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1. Introduction

The topic of nonlocal nonlinear boundary value problems of
integro-differential equations constitutes an important area of
research and has attracted considerable attention over the decades
in view of its numerous applications. Integro-differential equa-
tions, regarded as approximation to partial differential equations,
are employed to model much of the continuum phenomena and
appear in a variety of disciplines such as population models, ecol-
ogy, fluid dynamics, aerodynamics, etc. Lakshmikantham and Rao
(1995) and Kot (2001). The failure of classical boundary conditions
to describe some peculiar processes taking place inside the given
domain, led to the birth of nonlocal boundary conditions
(Bitsadze and Samarskii, 1969) which relate the boundary values
of the unknown function to its values at some interior positions
of the domain. Integral boundary conditions find useful applica-
tions in computational fluid dynamics (CFD) studies of blood flow
problems and provide the means to assume an arbitrary shaped
cross-section of blood vessels in CFD of blood flow problems. Inte-
gral boundary conditions are also used in the regularization of the
ill-posed backward problems in time partial differential equations.
For further details on integral boundary conditions, see Ahmad
et al. (2008) and Ciegis and Bugajev (2012). During the last few
decades, fractional differential equations have been studied by
many authors and the literature on the topic is now much
enriched. In fact, fractional-order differential and integral opera-
tors are found to be great interest in the mathematical modeling
of real world problems occuring in engineering and scientific disci-
plines. The importance of such operators can be understood in the
sense that they can describe memory and hereditary properties of
various materials and processes and provide more degree of free-
dom than their integer-order counterparts. For theoretical devel-
opment and applications, for instance, see Kilbas et al. (2006),
Magin (2006), Sabatier et al. (2007), Konjik et al. (2011), Zhou
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(2014) and Wang and Schiavone (2015) and the references cited
therein. Fractional-order boundary value problems involving a
variety of conditions such as classical, nonlocal, multipoint,
periodic/anti-periodic, fractional-order, and integral boundary
conditions have recently been studied by many researchers. For
some recent works on boundary value problems involving non-
sequential and sequential fractional differential, integro-
differential equations and inclusions, we refer the reader to works
(Agarwal et al., 2011; Ahmad and Ntouyas, 2013; O’Regan and
Stanek, 2013; Ahmad and Nieto, 2013; Graef et al., 2014; Wang
et al., 9162; Ahmad and Ntouyas, 2015; Ahmad, 2017; Zhou and
Peng, 2017; Ahmad et al., 2017) and the references cited therein.
In this paper, we discuss the existence of solutions for sequential
fractional differential equations and inclusions:

ðcDq
0þ þ kcDq�1

0þ ÞxðtÞ ¼ f ðt; xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ; t 2 ½0;1�; ð1:1Þ

ðcDq
0þ þ kcDq�1

0þ ÞxðtÞ 2 Fðt; xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ; t 2 ½0;1�; ð1:2Þ

supplemented with semi-periodic and nonlocal integro-multipoint
boundary conditions involving Riemann-Liouville integral given by

xð0Þ¼ xð1Þ; x0ð0Þ¼0;
Xm
i¼1

aixðfiÞ¼ k
Z g

0

ðg� sÞb�1

CðbÞ xðsÞds; ð1:3Þ

where cDð�Þ
0þ denotes the left Caputo derivatives of fractional order

ð�Þ; 2 < q 6 3; 0 < d; c < 1; k > 0; b > 0; 0 < g < f1 < � � � < fm < 1; Ið�Þ

denotes the left Riemann-Liouville integral of fractional order ð�Þ
(see Definition 2.1), f : ½0;1� � R3 ! R is given continuous function,
F : ½0;1� � R3 ! PðRÞ is a multivalued map, PðRÞ is the family of all
nonempty subsets of R and k; ai; i ¼ 1; . . . ;m are real constants. Here
we remark that the word ‘‘sequential” is used in the sense that the
operator cDq

0þ þ kcDq�1
0þ can be written as the composition of

operators cDq�1
0þ ðDþ kÞ. Further, it is imperative to note that the last

condition in (1.3) connecting the nonlocal multi-point and
Riemann-Liouville type strip conditions can be interpreted as the
linear combination of the values of the unknown function at nonlo-
cal points fi 2 ð0;1Þ is proportional to the strip contribution of the
unknown function on an arbitrary segment ð0;gÞ � ½0;1�. The pre-
sent work is motivated by a recent paper (Ahmad et al., 2016) in
which the authors considered the problem (1.1) and (1.3) with
the first condition xð0Þ ¼ 0 instead of the semi-periodic condition
xð0Þ ¼ xð1Þ in (1.3). It means that the initial-nolocal type conditions
were considered in Ahmad et al. (2016). On the other hand, one can
notice that the semi-periodic type condition xð0Þ ¼ xð1Þ assumed in
(1.3) implies that the difference of the values of the unknown func-
tion at t ¼ 0 and t ¼ 1 is zero, that is, xð0Þ � xð1Þ ¼ 0. In other words,
we can say that the solutions of the problems (1.1) and (1.3) and
(1.2) and(1.3) experience the effect from the nonlocal multipoint-
strip condition with zero flux at t ¼ 0. Thus the present work is
more interesting and practical as the right end point t ¼ 1 of the
interval under consideration is introduced via semi-periodic bound-
ary conditions. Moreover, the scope of the present study can be
extended to the cases of Riemann-Liouville and Hadamard type
fractional differential and integral operators. For some works
involving Riemann-Liouville fractional differential and integral
operators, for instance, see Li et al. (2012) and Alsaedi et al.
(2016), while the text (Ahmad et al., 2017) contains many interest-
ing results on Hadamard type fractional differential equations and
inclusions. The rest of the paper is arranged as follows. In Section 2,
we prove a basic result that plays a key role in the forthcoming
analysis. Section 3 contains the existence and uniqueness results
for the single-valued problem (1.1) and (1.3), which rely on fixed
point theorems due to Banach and Krasnoselskii. In Section 4, we
prove the existence results for convex and Lipschitz type multival-
ued maps involved in the problem (1.2) and (1.3) by applying
nonlinear alternative for contractive maps and Covitz and Nadler
fixed point theorem respectively. In Section 5, we discuss illustra-
tive examples for the obtained results.

2. Background material

This section is devoted to some fundamental concepts of frac-
tional calculus (Kilbas et al., 2006) and a basic lemma related to
the linear variant of the given problem.

Definition 2.1. The Riemann-Liouville fractional integral of order r
with the lower limit zero for a function f : ½0;1Þ ! R is defined as

Irf ðtÞ ¼ 1
CðrÞ

Z t

0

f ðsÞ
ðt � sÞ1�r ds; t > 0; r > 0;

provided the right hand-side is point-wise defined on ½0;1Þ, where
Cð�Þ is the gamma function, which is defined by CðrÞ ¼ R1

0 tr�1e�tdt.
Note that the above integral exists on ½0;1Þ when f 2 Cð½0;1Þ;RÞ
(Zhou, 2014).
Definition 2.2. The Riemann-Liouville fractional derivative of
order r > 0; n� 1 < r < n; n 2 N for a function f : ½0;1Þ ! R is
defined as

Dr
0þf ðtÞ ¼

1
Cðn� rÞ

d
dt

� �n Z t

0
ðt � sÞn�r�1f ðsÞds:

Notice that the Riemann-Liouville fractional derivative of order
r 2 ½n� 1;nÞ exists almost everywhere on ½0;1Þ if
f 2 ACnð½0;1Þ;RÞ, for details, see Lemma 2.2 in Kilbas et al. (2006).

