ 0; hM;j ¼ 0

9>=
>; ð21Þ

Thus the values of u and h at grid point t = 0 are known;
hence the temperature field has been solved at time
tiþ1 ¼ ti þ Dt using the known values of the previous time

t= ti for all i ¼ 1; 2; � ;N� 1. Then the velocity field is



Figure 2 Velocity profile ðR ¼ 0:0001; CT ¼ 0:01; M ¼ 1; Gr ¼ 5Þ.

Figure 3 Velocity profile ðR ¼ 0:2; CT ¼ 0:1; M ¼ 1; Gr ¼ 5Þ.

Figure 4 Velocity profile ðR ¼ 0:2; CT ¼ 0:1; M ¼ 1; Gr ¼ 5Þ.
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evaluated using the already known value of temperature field
obtained at tiþ1 ¼ ti þ Dt. These processes are repeated till
the required solution of u and h is gained at convergence

criteria.

absjðu; hÞexact � ðu; hÞnumj < 10�3 ð22Þ

The analytical solutions derived in Section 3 are used to
check the accuracy and effectiveness of the numerical proce-

dure. For large values of time a steady state condition is
reached which corresponds to the steady state solution
obtained analytically by using the perturbation technique. A

comparison between analytical and corresponding numerical
results is presented in Fig. 2.
5. Results and discussion

Numerical calculation on velocity field and temperature field
using the finite difference method is performed with the help

of the dimensionless parameters that govern the flow. The
parameters are the magnetic parameter (M), the radiation
parameter (R), the temperature difference (CT), the Grashof

number (Gr) taken greater than zero that corresponds to
external cooling of the moving porous plate, suction/injection
parameter (S) simultaneously opposite to porous plates at
the same rate and the Prandtl number (Pr) chosen as 0.71

and 7.0 that physically represent two fluids air and water,



Figure 5 Velocity profile ðR ¼ 0:2; M ¼ 1; Gr ¼ 5Þ.

Figure 6 Velocity profile ðR ¼ 0:2; Gr ¼ 5; CT ¼ 0:1Þ.
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Figure 7 Velocity profile ðGr ¼ 5; M ¼ 1; CT ¼ 0:1Þ.

Figure 8 Temperature profile ðR ¼ 0:2; CT ¼ 0:1Þ.
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respectively. Moreover, time is chosen between

0:05 6 t 6 8:5 so as to capture the transient behavior of
both velocity and temperature. In the present numerical com-
putation the numerical values of R are in range of

0 6 R 6 0:8. A large value of, R leads to finite time temper-
ature blow up since the terms associated with R are strong
heat sources (Makinde and Chinyoka, 2010). Besides, all

other parameters are taken arbitrary. To clearly report the
influence of the flow governing parameters on velocity, tem-
perature, skin friction and Nusselt number figures have been
shown graphically in Fig. 2 through 24. The numerical

scheme was validated using the steady state (perturbation)
solution obtained from Eqs. (13) and (14); and our results
are found in good agreement between numerical and pertur-

bation solution in a steady state situation as depicted in
Fig. 2. Fig. 3a and b describes the influence of S and t on
velocity profile. This figure reports that as time increases

the velocity (air and water) increases and attains steady state.
The figure reveals that when injection (S> 0) takes place at,
y= 0 the fluid velocities (air and water) are higher compared

with suction (S< 0). Fig. 4 illustrates the effect of Prandtl
number (Pr) under the influence of suction and injection
respectively. It is observed that the velocity of air
(Pr= 0.71) is higher than water (Pr = 7.0) for S< 0 as

shown in Fig. 4a while fluid velocity of air (Pr = 0.71) is less
than water (Pr = 7.0) for S> 0 as narrated in Fig. 4b. The



Figure 9 Temperature profile ðR ¼ 0:2; CT ¼ 0:1Þ.

Figure 10 Temperature profile (R = 0.2).
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inspection of the temperature difference parameter CT is
drawn in Fig. 5. The result shows that velocity increases with
an increase in CT. In Fig. 5d the role of CT is insignificant

on velocity in case of water (Pr = 7.0) during steady state
with injection at y = 0 and suction at y= 1 which is not
true when there is injection at y= 1 and suction at y= 0

as presented in Fig. 5c. However, it is interesting to mention
that during steady and unsteady state, the impact of CT is
more pronounced in air than water whether suction or injec-
tion applied at y= 0 or y= 1 see Fig. 5a and b in compar-
ison with Fig. 5c and d.

The magnetic parameter M produces resistive force, which
acts in the opposite direction to the fluid motion as illustrated
in Fig. 6. The impact of this can be clearly seen in Fig. 6a–d

respectively, that as magnetic parameter M increases the veloc-
ity decreases for both air and water.



