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1. Introduction

In Ostrowski (1938), Ostrowski presented an inequality which
is now known as ‘‘Ostrowski’s inequality” stated below:

fðzÞ � 1
n�m

Z n

m
fðsÞds

����
���� 6 1

4
þ ðz� mþn

2 Þ2
ðn�mÞ2

" #
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ð1:1Þ
where f : ½m;n� ! R is a differentiable function such that jf0ðzÞj 6 M,
for every z 2 ½m;n�.

In present era, a large number of papers has been written about
generalizations of Ostrowski’s inequality see for example
(Anastassiou, 1997; Cheng, 2001; Dragomir and Wang, 1997;
Irshad and Khan, 2017; Liu, 2008; Matić et al., 2000; Milovanovic
and Pecaric, 1976; Shaikh et al., 2021; Zafar and Mir, 2010).
Ostrowski’s inequality has proven to be an important tool for
improvement of various branches of mathematical sciences. Very
well said (Zafar, 2010) ‘‘Inequalities involving integrals that create
bounds in the physical quantities are of great significance in the
sense that these kinds of inequalities are not only used in approx-
imation theory, operator theory, nonlinear analysis, numerical
integration, stochastic analysis, information theory, statistics and
probability theory but we may also see their uses in the various
fields of biological sciences, engineering and physics”.

In the history, an important inequality that ‘‘estimate for the
difference between the product of the integral of two functionals
and the integral of their product” is known as ‘‘Grüss inequality”.
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This celebrated integral inequality was proved by Grüss (1935) in
1935, is stated below (see also Mitrinović et al. (1994) [p. 296]),
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provided that f and g are integrable functions on ½m;n� such that

m1 6 fðzÞ 6 M1; n1 6 gðzÞ 6 N1;

8z 2 ½m; n�, where m1;M1;n1;N1 are real constants.
By using Grüss inequality, Dragomir and Wang proved an

inequality, in the year 1997, which we would refer as
‘‘Ostrowski-Grüss inequality” (Dragomir and Wang, 1997) which
is stated as follows:

Proposition 1.1. Suppose f : I ! R be a function differentiable in the
interior Io of I, where I #R, and let m;n 2 Io and n > m. If
c 6 f0ðzÞ 6 C; z 2 ½m; n� for real constants c;C, then
fðzÞ � 1
n�m

Z n

m
fðsÞds� fðnÞ � fðmÞ

n�m
z�mþ n

2

� �����
����

6 1
4
ðn�mÞðC� cÞ ð1:3Þ

holds, 8z 2 ½m; n�.
Above inequality gives a relationship between Ostrowski

inequality (1.1) and Grüss inequality (1.2).
If f and g belong to L2½m; n�, then the Čebyšev functional Tðf;gÞ is

defined as

Tðf;gÞ ¼ 1
n�m

Z n

m
fðzÞgðzÞdz

� 1
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Z n

m
fðzÞdz

� �
1
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Z n

m
gðzÞdz

� �
:

From Matić et al. (2000) pre-Grüss inequality is given below.

Proposition 1.2. Let f;g : ½m; n� ! R be integrable such that
fg 2 Lðm;nÞ. If
c 6 gðzÞ 6 C for z 2 ½m;n�;
then

jTðf;gÞj 6 1
2
ðC� cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tðf; fÞ

p
:

In the article (Matić et al., 2000) of year 2000, Matić, Pecarić and
Ujević improved inequality (1.1), by using pre-Grüss inequality,
which is as follows:
Proposition 1.3. Suppose f : I ! R be a function differentiable in the
interior Io of I, where I#R, and let m:n 2 Io and n > m. If
c 6 f0ðzÞ 6 C; z 2 ½m; n� for real constants c;C, then
fðzÞ � 1
n�m

Z n

m
fðsÞds� fðnÞ � fðmÞ

n�m
z�mþ n

2

� �����
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6 1
4
ffiffiffi
3

p ðn�mÞðC� cÞ

holds, 8z 2 ½m; n�.
In the article (Barnett et al., 2000), by using Čebyšev functional,

improved the Matić-Pečarić-Ujević result (1.3) in terms of ‘‘Eucli-
dean norm” as under:
2

Proposition 1.4. Let function f : ½m;n� ! R be an absolutely contin-
uous and derivative f0 2 L2½m;n�. If c 6f0ðsÞ 6 C almost everywhere
for s 2 ½m;n�, then 8 z 2 ½m;n�
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2
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holds.

