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Langevin differential equations with fractional orders play a significant role due to their applications in
vibration theory, viscoelasticity and electrical circuits. In this paper, we mainly study the explicit analyt-
ical representation of solutions to a class of Langevin time-delay differential equations with general frac-
tional orders, for both homogeneous and inhomogeneous cases. First, we propose a new representation of
the solution via a recently defined delayed Mittag-Leffler type function with double infinite series to
homogeneous Langevin differential equation with a constant delay using the Laplace transform tech-
nique. Second, we obtain exact formulas of the solutions of the inhomogeneous Langevin type delay dif-
ferential equation via the fractional analogue of the variation constants formula and apply them to
vibration theory. Moreover, we prove the existence and uniqueness problem of solutions of nonlinear
fractional Langevin equations with constant delay using Banach’s fixed point theorem in terms of a
weighted norm with respect to exponential functions. Furthermore, the concept of stability analysis in
the mean of solutions to Langevin time-delay differential equations based on the fixed point approach
is proposed. Finally, an example is given to demonstrate the effectiveness of the proposed results.
� 2021 Published by Elsevier B.V. on behalf of King Saud University. This is anopenaccess article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In recent decades, fractional differential equations (FDEs) have
attracted growing attention due to their extensive applications in
mechanics (Mahmudov et al., 2020), time-delay systems
(Huseynov and Mahmudov, 2020), electrical circuits (Ahmadova
and Mahmudov, 2021), stability analysis (Cong et al., 2018), and
stochastic analysis (Ahmadova and Mahmudov, 2020).

The classical Langevin equations (LEs) were proposed by a
French physicist Paul Langevin in 1908 and he gave an exhaustive
overview of Brownian motion. In the theory of Brownian motion,
the classical Langevin equations are the important differential
equations describing the progression of physical phenomena in
fluctuating environments. However, for systems in complex media,
the classical LEs cannot provide a sufficient and correct description
of the dynamics. To deal with such problems, various
generalizations of LEs have been introduced and studied in terms
of various kinds of differential and integral operators of
fractional-order. The fractional Langevin equations (FLEs), which
are a generalization of the classical LEs, are of great interest not
only from the point of view of the theory of stochastic processes
(Mainardi and Pironi, 1996), but also by means of physical applica-
tions (Ahmadova and Mahmudov, 2021; Kobelev and Romanov,
2000).

FDEs containing not only one fractional derivative but also more
than one fractional derivative are intensively studied in many com-
plex systems. Recently, the physical processes have been repre-
sented by two main mathematical ways: multi-term equations
(Camargo et al., 2009; Luchko and Gorenflo, 1999; Bazhlekova,
2013; Zhang and Hou, 2020) and multi-order systems (Wang and
Ren, 2020; Huseynov et al., 2020; Ahmadova et al., 2021). Multi-
term FDEs have been studied due to their applications in modelling
and solved by various mathematical methods. In Luchko and
Gorenflo (1999), Luchko and Gorenflo solved the multi-term FDEs
with constant coefficients and with the Caputo fractional deriva-
tives by using the method of operational calculus. Furthermore,
in Bazhlekova (2013), Bazhlekova has considered the multi-term
fractional relaxation equations with Caputo derivatives using the
Laplace transform technique and studied the fundamental and
impulse-response solutions of the initial value problem (IVP).
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In terms of numerical methods, Edwards et al. (2002) and Diethelm
and Luchko (2004) considered the IVP for the general linear multi-
term FDEs.

As one of the important special cases of multi-term DEs, FLEs
with two different fractional derivatives have been discussed in
Ahmadova and Mahmudov (2021), Cong et al. (2018), Ahmadova
and Mahmudov (2020), Mainardi and Pironi (1996), Kobelev and
Romanov (2000), Camargo et al. (2009), Luchko and Gorenflo
(1999), Bazhlekova (2013), Zhang and Hou (2020), Wang and Ren
(2020), Huseynov et al. (2020), Ahmadova et al. (2021), Edwards
et al. (2002), Diethelm and Luchko (2004), Wang et al. (2020),
Fazli et al. (2020), Baghani and Nieto (2019), Darzi et al. (2020),
Baghani et al. (2021), Baghani (2017), Ahmad et al. (2012), Lim
et al. (2008). Nowadays, the existence and uniqueness problem
of solutions of initial and boundary value problems for nonlinear
FLEs is extensively studied in Fazli et al. (2020), Baghani and
Nieto (2019), Darzi et al. (2020), Baghani et al. (2021), Baghani
(2017), Ahmad et al. (2012).

In Fazli et al. (2020), Fazli et al. have investigated the existence
and uniqueness results for the following Cauchy problem of FLE
involving two various fractional orders in sequential sense using
the fixed point theorems of Banach and Weissinger:

Db
0þ Da

0þ þ k
� �

xðrÞ ¼ f ðr; xðrÞÞ; 0 < r 6 1;

Di
0þxð0Þ ¼ li; 0 6 i < l;

Di
0þD

a
0þxð0Þ ¼ mi; 0 6 i < n;

8>><
>>: ð1:1Þ

where Da
0þxð�Þ and Db

0þxð�Þ are Caputo fractional derivatives of orders
a and b in different intervals

m� 1 < a 6 m and n� 1 < b 6 n with l ¼ max m;nf g where
m;n 2 N; xðrÞ is the particle displacement, k 2 R is the friction coef-
ficient, and f : ½0;1� � R ! R is a Lebesgue measurable function
which represents a noise term.

In Baghani and Nieto, 2019, Baghani and Nieto have studied the
existence and uniqueness results for the following boundary value
problem of FLE involving two various fractional orders in sequen-
tial sense:

Db
0þ Da

0þ þ k
� �

xðrÞ ¼ f ðr; xðrÞÞ; 0 6 r 6 1;
xð0Þ ¼ xð1Þ;
D2a

0þxð1Þ þ kDa
0þxð1Þ ¼ 0;

8><
>: ð1:2Þ

where Da
0þxð�Þand Db

0þxð�Þ are Caputo fractional derivatives of orders
a and b in different intervals 0 < a 6 1 and 1 < b 6 2; k 2 R, and
f : ½0;1� � R ! R is a continuous function.

Furthermore, Darzi et al. (2020) have considered the existence
and uniqueness of initial value problem for nonlinear Langevin
equation involving three fractional orders. In Baghani et al.
(2021), Baghani et al. have analyzed existence, uniqueness and
Hyers-Ulam stability results of solutions for the nonlinear frac-
tional Langevin equation involving two fractional orders with
three-point boundary conditions with the help of Krasnoselskii’s
fixed point theorem with respect to an appropriate weighted
Banach space. In Baghani (2017), Baghani has mainly discussed
the existence and uniqueness of a solution for the IVP of LEs. In
Ahmad et al. (2012), Ahmad et al. discussed the nonlocal boundary
value problem for nonlinear FLEs with two various fractional
derivatives in different intervals. In accordance with an essential
role of FLEs in applied sciences, these equations are extensively
analyzed from analytical and numerical points of view. By means
of analytical methods, in Lim et al. (2008), Lim et al. have studied
the explicit analytical representation of solutions for a new type
of FLEs with twoWeyl fractional derivatives with the aid of Gauss’s
hypergeometric functions. In Ahmadova and Mahmudov (2021),
Ahmadova and Mahmudov provide explicit formulas of solutions
2

for linear FLEs with general fractional differential operators of
Caputo type using Mittag-Leffler (M-L) type functions and studied
their applications of FLEs to electrical circuit theory.

Fractional delay differential equations (FDDEs) are differential
equations covering fractional-order differential operators and
time-delays. Delay differential equations (DDEs) with fractional-
order have gained considerable attention due to their applications
in science, engineering and physics using appropriate numerical
methods and graphical tools. Recently, the theory of FDDEs has
also been well-established by means of analytical methods. Ini-
tially, Khusainov et al. (2005) has provided an analytical represen-
tation of the solution of a linear homogeneous matrix DE with
permutable matrices in terms of infinite series. Note that the frac-
tional analog of the same problem was considered by Li and Wang
(2017), in particular in the case of A ¼ H, whereH is a zero matrix.
In another work, Li and Wang (2018) introduced a concept of
delayed M-L type matrix function via a two-parameter M-L func-
tion and presented finite-time stability results for nonlinear FDDEs
in the same special case. Mahmudov (2018) proposed a newly
defined explicit formula to linear homogeneous and inhomoge-
neous fractional time-delayed systems via two-parameter M-L per-
turbation in the general case (i.e., A and B are arbitrary constant
matrices). Huseynov and Mahmudov (2020) have provided a new
representation of a solution through a delayed analog of three-
parameter M-L functions under the assumptions in which A and
B are commutative matrices. Moreover, Langevin type time-delay
differential equations with two Riemann-Liouville fractional
derivatives have considered by Mahmudov (2020). In Mahmudov
(2020), Mahmudov has introduced an exact analytical formula
for the solution of linear inhomogeneous FLE with a constant delay
and studied the stability results of the solutions by means of a fixed
point approach.

Stability analysis for fractional-order dynamical systems has
been discussed over many years as one of the most essential topics
in control engineering. During the last decades, a large number of
papers related to stability theory have been published in the sense
of Ulam-Hyers (Wang and Zhang, 2014; Mahmudov and Al-
Khateeb, 2020; Ahmadova and Mahmudov, 2021; Peng and
Wang, 2015). Wang and Zhang (2014) have studied Ulam-Hyers
stability results of nonlinear FDEs with Hadamard fractional
derivative in the weighted space of continuous functions. In
Mahmudov and Al-Khateeb (2020), Mahmudov et al. have
obtained several existence and Ulam-Hyers results for an IVP of
time-delay Hadamard-type FDEs using a delayed perturbation of
the M-L matrix functions with logarithms. In Ahmadova and
Mahmudov (2021), Ahmadova and Mahmudov have studied stabil-
ity results in Ulam-Hyers sense for the nonlinear fractional
stochastic neutral differential equations system with the aid of
weighted maximum norm and Itô’s isometry in finite dimensional
stochastic setting. Furthermore, Peng and Wang (2015) have stud-
ied stability results in terms of Ulam-Hyers for a multi-term FDEs
using direct analysis methods.