The Caputo fractional derivative is defined via above Riemann-
Liouville fractional derivatives as follows.

Definition 2.3. The Caputo derivative of order r 2 ½n� 1;nÞ for a
function f : ½0;1Þ ! R can be written as

cDr
0þf ðtÞ ¼ Dr

0þ f ðtÞ �
Xn�1

k¼0

tk

k!
f ðkÞð0Þ

 !
; t > 0; n� 1 < r < n:

Note that the Caputo fractional derivative of order r 2 ½n� 1;nÞ
exists almost everywhere on ½0;1Þ if f 2 ACnð½0;1Þ;RÞ.
Remark 2.4. If f 2 Cn½0;1Þ, then

cDr
0þf ðtÞ ¼

1
Cðn� rÞ

Z t

0

f ðnÞðsÞ
ðt � sÞrþ1�n ds ¼ In�r f ðnÞðtÞ; t > 0; n� 1 < r < n:

(see Theorem 2.2 in Kilbas et al., 2006).

To define the solution for problem (1.1)–(1.3), we consider the
following lemma dealing with the linear variant of (1.1)–(1.3).

Lemma 2.1. For any y 2 Cð½0;1�;RÞ, a function x 2 C3ð½0;1�;RÞ is a
solution of the linear sequential fractional differential equation:

ðcDq
0þ þ kcDq�1

0þ ÞxðtÞ ¼ yðtÞ; ð2:1Þ
supplemented with the boundary conditions (1.3) if and only if it sat-
isfies the following integral equation

xðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1yðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1yðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1yðuÞduþ

Z s

0
e�kðs�uÞIq�1yðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1yðsÞdsþ

Z t

0
e�kðt�sÞIq�1yðsÞds; ð2:2Þ
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where

vðwÞ ¼ kw� 1þ e�kw

1� e�k � k
; w ¼ t; s; fi; Iq�1yðsÞ

¼
Z s

0

ðs� sÞq�2

Cðq� 1Þ yðsÞds; D1 ¼
Xm
i¼1

ai � kgb

Cðbþ 1Þ – 0: ð2:3Þ
Proof. As argued in Ahmad and Nieto (2013), the general solution
of the system (2.1) can be written as

xðtÞ¼ b0e�kt þb1

k
ð1�e�ktÞþb2

k2
ðkt�1þe�ktÞþ

Z t

0
e�kðt�sÞIq�1yðsÞds:

ð2:4Þ
Using the conditions xð0Þ ¼ xð1Þ and x0ð0Þ ¼ 0 in (2.4), we find

that

b0 ¼b1

k
þb2

k2
k�ð1�e�kÞ

1�e�k

� �
þ 1
1�e�k

Z 1

0
e�kð1�sÞIq�1yðsÞds; b1 ¼ kb0;

which imply that

b2 ¼ k2

1� e�k � k

Z 1

0
e�kð1�sÞIq�1yðsÞds:

Thus (2.4) take the form

xðtÞ ¼ b1

k
þ kt � 1þ e�kt

1� e�k � k

Z 1

0
e�kð1�sÞIq�1yðsÞds

þ
Z t

0
e�kðt�sÞIq�1yðsÞds: ð2:5Þ

Using the integro-multipoint condition:
Pm

i¼1aixðfiÞ ¼
k
R g
0

ðg�sÞb�1

CðdÞ xðsÞds in (2.5), we get

b1

k
¼ 1
D1

�
Xm
i¼1

ai
kfi�1þe�kfi

1�e�k�k

Z 1

0
e�kð1�sÞIq�1yðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1yðsÞds

� �"

þ k
1�k�e�k

Z g

0

ðg� sÞb�1ðks�1þe�ksÞ
CðbÞ

Z 1

0
e�kð1�uÞIq�1yðuÞdu

þ k
Z g

0

ðg� sÞb�1

CðbÞ
Z s

0
e�kðs�uÞIq�1yðuÞduds

#
:

Substituting the value of b1=k in (2.5) together with (2.3) yields
the solution (2.2). The converse of the lemma follows by direct
computation. This completes the proof. h
3. Main results for the problem (1.1) and (1.3)

This section is devoted to the main results concerning the
existence and uniqueness of solutions for the problem (1.1)–(1.3).
First of all, we fix our terminology.

Let X ¼ x : x 2 Cð½0;1�;RÞandcDd
0þx 2 Cð½0;1�;RÞ� �

denotes the

space equipped with the norm kxkX ¼ kxk þ kcDd
0þxk ¼

supt2½0;1� jxðtÞj þ supt2½0;1�jcDd
0þxðtÞj. It has been shown in Su (2009)

that ðX; k � kXÞ is a Banach space.
Using Lemma 2.1, we introduce an operator F : X ! Xas follows:

FðxÞðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1 f̂ xðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1 f̂ xðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1 f̂ xðuÞduþ

Z s

0
e�kðs�uÞIq�1 f̂ xðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1 f̂ xðsÞdsþ

Z t

0
e�kðt�sÞIq�1 f̂ xðsÞds; ð3:1Þ

where
f̂ xðtÞ ¼ f ðt; xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ; t 2 ½0;1�: ð3:2Þ

Observe that problem (1.1)–(1.3) has solutions if the operator
(3.1) has fixed points.

For the sake of convenience, we set

K ¼ 1
jD1j

Xm
i¼1

jaij
kCðqÞ jvðfiÞjð1� e�kÞ þ fq�1

i ð1� e�kfi Þ
� 	(

þ jkjgb

kCðbþ 1ÞCðqÞ ð1� e�kÞjvðgÞj þ gq�1ð1� e�kgÞ
 ��

þ 2ð1� e�kÞ
kCðqÞ : ð3:3Þ

K1 ¼ ð1� e�kÞ2
j1� e�k � kjCðqÞ þ

2� e�k

CðqÞ : ð3:4Þ

L1 ¼ 1þ 1
Cðcþ 1Þ : ð3:5Þ

Theorem 3.5. Let f : ½0;1� � R3 ! R be a continuous function satis-
fying the condition

ðH1Þ jf ðt;x;y;zÞ � f ðt;x1;y1;z1Þj 6 L½kx� x1kþ ky� y1kþ kz� z1k�;

for all t 2 ½0;1�; x; y; z; x1; y1; z1 2 R, where L is the Lipschitz constant.
Then the boundary value problem (1.1) and (1.3) has a unique solution
on ½0;1� if LL1ðKþK2Þ < 1, where K;K1; L1 are respectively given by
3.3, 3.4, 3.5 and K2 ¼ K1=Cð2� dÞ.
Proof. Let us fix r P M0ðKþK2Þ=ð1� LL1ðKþK2Þ, and
M0 ¼ supt2½0;1�jf ðt;0;0;0Þj. Then we show that FBr � Brwhere