This article is divided into six sections: the 1st section totally
based on introduction and preliminaries. In the 2nd section, we
would give our main result about generalization of integral
Ostrowski-Grüss type inequalities and would discuss its different
special cases. In the 3rd, 4th and 5th sections, using the obtained
result we would give some applications to probability theory, spe-
cial means and numerical integration respectively and the 6th con-
cludes the article.

2. New generalization of integral Ostrowski-Grüss type
inequality

Our main theorem of this section is given in the following:

Theorem 2.1. Let f : ½m;n� ! R be a differentiable function whose 1st
derivative belongs to L2ðm;nÞ. If c 6f0ðsÞ 6 C almost everywhere for
s 2 ½m;n�, then 8 z 2 ½mþ k n�m

2 ;mþn
2 � and k 2 ½0;1�
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holds.
Proof. We begin the proof of this theorem by defining the piece-

wise continuous function K : ½m;n�2 ! R for k 2 ½0;1� as:

Kðz; s; kÞ ¼

s�m� k ðn�mÞ
2 ; if s 2 ½m; z�;

s� mþn
2 ; if s 2 ðz;mþ n� z�;

s� nþ k ðn�mÞ
2 ; if s 2 ðmþ n� z;n�;

8>>>>>><
>>>>>>:

by Korkine’s identity

Tðf; gÞ :¼ 1

2ðn�mÞ2
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we obtain
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Since
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then by (2.3) we get the following identity
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8z 2 ½mþ k n�m
2 ;mþn

2 � and k 2 ½0;1�.
By applying Cauchy-Schwartz inequality for double integrals,

we can write
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However
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Consider above terms in the following and simplifying:
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and
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ðn�mÞ f0k k22 �
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Using (2.4), (2.6), (2.7) and (2.8), we get the 1st inequality of

(2.1). Since c 6f0ðsÞ 6C almost everywhere for s 2 ½m;n�, by apply-
ing Grüss inequality (1.2) we get

0 6 1
n�m

Z n

m
ðf0ðsÞÞ2dt � 1

n�m

Z n

m
f0ðsÞds

� �2

6 1
4
ðC� cÞ2;

ð2:9Þ

which completes the proof of last inequality of (2.1). h

Following remark (Remark 1 of Barnett et al. (2000)) is also
valid for our main result.

Remark 2.2. Since L1½m;n� � L2½m;n� (and the inclusion is strict),
then we remark that the inequality (2.1) can be applied also for the
mappings f whose derivatives are unbounded on ðm;nÞ, but
f0 2 L2½m;n�.
3

Remark 2.3. Since 3k2 � 3kþ 1 6 1;8 k 2 ½0;1� and this is mini-
mum when k ¼ 1

2. Therefore, (2.1) captures various special cases
of main result which is obtained by authors of article (Barnett
et al., 2000) as can be seen in remark given below.
Remark 2.4. We can get different special cases of (2.1) by using
several values of k by fixing z ¼ mþn

2 . Under the assumptions of
Theorem 2.1 following results (special cases) are valid:

Special Case I: For k ¼ 1 (2.1) gives trapezoid inequality

fðmÞþfðnÞ
2 � 1

n�m
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m fðsÞds

��� ���
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2
ffiffi
3

p ðn�mÞkf0k22 � fðnÞ � fðmÞð Þ2
h i1

2

6 1
4
ffiffi
3

p ðC� cÞðn�mÞ;
which is Remark 3.2 ðiÞ of Zafar (2010).

Special Case II: For k ¼ 0 (2.1) gives mid-point ineqality

f mþn
2

� �� 1
n�m

R n
m fðsÞds�� ��

6 1
2
ffiffi
3

p ðn�mÞkf0k22 � fðnÞ � fðmÞð Þ2
h i1

2

6 1
4
ffiffi
3

p ðC� cÞðn�mÞ:
which is Corollary 1 of Barnett et al. (2000) and Remark 3.2 ðiiÞ of
Zafar (2010).