Applications of FDEs include the study of vibration theory as a
part of mechanical physics. In Liu and Duan (2015), Liu and Doan
have discussed the asymptotic behavior of fundamental solutions
of the fractional vibration equations (FVEs) where the damping
term is characterized by means of Caputo type fractional derivative
of order a satisfying 0 < a < 1 or 1 < a < 2. A detailed analysis for
the analytical solutions is carried out via the Laplace integral trans-
form and its complex inversion integral formula. In Gomez-Aguilar
et al. (2012), Gomez-Aguilar et al. analyzed the analytical solutions
of the mass-spring and spring-damper with regard to the classical
M-L functions. In Wang and Hu (2010), ZaiHua and HaiYan have
studied the asymptotic stability analysis of zero solution of a linear
vibration system with fractional-order derivative of order
0 < a < 2. In Hong et al. (2006), Hong et al. have proposed an
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analytical scheme for a dynamic oscillatory system with a single
degree of- freedom whose damping is described by fractional-
order derivative of order b with 0 < b < 1. Its analytical solutions
are expressed by means of two-parameter M-L functions with
the aid of fractional Green’s function and Laplace transform tech-
nique. The solution in Hong et al. (2006) takes the form of a single
power series and a generalized M-L function, but unlike Hong et al.
we find an explicit analytic solution of the Cauchy problem for the
following vibrational equations with two fractional orders
1 < a 6 2 , 0 < b 6 1 and a constant delay in terms of a new
delayed analogue of M-L type function:

M CDa
0þy

� �ðrÞ þ C CDb
0þy

� �
ðrÞ þ Kyðr � sÞ ¼ FeðrÞ; r > 0; s > 0;

yðrÞ ¼ uðrÞ;�s 6 r 6 0:

(

In the same vein as the above articles, our aim is to investigate
an IVP for the following in-homogeneous Langevin time-delay DEs
involving general fractional orders in Caputo sense as below:

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðr � sÞ ¼ gðrÞ; r 2 ð0; T�; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð1:3Þ

where CDa
0þy

� �ð�Þand CDb
0þy

� �
ð�Þ are Caputo fractional derivatives of

orders a and b in different intervals m� 1 < a 6 m, m� 2 <

b 6 m� 1, with m P 2, u : ½�s;0� ! R is an arbitrary
ðm� 1Þ-times continuously differentiable real-valued function that
determines initial conditions, g : ½0; T� ! R is a continuous function,
k;lare real numbers and T ¼ ns for a fixed n 2 N.

Furthermore, unlike the above papers (Baghani and Nieto, 2019;
Darzi et al., 2020), we present several important results on the
existence & uniqueness, and Ulam-Hyers stability of solutions to
fractional-order delayed Langevin equation with a constant delay
by using the explicit analytical representation of solutions and
properties of newly defined delayed Mittag-Leffler type scalar-
valued functions whilst their technique is based on converting
the fractional differential equation into the equivalent Volterra
type integral equation:

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðr � sÞ ¼ gðr; yðrÞÞ; r 2 ð0; T�; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð1:4Þ
where m� 1 < a 6 m;m� 2 < b 6 m� 1;m P 2 with a� b P 1,
and g : ½0; T� � R� R ! R is a nonlinear perturbation.

The structure of our research paper is outlined as follows. Sec-
tion 2 is a preparatory section where we recall the main defini-
tions, results and necessary lemmas from fractional calculus,
special functions and FDEs. Section 3 is devoted to finding the ana-
lytical solutions of the homogeneous linear Langevin type time-
delay DEs (1.3) with general fractional orders and we derive a spe-
cial case when 1 < a 6 2 and 0 < b 6 1 with the help of Laplace
transform technique. In Section 4, we propose the structure of
the analytical representation of solutions to the Cauchy problem
for inhomogeneous time-delay FLEs using recently defined delayed
M-L type functions. Moreover, we show that our analytical results
in terms of M-L type functions coincides with the solutions in
terms of Fox-Wright functions for delay-free systems. In Section 5,
we prove the existence and uniqueness results of nonlinear frac-
tional Langevin type DEs with a constant delay using the new
appropriate norm concerning the exponential function in the
weighted space of continuous functions. Section 6 is devoted to
the presentation of the stability analysis of solutions of nonlinear
FLEs with a constant delay in terms of Ulam-Hyers sense based
3

on a fixed point approach. In Section 7, we present an application
in the vibration theory and compare results for an external force
FeðrÞ in several interesting cases. To verify our main results
obtained in Section 5, we present an example in Section 8, and Sec-
tion 9 is devoted to the conclusion and future work.

To accomplish the introductory section, we present some nota-
tions which are used through the paper. Let Cð½0; T�;RÞ be endowed
with the maximum norm, i.e., kykC ¼ max jyðrÞj; r 2 ½0; T�f gfor all
yðrÞ 2 R and Cmð½0; T�;RÞ be the space of m times (m 2 N) continu-
ously differentiable functions on a finite interval ½0; T� of the real
line with the norm

kykCm ¼
Xm
k¼0

max
06r6T

jyðkÞðrÞj; m ¼ 0;1;2; . . . ; kykC0 � kykC :
2. Preliminaries

We embark on this section by briefly introducing the essential
structure of fractional calculus, special functions and FDEs (for
the more salient details on the matter, see the textbooks (Kilbas
et al., 2006; Podlubny, 1999). We begin by defining the basic
gamma and beta functions which are playing a fundamental role
for fractional calculus.

Definition 2.1 Whittaker and Watson, 1927. The Euler’s gamma
function is defined as:

CðaÞ ¼
Z 1

0
sa�1e�sds; a > 0: ð2:1Þ
Definition 2.2. (Whittaker and Watson, 1927) The beta function is
defined as below:

Bðc;dÞ ¼
Z 1

0
sc�1ð1� sÞd�1ds; c;d > 0: ð2:2Þ

Furthermore, the beta function can be expressed with the aid of
gamma functions (Whittaker and Watson, 1927) as below:

Bðc;dÞ ¼ CðcÞCðdÞ
Cðc þ dÞ ; c; d > 0: ð2:3Þ

Definition 2.3 (Kilbas et al., 2006; Podlubny, 1999). The Riemann-
Liouville (R-L) fractional integral of order a > 0 for a function
g 2 C ½0;1Þ;Rð Þis defined by:

Ia0þgÞðrÞ ¼
1

CðaÞ
Z r

0
ðr � sÞa�1gðsÞds; r > 0: ð2:4Þ
Definition 2.4 (Kilbas et al., 2006; Podlubny, 1999). The R-L frac-
tional derivative of order a > 0 for a function g 2 Cm ½0;1Þ;Rð Þis
defined by:

ðDa
0þgÞðrÞ ¼

dm

drm
ðIm�a

0þ gÞðrÞ :

¼ 1
Cðm� aÞ

dm

drm

Z r

0
ðr � sÞm�a�1gðsÞds;

m� 1 < a 6 m; r > 0: ð2:5Þ
Definition 2.5 (Kilbas et al., 2006; Podlubny, 1999). The Caputo
fractional derivative of order a > 0 for a function
g 2 Cm ½0;1Þ;Rð Þis defined by
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ðDa
0þgÞðrÞ ¼ Im�a

0þ
dm

drm
g

� �
ðrÞ :¼ 1

Cðm� aÞ
Z r

0
ðr � sÞm�a�1 dm

dsm
gðsÞds;

m� 1 < a 6 m; r > 0: ð2:6Þ
The R-L fractional integral operator and the Caputo fractional

derivative have the following properties for a function
g 2 Cm ½0;1Þ;Rð Þ (Kilbas et al., 2006; Podlubny, 1999):

Ia0þ
CDa

0þg
� �ðrÞ ¼ gðrÞ �

Xm�1

k¼0

rk
Cðkþ1Þ g

ðkÞð0Þ; m� 1 < a 6 m; r > 0;

CDa
0þ Ia0þg
� �ðrÞ ¼ gðrÞ; m� 1 < a 6 m; r > 0:

The relationship between the R-L and Caputo fractional deriva-
tives of orderm� 1 < a 6 m (Kilbas et al., 2006; Podlubny, 1999) is
as follows:

CDa
0þg

� �ðrÞ ¼ Da
0þg

� �ðrÞ �Xm�1

k¼0

rk�a

Cðk� aþ 1Þ g
ðkÞð0Þ; r > 0: ð2:7Þ

The following results are useful in solving FDEs.

Definition 2.6 Whittaker and Watson, 1927. A function g on
½0;1Þ is said to be exponentially bounded if it satisfies an inequality
of the form

kgðrÞk 6 Lerr; r > T;

for some real constants r; L > 0 and T > 0.
Definition 2.7 Whittaker and Watson, 1927. If g : ½0;1Þ ! R is
measurable and exponentially bounded on ½0;1Þ , then the Laplace
transform L gðrÞf gðsÞ defined by

GðsÞ ¼ L gðrÞf gðsÞ ¼
Z 1

0
e�srgðrÞdr; s 2 C;

exists and is an analytic function of s for ReðsÞ > 0.
The time shift property of the Laplace transform is defined by

L gðr � aÞHðr � aÞf gðsÞ ¼ expð�asÞGðsÞ: ð2:8Þ
The inversion Laplace integral formula is defined by

L�1 GðsÞf gðrÞ :¼ qlim
g!1

1
2pi

Z cþig

c�ig
esrGðsÞds; r P 0; ð2:9Þ

where GðsÞ ¼ L gðrÞf gðsÞ; s 2 C.

Definition 2.8. [Kilbas et al., 2006; Podlubny, 1999] The Laplace
transform of Caputo fractional derivative of general order

m� 1 < a 6 m is given by

L ðCDa
0þyÞðrÞ

� 	ðsÞ ¼ saYðsÞ �
Xm�1

k¼0

sa�k�1yðkÞð0Þ;

where YðsÞ represents the Laplace transform of the function yðrÞ and
yðkÞð0Þ; k ¼ 0;1; . . . ;m� 1 represent initial values of yðrÞ at r ¼ 0.
Remark 2.1. In the special cases, the Laplace integral transform of
the Caputo type fractional differential operator is defined by

� If a 2 ð0;1�, then

L ðCDa

0þyÞðrÞ
� 	ðsÞ ¼ saYðsÞ � sa�1y0; where y0 ¼ yð0Þ:
� If a 2 ð1;2�, then

L ðCDa

0þyÞðrÞ
� 	ðsÞ ¼ saYðsÞ � sa�1y0 � sa�2y00; where y0

¼ yð0Þ; y00 ¼ y0ð0Þ:
4

Definition 2.9. [Whittaker and Watson, 1927] The convolution of
two functions gðrÞ and hðrÞ, given on ½0;1Þ, is defined by the fol-
lowing integral

g � h :¼ ðg � hÞðrÞ ¼
Z r

0
gðsÞhðr � sÞds; for r P 0; ð2:10Þ

which has the commutativity property

g � h ¼ h � g:
Theorem 2.1. [Whittaker and Watson, 1927] The Laplace transform
of convolution of two functions gðrÞ and hðrÞ, given on ½0;1Þ, is
defined by

L ðg � hÞðrÞf gðsÞ ¼ L gðrÞf gðsÞL hðrÞf gðsÞ; s 2 C: ð2:11Þ
Lemma 2.1 Whittaker and Watson, 1927. Assume that X is a linear
and bounded operator defined on a Banach space with kXk < 1. Then,

ðI �XÞ�1 is linear and bounded such that

ðI �XÞ�1 ¼
X1
j¼0

Xj:

The M-L function is a generalization of the exponential function,
first introduced by Gösta Mittag-Leffler by using a single series
(Mittag-Leffler, 1903). Extensions to two or three parameters are
well known and thoroughly studied in textbooks such as
Gorenflo et al. (2014), but these still involve single power series
in one variable. Extensions to two or several variables have been
studied more recently (Huseynov et al., 2020; Ahmadova et al.,
2021; Saxena et al., 2011; Fernandez et al., 2020; Özarslan and
Fernandez, 2021).
Definition 2.10 Mittag-Leffler, 1903. The classical M-L function is
defined as

EaðuÞ ¼
X1
k¼0

uk

Cðkaþ 1Þ ; a > 0; u 2 R: ð2:12Þ

The two-parameter M-L function (Gorenflo et al., 2014) is
defined by

Ea;bðuÞ ¼
X1
k¼0

uk

Cðkaþ bÞ ; a > 0; b 2 R; u 2 R: ð2:13Þ

The three-parameter Mittag-Leffler function (Prabhakar, 1971)
is defined as

Ed
a;bðuÞ ¼

X1
k¼0

ðdÞk
Cðkaþ bÞ

uk

k!
; a > 0; b; d 2 R; u 2 R; ð2:14Þ

where ðdÞk is the well-known Pochhammer symbol denoting CðdþkÞ
CðdÞ .

