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A new exact solution is obtained for the Oberbeck-Boussinesq equations describing the steady-state lay-
ered (shear) Marangoni convection of a binary viscous incompressible fluid with the Soret effect. When
layered (shear) flows are considered, the Oberbeck-Boussinesq system is overdetermined. For it to be
solvable, a class of exact solutions is constructed, which allows one to satisfy identically the ‘‘superfluous”
equation (the incompressibility equation). The found exact solution allows the Oberbeck-Boussinesq sys-
tem of equations to be reduced to a system of ordinary differential equations by the generalized method
of separation of variables. The resulting system of ordinary differential equations has an analytical solu-
tion, which is polynomial. The polynomial velocity field describes counterflows in the case of a convective
fluid flow. It is demonstrated that the components of the velocity vector can have one stagnant (zero)
point inside the region under study. In this case, the corresponding component of the velocity vector
can be stratified into two zones, in which the fluid flows in opposite directions. The exact solution
describing the velocity field for the Marangoni convection of a binary fluid has non-zero helicity, the flow
itself being almost everywhere vortex.
� 2020 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction becomes important when studying the mechanisms of impurity
The Marangoni effect is a flow that occurs in a fluid under the
effect surface tension difference. The Marangoni flow observed in
colloid chemistry and hydrodynamics is directed from the region
of low surface tension to the region of high surface tension. The
effect is named after C. Marangoni and his research (Marangoni,
1865). Marangoni convection flows in a water column, visualized
with the use of particle tracers, were repeatedly observed in exper-
iments (Kim et al, 2017; Birikh et al, 2011).

It is known that the occurrence of a surface tension gradient can
be caused by a temperature gradient or a concentration gradient.
Diffusive instability associated with molecular exchange processes
transfer in a seawater fluid. Soret was one of the first to investigate
salt transfer due to a thermal gradient (Soret, 1879). Due to the
presence of a geothermal gradient in hydrocarbon deposits, the
Soret effect has a significant effect on the formation of the geolog-
ical profile (Ghorayeb et al., 2003). The opposite effect (the Dufour
effect) (Dufour, 1872), which consists in the occurrence of a tem-
perature difference in a fluid mixture due to a difference in the
concentrations of the mixture components, is often ignored. This
is explained by the fact that, in most cases, the Dufour effect is
so small that it is neglected in the study of the flow of binary fluids
(Demirel, 2007; Ortiz de Zárate and Sengers, 2006).

The Marangoni effect has a great influence on the formation of
the morphology of thin films. The relevance of this line of a
research is confirmed, for example, by (Fowler et al., 2016: Gupta
and Tiwari, 2017; Mikishev et al., 2017). These studies are either
experimental or use numerical calculations to analyze the proper-
ties of the films. The present paper is a theoretical study of the
exact (analytical) solution of the Navier-Stokes equations which
describes the effect of the superposition of inhomogeneous tem-
perature and concentration fields on a viscous binary fluid flow
in a horizontal layer of constant thickness, with the Marangoni
effect taken into account. However, despite the fact that the exact
solution presented in the paper is able to describe the flow of a vis-
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cous fluid in thin films, the main purpose of the study is somewhat
different. The objective of the study is to obtain, based on the con-
structed exact solution, functional dependencies or estimates for
the parameters of the boundary value problem, which would allow
us to control the flow characteristics, for example, varying the
parameters of layer heating or layer thickness in order to avoid/
guarantee the occurrence of counterflows in the fluid.

The description of two-dimensional and three-dimensional
thermal diffusion flows in the exact formulation is only beginning
to develop. The paper (Aristov and Prosviryakov, 2016) proposes a
class of exact solutions for studying the nonlinear properties of
three-dimensional flows of binary fluids. To date, exact solutions
for the description of unidirectional Marangoni flows Vx;0;0ð Þ of
binary fluids (Andreev and Ryzhkov, 2013; Bekezhanova, 2011)
and their stability have been investigated.