Br ¼ x 2 X : kxkX 6 r
� �

.For x 2 Br , notice that

jf̂ xðtÞj ¼ jf ðt;xðtÞ; cDd
0þxðtÞ; IcxðtÞÞj

6 jf ðt;xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ� f ðt;0;0;0Þjþ jf ðt;0;0;0Þj

6 L½jxðtÞjþ jcDd
0þxðtÞjþ jIcxðtÞj�þM0 6 L kxkX þ

1
Cðcþ1Þkxk

� 

þM0

6 L 1þ 1
Cðcþ1Þ

� �
kxkX þM0 ¼ LL1kxkX þM0 6 LL1rþM0:

Then, for x 2 X, we have

kFðxÞk 6 sup
t2½0;1�

1
jD1j

Xm
i¼1

jaij jvðfiÞj
Z 1

0
e�kð1�sÞIq�1jf̂ xjðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1jf̂ xjðsÞds

� �"(

þjkj
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1jf̂ xjðuÞduþ

Z s

0
e�kðs�uÞIq�1jf̂ xjðuÞdu

� �
ds

#

þjvðtÞj
Z 1

0
e�kð1�sÞIq�1jf̂ xjðsÞdsþ

Z t

0
e�kðt�sÞIq�1jf̂ xjðsÞds

�

6 ðLL1rþM0Þ 1
jD1j

Xm
i¼1

jaij
kCðqÞ jvðfiÞjð1�e�kÞþ fq�1

i ð1�e�kfi Þ
� 	("

þ jkjgb

kCðbþ1ÞCðqÞ ð1�e�kÞjvðgÞjþgq�1ð1�e�kgÞ
 ��þ2ð1�e�kÞ
kCðqÞ



¼ ðLL1rþM0ÞK:

Also we have

jF 0ðxÞðtÞj 6 j k�ke�kt

1�e�k�k
j
Z 1

0
e�kð1�sÞ

Z s

0

ðs�sÞq�2

Cðq�1Þ jf̂ ðsÞjds
 !

ds

þk
Z t

0
e�kðt�sÞ

Z s

0

ðs�sÞq�2

Cðq�1Þ jf̂ ðsÞjds
 !

dsþ
Z t

0

ðt� sÞq�2

Cðq�1Þ jf̂ ðsÞjds

6 ðLL1rþM0Þ ð1�e�kÞ2
j1�e�k�kjCðqÞþ

2�e�k

CðqÞ

( )

6 ðLL1rþM0ÞK1:
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By definition of Caputo fractional derivative with 0 < d < 1,we
get

j cDd
0þðFxÞðtÞ j 6

Z t

0

ðt � sÞ�d

Cð1� dÞ j F
0ðxÞðsÞ j ds

6 ðLL1r þM0ÞK1

Z t

0

ðt � sÞ�d

Cð1� dÞds

6 1
Cð2� dÞ ðLL1r þM0ÞK1:

Hence

kFðxÞkX ¼ kFðxÞk þ kcDd
0þFðxÞk

6 ðLL1r þM0ÞKþ 1
Cð2� dÞ ðLL1r þM0ÞK1 < r: ð3:6Þ

This shows that F maps Br into itself. Now, for x; y 2 Br and for
each t 2 ½0;1�, we obtain

jðFxÞðtÞ � ðFyÞðtÞj 6 1
jD1j

Xm
i¼1

jaij jvðfiÞj
Z 1

0
e�kð1�sÞIq�1jf̂ x � f̂ yjðsÞds

�"

þ
Z fi

0
e�kðfi�sÞIq�1jf̂ x � f̂ yjðsÞds

�

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1jf̂ x � f̂ yjðuÞdu

�

þ
Z s

0
e�kðs�uÞIq�1jf̂ x � f̂ yjðuÞdu

�
ds

#

þ vðtÞ
Z 1

0
e�kð1�sÞIq�1jf̂ x � f̂ yjðsÞds

þ
Z t

0
e�kðt�sÞIq�1jf̂ x � f̂ yjðsÞds

6 LK kx� yk þ kcDd
0þx� cDd

0þyk þ
1

Cðcþ 1Þ kx� yk
� 


6 LL1Kkx� ykX :

Also we have jðFxÞ0ðtÞ � ðFyÞ0ðtÞj 6 LL1K1kx� ykX , which implies
that

jcDd
0þFðxÞðtÞ � cDd

0þFðyÞðtÞj 6
Z t

0

ðt � sÞ�d

Cð1� dÞ jF
0ðxÞðsÞ � F 0ðyÞðsÞjds

6 LL1K1

Cð2� dÞ kx� ykX :

From the above inequalities, we get

kFðxÞ � FðyÞkX ¼ kFðxÞ � FðyÞk þ kcDd
0þFðxÞ � cDd

0þFðyÞk

6 LL1 Kþ K1

Cð2� dÞ
� �

kx� ykX : ð3:7Þ

As LL1 Kþ K1
Cð2�dÞ

� 	
< 1, F is a contraction. Thus, the conclusion of

the theorem follows by the contraction mapping principle. This
completes the proof. h

Now, we state a known result due to Krasnoselskii (1955)
which is needed to prove the existence of at least one solution of
(1.1)–(1.3).

Theorem 3.6. Let M be a closed, convex, bounded and nonempty
subset of a Banach space X. Let G1;G2 be the operators such that: (i)
G1xþ G2y 2 M whenever x; y 2 M; (ii) G1 is compact and continuous;
(iii) G2 is a contraction mapping. Then there exists z 2 M such that
z ¼ G1zþ G2z.
Theorem 3.7. Assume that f : ½0;1� � R3 ! R is a continuous func-
tion satisfying ðH1Þ. In addition we suppose that the following assump-
tion holds:
ðH2Þjf ðt; x1; x2; x3Þj 6 lðtÞ;8ðt; x1; x2; x3Þ 2 ½0;1� � R3 with
l 2 Cð½0;1�;RÞ:

Then the boundary value problem 1.1,1.2,1.3 has at least one solution
on ½0;1� if

LL1 K� ð1� e�kÞ
kCðqÞ þ ð1� e�kÞ2

j1� e�k � kjCð2� dÞ

" #
< 1; ð3:8Þ

where K is given by (3.3).
Proof. Letting supt2½0;1�jlðtÞj ¼ klk, we fix

r P Kþ K1

Cð2� dÞ
� �

klk; ð3:9Þ

where K;K1 are given by (3.3), (3.4) and consider
Br ¼ fx 2 C : kxkX 6 rg. Define the operators F1 and F2 on Bras

ðF1xÞðtÞ¼
Z t

0
e�kðt�sÞIq�1 f̂ xðsÞds;

ðF2xÞðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1 f̂ xðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1 f̂ xðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1 f̂ xðuÞduþ

Z s

0
e�kðs�uÞIq�1 f̂ xðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1 f̂ xðsÞds:

For x; y 2 Br , following the earlier arguments, we can have

kF1xþ F2yk 6 Kklk; kF 0
1xþ F 0

2yk 6 K1klk; kcDd
0þðF1xþ F2yÞk

6 K1

Cð2� dÞ klk:

From the above inequalities, we get

kF1xþ F2ykX ¼ kF1xþ F2yk þ kcDd
0þðF1xþ F2yÞk

6 Kþ K1

Cð2� dÞ
� �

klk < r: ð3:10Þ

Thus, F1xþ F2y 2 Br . In view of the condition (3.8), it can easily
be shown that F2 is a contraction mapping. The continuity of f
implies that the operator F1 is continuous. Also, F1 is uniformly
bounded on Bras

kF1xk 6 ð1� e�kÞklk
kCðqÞ ; kF 0

1xk 6 ð2� e�kÞklk
CðqÞ ;

kcDd
0þF1xk 6 1

Cð2� dÞ
ð2� e�kÞklk

CðqÞ ;

and

kF1xkX 6 klk
kCðqÞ ð1� e�kÞ þ kð2� e�kÞ

Cð2� dÞ
� �

:

Now we prove the compactness of the operator F1. Setting
X ¼ ½0;1� � Br � Br � Br , we define supðt;�;�;�Þ2Xjf ðt; �; �; �Þj ¼ Mr , and
consequently we get

jðF1xÞðt2Þ�ðF1xÞðt1Þj ¼ j
Z t2

0
e�kðt2�sÞ

Z s

0

ðs�uÞq�2

Cðq�1Þ f̂ xðuÞdu
 !

ds

�
Z t1

0
e�kðt1�sÞ

Z s

0

ðs�uÞq�2

Cðq�1Þ f̂ xðuÞdu
 !

dsj

6 Mr

kCðqÞ jtq�1
2 � tq�1

1 jþ jtq�1
2 e�kt2 � tq�1

1 e�kt1 j
� 	

;

and
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j cDd
0þF1ðxÞðt2Þ � cDd

0þF1ðxÞðt1Þ j

6
Z t2

0

ðt2 � sÞ�d

Cð1� dÞ F
0
1ðxÞðsÞds�

Z t1

0

ðt1 � sÞ�d

Cð1� dÞ F
0
1ðxÞðsÞds

�����
�����

6 Mrð2� e�kÞ
Cð2� dÞCðqÞ 2ðt2 � t1Þ1�d þ jt1�d

2 � t1�d
1 j

� 	
:

Clearly, j F1ðxÞðt2Þ � F1ðxÞðt1Þ j! 0and j cDd
0þF1ðxÞðt2Þ�

cDd
0þF1ðxÞðt1Þ j! 0as t2 ! t1. Thus, F1 is relatively compact on Br .

Hence, by the Arzel0
ˆ
a-Ascoli Theorem, F1 is compact on Br . Thus

all the assumptions of Theorem 3.6 are satisfied and the conclusion
of Theorem 3.6 implies that the boundary value problem
(1.1)–(1.3) has at least one solution on ½0;1�. This completes the
proof. h
Remark 3.8. In the above theorem we can interchange the roles of
the operators F1 and F2 to obtain a second result replacing (3.8) by
the following condition:

ð1� e�kÞ
kCðqÞ < 1:
4. Main results for the problem (1.2) and (1.3)

Before presenting the existence results for the problem (1.2)
and (1.3), we outline the necessary concepts on multi-valued maps
(Deimling, 1992; Hu and Papageorgiou, 1997).

For a normed space ðX; k � kÞ, let PclðXÞ ¼ fY 2 PðXÞ :
Yisclosedg;PbðXÞ ¼ fY 2 PðXÞ : Yisboundedg;PcpðXÞ ¼ fY 2 PðXÞ :
Yiscompactg, and Pcp;cðXÞ ¼ fY 2 PðXÞ : Y is compact and
convexg. A multi-valued map G : X ! PðXÞ is convex (closed) val-
ued if GðxÞ is convex (closed) for all x 2 X. The map G is bounded
on bounded sets if GðBÞ ¼ [x2BGðxÞ is bounded in X for all
B 2 PbðXÞ (i.e. supx2Bfsupfjyj : y 2 GðxÞgg < 1Þ. G is called upper
semi-continuous (u.s.c.) on X if for each x0 2 X, the set Gðx0Þ is a
nonempty closed subset of X, and if for each open set N of X con-
taining Gðx0Þ, there exists an open neighborhood N 0 of x0 such that
GðN 0Þ#N. G is said to be completely continuous if GðBÞ is
relatively compact for every B 2 PbðXÞ. If the multi-valued map G
is completely continuous with nonempty compact values, then
G is u.s.c. if and only if G has a closed graph, i.e.,
xn ! x�; yn ! y�; yn 2 GðxnÞ imply y� 2 Gðx�Þ. G has a fixed point if
there is x 2 X such that x 2 GðxÞ. The fixed point set of the multival-
ued operator G will be denoted by FixG. A multivalued map
G : ½0;1� ! PclðRÞ is said to be measurable if for every y 2 R, the
function t#dðy;GðtÞÞ ¼ inffjy� zj : z 2 GðtÞg is measurable.

For each y 2 Cð½0;1�;RÞ, define the set of selections of F by

SF;y :¼fv 2 L1ð½0;1�;RÞ :vðtÞ 2 Fðt;yðtÞ; cDdyðtÞ; IcyðtÞÞfora:e:t2 ½0;1�g:
Definition 4.9. A multivalued map F : ½0;1� � R3 ! PðRÞ is said to
be Carathéodory if
(i) t#Fðt; x; y; zÞ is measurable for each x; y; z 2 R;
(ii) ðx; y; zÞ#Fðt; x; y; zÞ is upper semicontinuous for almost all

t 2 ½0;1�; Further a Carathéodory function F is called
L1�Carathéodory if

(iii) for each q > 0, there exists uq 2 L1ð½0;1�;RþÞ such that

kFðt; x; y; zÞk ¼ supfjv j : v 2 Fðt; x; y; zÞg 6 uqðtÞ
for all kxk; kyk; kzk 6 q and for a.e. t 2 ½0;1�.

We define the graph of G to be the set GrðGÞ ¼ fðx; yÞ 2 X�
Y : y 2 GðxÞg and recall two results for closed graphs and upper
semicontinuity.
Lemma 4.2. [Deimling, 1992, Proposition 1.2] If G : X ! PclðYÞ is u.
s.c., then GrðGÞ is a closed subset of X � Y; i.e., for every sequence
fxngn2N � X and fyngn2N � Y, if when n ! 1; xn ! x�; yn ! y� and
yn 2 GðxnÞ, then y� 2 Gðx�Þ. Conversely, if G is completely continuous
and has a closed graph, then it is upper semi-continuous.
Lemma 4.3. [Lasota and Opial, 1965] Let X be a Banach space. Let

F : ½0;1� � X3 ! Pcp;cðXÞ be an L1� Carathéodory multivalued map

and let H be a linear continuous mapping from L1ð½0;1�;XÞ to
Cð½0;1�;XÞ. Then the operator

H � SF;x : Cð½0;1�;XÞ ! Pcp;cðCð½0;1�;XÞÞ; x # ðH � SF;xÞðxÞ ¼ HðSF;xÞ

is a closed graph operator in Cð½0;1�;XÞ � Cð½0;1�;XÞ.
For the forthcoming analysis, we need the following lemma.