These series are convergent, locally uniformly in u, provided the
a 2 R with a > 0 condition is satisfied. Note that

E1
a;bðuÞ ¼ Ea;bðuÞ; Ea;1ðuÞ ¼ EaðuÞ; E1ðuÞ ¼ expðuÞ; u 2 R:

The next lemma includes Laplace transform of three-parameter
M-L function which will be used throughout the proof of Lemma
3.2.

Lemma 2.2. For a > b > 0;l 2 R; l 2 N0 ¼ 0;1;2; . . .f g, we have

L�1 1
ðsa�lsbÞlþ1


 �
ðrÞ ¼ rðlþ1Þa�1 P1

p¼0

lþ p

p

� �
lprpða�bÞ

Cðpða�bÞþðlþ1ÞaÞ

:¼ rðlþ1Þa�1Elþ1
a�b;ðlþ1Þaðlra�bÞ; ReðsÞ > 0:
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Proof. By using the Taylor series representation of 1
ð1�rÞlþ1 ; l 2 N0 of

the form:

1

ð1� rÞlþ1 ¼
X1
p¼0

lþ p

p

� �
rp; jrj < 1;

we achieve that

1

ðsa � lsbÞlþ1 ¼ 1

ðsaÞlþ1

1

ð1� l
sa�bÞlþ1 ¼ 1

sðlþ1Þa
X1
p¼0

lþ p

p

� �
l

sa�b

� �p
¼
X1
p¼0

lþ p

p

� �
lp

spða�bÞþðlþ1Þa :

Taking inverse Laplace transform of the above function, we
obtain that

L�1 1
ðsa�lsbÞlþ1


 �
ðrÞ ¼

X1
p¼0

lp lþ p

p

� �
L�1 1

spða�bÞþðlþ1Þa

n o
ðrÞ

¼
X1
p¼0

lp lþ p

p

� �
rpða�bÞþðlþ1Þa�1

Cðpða�bÞþðlþ1ÞaÞ

¼ rðlþ1Þa�1Elþ1
a�b;ðlþ1Þaðlra�bÞ:

We have required an extra condition on s such that

sa�b > jlj;

for proper convergence of the series. But, this condition can be
removed at the end of calculation since analytic continuation of
both sides, to give the desired result for all s 2 C which satisfying
ReðsÞ > 0. h
Definition 2.11 Fernandez et al., 2020. We consider the bivariate
Mittag-Leffler function defined by

Ed
a;b;cðu; vÞ ¼

X1
l¼0

X1
k¼0

ðdÞlþk

Cðlaþ kbþ cÞ
ulvk

l!k!
; a; b > 0;

c; d 2 R; u;v 2 R: ð2:15Þ

If we write u ¼ kta and v ¼ ltb for a single variable t, and mul-
tiply by a power function tc�1, we derive the following univariate
version

tc�1Ed
a;b;cðkta;ltbÞ ¼

X1
l¼0

X1
k¼0

ðdÞlþk

Cðlaþ kbþ cÞ
kllk

l!k!
tlaþkbþc�1: ð2:16Þ

Note that when d ¼ 1,

E1
a;b;cðkta;ltbÞ ¼

X1
l¼0

X1
k¼0

ð1Þlþk
CðlaþkbþcÞ

kllk

l!k! t
laþkbþc�1

¼
X1
l¼0

X1
k¼0

ðlþkÞ!
l!k!

kllk

CðlaþkbþcÞ t
laþkbþc�1

¼
X1
l¼0

X1
k¼0

lþ k

k

� �
kllk

CðlaþkbþcÞ t
laþkbþc�1:

For simplicity, we denote E1
a;b;cðkta;ltbÞ :¼ Ea;b;cðkta;ltbÞ in our

results for this paper.
Now, we consider another special function which will be intro-

duced later in Section 4.

Definition 2.12. Let ki;lj 2 R;ai; bj 2 R; i ¼ 1;2; . . . ; p;
j ¼ 1;2; . . . ; q. Generalized Wright function or more appropriately
Fox-Wright function pWqð�Þ : R ! R is defined by
5

pWqðrÞ ¼ pWq

ðki;aiÞ1;p
ðlj;bjÞ1;q

jr
" #

¼
X1
k¼0

Yp
i¼1

Cðki þ aikÞ

Yq
j¼1

Cðlj þ bjkÞ

rk

k!
: ð2:17Þ

This Fox-Wright function was established by Fox (1928) and
Wright (1935). If the following condition is satisfied:

Xq
j¼1

bj �
Xp
i¼1

ai > �1;

then the series in (2.17) is convergent for arbitrary r 2 R.
In terms of Laplace integral transform method, Kilbas et al.

(2006) have considered the Cauchy problem for (1.3) without delay
by using generalized Wright functions, in both homogeneous and
inhomogeneous cases. It is necessary to note that our results by
means of a recently defined M-L type functions with double infi-
nite series are identical with the results in terms of Fox-Wright
functions in Kilbas et al. (2006).

3. Exact analytical solution of linear homogeneous FLE with a
constant delay: delayed M-L type function approach

Definition 3.1. [Mahmudov, 2020] Delayed analogue of M-L type
function generated by k;l 2 R of three parameters
Esa;b;c k;l; �ð Þ : R ! R is defined by:

Esa;b;c k;l; rð Þ ¼
X1
l¼0

X1
p¼0

lþ p

p

� �
kllp

Cðlaþ pbþ cÞ ðr � lsÞlaþpbþc�1Hðr � lsÞ;

a > 0; b; c 2 R;

ð3:1Þ
where Hð�Þ : R ! R is the Heaviside function defined as follows

HðrÞ ¼ 1; r P 0;
0; r < 0:




Lemma 3.1. Let Esa;b;c k;l; rð Þ be defined by (3.1). Then the following
statements hold true:

(i) If l ¼ 0, then

Esa;b;c k;0; rð Þ :¼ Esa;c k; rð Þ; ð3:2Þ
where Esa;c k; �ð Þ : R ! R is the delayed analogue of classical M-L type
function of two parameters;

(ii) If k ¼ 0, then

Esa;b;c 0;l; rð Þ :¼ rc�1Eb;c lrb
� �

; r > 0: ð3:3Þ
Proof. (i) If l ¼ 0, then Esa;b;c k;0; rð Þ coincides with Esa;c k; rð Þ:

Esa;b;c k;0; rð Þ ¼
X1
l¼0

kl
ðr � lsÞlaþc�1

Cðlaþ cÞ Hðr � lsÞ :¼ Esa;c k; rð Þ:

Furthermore, this case was considered in Huseynov and
Mahmudov (2020), Li and Wang (2017), Li and Wang (2018).

(ii) If k ¼ 0, then Esa;b;c 0;l; rð Þ coincides with classical Mittag-

Leffler type function of two parameters rc�1Eb;c lrb
� �

for r > 0.
Trivially, from the definition of Esa;b;c k;l; rð Þ, we have

Esa;b;c 0;l; rð Þ ¼
X1
p¼0

lp rpbþc�1

Cðpbþ cÞHðrÞ :¼ rc�1Eb;c lrb
� �

; r > 0:
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In addition, this case was investigated in Kilbas et al. (2006). h
Lemma 3.2. For a > 0;a > b;a > c; k;l 2 R, the following result
holds true:

L�1 sc
sa�lsb�ke�ss

n o
ðrÞ ¼

X1
l¼0

X1
p¼0

lþ p

p

� �
kllpðr�lsÞlaþpða�bÞþa�c�1

Cðlaþpða�bÞþa�cÞ Hðr � lsÞ

¼ Esa;a�b;a�cðk;l; rÞ:; ReðsÞ > 0:
Proof. In accordance with the well-known Neumann series (2.1),
sc

sa�lsb�ke�ss can be written via a series expansion as follows:

sc

sa � lsb � ke�ss ¼
sc

sa � lsb
1

1� ke�ss

sa�lsb
¼
X1
l¼0

kle�lsssc

ðsa � lsbÞlþ1 :

Then applying Lemma 2.2 to the last expression, we acquire
that

sc
sa�lsb�ke�ss ¼

X1
l¼0

kle�lsssc

sðlþ1Þa
1

ð1� l
sa�bÞ

lþ1

¼
X1
l¼0

kle�lsssc

sðlþ1Þa

X1
p¼0

lþ p

p

� �
l

sa�b

� �p

¼
X1
l¼0

X1
p¼0

lþ p

p

� �
kllpe�lss

sðlþ1Þaþpða�bÞ�c :

Since the time delay property of the Laplace integral transform
(2.8), we have

L gðr � sÞHðr � sÞf gðsÞ ¼ e�ssGðsÞ:
Then, by taking inverse Laplace transform of the aforemen-

tioned function, we attain

L�1 sc
sa�lsb�ke�ss

n o
ðrÞ ¼

X1
l¼0

X1
p¼0

lþ p

p

� �
kllpL�1 e�lss

slaþpða�bÞþa�c

n o
ðrÞ

¼
X1
l¼0

X1
p¼0

lþ p
p

� �
kllpðr�lsÞlaþpða�bÞþa�c�1

Cðlaþpða�bÞþa�cÞ Hðr � lsÞ

¼ Esa;a�b;a�cðk;l; rÞ:

We have required extra conditions on s, namely:

sa�b > jlj and jsa � lsbj > jkje�ss;

for convergence of the series. However, these conditions can be
removed at the end of evaluation by analytic continuation, to get
the desired result for all s 2 C with ReðsÞ > 0. The proof is com-
plete. h

The following lemma will be of significance for the results of
next theorem.

Lemma 3.3. For any r 2 R and any parameters a; b; c; m; s; k;l 2 R

satisfying a; b; m; s > 0 and c� 1 > bmc, we have:

CDm
0þ Esa;b;cðk;l; sÞ
� �

ðrÞ ¼ Esa;b;c�mðk;l; rÞ:
Proof. We will make use of the well-known formula (Kilbas et al.,
2006)

CDl
0þ

sn

Cðnþ 1Þ
� �

ðrÞ ¼
rn�l

Cðn�lþ1Þ ; n > blc;
0; n ¼ 0;1;2; . . . ; ½l�;

undefined; otherwise:

8><
>: ð3:4Þ

Therefore, given the condition c� 1 > bmc, we can obtain that
6

CDm
0þ

X1
l¼0

X1
p¼0

kllp ðlþpÞ!
l!p!

ðs�lsÞlaþpbþc�1Hðs�lsÞ
CðlaþpbþcÞ

 !
ðrÞ

¼
X1
l¼0

X1
p¼0

kllp ðlþpÞ!
l!p!

CDm
0þ

ðs�lsÞlaþpbþc�1Hðs�lsÞ
CðlaþpbþcÞ

� �
ðrÞ

¼
X1
l¼0

X1
p¼0

ðlþpÞ!
l!p!

kllpðr�lsÞlaþpbþc�m�1Hðr�lsÞ
Cðlaþpbþc�mÞ

¼ Esa;b;c�mðk;l; rÞ; r 2 R:

This completes the proof. h

Now, we discuss an IVP for the following linear homogeneous
FLE with a constant delay:

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðr � sÞ ¼ 0; r 2 ð0; T�; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð3:5Þ
where involving general fractional orders as m� 1 < a 6 m and
m� 2 < b 6 m� 1;m P 2.