Exact solutions announced in (Andreev and Ryzhkov, 2013;
Bekezhanova, 2011) belong to the Birikh class of exact solutions
(Birikh, 1966). The exact Birikh solution is the first exact solution
to the Oberbeck-Boussinesq equations. This solution describes
thermocapillary convection in an infinite fluid layer. A generaliza-
tion of the exact Birikh solution in the description of layered con-
vective Marangoni flows Vx;Vy;0

� �
is given in (Aristov and

Prosviryakov, 2013; Aristov et al, 2016). The study of concentration
convection for the velocity field Vx;Vy;0

� �
is published in the arti-

cle (Aristov et al, 2015).
However, to date, we are not aware of studies in the exact for-

mulation of two-dimensional layered Marangoni flows Vx;Vy;0
� �

of a binary fluid taking into account the dissipative Soret effect.
The article presents an exact solution eliminating this drawback.

The manuscript material is divided into several sections. In the
Problem Statement section, the basic equations of the model are
given and the necessary notation is introduced. The Solution Class
section describes the structure of the class of exact solutions for
hydrodynamic fields, provides a general solution to the system of
governing equations. In the Setting aHeat Source on the Upper Bound-
ary of the Layer section, a boundary value problem describing con-
vection of a viscous incompressible fluid induced by taking into
account theMarangoni effect is formulated; a solution to the bound-
ary value problem is given. The Analysis of the Flow Properties section
analyzes in detail the properties of the flow velocity field and the
shear stress field. In the Analysis of the Temperature Field and the Con-
centration Field section, the properties of the temperature and con-
centration fields are analyzed, and the corresponding profiles are
constructed. The Analysis of the Pressure Field section describes the
main properties of the pressure field, and its profile is given.

2. Problem statement

Let us consider a fluid mixture of two components. We assume
that the mixture is in the field of gravity 0;0;�gð Þ. Then the equa-
tions of the motion of a binary mixture in the Boussinesq approx-
imation, describing the flow of a stratified viscous incompressible
fluid, are written as follows (Gershuni and Zhukhovitskii, 1976):

@Vx
@t þVx

@Vx
@x þVy

@Vx
@y þVz

@Vx
@z ¼�@P

@xþv @2Vx
@x2 þ @2Vx

@y2 þ @2Vx
@z2

� �
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ð1Þ
3365
In the system of Eq. (1), the following notations are introduced:
V ¼ Vx;Vy;Vz

� �
is a velocity vector; P t; x; y; zð Þ is the deviation of

pressure from hydrostatic, divided by constant average density;
C t; x; y; zð Þ is the deviation of the concentration (salinity) of the
light component of the mixture from the average value;
T t; x; y; zð Þ is deviation from the average temperature; m, v, d, ad,
b1 and b2 are the coefficients of kinematic viscosity, thermal diffu-
sivity, diffusion, thermal diffusion, thermal and concentration
expansion of the fluid, respectively.

The first three equations of system (1) are the projections of the
vector equation of motion of a viscous fluid (Navier-Stokes equa-
tions) on the axis of the selected Cartesian coordinate system with
allowance made for the Boussinesq approximation (Gershuni and
Zhukhovitskii, 1976). The following two equations of system (1)
are the heat equation and the concentration equation taking into
account the Soret effect (Soret, 1879). The last equation of system
(1) is the incompressibility equation.

Formanyengineeringproblems, flows in a roundpipe (Batchelor,
2000; Gershuni and Zhukhovitskii, 1976), a flat channel or the
boundary layer on a flat plate (Israelachvili et al., 1988; Savenkov,
2012), flows inaflat or axisymmetricwakebehinda streamlinedball
or cylinder (Isaev et al., 2007; Okhotnikov et al., 2017), as well as
some other flows, are of great importance. All these classes of cur-
rents qualify as shear flows (Schmid and Henningson, 2001;
Nasiruddin and Kamran, 2010; Fernandes, 2011).

When a steady motion in a shear fluid flow (Vz ¼ 0) is consid-
ered, system (1) is converted to the form

Vx
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In addition, the unknown hydrodynamic fields P, C, T and the
components of the velocity vector V become independent of time t.