Special Case III: For k ¼ 1
2 (2.1) gives averaged mid-point and

trapezoid inequality

fðmÞþ2f mþn
2ð ÞþfðnÞ

4 � 1
n�m

R n
m fðsÞds

����
����

6 1
4
ffiffi
3

p ðn�mÞkf0k22 � fðnÞ � fðmÞð Þ2
h i1

2

6 1
8
ffiffi
3

p ðC� cÞðn�mÞ:
which is Remark 3.2 ðiiiÞ of Zafar (2010).

Special Case IV: For k ¼ 1
3 (2.1) gives a variant of Simpson’s

inequality for differentiable function f

fðmÞþ4f mþn
2ð ÞþfðnÞ

6 � 1
n�m

R n
m fðsÞds

����
����

6 1
6 ðn�mÞkf0k22 � fðnÞ � fðmÞð Þ2
h i1

2

6 1
12 ðC� cÞðn�mÞ:

which is Remark 3.2 ðivÞ of Zafar (2010).
3. Application to probability theory

Suppose random variable ‘Z’ be continuous with PDF
f : ½m;n� ! Rþ and CDF U : ½m;n� ! ½0;1� is defined as

UðzÞ ¼
Z z

m
fðsÞds; z 2 mþ k

n�m
2

;
mþ n

2

h i
;

and

EðZÞ ¼
Z n

m
sfðsÞds;

is expectation of random variable ‘Z’ on ½m; n�. Then we have follow-
ing result:

Theorem 3.1. Let the suppositions of Theorem 2.1 be valid and if PDF
f 2 L2½m;n�, then
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where h 6 U0ðsÞ 6H, 8 s 2 ½m;n�.
Proof. Put f ¼ U in (2.1) we obtain (3.2), by applying the identityZ n

m
UðsÞds ¼ n� EðZÞ where UðmÞ ¼ 0; UðnÞ ¼ 1:

h

Corollary 3.2. Under the assumptions as stated in Theorem 3.1, if we
put z ¼ mþn

2 , then

ð1� kÞU mþn
2

� �þ k
2 � n�EðZÞ

n�m

��� ���
6 1

2
ffiffi
3

p ð3k2 � 3kþ 1Þ
1
2 ðn�mÞkU0k22 � 1
h i1

2

6 ðn�mÞ
4
ffiffi
3

p ð3k2 � 3kþ 1Þ
1
2ðH � hÞ

hold for h 6U0ðsÞ 6 H 8s 2 ½m;n�.
Remark 3.3. The Corollary 3.2 is in fact Corollary 3.1 of Zafar
(2010).
4. Application to special means

Before we proceed further we need here some definitions of
special means.

Special Means: These means can be found in Zafar (2010).

(a) Arithmetic Mean
A ¼ mþ n
2

; m;n P 0:

(b) Geometric Mean

G ¼ Gðm;nÞ ¼ ffiffiffiffiffiffiffi
mn

p
; m; n P 0:

(c) Harmonic Mean

H ¼ Hðm;nÞ ¼ 2
1
m þ 1

n

; m; n > 0:

(d) Logarithmic Mean

L ¼ Lðm;nÞ ¼
m; if m ¼ n

n�m
lnn�lnm ; if m – n;

8><
>: m;n > 0:
4

(e) Identric Mean

I ¼ Iðm;nÞ ¼
m; if m ¼ n

ln
nn
mmð Þ 1

n�m

e

 !
; if m – n;

8>><
>>: m;n > 0:

(f) p-Logarithmic Mean

Lp ¼ Lpðm;nÞ ¼
m; if m ¼ n

npþ1�mpþ1

ðpþ1Þðn�mÞ

� �1
p
; if m – n;

8>><
>>:

where p 2 R n f�1;0g;m;n > 0. It is known that ‘‘Lp is monotoni-
cally increasing over p 2 R”, ‘‘L0 ¼ I” and ‘‘L�1 ¼ L”.
Example 4.1. Consider fðzÞ ¼ zp; p 2 R n f�1;0g; thenfor n > m