Lemma 4.4. (Nonlinear alternative for Kakutani maps) (Granas and
Dugundji, 2005). Let E be a Banach space, C a closed convex subset of
E;U an open subset of C and 0 2 U. Suppose that F : U ! Pcp;cðCÞ is a
upper semicontinuous compact map. Then either

(i) F has a fixed point in U, or
(ii) there is a u 2 @U and k 2 ð0;1Þ with u 2 kFðuÞ.

Let ðX; dÞ be a metric space induced from the normed
space ðX; k � kÞ. Consider Hd : PðXÞ � PðXÞ ! R [ f1g defined
by HdðA; BÞ ¼ maxfsupa2Adða;BÞ; supb2BdðA; bÞg, where dðA; bÞ ¼
infa2Adða; bÞ and dða;BÞ ¼ infb2Bdða; bÞ. Then ðPb;clðXÞ;HdÞ is a metric
space and ðPclðXÞ;HdÞ is a generalized metric space (see
Kisielewicz, 1991).

Definition 4.10. Amultivalued operator N : X ! PclðXÞ is called ðaÞ
c�Lipschitz if and only if there exists c > 0 such that
HdðNðxÞ;NðyÞÞ 6 cdðx; yÞ foreachx; y 2 X and ðbÞ a contraction if
and only if it is c�Lipschitz with c < 1.
Lemma 4.5. [Covitz and Nadler, 1970] Let ðX; dÞ be a complete
metric space. If N : X ! PclðXÞ is a contraction, then FixN –£.
Definition 4.11. A function x 2 C3ð½0;1�;RÞ is said to be a solution
of the boundary value problem (1.2) and (1.3) if xð0Þ ¼ xð1Þ;
x0ð0Þ ¼ 0;

Pm
i¼1aixðfiÞ ¼ k

R g
0

ðg�sÞb�1

CðbÞ xðsÞds, and there exists a function

v 2 SF;x such that vðtÞ 2 Fðt; xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ and

xðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1vðsÞds

� �"

þk
Z g

0

ðg�sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1vðuÞduþ

Z s

0
e�kðs�uÞIq�1vðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z t

0
e�kðt�sÞIq�1vðsÞds:
4.1. The upper semicontinuous case

In the case when F has convex values we prove an existence
result based on nonlinear alternative of Leray-Schauder type.

Theorem 4.12. Assume that:

ðC1Þ F : ½0;1� � R3 ! PðRÞ is L1-Carathéodory and has nonempty
compact and convex values;
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ðC2Þ there exist a function / 2 Cð½0;1�;RþÞ, and a nondecreasing,
subhomogeneous (that is, XðlxÞ 6 lXðxÞ for all lP 1 and
x 2 Rþ) function X : Rþ ! Rþ such that
kFðt; xÞkP :¼ supfjwj : w 2 Fðt; x; y; zÞg
6 /ðtÞXðkxk þ kyk þ kzkÞ
for each ðt; x; y; zÞ 2 ½0;1� � R3;
ðC3Þ there exists a constant M > 0 such that
M

L1 Kþ K1
Cð2�dÞ

� 	
k/kXðMÞ

> 1;
where K;K1 and L1 are defined by 3.3,3.4,3.5.

Then the boundary value problem (1.2) and (1.3) has at least one solu-
tion on ½0;1�.
Proof. Define an operator XF : Cð½0;1�;RÞ ! PðCð½0;1�;RÞÞ by
XFðxÞ ¼ fh 2 Cð½0;1�;RÞ : hðtÞ ¼ NðxÞðtÞg
where

NðxÞðtÞ ¼

1
D1

�
Xm
i¼1

ai vðfiÞ
R 1
0 e�kð1�sÞIq�1vðsÞdsþ R fi

0 e�kðfi�sÞIq�1vðsÞds
n o"

þk
R g
0

ðg�sÞb�1

CðbÞ vðsÞ R 1
0 e�kð1�uÞIq�1vðuÞduþ R s

0 e
�kðs�uÞIq�1vðuÞdu

� 	
ds
i

þvðtÞ R 1
0 e�kð1�sÞIq�1vðsÞdsþ R t

0 e
�kðt�sÞIq�1vðsÞds; v 2 SF;x:

8>>>>><
>>>>>:

We will show that XF satisfies the assumptions of the nonlinear
alternative of Leray-Schauder type. The proof consists of several
steps. As a first step, we show that XF is convex for each
x 2 Cð½0;1�;RÞ. This step is obvious since SF;x is convex (F has con-
vex values), and therefore we omit the proof.

In the second step, we show that XF maps bounded sets (balls)
into bounded sets in Cð½0;1�;RÞ. For a positive number q, let
Bq ¼ fx 2 Cð½0;1�;RÞ : kxk 6 qg be a bounded ball in Cð½0;1�;RÞ.
Then, for each h 2 XFðxÞ; x 2 Bq, there exists v 2 SF;x such that

hðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1vðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1vðuÞduþ

Z s

0
e�kðs�uÞIq�1vðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z t

0
e�kðt�sÞIq�1vðsÞds:

Then, for t 2 ½0;1� we have

jhðtÞj 6 1
jD1j

Xm
i¼1

jaij
kCðqÞ jvðfiÞjð1� e�kÞ þ fq�1

i ð1� e�kfi Þ
� 	("

þ jkjgb

kCðbþ 1ÞCðqÞ ð1� e�kÞjvðgÞj þ gq�1ð1� e�kgÞ
 ��

þ 2ð1� e�kÞ
kCðqÞ



L1Kk/kXðkxkXÞ;

which, on taking the norm for t 2 ½0;1� yields
khk 6 Kk/kL1XðkxkXÞ 6 Kk/kL1XðrÞ:

Also we have

jh0ðtÞj 6 k� ke�kt

1� e�k � k

�����
�����
Z 1

0
e�kð1�sÞ

Z s

0

ðs� sÞq�2

Cðq� 1Þ jf̂ ðsÞjds
 !

ds

þ k
Z t

0
e�kðt�sÞ

Z s

0

ðs� sÞq�2

Cðq� 1Þ jf̂ ðsÞjds
 !

dsþ
Z t

0

ðt � sÞq�2

Cðq� 1Þ jf̂ ðsÞjds

6 ð1� e�kÞ2
ð1� e�k � kÞCðqÞ þ

2� e�k

CðqÞ

( )
k/kXðL1kxkXÞ 6 K1k/kL1XðkxkXÞ:
By definition of Caputo fractional derivative with 0 < b < 1,we
get

j cDd
0þhðtÞ j 6

Z t

0

ðt � sÞ�d

Cð1� dÞ j h
0ðsÞ j ds 6 1

Cð2� dÞK1k/kL1XðkxkXÞ:

As h 2 XFðxÞ; x 2 Bq is an arbitrary element, therefore we have

kXFðxÞkX ¼ kXFðxÞk þ kcDd
0þXFðxÞk 6 Kþ K1

Cð2� dÞ
� �

k/kL1XðrÞ:

ð4:1Þ

Nowwe show thatXF maps bounded sets into equicontinuous sets
of Cð½0;1�;RÞ. Let t1; t2 2 ½0;1� with t1 < t2 and x 2 Bq. For each
h 2 XFðxÞ, we obtain

jhðt2Þ�hðt1Þj6 jkðt2� t1Þþe�kt2 �e�kt1 j
j1�e�k�kj

Z 1

0
e�kð1�sÞ

Z s

0

ðs�sÞq�2

Cðq�1Þ jvðsÞjds
 !