3. Solution class

System (2) is nonlinear and overdetermined, since it consists of
six equations for five unknown functions. The choice of a special
class of exact solutions will allow us to reduce the number of equa-
tions of the system in question by identically satisfying a number
of equations involved in it. For the solvability of this overdeter-
mined system, the solution of equations (2) will be sought in the
following form (Aristov and Shvarts, 2006; Aristov and
Prosviryakov, 2016; Prosviryakov, 2019):

Vx ¼ U zð Þ;Vy ¼ V zð Þ; P x; y; zð Þ ¼ P0 zð Þ þ P1 zð Þxþ P2 zð Þy;

T x; y; zð Þ ¼ T0 zð Þ þ T1 zð Þxþ T2 zð Þy;C x; y; zð Þ
¼ C0 zð Þ þ C1 zð Þxþ C2 zð Þy: ð3Þ



Fig. 1. The geometry of the flow.
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Note that the velocity field of the form (3) was first considered
by Ekman (Ekman, 1905). Convective flows of the form as in Eq. (3)
with constant horizontal temperature gradients (T1 ¼ const,
T2 ¼ const) were first considered by Birikh (1966) and Ostroumov
(1958). The effect of concentration on flow characteristics was
investigated in Ryzhkov (2006); Ryzhkov and Shevtsova (2009);
Andreev and Efimova (2018). The class of solutions represented
by Eq. (3) was also investigated in Aristov and Prosviryakov
(2013); Burmasheva and Prosviryakov (2017a, 2017b); Knyazev
(2011); Schwarz (2014).

As a result of the substitution of the exact solution (3) into sys-
tem (2), we obtain the system of equations
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This system, due to the principle of undetermined coefficients,
is equivalent to the system
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@z2

¼ P1; m
@2V
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@z2
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d
@2C0

@z2
¼ UC1 þ VC2 � ad

@2T0

@z2
;

@P0

@z
¼ g b1T0 þ b2C0ð Þ:

The equations are written in the order of integration of system
(4). The general solution of system (4) is

C1 ¼ c1zþ c2;C2 ¼ c3zþ c4; T1 ¼ c5zþ c6;

P1 ¼ g
b1c5 þ b2c1

2
z2 þ b1c6 þ b2c2ð Þz

� �
þ c7; T2 ¼ c8zþ c9;

P2 ¼ g
b1c8 þ b2c3

2
z2 þ b1c9 þ b2c3ð Þz

� �
þ c10;

U ¼ b1c5 þ b2c1ð Þz4 þ 4 b1c6 þ b2c2ð Þz3 þ 12c7z2 þ 24mc11z
24m

þ c12;

V ¼ b1c8 þ b2c3ð Þz4 þ 4 b1c9 þ b2c4ð Þz3 þ 12c10z2 þ 24mc13z
24m

þ c14:

To find the integration constants ci, where i ¼ 1;19
�

, in the gen-
eral solution of system (4), we formulate boundary conditions.
Convective fluid flows with a specified heat source at one or both
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boundaries of a horizontal infinite layer were discussed in
Aristov and Prosviryakov (2013). In the simulation of thermal dif-
fusion flows, the solution of system (4) becomes much more com-
plicated. When the heat flux is set at one boundary, the change of
the concentration can be implemented both at one boundary and
at both boundaries.

4. Setting a heat source on the upper boundary of the layer

Let us study the flow of a stratified viscous incompressible fluid
in an infinite horizontal layer of thickness h (Fig. 1), for which the
influence of thermocapillary forces on the free boundary is
significant.

We assume that the lower boundary z ¼ 0 is rigid and that
the no-slip condition is given. The boundary z ¼ 0 is isothermal,
the concentration value on it being taken as the reference (zero)
value. At the free rigid upper boundary, temperature and con-
centration are specified, with capillary forces induced by the
presence of a temperature gradient acting there. The pressure
at the upper boundary is assumed to be equal to the atmo-
spheric pressure. In this case, the stationary boundary conditions
have the form

Vxjz¼0 ¼ Vy

��
z¼0 ¼ 0; Tjz¼0 ¼ Cjz¼0 ¼ 0; Tjz¼h ¼ Axþ By;Cjz¼h

¼ Cxþ Dy; Pjz¼h ¼ S; g
@Vx

@z

����
z¼h

¼ @a
@x

����
z¼h

;g
@Vy

@z

����
z¼h

¼ @a
@y

����
z¼h

:

ð5Þ

Here, g is the dynamic viscosity coefficient; the surface tension
coefficient a is assumed to be linearly dependent on temperature
and concentration (Gershuni and Zhukhovitskii, 1976),

a ¼ r0 � r1T � r2C;

where r1 and r2 are the temperature and concentration surface
tension coefficients, respectively. Taking into account the structure
of the exact solution (2), this dependence takes the form

a ¼ r0 � r1T � r2C

¼ r0 � r1 T0 þ T1xþ T2yð Þ � r2 C0 þ C1xþ C2yð Þ:

Considering the structure of the class of solutions (3), the
boundary conditions represented by Eq. (5) at the lower boundary
take the form

U ¼ V ¼ 0; T0 ¼ T1 ¼ T2 ¼ 0;C0 ¼ C1 ¼ C2 ¼ 0: ð6Þ
Similarly, the conditions on the upper boundary are written as
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T0 ¼ 0; T1 ¼ A; T2 ¼ B;C0 ¼ 0;C1 ¼ C;C2 ¼ D; P0 ¼ S;

P1 ¼ 0; P2 ¼ 0; g
dU
dz

¼ �r1T1 � r2C1;g
dV
dz

¼ �r1T2 � r2C2 ð7Þ

Note that in the notation of the boundary conditions (6), (7)
there is an ambiguity in the interpretation of the symbol C. It is
used for both the concentration field and the value of its longitudi-
nal gradient at the upper boundary. Hereinafter, the symbol C is
used only for the horizontal concentration gradient. The boundary
conditions as in Eq. (7) for concentration convection (r1 ¼ 0) or for
thermocapillary convection (r2 ¼ 0) were considered in Aristov
et al. (2015, 2016)); Vakulenko and Sudakov (2016).

We next introduce a dimensionless variable Z ¼ z=h 2 0;1½ � (h is
the thickness of the fluid layer under consideration). Then, taking
into account this substitution, the exact solution of the boundary
value problem (4), (6–7) takes the form

T1 ¼ AZ; T2 ¼ BZ;C1 ¼ CZ; C2 ¼ DZ;

U ¼ �c1Z þ c2 Z4 � 6Z2 þ 8Z
� �

;V ¼ �c3Z þ c4 Z4 � 6Z2 þ 8Z
� �

;

P1 ¼ gg
2
c1 Z2 � 1
� �

; P2 ¼ gg
2
c3 Z2 � 1
� �

;

T0 ¼ w1 5Z7 � 63Z6 þ 140Z4 � 82Z
� �

þ w2 �Z4 þ Z
� �

;

C0 ¼ w3 5Z7 � 63Z6 þ 140Z4 � 82Z
� �

þ w4 �Z4 þ Z
� �

;
ð8Þ

P0 ¼ Sþ w5 5Z8 � 84Z6 þ 224Z5 � 2296Z2 þ 183
� �

þ w6 �2Z5 þ 5Z2 � 3
� �

:

Here, we introduce the following notations for the coefficients:
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g
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24m
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5040m
ACþBDð Þ b1
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12g
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� �
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� �
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40320
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� �
þ

"
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mh2 AC þ BDð Þ b1

d
� ab2

v
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v þ C2 þ D2
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d

� �	
;

w6 ¼ gh4

1440g
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v A2 þ B2

� �
r1 þ AC þ BDð Þr2

� �
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� �
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:
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The exact solution (8) of the stated boundary problem can be
simplified if the equalities

B
A
¼ D

C
¼ k

are simultaneously fulfilled, i.e. there is a rotation mapping
tgu ¼ k, which makes it possible to reduce the dimension of the
problem in question since, in this case, according to the exact solu-
tion (8), the velocity V takes the form

V ¼ �c3Z þ c4 Z4 � 6Z2 þ 8Z
� �

¼ �kc1Z þ kc2 Z4 � 6Z2 þ 8Z
� �

¼ kU:

Thus, the dimension of the boundary value problem (4), (6–7)
will be equal to ‘‘one and a half”. It should be noted that, in contrast
to thermal convection (Burmasheva and Prosviryakov, 2017a,
2017b, 2017c), this rotation mapping should take into account
the cross-dissipative effects. Thus, the possibility of the reducing
the dimension of the thermal diffusion problem under study is a
rarer event than that for convective currents (Aristov and
Prosviryakov, 2013) induced only by non-uniform temperature
distribution.