Theorem 3.1. A unique analytical solution y 2 Cmð½�s; T�;RÞ of the
Cauchy problem (3.5) has the following form:

yðrÞ ¼ ð1þ kEsa;a�b;aþ1ðk;l; r � sÞÞu0 þ ðr þ kEsa;a�b;aþ2ðk;l; r � sÞÞu0
0

þ � � � þ rm�2

Cðm�1Þ þ kEsa;a�b;aþm�1ðk;l; r � sÞ
� �

uðm�2Þ
0

þEsa;a�b;mðk;l; rÞuðm�1Þ
0 þ

Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds

¼
Xm�2

j¼0

rj
Cðjþ1Þ þ kEsa;a�b;aþjþ1ðk;l; r � sÞ
h i

uðjÞ
0 þ Esa;a�b;mðk;l; rÞuðm�1Þ

0

þ
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds; r > 0:

ð3:6Þ
Proof. Let T ¼ 1. We suppose that (1.3) has a uniquem times con-
tinuously differentiable solution y; g is continuous and exponen-
tially bounded, and CDb

0þy (or CDa
0þy) is exponentially bounded on

½0;1Þ, then y and CDb
0þy (or CDa

0þy) are exponentially bounded on
0;1½ Þ, thus their Laplace transforms exist. Then we can acquire
an integral representation of solution to the linear homogeneous
Langevin type time-delay equation with general fractional orders
in Caputo’s sense.

Firstly, we are applying Laplace integral transform to the both
sides of (3.5) with the aid of following relations:

L ðCDa
0þyÞðrÞ

� 	ðsÞ ¼ saYðsÞ �
Xm�1

k¼0

sa�k�1uðkÞ
0 ; m� 1 < a 6 m;

L ðCDb
0þyÞðrÞ

n o
ðsÞ ¼ sbYðsÞ �

Xm�2

k¼0

sb�k�1uðkÞ
0 ; m� 2 < b 6 m� 1;

and first, by using substitution r � s ¼ h, we obtain that

L yðr � sÞf gðsÞ ¼ R1
0 e�sryðr � sÞdr ¼ e�ss R1

�s e
�shyðhÞdh

¼ e�ss R 0
�s e

�shyðhÞdhþ R1
0 e�shyðhÞdh

� �
¼ e�ssYðsÞ þ R 0

�s e
�sðsþhÞuðhÞdh:

Since sþ h ¼ r, we acquire that

L yðr � sÞf gðsÞ ¼ e�ssYðsÞ þ R s0 e�stuðr � sÞdr
¼ e�ssYðsÞ þ R1

0 e�sr ~uðr � sÞdr
¼ e�ssYðsÞ þ L ~uðr � sÞf gðsÞ;
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where ~uð�Þ : R ! R is the unit-step function defined as follows:

~uðrÞ ¼ uðrÞ; �s 6 r 6 0;0; r > 0:f
Then, we achieve the following result

saYðsÞ �
Xm�1

k¼0

sa�k�1uðkÞ
0 � l sbYðsÞ �

Xm�2

k¼0

sb�k�1uðkÞ
0

 !

�k e�ssYðsÞ þ L ~uðr � sÞf gðsÞð Þ ¼ 0:

Next, we write above expression in the following explicit form

sa � lsb � ke�ss½ �YðsÞ ¼ sa�1 � lsb�1
� �

u0 þ sa�2 � lsb�2
� �

u0
0

þ � � � þ sa�mþ1 � lsb�mþ1
� �

uðm�2Þ
0 þ sa�muðm�1Þ

0

þkL ~uðr � sÞf gðsÞ:
ð3:7Þ

Then, we solve (3.7) with respect to YðsÞ,
YðsÞ ¼ sa�1�lsb�1

sa�lsb�ke�ss u0 þ sa�2�lsb�2

sa�lsb�ke�ss u0
0

þ � � � þ sa�mþ1�lsb�mþ1

sa�lsb�ke�ss uðm�2Þ
0 þ sa�m

sa�lsb�ke�ss u
ðm�1Þ
0 þ k L ~uðr�sÞf gðsÞ

sa�lsb�ke�ss

¼ s�1 sa�lsb�ke�ssþke�ss

sa�lsb�ke�ss

h i
u0 þ s�2 sa�lsb�ke�ssþke�ss

sa�lsb�ke�ss

h i
u0

0

þ � � � þ s�ðm�1Þ sa�lsb�ke�ssþke�ss

sa�lsb�ke�ss

h i
uðm�2Þ

0 þ sa�m

sa�lsb�ke�ss u
ðm�1Þ
0 þ k L ~uðr�sÞf gðsÞ

sa�lsb�ke�ss

¼ s�1 1þ ke�ss

sa�lsb�ke�ss

h i
u0 þ s�2 1þ ke�ss

sa�lsb�ke�ss

h i
u0

0

þ � � � þ s�ðm�1Þ 1þ ke�ss

sa�lsb�ke�ss

h i
uðm�2Þ

0 þ sa�m

sa�lsb�ke�ss u
ðm�1Þ
0 þ k L ~uðr�sÞf gðsÞ

sa�lsb�ke�ss

¼ s�1u0 þ s�2u0
0 þ . . .þ s�ðm�1Þuðm�2Þ

0

� �
1þ ke�ss

sa�lsb�ke�ss

� �
þ sa�m

sa�lsb�ke�ss u
ðm�1Þ
0 þ k L ~uðr�sÞf gðsÞ

sa�lsb�ke�ss :

ð3:8Þ

In accordance with Lemma 2.1, we have

sa�lsb �ke�ssð Þ�1 ¼ sa�lsbð Þ�1 1�kðsa�lsbÞ�1e�ss
� ��1

¼ sa�lsbð Þ�1 1þkðsa�lsbÞ�1e�ssþk2ðsa�lsbÞ�2e�2ssþ . . .þklðsa�lsbÞ�le�lssþ . . .
� �

¼ sa�lsbð Þ�1X1
l¼0

klðsa�lsbÞ�le�lss ¼
X1
l¼0

klðsa�lsbÞ�ðlþ1Þe�lss:

ð3:9Þ

By inserting (3.9) into (3.8), we achieve

YðsÞ ¼ s�1u0 þ s�2u0
0 þ . . .þ s�ðm�1Þuðm�2Þ

0

h i
þ s�1u0 þ s�2u0

0 þ . . .þ s�ðm�1Þuðm�2Þ
0

h iX1
l¼0

klþ1ðsa � lsbÞ�ðlþ1Þe�ðlþ1Þss

þsa�m
X1
l¼0

klðsa � lsbÞ�ðlþ1Þe�lssuðm�1Þ
0

þ
X1
l¼0

klþ1ðsa � lsbÞ�ðlþ1Þe�lssL ~uðr � sÞf gðsÞ

¼ s�1u0 þ s�2u0
0 þ . . .þ s�ðm�1Þuðm�2Þ

0

h i
þs�1

X1
l¼0

klþ1ðsa � lsbÞ�ðlþ1Þe�ðlþ1Þssu0

þs�2
X1
l¼0

klþ1ðsa � lsbÞ�ðlþ1Þe�ðlþ1Þssu0
0

þ . . .þ s�ðm�1Þ
X1
l¼0

klþ1ðsa � lsbÞ�ðlþ1Þe�ðlþ1Þssuðm�2Þ
0

þsa�m
X1
l¼0

klðsa � lsbÞ�ðlþ1Þe�lssuðm�1Þ
0

þ
X1
l¼0

klþ1ðsa � lsbÞ�ðlþ1Þe�lssL ~uðr � sÞf gðsÞ:

ð3:10Þ

Taking inverse Laplace transform of (3.10) and applying Lemma
2.2, Lemma 3.2, and formulas (2.8) and (2.11), we find an explicit
representation of solution for a Cauchy problem (3.5):
7

yðrÞ ¼ u0 þ ru0
0 þ . . .þ rm�2

Cðm�1Þu
ðm�2Þ
0

h i

þk
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaHðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþ1Þ u0

þk
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaþ1Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþ2Þ u0
0

þ � � � þ k
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaþm�2Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþm�1Þ uðm�2Þ
0

þ
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�lsÞlaþpða�bÞþm�1Hðr�lsÞ

Cðlaþpða�bÞþmÞ uðm�1Þ
0

þk
R r
0

X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ls�sÞlaþpða�bÞþa�1Hðr�ls�sÞ

Cðlaþpða�bÞþaÞ ~uðs� sÞds

¼ 1þ k
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaHðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþ1Þ

 !
u0

þ r þ k
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaþ1Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþ2Þ

 !
u0

0

þ . . .þ rm�2

Cðm�1Þ þ k
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaþm�2Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþm�1Þ

 !
uðm�2Þ

0

þ
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�lsÞlaþpða�bÞþm�1Hðr�lsÞ

Cðlaþpða�bÞþmÞ uðm�1Þ
0

þk
R r�s
�s
X1
l¼0

X1
p¼0

lþ p

p

 !
kllp ðr�ðlþ1Þs�sÞlaþpða�bÞþa�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞþaÞ ~uðsÞds

¼ 1þ kEsa;a�b;aþ1ðk;l; r � sÞ
� �

u0 þ r þ kEsa;a�b;aþ2ðk;l; r � sÞ
� �

u0
0

þ � � � þ rm�2

Cðm�1Þ þ kEsa;a�b;aþm�1ðk;l; r � sÞ
� �

uðm�2Þ
0 þ Esa;a�b;mðk;l; rÞuðm�1Þ

0

þk
R r�s
�s Esa;a�b;aðk;l; r � s� sÞ~uðsÞds

¼
Xm�2

j¼0

rj
Cðjþ1Þ þ kEsa;a�b;aþjþ1ðk;l; r � sÞ
h i

uðjÞ
0 þ Esa;a�b;mðk;l; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds:

ð3:11Þ

where we have used the following results:

r P s )
Z r�s

�s
Esa;a�b;aðk;l; r � s� sÞ ~uðsÞ

ds ¼
Z 0

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds; ð3:12Þ

and

r < s )
Z r�s

�s
Esa;a�b;aðk;l; r � s� sÞ ~uðsÞds

¼
Z r�s

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds: ð3:13Þ

If we combine the above cases (3.12) and (3.13), we can derive
the following desired result:Z r�s

�s
Esa;a�b;aðk;l; r � s� sÞ~uðsÞds

¼
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds: ð3:14Þ

Verification by substitution. Having found explicit form for
yðrÞ, it remains to verify that yðrÞ is an exact analytical solution
of (3.5), indeed. First of all, it should be noted that the Caputo frac-
tional derivative of constant function is equal to zero. Now, we will
apply Lemma 3.3 to show that yðrÞ is a solution of (3.5) by direct
substitution method. To do so, we compute the fractional differen-
tiation of yðrÞ by applying Lemma 3.3 and then starting from the
series (3.1) to the formula (3.4) and make the use of the following
eminent Pascal’s identity

lþ p

p

� �
¼ lþ p� 1

p

� �
þ lþ p� 1

p� 1

� �
; for l;p P 1;

as below
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CDa
0þ y

� �ðrÞ ¼ CDa
0þ ð1þ kEsa;a�b;aþ1ðk;l; r � sÞÞu0 þ ðr þ kEsa;a�b;aþ2ðk;l; r � sÞÞu0

0

�
þ � � � þ rm�2

Cðm�1Þ þ kEsa;a�b;aþm�1ðk;l; r � sÞ
� �

uðm�2Þ
0

þEsa;a�b;mðk;l; rÞuðm�1Þ
0 þ k

Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds

!