ds

þj
Z t1

0
e�kðt2�sÞ �e�kðt1�sÞ
 � Z s

0

ðs�sÞq�2

Cðq�1Þ jvðsÞjds
 !

ds

þ
Z t2

t1

e�kðt2�sÞ
Z s

0

ðs�sÞq�2

Cðq�1Þ jvðsÞjds
 !

dsj

6 jkðt2� t1Þþe�kt2 �e�kt1 jð1�e�kÞ
j1�e�k�kj

�

þ tq�1
1 e�kðt2�t1Þ �ðe�kt2 �e�kt1 Þ�1

 �

þ tq�1
2 1�e�kðt2�t1Þ
 �ik/kL1XðrÞ

kCðqÞ :

Also

j cDd
0þhðt2Þ� cDd

0þhðt1Þ j6
Z t2

0
ðt2� sÞ�dh0ðsÞds�

Z t1

0
ðt1� sÞ�dh0ðsÞds

����
����

6 K1

Cð2�dÞ 2ðt2� t1Þ1�dþjt1�d
2 � t1�d

1 j
� 	

k/kL1XðrÞ:

Obviously the right hand side of the above inequalities tends to
zero independently of x 2 Bq as t2 � t1 ! 0. As XF satisfies the
above assumptions, therefore it follows by the Arzelá-Ascoli theo-
rem that XF : Cð½0;1�;RÞ ! PðCð½0;1�;RÞÞ is completely continuous.

In our next step, we show that XF is upper semicontinuous. To
this end it is sufficient to show that XF has a closed graph, by
Lemma 4.2. Let xn ! x�;hn 2 XFðxnÞ and hn ! h�. Then we need to
show that h� 2 XFðx�Þ. Associated with hn 2 XFðxnÞ, there exists
vn 2 SF;xn such that for each t 2 ½0;1�,

hnðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1vnðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1vnðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1vnðuÞduþ

Z s

0
e�kðs�uÞIq�1vnðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1vnðsÞdsþ

Z t

0
e�kðt�sÞIq�1vnðsÞds:

Thus it suffices to show that there exists v� 2 SF;x� such that for
each t 2 ½0;1�,

h�ðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1v�ðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1v�ðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1v�ðuÞduþ

Z s

0
e�kðs�uÞIq�1v�ðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1v�ðsÞdsþ

Z t

0
e�kðt�sÞIq�1v�ðsÞds:

Let us consider the linear operator H : L1ð½0;1�;RÞ ! Cð½0;1�;RÞ
given by
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v#HðvÞðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1vðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1vðuÞduþ

Z s

0
e�kðs�uÞIq�1vðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z t

0
e�kðt�sÞIq�1vðsÞds:

Observe that

khnðtÞ�h�ðtÞk¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1ðvn�v�ÞðsÞds

�"�����
þ
Z fi

0
e�kðfi�sÞIq�1ðvn�v�ÞðsÞds

�

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1ðvn�v�ÞðuÞdu

�

þ
Z s

0
e�kðs�uÞIq�1ðvn�v�ÞðuÞdu

�
ds



þvðtÞ
Z 1

0
e�kð1�sÞIq�1ðvn�v�ÞðsÞds

þ
Z t

0
e�kðt�sÞIq�1ðvn�v�ÞðsÞds

����!0asn!1:

Thus, it follows by Lemma 4.3 thatH � SF is a closed graph oper-
ator. Further, we have hnðtÞ 2 HðSF;xn Þ. Since xn ! x�, therefore, we
have

h�ðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1v�ðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1v�ðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1v�ðuÞduþ

Z s

0
e�kðs�uÞIq�1v�ðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1v�ðsÞdsþ

Z t

0
e�kðt�sÞIq�1v�ðsÞds; forsomev� 2 SF;x� :

Finally, we show there exists an open set U#Cð½0;1�;RÞ with
x R XFðxÞ for any h 2 ð0;1Þ and all x 2 @U. Let h 2 ð0;1Þ and
x 2 hXFðxÞ. Then there exists v 2 L1ð½0;1�;RÞ with v 2 SF;x such that,
for t 2 ½0;1�, we can obtain

kxkX ¼ kxk þ kcDd
0þxk 6 Kþ K1

Cð2� dÞ
� �

k/kL1XðkxkXÞ; ð4:2Þ

which implies that

kxkX
Kþ K1

Cð2�dÞ

� 	
k/kL1XðkxkXÞ

6 1:

In view of ðC3Þ, there exists M such that kxk– M. Let us set

U ¼ fx 2 Cð½0;1�;RÞ : kxk < Mg:
Note that the operator XF : U ! PðCð½0;1�;RÞÞ is upper semi-

continuous and completely continuous. From the choice of U,
there is no x 2 @U such that x 2 hXFðxÞ for some h 2 ð0;1Þ. Con-
sequently, by the nonlinear alternative of Leray-Schauder type
(Lemma 4.4), we deduce that XF has a fixed point x 2 U which
is a solution of the problem (1.2) and (1.3). This completes the
proof. h
4.2. The Lipschitz case

We prove in this subsection the existence of solutions for the
problem (1.2) and (1.3) with a nonconvex valued right-hand side
by applying a fixed point theorem for multivalued maps due to
Covitz and Nadler (1970).
Theorem 4.13. Assume that:

ðA1Þ F : ½0;1� � R3 ! PcpðRÞ is such that Fð�; xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ :

½0;1� ! PcpðRÞ is measurable for each x 2 R;
ðA2Þ HdðFðt; x; y; zÞ; Fðt; �x; �y;�zÞÞ 6 pðtÞ½jx� �xj þ jy� �yj þ jz� �zj� for

almost all t 2 ½0;1� and x; y; z; �x; �y;�z 2 R with p 2 Cð½0;1�;RþÞ
and dð0; Fðt;0;0;0ÞÞ 6 pðtÞ for almost all t 2 ½0;1�.

Then the problem (1.2) and (1.3) has at least one solution on ½0;1� if

kpkL1 Kþ K1

Cð2� dÞ
� �

< 1: ð4:3Þ
Proof. Consider the operator XF : Cð½0;1�;RÞ ! PðCð½0;1�;RÞÞ
defined in the beginning of the proof of Theorem 4.12. Observe that
the set SF;x is nonempty for each x 2 Cð½0;1�;RÞ by the assumption
ðA1Þ, so F has a measurable selection (see Theorem III.6 Castaing
and Valadier, 1977). Now we show that the operator XF satisfies
the assumptions of Lemma 4.5. To show that XFðxÞ 2
PclððC½0;1�;RÞÞ for each x 2 Cð½0;1�;RÞ, let fungnP0 2 XFðxÞ be such
that un ! uðn ! 1Þ in Cð½0;1�;RÞ. Then u 2 Cð½0;1�;RÞ and there
exists vn 2 SF;x such that, for each t 2 ½0;1�,

unðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1vnðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1vnðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1vnðuÞduþ

Z s

0
e�kðs�uÞIq�1vnðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1vnðsÞdsþ

Z t

0
e�kðt�sÞIq�1vnðsÞds:

As F has compact values, we pass onto a subsequence (if
necessary) to obtain that vn converges to v in L1ð½0;1�;RÞ. Thus,
v 2 SF;x and for each t 2 ½0;1�, we have

unðtÞ!uðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1vðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1vðuÞduþ

Z s

0
e�kðs�uÞIq�1vðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1vðsÞdsþ

Z t

0
e�kðt�sÞIq�1vðsÞds:

Hence, u 2 XFðxÞ.
Next we show that there exists ĥ :¼ kqkL1 Kþ K1

Cð2�dÞ
� 	

< 1 such

that

HdðXFðxÞ;XFð�xÞÞ 6 ĥkx� �xkX foreach x; �x 2 C3ð½0;1�;RÞ:
Let x; �x 2 C3ð½0;1�;RÞ and h1 2 XFðxÞ. Then there exists

v1ðtÞ 2 Fðt; xðtÞ; cDd
0þxðtÞ; IcxðtÞÞ such that, for each t 2 ½0;1�,

h1ðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1v1ðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1v1ðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1v1ðuÞduþ

Z s

0
e�kðs�uÞIq�1v1ðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1v1ðsÞdsþ

Z t

0
e�kðt�sÞIq�1v1ðsÞds:

By ðA2Þ, we have

HdðFðt; x; y; zÞ; Fðt; �x; �y;�zÞÞ 6 pðtÞ½jx� �xj þ jy� �yj þ jz� �zj�:
So, there exists w 2 Fðt; �x; �y;�zÞ such that

jv1ðtÞ �wj6 pðtÞ½jxðtÞ � �xðtÞj þ jyðtÞ � �yðtÞj þ jzðtÞ ��zðtÞj�; t 2 ½0;1�:

Define U : ½0;1� ! PðRÞ by
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UðtÞ ¼ fw 2 R : jv1ðtÞ �wj
6 qðtÞ½jxðtÞ � �xðtÞj þ jyðtÞ � �yðtÞj þ jzðtÞ � �zðtÞj�g:

Since the multivalued operator UðtÞ \ Fðt; �x; �y;�zÞ is measurable
(Proposition III.4 Castaing and Valadier, 1977), there exists a func-
tion v2ðtÞ which is a measurable selection for UðtÞ \ Fðt; �x; �y;�zÞ. So
v2ðtÞ 2 Fðt; �x; �y;�zÞ and for each t 2 ½0;1�, we have
jv1ðtÞ � v2ðtÞj 6 qðtÞ½jxðtÞ � �xðtÞj þ jyðtÞ � �yðtÞj þ jzðtÞ � �zðtÞj�. For
each t 2 ½0;1�, let us define

h2ðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1v2ðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1v2ðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1v2ðuÞduþ

Z s

0
e�kðs�uÞIq�1v2ðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1v2ðsÞdsþ

Z t

0
e�kðt�sÞIq�1v2ðsÞds:

Thus

jh1ðtÞ � h2ðtÞj ¼ 1
jD1j

Xm
i¼1

jaij jvðfiÞj
Z 1

0
e�kð1�sÞIq�1jv1 � v2jðsÞds

�"

þ
Z fi

0
e�kðfi�sÞIq�1jv1 � v2jðsÞds

�

þ k
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1jv1 � v2jðuÞdu

�

þ
Z s

0
e�kðs�uÞIq�1jv1 � v2jðuÞdu

�
ds



þ jvðtÞj
Z 1

0
e�kð1�sÞIq�1jv1 � v2jðsÞds

þ
Z t

0
e�kðt�sÞIq�1jv1 � v2jðsÞds

6 kpk 1
jD1j

Xm
i¼1

jaij
kCðqÞ jvðfiÞjð1� e�kÞ þ fq�1

i ð1� e�kfi Þ
� 	( 

þ jkjgb

kCðbþ 1ÞCðqÞ ð1� e�kÞjvðgÞj þ gq�1ð1� e�kgÞ
 ��

þ 2ð1� e�kÞ
kCðqÞ

�
kx� �xkX ;

which yields kh1 � h2k 6 kpkKL1kx� �xkX .Further, in view of the
estimate jh0

1ðtÞ � h0
2ðtÞj 6 kpkjK1L1kx� �xkX ,we have

jcDd
0þh1ðtÞ � cDd

0þh2ðtÞj 6
Z t

0

ðt � sÞ�d

Cð1� dÞ jh
0
1ðtÞ � h0

2ðtÞjds

6 1
Cð2� dÞ kpkK1L1kx� �xkX :

In consequence, we get

kh1 � h2k 6 kpkL1 Kþ K1

Cð2� dÞ
� �

kx� �xkX :

Analogously, interchanging the roles of x and x, we can obtain

HdðXFðxÞ;XFð�xÞÞ 6 kpkL1 Kþ K1

Cð2� dÞ
� �

kx� �xkX :

By the condition (4.3), it follows that XF is a contraction and
hence it has a fixed point x by Lemma 4.5, which is a solution of
the problem (1.2) and (1.3). This completes the proof. h
Remark 4.14. In case the multivalued map F is not necessarily
convex valued, we consider the following problem

ðcDa
0þ þkcDa�1

0þ xðtÞ¼ f ðxðtÞÞ; t 2 ½0;1�; 2<a63;

xð0Þ ¼ xð1Þ;x0ð0Þ ¼0;
Xm
i¼1

aixðfiÞ¼ k
R g
0

ðg�sÞb�1

CðbÞ xðsÞds;0<g< f1 < � � �< fm <1:

8><
>:

ð4:4Þ
and note that a solution x 2 C3ð½0;1�;RÞ of the problem (4.4) is a
solution to the problem (1.2) and (1.3). In relation to the problem
(4.4), we have the operator XFxðtÞ defined by

XFxðtÞ¼ 1
D1

�
Xm
i¼1

ai vðfiÞ
Z 1

0
e�kð1�sÞIq�1ðfxÞðsÞdsþ

Z fi

0
e�kðfi�sÞIq�1ðfxÞðsÞds

� �"

þk
Z g

0

ðg� sÞb�1

CðbÞ vðsÞ
Z 1

0
e�kð1�uÞIq�1ðfxÞðuÞduþ

Z s

0
e�kðs�uÞIq�1ðfxÞðuÞdu

� �
ds

#

þvðtÞ
Z 1

0
e�kð1�sÞIq�1ðfxÞðsÞdsþ

Z t

0
e�kðt�sÞIq�1ðfxÞðsÞds:

In order to establish the existence of solutions for the given
problem, we need the following assumption in addition to ðC2Þ
and ðC3Þ:

ðC4Þ F : ½0;1� � R3 ! PðRÞ is a nonempty compact-valued multi-
valued map such that

ðaÞ ðt; x; y; zÞ#Fðt; x; y; zÞ is L 	 B 	 B 	 B measurable,
ðbÞ ðx; y; zÞ#Fðt; x; y; zÞ is lower semicontinuous for each

t 2 ½0;1�.