Figure 11 Temperature profile (CT = 0.1).
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In Fig. 7 velocity increases as radiation parameter increases.
Also, it is evident from Fig. 7a–d that the impact of R is more

significant incase of air than water.
The influence of S and t on temperature profile as seen in

Fig. 8(a–d) tells us that as time increases the temperature (air

and water) increases and attains steady state value. The figure
portrays that when injection (S> 0) takes place at y= 0 the
temperature (air and water) is higher compared with suction

(S< 0) at y = 0.
Fig. 9 delineates the effect of Prandtl number (Pr) on tem-

perature profile under the influence of suction and injection

respectively. It is observed that the temperature of air
(Pr = 0.71) is higher than water (Pr = 7.0) for S< 0 as
depicted in Fig. 9a. It is interesting to note that at steady state
the temperature is higher for water (Pr = 7.0) in comparison

with air (Pr = 0.71) once injection is applied at, y= 0 as illus-
trated in Fig. 10b which is not true in case of suction.
However, during unsteady state the temperature is high incase

of air in comparison with water for both suction and injection
see Fig. 9a and b respectively. This is due to the physical fact
that, as the Prandtl number increases; the thermal diffusivity

of the fluid reduces which results in a corresponding decrease
in the fluid temperature.

From Fig. 10 it is noted that the temperature increases with
time and temperature difference parameter (CT) and finally

attains its steady state (see Fig. 10(a–d)). Furthermore, the
steady state temperature is higher in case of water (Pr = 7.0)
when injection takes place at y= 0 in comparison with suction
at y = 0 (see Fig. 10c and d).

In Fig. 11, the unsteady and steady state temperature distri-
bution for different values of radiation parameter R and time t
is outlined. It is recorded that temperature increases signifi-

cantly as R increases. In addition, there is a strong influence
of R on temperature variation specifically in steady situation
where injection is imposed at y= 0 in contrast with suction

at y = 0 in case of water (Pr = 7.0), as seen in
Fig. 11c and d respectively.

In Figs. 12 and 13, the variation of skin friction for air

(Pr= 0.71) and water (Pr = 7.0) at the plate y = 0 is nar-
rated. Fig. 12 depicts the variation of skin friction with respect
to CT and time. From the set out of this figure it is voice-over
that the skin friction increases with time and ultimately reaches

its steady state value. It is observed from this figure that as CT

increases the skin friction increases.
Fig. 13(a–d) shows the description profiles for skin friction

for different values of t and radiation parameter R. These fig-
ures reflect that, as time increases the skin friction increases
until steady state is achieved. It is interesting to emphasize that

the numerical value of a skin friction is higher for injection
(S> 0) in comparison with suction (S< 0) acting at y = 0.
Furthermore, the steady state skin friction values for air
(Pr= 0.71) are larger than that of water (Pr = 7.0) in case

of suction (S< 0) while it does the reverse in the case of injec-
tion (S> 0) acting at y = 0.



Figure 12 Skin frictions against CT at y= 0.

Figure 13 Skin frictions against R at y= 0.
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Figure 14 Nusselt numbers against R at y = 0.

Figure 15 Nusselt numbers against CT at y= 0.
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Figs. 14 and 15 also sketch out the landmark influence of
radiation parameter and temperature difference on Nusselt
number (rate of heat transfer) at plates y= 0. In Fig. 14(a–

d) and Fig. 15(a–d) as R or CT increases Nusselt number
decreases for considered values of, S Pr and t respectively.
Furthermore, it is remarkable to point out that the impacts

of R and CT on Nusselt number are more prominent due to
suction for S< 0 either air or water. From the figures it is also
clear that the role of CT and R is more pronounced in case of

water (Pr = 7.0) in comparison with air (Pr = 0.71).

6. Conclusion

The solution of unsteady MHD free-convective Couette flow
of a viscous, incompressible and electrically conducting fluid
between vertical porous plates with thermal radiation is

acquired. The steady state solutions for the non-linear partial
differential equations are obtained by the well known pertur-
bation series method while the implicit finite difference tech-
nique is used to solve the unsteady equations. The influence

of the dimensionless parameters on velocity temperature, skin
friction and Nusselt number is demonstrated on figures and
discussed. From the results obtained, the findings are:

i. Velocity and temperature field increases with increase in
time.

ii. Skin-friction increases with increase in time, while
Nusselt number decreases with increase in time.

iii. Skin friction is always higher in the case of air
(Pr = 0.71) in comparison with water (Pr = 7.0) when

suction takes place at y0 = 0, while the situation is just
reverse with injection at y0 = 0.

iv. The rate of heat transfer is higher at porous plate y0 = 0

when suction takes place than injection.
v. Moreover, the time required for the velocity and temper-

ature fields, skin-friction and Nusselt number to attain

steady-state strongly rests on the dimensionless parame-
ters M, R, CT, Gr and Pr.

vi. The results are found in good agreement between steady

state and unsteady solution after some sufficiently large
time (t).

vii. Also during the numerical computation it is observed
that time required to reach steady state is directly pro-

portional to the nature (Prandtl number) of working
fluid. Furthermore, convection current is strong as radi-
ation parameter increases.
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