¼ CDa
0þ 1þ k

X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaHðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþ1Þ

 !
u0

"

þ r þ k
X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaþ1Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþ2Þ

 !
u0

0

þ . . .þ rm�2

Cðm�1Þ þ k
X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþaþm�2Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþaþm�1Þ

 !
uðm�2Þ

0

þ rm�1

CðmÞu
ðm�1Þ
0 þ

X1
l¼1

X1
p¼0

lþ p� 1
p

� �
kllp ðr�lsÞlaþpða�bÞþm�1Hðr�lsÞ

Cðlaþpða�bÞþmÞ uðm�1Þ
0

 

þ
X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
kllp ðr�lsÞlaþpða�bÞþm�1Hðr�lsÞ

Cðlaþpða�bÞþmÞ uðm�1Þ
0

!

þ k
Z minfr�s;0g

�s
ðr�s�sÞa�1Hðr�s�sÞ

CðaÞ uðsÞds
 

þ
Z minfr�s;0g

�s

X1
l¼1

X1
p¼0

lþ p� 1
p

� �
klþ1lp ðr�ðlþ1Þs�sÞlaþpða�bÞþa�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞþaÞ uðsÞds

þ
Z minfr�s;0g

�s

X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
klþ1lp ðr�ðlþ1Þs�sÞlaþpða�bÞþa�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞþaÞ uðsÞds
!#

¼ k
X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�ðlþ1ÞsÞlaþpða�bÞHðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþ1Þ u0

þk
X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþ1Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþ2Þ u0
0

þ . . .þ k
X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�ðlþ1ÞsÞlaþpða�bÞþm�2Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþm�1Þ uðm�2Þ
0

þ
X1
l¼1

X1
p¼0

lþ p� 1
p

� �
kllp ðr�lsÞlaþpða�bÞþm�a�1Hðr�lsÞ

Cðlaþpða�bÞþm�aÞ uðm�1Þ
0

þ
X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
kllp ðr�lsÞlaþpða�bÞþm�a�1Hðr�lsÞ

Cðlaþpða�bÞþm�aÞ uðm�1Þ
0

þk
Z minfr�s;0g

�s

X1
l¼1

X1
p¼0

lþ p� 1
p

� �
kllp ðr�ðlþ1Þs�sÞlaþpða�bÞ�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞÞ uðsÞds

þk
Z minfr�s;0g

�s

X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
kllp ðr�ðlþ1Þs�sÞlaþpða�bÞ�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞÞ uðsÞds:

From now on, using again Pascal’s rule for binomial coefficients,
we find that

CDa
0þ y

� �ðrÞ ¼ kHðr � sÞ þ
X1
l¼1

X1
p¼0

lþ p� 1
p

� �
klþ1lp ðr�ðlþ1ÞsÞlaþpða�bÞHðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþ1Þ

"

þ
X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
klþ1lp ðr�ðlþ1ÞsÞlaþpða�bÞHðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþ1Þ

#
u0

þ kðr � sÞHðr � sÞ þ
X1
l¼1

X1
p¼0

lþ p� 1
p

� �
klþ1lp ðr�ðlþ1ÞsÞlaþpða�bÞþ1Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþ2Þ

"

þ
X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
klþ1lp ðr�ðlþ1ÞsÞlaþpða�bÞþ1Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþ2Þ

#
u0

0

þ � � � þ k ðr�sÞm�2

Cðm�1Þ Hðr � sÞ þ
X1
l¼1

X1
p¼0

lþ p� 1
p

� �
klþ1lp ðr�ðlþ1ÞsÞlaþpða�bÞþm�2Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþm�1Þ

"

þ
X1
l¼0

X1
p¼1

lþ p� 1
p� 1

� �
klþ1lp ðr�ðlþ1ÞsÞlaþpða�bÞþm�2Hðr�ðlþ1ÞsÞ

Cðlaþpða�bÞþm�1Þ

#
uðm�2Þ

0

þ
X1
l¼1

X1
p¼0

lþ p� 1
p

� �
klþ1lp ðr�lsÞlaþpða�bÞþm�a�1Hðr�lsÞ

Cðlaþpða�bÞþm�aÞ

"

8

þ
X1
l¼0

X1
p¼1

lþ p� 1

p� 1

 !
klþ1lpðr�lsÞlaþpða�bÞþm�a�1Hðr�lsÞ

Cðlaþpða�bÞþm�aÞ

#
uðm�1Þ

0

þ k
Z minfr�s;0g

�s

X1
l¼1

X1
p¼0

lþ p� 1

p

 !
kllpðr�ðlþ1Þs�hÞlaþpða�bÞ�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞÞ uðsÞds
"

þk
Z minfr�s;0g

�s

X1
l¼0

X1
p¼1

lþ p� 1

p� 1

 !
kllpðr�ðlþ1Þs�sÞlaþpða�bÞ�1Hðr�ðlþ1Þs�sÞ

Cðlaþpða�bÞÞ uðsÞds
#

¼ kHðr � sÞ þ
X1
l¼0

X1
p¼0

lþ p

p

 !
klþ2lpðr�ðlþ2ÞsÞðlþ1Þaþpða�bÞHðr�ðlþ2ÞsÞ

Cððlþ1Þaþpða�bÞþ1Þ

"

þ
X1
l¼0

X1
p¼0

lþ p

p

 !
klþ1lpþ1ðr�ðlþ1ÞsÞlaþðpþ1Þða�bÞHðr�ðlþ1ÞsÞ

Cðlaþðpþ1Þða�bÞþ1Þ

#
u0

þ kðr � sÞHðr � sÞ þ
X1
l¼0

X1
p¼0

lþ p

p

 !
klþ2lpðr�ðlþ2ÞsÞðlþ1Þaþpða�bÞþ1Hðr�ðlþ2ÞsÞ

Cððlþ1Þaþpða�bÞþ2Þ

"

þ
X1
l¼0

X1
p¼0

lþ p

p

� �
klþ1lpþ1 ðr�ðlþ1ÞsÞlaþðpþ1Þða�bÞþ1Hðr�ðlþ1ÞsÞ

Cðlaþðpþ1Þða�bÞþ2Þ

#
u0

0

þ � � � þ k ðr�sÞm�2

Cðm�1Þ Hðr � sÞ þ
X1
l¼0

X1
p¼0

lþ p

p

� �
klþ2lp ðr�ðlþ2ÞsÞðlþ1Þaþpða�bÞþm�2Hðr�ðlþ2ÞsÞ

Cððlþ1Þaþpða�bÞþm�1Þ

"

þ
X1
l¼0

X1
p¼0

lþ p

p

� �
klþ1lpþ1 ðr�ðlþ1ÞsÞlaþðpþ1Þða�bÞþm�2Hðr�ðlþ1ÞsÞ

Cðlaþðpþ1Þða�bÞþm�1Þ

#
uðm�2Þ

0

þ
X1
l¼0

X1
p¼0

lþ p

p

� �
klþ2lp ðr�ðlþ2ÞsÞðlþ1Þaþpða�bÞþm�a�1Hðr�ðlþ2ÞsÞ

Cððlþ1Þaþpða�bÞþm�aÞ

"

þ
X1
l¼0

X1
p¼0

lþ p

p

� �
klþ1lpþ1 ðr�ðlþ1ÞsÞlaþðpþ1Þða�bÞþm�a�1Hðr�ðlþ1ÞsÞ

Cðlaþðpþ1Þða�bÞþm�aÞ

#
uðm�1Þ

0

þ
Z minfr�s;0g

�s

X1
l¼0

X1
p¼0

lþ p

p

� �
klþ2lp ðr�ðlþ2Þs�sÞðlþ1Þaþpða�bÞ�1Hðr�ðlþ2Þs�sÞ

Cððlþ1Þaþpða�bÞÞ uðsÞds

þ
Z minfr�s;0g

�s

X1
l¼0

X1
p¼0

lþ p

p

� �
klþ1lpþ1 ðr�ðlþ1Þs�sÞlaþðpþ1Þða�bÞ�1Hðr�ðlþ1Þs�sÞ

Cðlaþðpþ1Þða�bÞÞ uðsÞds

¼ kHðr�sÞþk2Esa;a�b;aþ1ðk;l;r�2sÞþklEsa;a�b;a�bþ1ðk;l;r�sÞ
h i

u0

þ kðr�sÞHðr�sÞþk2Esa;a�b;aþ2ðk;l;r�2sÞþklEsa;a�b;a�bþ2ðk;l;r�sÞ
h i

u0
0

þ . . .þ k ðr�sÞm�2

Cðm�1Þ Hðr�sÞþk2Esa;a�b;aþm�1ðk;l;r�2sÞþklEsa;a�b;a�bþm�1ðk;l;r�sÞ
h i

uðm�2Þ
0

þ kEsa;a�b;mðk;l;r�sÞþlEsa;a�b;m�bðk;l;r�sÞ
h i

uðm�1Þ
0

þ k2
Z minfr�s;0g

�s
Esa;a�b;aðk;l;r�s� sÞuðsÞdsþkl

Z minfr�s;0g

�s
Esa;a�b;a�bðk;l;r�s� sÞuðsÞds

" #
:

Similarly, we have

l CDb
0þy

� �
ðrÞ ¼ CDb

0þ ð1þkEsa;a�b;aþ1ðk;l;r�sÞÞu0 þðrþkEsa;a�b;aþ2ðk;l;r�sÞÞu0
0

�
þ�� �þ rm�2

Cðm�1ÞþkEsa;a�b;aþm�1ðk;l;r�sÞ
� �

uðm�2Þ
0

þEsa;a�b;mðk;l;rÞuðm�1Þ
0 þk

Z minfr�s;0g

�s
Esa;a�b;aðk;l;r�s� sÞuðsÞds

!

¼ klEsa;a�b;a�bþ1ðk;l;r�sÞu0þklEsa;a�b;a�bþ2ðk;l;r�sÞu0
0

þ . . .þklEsa;a�b;a�bþm�1ðk;l;r�sÞuðm�2Þ
0 þlEsa;a�b;m�bðk;l;r�sÞuðm�1Þ

0

þkl
Z minfr�s;0g

�s
Esa;a�b;a�bðk;l;r�s� sÞuðsÞds;

and
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kyðr�sÞ ¼ kHðr�sÞþk2Esa;a�b;aþ1ðk;l;r�2sÞ
h i

u0

þ kðr�sÞHðr�sÞþk2Esa;a�b;aþ2ðk;l;r�2sÞ
h i

u0
0

þ . . .þ k ðr�sÞm�2

Cðm�1Þ Hðr�sÞþk2Esa;a�b;aþm�1ðk;l;r�2sÞ
h i

uðm�2Þ
0

þkEsa;a�b;mðk;l;r�sÞuðm�1Þ
0 þk2

Z minfr�s;0g

�s
Esa;a�b;aðk;l;r�s� sÞuðsÞds:

Taking a linear combination, we find that the following desired
result:

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðr � sÞ ¼ 0; r > 0:

This completes the proof. h
4. Integral representation of solution to linear inhomogeneous
Langevin type DDEs with general fractional orders

In this section, we find the explicit formula of solutions to linear
inhomogeneous fractional Langevin type DDEs with constant coef-
ficients by applying the classical ideas to find solution of (1.3).