The proof of the concerned existence result follows the method
of proof for Theorem 4.12 and relies on the nonlinear alternative of
Leray-Schauder type comined with the selection theorem of
Bressan and Colombo (1988) for lower semi-continuous maps
with decomposable values.
Remark 4.15. For b ¼ 1, the results of this paper correspond to
semi-periodic nonlocal classical integro-multipoint boundary con-
ditions of the form: xð0Þ ¼ xð1Þ; x0ð0Þ ¼ 0;

Pm
i¼1aixðfiÞ ¼ k

R g
0 xðsÞds.

5. Examples

(a) Consider the following nonlocal multi-point boundary value
problem of Caputo type sequential fractional integro-differential
equations

ðcD5=2 þ 1
4
cD3=2

0þ ÞxðtÞ ¼ f ðt; xðtÞ; cD4=5
0þ xðtÞ; I2=5xðtÞÞ; 0 < t < 1;

xð0Þ ¼ xð1Þ; x0ð0Þ ¼ 0; 34 x
1
2


 �þ 5
4 x

2
3


 �þ x 3
4


 � ¼ R 1
4
0

ð14�sÞ
1
2

Cð32Þ
xðsÞds:

8><
>:

ð5:1Þ
Here

q ¼ 5=2; k ¼ 1=4; d ¼ 4=5; c ¼ 2=5; a1 ¼ 3=4; a2 ¼ 5=4; a3 ¼ 1;
a4 ¼ 3; fi ¼ i=ðiþ 1Þ; i ¼ 1; . . .3; k ¼ 1=2;g ¼ 1=4; b ¼ 3=2. With the
given values, it is found that D1 
 2:9970615;K 
 1:877424;
K1 
 2:196638; L1 
 2:1270605. Now we illustrate the obtained

results by choosing different values of f ðt; xðtÞ; cD4=5
0þ xðtÞ; I1=2xðtÞÞ.

(i) Let us consider
f ðt;xðtÞ; cD4=5
0þ xðtÞ; I1=2xðtÞÞ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ121
p jxðtÞj

1þjxðtÞjþ tan�1 cD4=5
0þ xðtÞ

� 	� �

þ 1
11

I1=2xðtÞþcosðpt=2Þ:

Obviously L ¼ 1=11 as j f ðt; xðtÞ; cD4=5
0þ xðtÞ; I1=2xðtÞÞ � f ðt; yðtÞ;

cD4=5
0þ yðtÞ;I1=2yðtÞÞj6 1

11 kx�ykþkcD4=5
0þ x�cD4=5

0þ ykþkI1=2x�I1=2yk
� 	

.

Further, LL1 Kþ K1
Cð2�dÞ

� 	

0:825654<1.Thus all the conditions of

Theorem 3.5 are satisfied. Therefore, by the conclusion of
Theorem 3.5, we conclude that there exists a unique solution
for the problem (5.1) on ½0;1�.
(ii) To show the applicability of Theorem 3.7, we take the
nonlinear function f of the form:
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f ðt;xðtÞ; cD4=5
0þ xðtÞ; I1=2xðtÞÞ¼ 3

tþ20
sinðxðtÞÞþ jcD4=5

0þ xðtÞj
1þjcD4=5xðtÞj

 !

þ 3
20

I1=2xðtÞþ 1
10

;t2 ½0;1�:

Clearly L ¼ 3=20 and LL1 K� ð1�e�kÞ
kCðqÞ þ ð1�e�kÞ2

j1�e�k�kjCð2�dÞCðqÞ

� 




0:830740 < 1. As all the conditions of Theorem 3.7 hold true,
the conclusion of Theorem 3.7 applies. Hence the problem
(5.1) with the given value of f has at least one solution on
½0;1�.
(b) Let us consider the following inclusions problem:

ðcD5=2
0þ þ 1

4
cD3=2

0þ ÞxðtÞ 2 Fðt; xðtÞ; cD4=5
0þ xðtÞ; I2=50þ xðtÞÞ; 0 < t < 1;

xð0Þ ¼ xð1Þ; x0ð0Þ ¼ 0; 34 x
1
2


 �þ 5
4 x

2
3


 �þ x 3
4


 � ¼ R 1
4
0

ð14�sÞ
1
2

Cð32Þ
xðsÞds:

8><
>:

ð5:2Þ

(i) In order to demonstrate the application of Theorem 4.12, we
consider
Fðt;xðtÞ; cD4=5
0þ xðtÞ; I1=2xðtÞÞ

¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
400þ t2

p sinxðtÞþðCð3=2Þþ1Þ
Cð3=2Þ

cD4=5
0þ xðtÞþ I1=2xðtÞþ1

� �
;

"

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2500þ t2

p xðtÞþsinðcD4=5
0þ xðtÞÞþCð3=2ÞI1=2xðtÞþ1

5

� �#
:

ð5:3Þ

Obviously k/k ¼ ð1þCð3=2ÞÞ
40Cð3=2Þ ;XðkxkXÞ ¼ 1þ kxkX and Condition

ðH3Þ is satisfied withM > M1 
 0:935206. Thus, all the condi-
tions of Theorem 4.12 are satisfied and consequently, there
exists at least one solution for the problem (5.2) with F given
by (5.3) on ½0;1�.
(ii) For the illustration of Theorem 4.13, let us choose
Fðt;xðtÞÞ¼ 0;
1

12þ t2
jxj

8ð4þjxjÞþ tan�1ðcD4=5
0þ xðtÞÞþ

ffiffiffiffi
p

p
4

I1=2xðtÞ
� �

þ 1
15þ t

� 

:

ð5:4Þ
Clearly

HdðFðt; xÞ; Fðt; �xÞÞ 6 1
ð12þ t2Þ kx�

�xkX :

Letting pðtÞ ¼ 1=ð12þ t2Þ, it is easy to check that
dð0; Fðt;0ÞÞ 6 pðtÞ holds for almost all t 2 ½0;1� and that

kpkL1 Kþ K1
Cð2�dÞ

� 	
6 0:756850 < 1. As the hypotheses of Theo-

rem 4.13 are satisfied, we conclude that the problem (5.2)
with F given by (5.4) has at least one solution on ½0;1�.
6. Conclusions

We have developed the existence theory for single-valued and
multivalued problems of Caputo type sequential fractional differ-
ential equations and inclusions involving Riemann-Liouville inte-
gral equipped with semi-periodic and nonlocal multipoint
Riemann-Liouville type integral boundary conditions. The nonlin-
earities in the given problems implicitly depend on the unknown
function together with its fractional derivative of order d 2 ð0;1Þ
and its Riemann-Liouville integral of order c 2 ð0;1Þ. We apply
standard fixed theorems for single-valued and multivalued maps
to establish the desired results. Our results are not only new in
the given configuration but also yield some new special cases for
specific choices of the parameters involved in the problem. For
instance, the results associated with semi-periodic and nonlocal
multipoint classical integral boundary conditions follow by taking
b ¼ 1 in the results of this paper. Letting ai ¼ 0; i ¼ 1;2; . . . :;m, our
results correspond to the three-point boundary conditions:
xð0Þ ¼ xð1Þ; x0ð0Þ ¼ 0; IbxðgÞ ¼ 0. We can get the results for semi-
periodic nonlocal multipoint boundary conditions of the form:
xð0Þ ¼ xð1Þ; x0ð0Þ ¼ 0;

Pm
i¼1aixðfiÞ ¼ 0 if we take k ¼ 0 in the

obtained results.
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