Besides, the dimension can be reduced by rotation in two par-
ticular cases:

A2 þ B2 ¼ 0, D ¼ kC and C2 þ D2 ¼ 0, B ¼ kA (here k–0,).
It is easy to show that, by virtue of Eq. (8), the horizontal veloc-

ities will become proportional in both cases,

V ¼ kU:

Moreover, the existence of the corresponding rotation mapping
requires the agreement among the parameters describing only one
type of the convection – either concentrational or thermal. Note
that, in the case of a unidirectional flow, it is also possible to reduce
the dimension in the analysis of other hydrodynamic fields,

T2 ¼ kT1; P2 ¼ kP1;C2 ¼ kC1:
5. Analysis of the flow properties

Let us study the properties of the convective flow of an inhomo-
geneous viscous incompressible fluid. We analyze in detail the
properties of the velocity Vx ¼ U represented as

U ¼ �c1Z þ c2 Z4 � 6Z2 þ 8Z
� �

¼ Z �c1 þ c2 Z3 � 6Z þ 8
� �h i

: ð9Þ

If c2 ¼ 0, which is equivalent to the condition Ab1 þ Cb2 ¼ 0, Eq.
(9) for the velocity U will be significantly simplified to

U ¼ �c1Z:
In this case, the velocity U describes the Couette-type flow

(Couette, 1890) in the direction of the axis Ox. The velocity will
be non-zero everywhere inside the layer. The flow will maintain
the direction of motion relative to the axis Ox, and its velocity will
increase linearly as it moves away from the lower boundary of the
layer. There are no stagnant points for this velocity. The profile of
the velocity U is a segment of the axis passing through the origin.
Note that, in the general case, the velocity in the direction of the
axis Oy can remain essentially nonlinear. The analysis of this par-
ticular case is of no interest; therefore, we will further assume that
c2–0.

In view of the fact that the bracketed terms in Eq. (9) define a
strictly monotonic function, the velocity U can have only one crit-
ical (zero) point, the necessary and sufficient condition for its exis-
tence being the fulfillment of the inequality

�c1 þ 8c2ð Þ �c1 þ 3c2ð Þ < 0:



Fig. 3. The velocity vector hodograph at c1 ¼ �1, c2 ¼ c4 ¼ �0:4, c3 ¼ 5 (the
parameters c1, c2, c4, c5 are the coefficients of the exact solution (8)).
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We divide both sides of this inequality by c2ð Þ2–0; herewith,
the inequality sign remains unchanged, i.e.

c1
c2

� 8
� �

c1
c2

� 3
� �

< 0:

The resulting inequality is equivalent to the condition

3 <
c1
c2

< 8;

under which the velocity field is stratified into two zones. In the
fluid layer there appear two streams moving in different directions.
These streams can be observed at the arbitrarily signed values of the
horizontal temperature gradient A and the concentration gradient C
given on z ¼ h, even for abnormal fluids (r1 < 0).

Rewrite Eq. (8) for velocity in the form

U ¼ �c1Z þ c2 Z4 � 6Z2 þ 8Z
� �

¼ c2Z Z3 � 6Z þ 8� c1
c2


 	
: ð10Þ

With this factorization of the expression for the velocity U, the
parameter c2 does not affect the qualitative behavior of the veloc-
ity profile at a particular relation c1=c2, but it determines only the
coefficient of stretching or compression of this profile relative to
the transverse axis OZ. The dependence of the profiles on the
parameter c1=c2 is shown in Fig. 2. Note that the larger the ratio
c1=c2 in the absolute value, the closer to the lower boundary is
the point of intersection of the velocity profile with the transverse
coordinate axis.

The presence of a return section on the velocity hodograph
(Fig. 3) indicates that the exact solution (8) describes the locally
spiral flow of an inhomogeneous viscous incompressible fluid
caused by the vortices moving in the layer relative to the axes Ox
and Oy.