Consider the following two Caputo type FDDEs with constant
coefficients:

ðCDa
0þyÞðrÞ � lðCDb

0þyÞðrÞ � kyðr � sÞ ¼ gðrÞ; r > 0; s > 0;
yðrÞ � 0; �s 6 r 6 0;

(

ð4:1Þ
and

ðCDa
0þyÞðrÞ � lðCDb

0þyÞðrÞ � kyðr � sÞ ¼ 0; r > 0; s > 0;
yðrÞ ¼ uðrÞ; �s 6 r 6 0:

(

ð4:2Þ
The following lemma plays a significant role in the proof of next

theorem which can be derived from classical ideas to find solution
of linear FDDEs.

Lemma 4.1. If y1ðrÞ and y2ðrÞ are the solutions systems (4.1) and
(4.2), respectively, then yðrÞ ¼ y1ðrÞ þ y2ðrÞ is the general solution of
system (1.3).

Note that the solution y2ðrÞ of (4.2) have studied in Section 3. In
other words, to achieve our target we need to find y1ðrÞ which is a
particular solution of (1.3).

Lemma 4.2. Let m� 1 < a < m;m� 2 < b 6 m� 1 for m P 2.
Then, we have the following relation:

Z r

gþls
ðr � sÞm�1�aðs� ls� gÞlaþpða�bÞþa�1ds

¼ ðr � ls� gÞlaþmþpða�bÞ�1Bðm� a; ðlþ 1Þaþ pða� bÞÞ; ð4:3Þ

where B is a beta function.
Proof. By using the substitution u ¼ r�s
r�ls�g and formula (2.2), we

achieve

R r
gþls ðr � sÞm�1�aðs� ls� gÞlaþpða�bÞþa�1ds

¼ ðr � ls� gÞlaþmþpða�bÞ�1 R 1
0 um�1�að1� uÞlaþpða�bÞþa�1du

¼ ðr � ls� gÞlaþmþpða�bÞ�1Bðm� a; ðlþ 1Þaþ pða� bÞÞ:
The proof is complete.
9

Theorem 4.1. A solution ŷ 2 Cmð½0; T�;RÞ of (1.3) satisfying zero
initial conditions ŷðrÞ � 0; r 2 ½�s;0Þ; ŷðkÞð0Þ � 0; 06 k6m�1
has the following form:

ŷðrÞ ¼
Z r

0
Esa;a�b;aðk;l; r � sÞgðsÞds; r > 0: ð4:4Þ
Proof. By using the method of variation of constants, any solution
ŷ of inhomogeneous system should be satisfied the following form:

ŷðrÞ ¼
Z r

0
Esa;a�b;aðk;l; r � sÞhðsÞds; r > 0; ð4:5Þ

where hðsÞ; 0 6 s 6 r is a sought after vector function and
ŷð0Þ ¼ 0.

Because of these homogeneous initial values, it follows that in
this case, for any given order either in the interval of ðm� 1;m� for
m P 2, the Caputo and R-L fractional derivatives are equal in
accordance with the relation (2.7). Therefore, in the work belowwe
will apply R-L fractional derivative instead of Caputo fractional
derivative one to verify the solution of differential equation with
fractional-orders. Having Caputo fractional differentiation on both
sides of (4.5) and in accordance with Lemma 4.2, we attain the
following result:
ðCDa
0þ ŷÞðrÞ ¼ ðDa

0þ ŷÞðrÞ ¼ 1
Cðm�aÞ

dm

drm
R r
0 ðr � sÞm�1�a R s

0 E
s
a;a�b;aðk;l; s� gÞhðgÞdgds

¼ 1
Cðm�aÞ

dm

drm
R r
0

R s
0 ðr � sÞm�1�a

Esa;a�b;aðk;l; s� gÞhðgÞdgds
¼ 1

Cðm�aÞ
dm

drm
R r
0

R r
gþls ðr � sÞm�1�a

Esa;a�b;aðk;l; s� gÞhðgÞdgds
¼ 1

Cðm�aÞ
dm

drm
R r
0 hðgÞ

R r
gþls ðr � sÞm�1�a

Esa;a�b;aðk;l; s� gÞds
� �

dg

¼ 1
Cðm�aÞ

X1
l¼0

X1
p¼0

kllp lþ p

p

� �
dm

drm
R r
0 hðgÞ

R r
gþls ðr � sÞm�1�a ðs�ls�gÞlaþpða�bÞþa�1Hðr�ls�gÞ

Cðlaþpða�bÞþaÞ ds
� �

dg

¼ 1
Cðm�aÞ

X1
l¼0

X1
p¼0

kllp lþ p

p

� �
dm

drm
R r
0

ðr�ls�gÞlaþmþpða�bÞ�1Hðr�ls�gÞ
Cððlþ1Þaþpða�bÞÞ hðgÞdg

�Bðm� a; ðlþ 1Þaþ pða� bÞÞ

¼
X1
l¼0

X1
p¼0

kllp lþ p

p

� �
dm

drm
R r
0

ðr�ls�gÞlaþmþpða�bÞ�1Hðr�ls�gÞ
Cðlaþmþpða�bÞÞ hðgÞdg:

With the aid of following binomial identity:

lþ p
p

� �
¼ lþ p� 1

p

� �
þ lþ p� 1

p� 1

� �
; l; p P 1;

and applying Leibniz rule for higher-order derivatives (Huseynov
et al., 2021) (see Theorem 3.2), we attain

ðCDa
0þ ŷÞðrÞ ¼ ðDa

0þ ŷÞðrÞ ¼ dm

drm
R r
0

ðr�gÞm�1Hðr�gÞ
CðmÞ hðgÞdg

þ
X1
l¼1

X1
p¼0

kllp lþ p� 1
p

� �
dm

drm
R r
0

ðr�ls�gÞlaþmþpða�bÞ�1Hðr�ls�gÞ
Cðlaþmþpða�bÞÞ hðgÞdg

þ
X1
l¼0

X1
p¼1

kllp lþ p� 1
p� 1

� �
dm

drm
R r
0

ðr�ls�gÞlaþmþpða�bÞ�1Hðr�ls�gÞ
Cðlaþmþpða�bÞÞ hðgÞdg

¼ hðrÞ þ
X1
l¼1

X1
p¼0

kllp lþ p� 1
p

� �R r
0

ðr�ls�gÞlaþpða�bÞ�1Hðr�ls�gÞ
Cðlaþpða�bÞÞ hðgÞdg

þ
X1
l¼0

X1
p¼1

kllp lþ p� 1
p� 1

� �R r
0

ðr�ls�gÞlaþpða�bÞ�1Hðr�ls�gÞ
Cðlaþpða�bÞÞ hðgÞdg

¼ hðrÞ þ
X1
l¼0

X1
p¼0

klþ1lp lþ p

p

� �R r
0

ðr�ðlþ1Þs�gÞðlþ1Þaþpða�bÞ�1Hðr�ðlþ1Þs�gÞ
Cððlþ1Þaþpða�bÞÞ hðgÞdg

þ
X1
l¼0

X1
p¼0

kllpþ1 lþ p

p

� �R r
0

ðr�ls�gÞlaþðpþ1Þða�bÞ�1Hðr�ls�gÞ
Cðlaþðpþ1Þða�bÞÞ hðgÞdg

¼ hðrÞ þ k
R r
0 E

s
a;a�b;aðk;l; r � s� gÞhðgÞdgþ l

R r
0 E

s
a;a�b;a�bðk;l; r � gÞhðgÞdg

¼ lðCDb
0þ ŷÞðrÞ þ kyðr � sÞ þ hðrÞ ¼ lðCDb

0þ ŷÞðrÞ þ kyðr � sÞ þ gðrÞ:

Therefore, we acquire that hðrÞ ¼ gðrÞ for r 2 ½0; T�. The proof is
complete. h

Finally, using Lemma 4.1 to combine the result of Theorem 3.5
with that of Theorem 4.1, we obtain the following general solution
of IVP for FLE with a constant delay.
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Theorem 4.2. A unique analytical solution y 2 Cmð½�s; T�;RÞ of the
Cauchy problem (1.3) has the following form:
yðrÞ ¼ 1þ kEsa;a�b;aþ1ðk;l; r � sÞ
� �

u0 þ r þ kEsa;a�b;aþ2ðk;l; r � sÞ
� �

u0
0

þ � � � þ rm�2

Cðm�1Þ þ kEsa;a�b;aþm�1ðk;l; r � sÞ
� �

uðm�2Þ
0 þ Esa;a�b;mðk;l; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞdsþ

Z r

0
Esa;a�b;aðk;l; r � sÞgðsÞds

:¼ Pm�2

j¼0

rj
Cðjþ1Þ þ kEsa;a�b;aþjþ1ðk;l; r � sÞ
h i

uðjÞ
0 þ Esa;a�b;mðk;l; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞdsþ

Z r

0
Esa;a�b;aðk;l; r � sÞgðsÞds; r > 0:

ð4:6Þ
Proof. The proof of theorem is straightway. Hence, we pass over
it. h
Corollary 4.1. (The case of s ¼ 0). The unique analytical solution
y 2 Cmð½0; T�;RÞ of the following Cauchy problem for Langevin type
linear inhomogeneous FDE:

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðrÞ ¼ gðrÞ; r 2 ð0; T�;

yðkÞð0Þ ¼ yðkÞ0 ; 0 6 k 6 m� 1;

8<
: ð4:7Þ

can be represented by as follows

yðrÞ ¼
Xm�2

j¼0

rj
Cðjþ1Þ þ kraþjEa;a�b;aþjþ1ðkra ;lra�bÞ
h i

yðjÞ0 þ rm�1Ea;a�b;mðkra ;lra�bÞyðm�1Þ
0

þ R r
0 ðr � sÞa�1Ea;a�b;a kðr � sÞa ;lðr � sÞa�b

� �
gðsÞds; r > 0:

ð4:8Þ
Proof. Using the formula (4.6), we derive the following explicit
representation of the solution to the Cauchy problem of the Lange-
vin equation with two incommensurate fractional-orders (4.7): h

yðrÞ ¼ 1þ k
P1
l¼0

P1
p¼0

lþ p
p

� �
kllprlaþpða�bÞþa

Cðlaþpða�bÞþaþ1Þ

 !
y0

þ r þ k
P1
l¼0

P1
p¼0

lþ p

p

� �
kllprlaþpða�bÞþaþ1

Cðlaþpða�bÞþaþ2Þ

 !
y00

þ � � � þ rm�2

Cðm�1Þ þ k
P1
l¼0

P1
p¼0

lþ p
p

� �
kllprlaþpða�bÞþaþm�2

Cðlaþpða�bÞþaþm�1Þ

 !
yðm�2Þ
0

þP1
l¼0

P1
p¼0

lþ p
p

� �
kllprlaþpða�bÞþm�1

Cðlaþpða�bÞþmÞ y
ðm�1Þ
0

þR r
0

P1
l¼0

P1
p¼0

lþ p

p

� �
kllpðr�sÞlaþpða�bÞþa�1

Cðlaþpða�bÞþaÞ gðsÞds

¼ 1þ kraEa;a�b;aþ1ðkra;lra�bÞ� �
y0 þ r þ kraþ1Ea;a�b;aþ2ðkra;lra�bÞ� �

y00

þ � � � þ rm�2

Cðm�1Þ þ kraþm�2Ea;a�b;aþm�1ðkra;lra�bÞ
� �

yðm�2Þ
0

þrm�1Ea;a�b;mðkra;lra�bÞyðm�1Þ
0

þR r
0ðr � sÞa�1Ea;a�b;a kðr � sÞa;lðr � sÞa�b

� �
gðsÞds

:¼ Pm�2

j¼0

rj
Cðjþ1Þ þ kraþjEa;a�b;aþjþ1ðkra;lra�bÞ
h i

yðjÞ0 þ rm�1Ea;a�b;mðkra;lra�bÞyðm�1Þ
0

þR r
0ðr � sÞa�1Ea;a�b;a kðr � sÞa;lðr � sÞa�b

� �
gðsÞds; r > 0:

ð4:9Þ

It is important to note that these results (4.8) coincide with the
analytical solutions of Langevin FDE with general fractional orders
which considered by Ahmadova and Mahmudov in Ahmadova and
Mahmudov (2021) with the help of bivariate Mittag-Leffler type
functions. Furthermore, the authors in Ahmadova and
Mahmudov (2021) have investigated application of fractional-
order Langevin equations to the electrical circuit theory.
10
Remark 4.1. The Cauchy problem (4.7) has also a solution in terms
of Fox-Wright functions below:

yðrÞ ¼
Xm�2

j¼0

X1
l¼0

kl rlaþj

l! 1W1

ðlþ 1;1Þ
ðlaþ jþ 1;a� bÞ jlr

a�b

� 
(

�l
X1
l¼0

kl rlaþjþa�b

l! 1W1

ðlþ 1;1Þ
ðlaþ jþ a� bþ 1;a� bÞ jlr

a�b

� 
)
yðjÞ0

þ
X1
l¼0

kl rlaþm�1

l! 1W1

ðlþ 1;1Þ
ðlaþm;a� bÞ jlr

a�b

� 

yðm�1Þ
0

þ R r
0 ðr � sÞa�1Ga;b;k;lðr � sÞgðsÞds; r > 0;

where

Ga;b;k;lðrÞ :¼
X1
l¼0

klrla

l!
W1

1

ðlþ 1;1Þ
ðlaþ a;a� bÞ

����lra�b

� 

:

Proof. Using the definition of Fox-Wright function (2.17) and
Pascal’s identity for binomial coefficients, we arrive at

yðrÞ ¼
Xm�2

j¼0

X1
l¼0

kl rlaþj

l!

X1
p¼0

Cðlþ1þpÞ
Cðlaþ1þpða�bÞÞ

lprpða�bÞ
p!

(

�l
X1
l¼0

kl rlaþjþa�b

l!

X1
p¼0

Cðlþ1þpÞ
Cðlaþa�bþjþ1þpða�bÞÞ

lprpða�bÞ
p!

)
yðjÞ0

þ
X1
l¼0

kl rlaþm�1

l!

X1
p¼0

Cðlþ1þpÞ
Cðlaþpða�bÞþmÞ

kprpða�bÞ
p!

þ R r
0

X1
l¼0

klðr�sÞlaþa�1

l!

X1
p¼0

Cðlþ1þpÞ
Cðlaþpða�bÞþaÞ

kpðr�sÞpða�bÞ

p! gðsÞds

¼
Xm�2

j¼0

X1
l¼0

X1
p¼0

lþ p

p

 !
kllprlaþpða�bÞþj

Cðlaþpða�bÞþ1þjþ1Þ

(

�
X1
l¼0

X1
p¼0

lþ p

p

 !
kllpþ1rlaþðpþ1Þða�bÞþj

Cðlaþðpþ1Þða�bÞþjþ1Þ

)
yðjÞ0

þ
X1
l¼0

X1
p¼0

lþ p

p

 !
kllprlaþpða�bÞþm�1

Cðlaþpða�bÞþmÞ y
ðm�1Þ
0

þ R r
0

X1
l¼0

X1
p¼0

lþ p

p

 !
kllpðr�sÞlaþpða�bÞþa�1

Cðlaþpða�bÞþaÞ gðsÞds

¼
Xm�2

j¼0

rj
Cðjþ1Þ þ

X1
l¼1

X1
p¼0

lþ p� 1

p

 !
kllprlaþpða�bÞþj

Cðlaþpða�bÞþjþ1Þ

(

þ
X1
l¼0

X1
p¼1

lþ p� 1

p� 1

 !
kllprlaþpða�bÞþj

Cðlaþpða�bÞþjþ1Þ

�
X1
l¼0

X1
p¼1

lþ p� 1

p� 1

 !
kllprlaþpða�bÞþj

Cðlaþpða�bÞþjþ1Þ

)
yðjÞ0

þ
X1
l¼0

X1
p¼0

lþ p

p

 !
kllprlaþpða�bÞþm�1

Cðlaþpða�bÞþmÞ y
ðm�1Þ
0

þ R r
0

X1
l¼0

X1
p¼0

lþ p

p

 !
kllpðr�sÞlaþpða�bÞþa�1

Cðlaþpða�bÞþaÞ gðsÞds
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¼
Xm�2

j¼0

rj
Cðjþ1Þ þ

X1
l¼0

X1
p¼0

lþ p

p

� �
kllprlaþpða�bÞþaþj

Cðlaþpða�bÞþaþjþ1Þ

( )
yðjÞ0

þ
X1
l¼0

X1
p¼0

lþ p

p

� �
kllprlaþpða�bÞþm�1

Cðlaþpða�bÞþmÞ y
ðm�1Þ
0

þ R r
0

X1
l¼0

X1
p¼0

lþ p

p

� �
kllp ðr�sÞlaþpða�bÞþa�1

Cðlaþpða�bÞþaÞ gðsÞds

¼
Xm�2

j¼0

rj
Cðjþ1Þ þ kraþjEa;a�b;aþjþ1ðkra ;lra�bÞ
n o

yðjÞ0

þrm�1Ea;a�b;mðkra;lra�bÞyðm�1Þ
0 þ R r

0 ðr � sÞa�1Ea;a�b;aðkra ;lra�bÞgðsÞds; r > 0:

Therefore, our solution in terms of recently defined M-L type
functions coincide with the solution by means of Fox-Wright func-
tions shown in Kilbas et al. (2006) (see pp. 314 and 323). h
Corollary 4.2. (The case of k ¼ 0). The unique analytical solution
y 2 Cmð½0; T�;RÞ of the IVP for following linear inhomogeneous FDE
with two incommensurate fractional orders

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ ¼ gðrÞ; r 2 ð0; T�;

yðkÞðrÞ ¼ yðkÞ0 ; 0 6 k 6 m� 1;

8<
: ð4:10Þ

can be represented by as below

yðrÞ ¼
Xm�2

j¼0

rj
Cðjþ1Þ y

ðjÞ
0 þ rm�1Ea�b;mðlra�bÞyðm�1Þ

0

þ R r
0 ðr � sÞa�1Ea�b;aðlðr � sÞa�bÞgðsÞds; r > 0:

ð4:11Þ
Proof. With the help of the formula (4.6), we derive the following
explicit representation of solution for a fractional-order dynamical
system (4.10):

yðrÞ ¼ y0 þ ry00 þ . . .þ rm�2

Cðm�1Þ y
ðm�2Þ
0

h i
þ
X1
p¼0

lprpða�bÞþm�1

Cðpða�bÞþmÞ y
ðm�1Þ
0 þ R r

0

X1
p¼0

lpðr�sÞpða�bÞþa�1

Cðpða�bÞþaÞ gðsÞds

¼
Xm�2

j¼0

rj
Cðjþ1Þ y

ðjÞ
0 þ rm�1Ea�b;mðlra�bÞyðm�1Þ

0

þ R r
0 ðr � sÞa�1Ea�b;aðlðr � sÞa�bÞgðsÞds; r > 0:

ð4:12Þ

It is interesting to note that these solutions (4.11) are identical
with the solutions of FDE in Caputo’s sense that considered by
Kilbas et al. (2006) by means of two-parameter M-L or Wiman’s
functions. h
Corollary 4.3. (The case of l ¼ 0). The unique analytical solution
y 2 Cmð½0; T�;RÞ of the Cauchy problem for following linear inhomoge-
neous FDE with a constant delay

CDa
0þy

� �ðrÞ � kyðr � sÞ ¼ gðrÞ; r 2 ð0; T�; s > 0;
yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(
ð4:13Þ

can be expressed by as follows

yðrÞ ¼
Xm�2

j¼0

rj
Cðjþ1Þ þ kEsa;aþjþ1ðk; r � sÞ
h i

uðjÞ
0 þ Esa;aþmðk; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;aðk; r � s� sÞuðsÞdsþ R r

0 Esa;aðk; r � sÞgðsÞds; r > 0:

ð4:14Þ
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Proof. With the aid of the formula (4.6), we obtain the following
explicit representation of solution for fractional-order time-delay
system (4.13):

yðrÞ ¼ u0 þ ru0
0 þ . . .þ rm�2

Cðm�1Þu
ðm�2Þ
0

h i
þk
P1
l¼0

klðr�ðlþ1ÞsÞlaþaHðr�ðlþ1ÞsÞ
Cðlaþaþ1Þ u0

þk
P1
l¼0

klðr�ðlþ1ÞsÞlaþaþ1Hðr�ðlþ1ÞsÞ
Cðlaþaþ2Þ u0

0

þ � � � þ k
P1
l¼0

klðr�ðlþ1ÞsÞlaþaþm�2Hðr�ðlþ1ÞsÞ
Cðlaþaþm�1Þ uðm�2Þ

0

þP1
l¼0

klðr�lsÞlaþm�1Hðr�lsÞ
CðlaþmÞ uðm�1Þ

0

þk
Z minfr�s;0g

�s

X1
l¼0

klðr � ðlþ 1Þs� sÞlaþa�1Hðr � ðlþ 1Þs� sÞ
Cðlaþ aÞ uðsÞds

þ
Z r

0

X1
l¼0

klðr � ls� sÞlaþa�1Hðr � ls� sÞ
Cðlaþ aÞ gðsÞds

¼ 1þ k
P1
l¼0

klðr�ðlþ1ÞsÞlaþaHðr�ðlþ1ÞsÞ
Cðlaþaþ1Þ

� �
u0

þ r þ k
P1
l¼0

klðr�ðlþ1ÞsÞlaþaþ1Hðr�ðlþ1ÞsÞ
Cðlaþaþ2Þ

� �
u0

0

þ . . .þ rm�2

Cðm�1Þ þ k
P1
l¼0

klðr�ðlþ1ÞsÞlaþaþm�2Hðr�ðlþ1ÞsÞ
Cðlaþaþm�1Þ

� �
uðm�2Þ

0

þP1
l¼0

klðr�lsÞlaþm�1Hðr�lsÞ
CðlaþmÞ uðm�1Þ

0

þk
Z minfr�s;0g

�s

X1
l¼0

klðr � ðlþ 1Þs� sÞlaþa�1Hðr � ðlþ 1Þs� sÞ
Cðlaþ aÞ uðsÞds

þ
Z r

0

X1
l¼0

klðr � ls� sÞlaþa�1Hðr � ls� sÞ
Cðlaþ aÞ gðsÞds

¼ 1þ kEsa;aþ1ðk; r � sÞ
� �

u0 þ r þ kEsa;aþ2ðk; r � sÞ
� �

u0
0

þ � � � þ rm�2

Cðm�1Þ þ kEsa;aþm�1ðk; r � sÞ
� �

uðm�2Þ
0 þ Esa;mðk;l; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;aðk; r � s� sÞuðsÞdsþ

Z r

0
Esa;aðk; r � sÞgðsÞds

:¼ Pm�2

j¼0

rj
Cðjþ1Þ þ kEsa;aþjþ1ðk; r � sÞ
h i

uðjÞ
0 þ Esa;mðk; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;aðk; r � s� sÞuðsÞdsþ

Z r

0
Esa;aðk; r � sÞgðsÞds; r > 0:

ð4:15Þ

Furthermore, it should be noted that above results (4.14) are
the general case of the solutions of fractional-order time-delay dif-
ferential equation with constant coefficients which considered by
Li and Wang (2017) and Li and Wang (2018) in case of
a 2 ð0;1�. h
4.1. Special case: the solutions of delayed FLEs

In this subsection, we provide the special case of (1.3) where
1 < a 6 2 and 0 < b 6 1.