1
n�m

Z n

m
fðsÞds ¼ Lppðm;nÞ;

fðnÞ � fðmÞ
n�m

¼ pLp�1
p�1ðm;nÞ;

fðmÞ þ fðnÞ
2

¼ Aðmp;npÞ;
mþ n

2
¼ A

and
1

n�m
kf0k22 ¼ 1

n�m

Z n

m
jf0ðsÞj2dt

¼ p2L2ðp�1Þ
2ðp�1Þ;

where z 2 ½mþ k n�m
2 ; mþn

2 �.
Therefore, (2.1) becomes
ð1� kÞ zpþðmþn�zÞp
2 þ kAðmp ;npÞ � Lpp

��� ���
� jpj ðn�mÞ2
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Choose z ¼ A in (4.1), get

ð1� kÞAp þ kAðmp; npÞ � Lpp
��� ��� 6 jpj n�m
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h i1
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which is minimum for k ¼ 1
2. Moreover for k ¼ 1

Aðmp;npÞ � Lpp
��� ��� 6 n�m

2
ffiffiffi
3

p jpj L2ðp�1Þ
2ðp�1Þ � L2ðp�1Þ

ðp�1Þ

h i1
2
:

Example 4.2. Consider fðzÞ ¼ 1
z ; z – 0, then

1
n�m

Z n

m
fðsÞds ¼ L�1ðm;nÞ;
fðnÞ�fðmÞ

n�m ¼ � 1
G2 ;

fðmÞþfðnÞ
2 ¼ A

G2 ;
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m
jf0ðsÞj2dt ¼ m2þmnþn2

3m3n3

and 1
n�m
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3G6 ;

where z 2 ½mþ k n�m
2 ; mþn

2 � � ð0;1Þ.
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Therefore, (2.1) becomes

ð1�kÞ
2

1
z þ 1

ðmþn�zÞ
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þ k A
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If we choose z = A in (4.2), we get
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6G3 :
Example 4.3. Consider fðzÞ ¼ ln z; z > 0, then

1
n�m

Z n

m
fðsÞds ¼ lnðIðm;nÞÞ;
fðnÞ�fðmÞ

n�m ¼ 1
L ;

fðmÞþfðnÞ
2 ¼ lnG;

1
n�m

Z n

m
jf0ðsÞj2dt ¼ 1

G2 and

1
n�m

Z n

m
jf0ðsÞj2dt � fðnÞ � fðmÞ

n�m

� �2

¼ L2�G2

L2G2 ;

where z 2 ½mþ k n�m
2 ;mþn

2 � � ð0;1Þ.
Therefore, (2.1) becomes

ln zðmþn�zÞð Þ
ð1�kÞ

2 Gk

I

� �����
����

6 ðn�mÞ2
12 ð3k2 � 3kþ 1Þ þ ðz� AÞ2ð1� kÞ þ ðn�mÞð1�kÞ2

2 ðz� AÞ
h i1

2 ðL2�G2Þ
1
2

LG :

For z ¼ A

ln
Að1�kÞGk

I

 !�����
����� 6 ðn�mÞ

2
ffiffiffi
3

p
LG

ð3k2 � 3kþ 1ÞðL2 � G2Þ
� �1

2
:

For k ¼ 1

ln
G
I

� �����
���� 6 ðn�mÞ

2
ffiffiffi
3

p
LG

ðL2 � G2Þ
1
2:
5. Application to numerical integration

To get the composite quadrature rules, we have to let
Ij : m ¼ z0 < z1 < . . . < zj�1 < zj ¼ n be the partision of the interval

½m;n�; hj ¼ zjþ1 � zj; k 2 ½0;1�; zj þ k
hj
2 6 gj 6

zjþzjþ1
2 ; j 2 f0; . . . ;

i� 1g, then the following results hold:

Theorem 5.1. If c 6 f0ðsÞ 6 C almost everywhere for

s 2 ½zj þ k
hj
2 ; zjþ1� (j 2 f0; . . . ; i� 1g), then under the assumptions of

Theorem 2.1 the following quadrature formula holdsZ n

m
fðsÞds ¼ Qðf; f0; Ij;g; kÞ þ Rðf; f0; Ij;g; kÞ; ð5:1Þ

where

Qðf; f0; Ij;g; kÞ ¼Pi�1

j¼0
hj ð1� kÞ fðgjÞþfðzjþzjþ1�gjÞ

2 þ k
fðzjÞþfðzjþ1Þ

2

h i
ð5:2Þ

and remainder R satisfies the estimate
5

jRðf; f0; Ij;g; kÞj 6
Pi�1

j¼0

h2j
12 ð3k2 � 3kþ 1Þ þ gj � zjþzjþ1

2

� �2
ð1� kÞ




þ hj ð1�kÞ2
2 gj � zjþzjþ1

2

� �i1
2
hjkf0k22 � fðzjþ1Þ � fðzjÞ

� �2h i1
2

6 1
2 ðC� cÞPi�1

j¼0
hj

h2j
12 ð3k2 � 3kþ 1Þ þ gj � zjþzjþ1

2

� �2
ð1� kÞ



þ hj ð1�kÞ2

2 gj � zjþzjþ1
2

� �i1
2
:

ð5:3Þ
Proof. By using inequalities (2.4), (2.5) and (2.9) on

zj þ k
hj
2 6 gj 6

zjþzjþ1
2 and summing over j from 0 to i� 1, then we

get required result. h

By putting several values of k and by fixing gj ¼ zjþzjþ1
2 , under the

assumptions of Theorem 5.1 following results (special cases) are
valid.

Special CaseI: Put k ¼ 1 in (5.2) and (5.3), we have

Q f; f0; Ij;
zj þ zjþ1

2
;1

� �
¼ 1

2

Xi�1

j¼0

hjðfðzjÞ þ fðzjþ1ÞÞ

and

jR f; f0; Ij;
zjþzjþ1

2 ;1
� �

j

6 1
2
ffiffi
3

p
Xi�1

j¼0

hj hjkf0k22 � fðzjþ1Þ � fðzjÞ
� �2h i1

2 6 1
4
ffiffi
3

p ðC� cÞ
Xi�1

j¼0

h2
j :

Special CaseII: Put k ¼ 0 in (5.2) and (5.3), we have

Q f; f0; Ij;
zj þ zjþ1

2

� �
¼
Xi�1

j¼0

hjfðzj þ zjþ1

2
Þ

and

jR f; f0; Ij;
zjþzjþ1

2

� �
j

6 1
2
ffiffi
3

p
Pi�1

j¼0
hj hjkf0k22 � fðzjþ1Þ � fðzjÞ

� �2h i1
2 6 1

4
ffiffi
3

p ðC� cÞPi�1

j¼0
h2
j :

Special CaseIII: Put k ¼ 1
2 in (5.2) and (5.3), we have

Q f; f0; Ij;
zj þ zjþ1

2
;
1
2

� �
¼ 1

4

Xi�1

j¼0

hj fðzjÞ þ 2fðzj þ zjþ1

2
Þ þ fðzjþ1Þ

� �

and

jR f; f0; Ij;
zjþzjþ1

2 ; 12

� �
j

6 1
4
ffiffi
3

p
Pi�1

j¼0
hj hjkf0k22 � fðzjþ1Þ � fðzjÞ

� �2h i1
2 6 1

8
ffiffi
3

p ðC� cÞPi�1

j¼0
h2
j :

Special CaseIV: Put k ¼ 1
3 in (5.2) and (5.3), we have

Q f; f0; Ij;
zj þ zjþ1

2
;
1
3

� �
¼ 1

6

Xi�1

j¼0

hj fðzjÞ þ 4fðzj þ zjþ1

2
Þ þ fðzjþ1Þ

� �

and

jR f; f0; Ij;
zjþzjþ1

2 ; 13

� �
j

6 1
6

Pi�1

j¼0
hj hjkf0k22 � fðzjþ1Þ � fðzjÞ

� �2h i1
2 6 1

12 ðC� cÞPi�1

j¼0
h2
j :
6. Conclusion

Using three step kernel, we have obtained new generalized
Ostrowski-Grüss type inequalities (2.1) which is a variant of (1.4)
which was obtained in article (Barnett et al., 2000). By fixing
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z ¼ mþn
2 and by choosing different values of parameter k we cap-

tured many results stated in Barnett et al. (2000) and Zafar
(2010). We also got different important results from our main
results as special cases such as trapezoidal inequality, mid-point
inequality, averaged mid-point and trapezoidal inequality and
Simpson’s inequality. Moreover, applications are deduced for prob-
ability theory, special means and numerical integration.
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