The dependence of the vertical coordinate, which determines
the stagnant point (the boundary of the interaction of the streams),
on the control parameters c1=c2 is shown in Fig. 4

Note that the components
Fig. 2. The dependence of the velocity profile shape on the parameter c1=c
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Xx ¼ �1
h
dV
dZ

;Xy ¼ 1
h
dU
dZ

of the vorticity vector X ¼ rotV calculated for the class (3) with an
accuracy of a constant multiplier coincide with the corresponding
tangential stress,

sxz ¼ g
dU
dz

¼ g
h
dU
dZ

¼ g
h

�c1 þ c2 4Z3 � 12Z þ 8
� �� �

¼ 4c2g
h

Z3 � 3Z þ 2� c1
4c2

� �
;

syz ¼ g
dV
dz

¼ g
h
dV
dZ

¼ g
h

�c3 þ c4 4Z3 � 12Z þ 8
� �� �

¼ 4c4g
h

Z3 � 3Z þ 2� c3
4c4

� �
: ð11Þ
2 (the parameters c1, c2 are the coefficients of the exact solution (8)).



Fig. 4. The dependence of the coordinates of the stagnant points of the velocity U
(solid line) and the tangential stress sxz (dashed line) on the control parameters
c1=c2 (the parameters c1, c2 are the coefficients of the exact solution (8)).

Fig. 5. The profile of the background temperature T0 at w1 ¼ 0:01, w2 ¼ 0 (dashed
line) and at w1 ¼ 0:1, w2 ¼ 7 (solid line) (the parameters w1, w2 are the coefficients
of the exact solution (8)).

Fig. 6. The profile of the background concentration C0 at w3 ¼ 0:02, w4 ¼ 0 (dashed
line) and w3 ¼ 0:2, w4 ¼ 12 (solid line) (the parameters w3, w4 are the coefficients of
the exact solution (8)).
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The derivative of the polynomial f Zð Þ ¼ Z3 � 3Z in the expres-

sions for the velocities U and V is f 0 Zð Þ ¼ 3 Z2 � 1
� �

, and it does

not vanish anywhere in the layer. Therefore, according to Eq.
(11), the tangential stresses sxz and syz are determined by strictly
monotonic functions on the interval 0;1½ �. Consequently, by anal-
ogy with the reasoning given for the velocity U, the tangential
stresses can vanish inside the layer at no more than one value of
the height Z0 each. This means that, in view of the relation of the
stresses sxz and syz to the components Xx and Xy inside the layer,
there can exist a thickness h0 at which the vortices change their
direction. The stress sxz vanishes inside the layer when the
condition

0 <
c1
c2

< 8

is satisfied.
Thus, if the velocity U has a critical point, there is Z0, which cor-

responds to the interface between the tensile and compressive
stresses sxz. The converse is not true in the general case.

From Eq. (11) for the stress sxz, we easily obtain an equation sat-
isfied by the coordinate corresponding to the boundary between
the areas of tensile and compressive stresses,

Z3 � 3Z þ 2� c1
4c2

¼ 0:

The dependence of this coordinate on the control parameters is
presented in Fig. 4.

Fig. 4, in particular, illustrates that the tangential stress sxz and
the longitudinal velocity U never vanish simultaneously inside the
layer.

Solving Eqs. (11) with respect to h, we can find the layer thick-
ness at which the tangential stresses sxz and syz vanish at any arbi-
trarily chosen height Z. As an example, consider the lower
boundary Z ¼ 0 of the layer. The tangential stresses at the lower
boundary, according to Eq. (11), are determined by the expressions
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sxzjZ¼0 ¼ g
h

�c1 þ 8c2ð Þ ¼ � Ar1 þ Cr2ð Þ þ gh2q
3

Ab1 þ Cb2ð Þ;

syz
��
Z¼0 ¼ g

h
�c3 þ 8c4ð Þ ¼ � Br1 þ Dr2ð Þ þ gh2q

3
Bb1 þ Db2ð Þ:

Accordingly, they vanish if

h1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 Ar1 þ Cr2ð Þ
gq Ab1 þ Cb2ð Þ

s
; h2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 Br1 þ Dr2ð Þ
gq Bb1 þ Db2ð Þ

s
:

At the same time, the tangential stresses vanish when h1 and h2

coincide, i.e. when B=A ¼ D=C–0.
We now determine the conditions under which the flow will

become potential. For the flow to became irrotational, it is neces-
sary that the projections Xx and Xy, or, equivalently, the tangential
stresses sxz and syz, vanish simultaneously. It is possible only when

c1
c2

¼ c3
c4

:

That is, only when the equality B=A ¼ D=C is valid; as noted
above, this equality implies the existence of the rotation mapping,
which allows one to reduce the dimension of the problem. In this
case, the corresponding tangential stress vanishes at no more than
one point.



Fig. 7. The profile of the background pressure P0 at S ¼ 1, w5 ¼ 0:0006, w6 ¼ 0:386
(the parameters S, w5, w6 are the coefficients of the exact solution (8)).
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6. Analysis of the temperature field and the concentration field

According to the exact solution (8), the solution structure for
the temperature field components completely (up to a difference
in the coefficients) repeats the solution structure for the concentra-
tion field components. Therefore, conclusions regarding the prop-
erties of the temperature field can be easily extended to the
properties of the concentration field.

It is obvious that the horizontal (longitudinal) temperature gra-
dients T1 and T2 are strictly monotonic functions, which take only
values of the same sign in the horizontal layer under study. The
sign of the components T1 and T2 is determined by the values A
and B taken by these gradients at the upper boundary of the layer.
In what follows, we consider the properties of the background tem-
perature T0.

If the parameters of the boundary value problem are such that

A2 þ B2
� �

r1 þ AC þ BDð Þr2 ¼ 0 (i.e. w2 ¼ 0), the background tem-

perature is described by the expression
T0 ¼ w1 5Z7 � 63Z6 þ 140Z4 � 82Z
� �

:

This means that, for any (nonzero) value of the coefficient w1,
the background temperature T0 cannot be stratified into zones rel-
ative to the reference value (Fig. 5, dashed line).

If the coefficient w2 is nonzero, then, for some combinations of
parameters, the background temperature can take a zero (refer-
ence) value inside the layer under consideration (Fig. 5, solid line).
Moreover, the position of the zero point depends on the ratio
w1/w2.

Thus, the background concentration C0 can also be stratified
into two zones, in one of which the impurity concentration exceeds
the reference value, and in the other it is below it (Fig. 6).
7. Analysis of the pressure field

The longitudinal gradients P1 and P2 of the pressure field, as
well as the longitudinal gradients of the temperature and concen-
tration fields, are monotonic functions according to the exact solu-
tion (8). The background pressure P0 is determined by the
interaction of two terms, each of which is described by a high-
degree polynomial. Depending on the ratio of the coefficients S,
w5, and w6 included in the exact solution for the pressure field,
the pressure P0 can be stratified into three zones (Fig. 7).
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8. Conclusion

The paper presents a new exact solution to the Oberbeck-
Boussinesq equations for describing the steady-state thermal diffu-
sion flow of a binary fluid with allowance for the Soret effect. The
hydrodynamic fields of velocities, pressure, temperature and con-
centration are investigated. It has been shown that, at certain val-
ues of the boundary conditions and physical coefficients, there are
counterflows in the fluid layer (Figs. 2 and 4).

The structure of the exact solution is such that the components
Xx and Xy of the vorticity vector X ¼ rotV , coincide up to a con-
stant factor with the tangential stresses syz and sxz, respectively.
The tangential stresses can have only one zero point in the layer
(Fig. 4). Thus, each of the vorticity vector components can vanish
at most once (the vortex in the direction of the x- and y-axes
changes its direction). In this case, the tangential stresses in the
fluid change from tensile to compressive ones (or vice versa). The
study of the exact solution allows us to state that the temperature
field and the concentration field can be stratified (take the refer-
ence value given at the lower boundary) into two zones. For the
pressure field, there may exist three portions across the layer
thickness, in which the pressure differs from the reference value
(atmospheric pressure).
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