Firstly, we consider the homogeneous linear delayed FLE in the
following form

CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðr � sÞ ¼ 0; r 2 ð0; T�; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð4:16Þ
as well as the corresponding in-homogeneous delayed FLE in the
form
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CDa
0þy

� �ðrÞ � l CDb
0þy

� �
ðrÞ � kyðr � sÞ ¼ gðrÞ; r 2 ð0; T�; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð4:17Þ

where u 2 C1 ½�s;0�;Rð Þ is an arbitrary continuously differentiable
real-valued function that determines initial conditions.

Theorem 4.3. The unique analytical solution y 2 C2ð½0; T�;RÞ of the
Cauchy problem (4.16) for linear homogeneous FLE with a constant
delay can be represented by

yðrÞ ¼ 1þ kEsa;a�b;aþ1ðk;l; r � sÞ
� �

u0 þ Esa;a�b;2ðk;l; rÞu0
0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞds; r > 0:

ð4:18Þ
Theorem 4.4. A unique analytical solution y 2 C2ð½0; T�;RÞ of the IVP
(4.17) for linear inhomogeneous time-delay FLE has the form:

yðrÞ ¼ 1þ kEsa;a�b;aþ1ðk;l; r � sÞ
� �

u0 þ Esa;a�b;2ðk;l; rÞu0
0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞdsþ R r

0 E
s
a;a�b;aðk;l; r � sÞgðsÞds; r > 0:

ð4:19Þ
Proof. The proofs of Theorem 4.3 and 4.4 are straightforward
approaches by following the general case above, so we omit it
here. h
5. Existence and uniqueness problem for nonlinear time-delay
FLE

In this section, firstly, we consider the Cauchy problem for non-
linear FLE with a constant delay:

ðCDa
0þyÞðrÞ � lðCDa

0þyÞðrÞ � kyðr � sÞ ¼ gðr; yðrÞÞ; r 2 ð0; T�; s > 0;
yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð6:1Þ
where m� 1 < a 6 m;m� 2 < b 6 m� 1;m P 2 with
a� b P 1; yð�Þ 2 R; gð�; yð�ÞÞ : ½0;1Þ� R ! R is a nonlinear pertur-
bation and also a continuous function. Moreover, for definiteness,
we will also assume that

r # gðr;0Þð Þ 2 Cð½0;1Þ;RÞ: ð6:2Þ
Then, in accordance with Theorem 4.2, we acquire the solution

of nonlinear fractional Langevin type DDE (6.1) as follows:

yðrÞ ¼
Xm�2

j¼0

rj
Cðjþ1Þ þ kEsa;a�b;aþjþ1ðk;l; r � sÞ
h i

uðjÞ
0 þ Esa;a�b;mðk;l; rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l; r � s� sÞuðsÞdsþ R r

0 E
s
a;a�b;aðk;l; r � sÞgðs; yðsÞÞds; r > 0:

Lemma 5.1. The following estimation holds true:

jEa;a�b;aþkðk;l; rÞj 6 raþk�1 expðjkjra þ jljra�bÞ for
k ¼ 0;1; . . . ;m� 1:
Proof. Firstly, we need to estimate Ea;a�b;aþkðk;l; rÞ as below:
12
jEa;a�b;aþkðk;l; rÞj 6
X1
l¼0

X1
p¼0

lþ p

p

� �
jkjl jljprlaþpða�bÞþaþk�1

Cðlaþpða�bÞþaþkÞ

¼ raþk�1
X1
l¼0

X1
p¼0

ðlþpÞ!
l!p! jkjljljp rlaþpða�bÞ

Cðlaþpða�bÞþaþkÞ :

Since m� 1 < a 6 m;m� 2 < b 6 m� 1 and a� b P 1 for
m P 2, we have

Cðlaþ pða� bÞ þ aþ kÞ > Cðlþ pþ 1Þ ¼ ðlþ pÞ!
It follows that

jEa;a�b;aþkðk;l; rÞj 6 raþk�1
X1
l¼0

X1
p¼0

ðlþpÞ!
l!p! jkjljljp rlaþpða�bÞ

ðlþpÞ!

¼ raþk�1
X1
l¼0

X1
p¼0

jkjl jljp
l!p! rlaþpða�bÞ

¼ raþk�1
X1
l¼0

jkjlrla
l!

X1
p¼0

jljprpða�bÞ
p!

¼ raþk�1 expðjkjraÞ expðjljra�bÞ
¼ raþk�1 expðjkjra þ jljra�bÞ:

The proof is complete. h
Corollary 5.1. For m P 2, the following result holds:

jEa;a�b;mðk;l; rÞj 6 rm�1 expðjkjra þ jljra�bÞ:
Theorem 5.1. Suppose that the following assumptions hold true:

ðH1Þ g : ½0; T� � R ! R be a continuous function;
ðH2Þ there exists Lg > 0 such that g satisfying the Lipschitz

condition:

jgðr; yÞ � gðr; zÞj 6 Lg jy� zj;8ðr; yÞ; ðr; zÞ 2 ½0; T� � R;

Then, the problem (6.1) has a unique global continuous solution on
½0; T�.
Proof. Let a ball be defined as BR :¼ q y 2 Cð½0; T�;RÞ : kykx 6
�

R;x > 0gwhere R is positive constant with

R P
KjuðjÞ

0 jxa þ Tm�1Nxajuðm�1Þ
0 j þ NCðaÞðjkjkukx þMÞ

xa � NCðaÞLg ; ð6:3Þ

where

K ¼
Xm�2

j¼0

Tj

Cðjþ 1Þ þ jkjTaþjN

 !
; M

¼ max
jgðr;0Þj
expðxrÞ ;0 6 r 6 T

 �

; N ¼ expðjkjTa þ jljTa�bÞ:

Now, we define an integral operator P on BR as follows:

P : Cð½0; T�;RÞ 	 BR 3 y# PðyÞ :¼ ðr # ðPyÞðrÞÞ 2 Cð½0; T�;RÞ;
via the following formula

ðPyÞðrÞ¼ Pm�2

j¼0

rj
Cðjþ1ÞþkEsa;a�b;aþjþ1ðk;l;r�sÞ
h i

uðjÞ
0 þEsa;a�b;mðk;l;rÞuðm�1Þ

0

þk
Z minfr�s;0g

�s
Esa;a�b;aðk;l;r�s� sÞuðsÞdsþ

Z r

0
Esa;a�b;aðk;l;r� sÞgðs;yðsÞÞds; 06 r6 T:

ð6:4Þ
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It is evident that P is well-defined due to ðH1Þ. Thus, the exis-
tence of solution of the Cauchy problem (6.1) is equivalent to that
the integral operator P has a fixed point on BR. We will apply con-
traction mapping principle or Banach’s fixed point theorem to
prove that P has a unique fixed point.

However, we will not use maximum norm on Cð½0; T�;RÞ.
Because, the selection of maximum norm only derives us to a
local solution defined on the subinterval of ½0; T�. Let Cð½0; T�;RÞ be
endowed with the weighted maximum norm k � kx where x > 0
with regard to exponential function, defined as:

kykx :¼ qmax
06r6T

jyðrÞj
expðxrÞ

 �

; 8y 2 Cð½0; T�;RÞ:

Since two norms k � k1 and k � kx are equivalent,
ðCð½0; T�;RÞ; k � kxÞ is also a Banach space. The proof is divided into
two steps:

Step 1: We prove that PðBRÞ 
 BR.
Now take 8r 2 ½0; T� and 8y 2 BR. By using ðH2Þ via Lemma 5.1

and Corollary 5.1, we acquire:

jðPyÞðrÞj
expðxrÞ6 1

expðxrÞ 1þkEsa;a�b;aþ1ðk;l;r�sÞ
��� ���ju0j

þ 1
expðxrÞ rþkEsa;a�b;aþ2ðk;l;r�sÞ

��� ���ju0
0j

þ� � �þ 1
expðxrÞ

rm�2

Cðm�1ÞþkEsa;a�b;aþm�1ðk;l;r�sÞ
��� ���juðm�2Þ

0 j

þ 1
expðxrÞ E

s
a;a�b;mðk;l;rÞ

��� ��� uðm�1Þ
0

��� ���
þ 1

expðxrÞ k
Z minfr�s;0g

�s
Esa;a�b;aðk;l;r�s� sÞuðsÞds

����
����

þ 1
expðxrÞ j

R r
0E

s
a;a�b;aðk;l;r� sÞgðs;yðsÞÞdsj

6 ju0jþ jkj Esa;a�b;aþ1ðk;l;r�sÞ
��� ���ju0j

þrju0
0jþ jkj Esa;a�b;aþ2ðk;l;r�sÞ

��� ���ju0
0j

þ�� �þ rm�2

Cðm�1Þ juðm�2Þ
0 jþ jkj Esa;a�b;aþm�1ðk;l;r�sÞ

��� ���juðm�2Þ
0 j

þ Esa;a�b;mðk;l;rÞ
��� ���juðm�1Þ

0 jþ jkj
expðxrÞ

R 0
�s Esa;a�b;aðk;l;r�s� sÞ
��� ���juðsÞjds

þ 1
expðxrÞ

Z r

0
Esa;a�b;aðk;l;r� sÞ
��� ��� gðs;yðsÞÞ�gðs;0Þð Þþgðs;0Þð Þj jds
6 ju0jþ jkjra expðjkjraþjljra�bÞju0j

þrju0
0jþ jkjraþ1 expðjkjraþjljra�bÞju0

0j
þ� � �þ rm�2

Cðm�1Þ juðm�2Þ
0 jþ jkjrmþa�2 expðjkjraþjljra�bÞjuðm�2Þ

0 j
þrm�1 expðjkjraþjljra�bÞjuðm�1Þ

0 j

þ jkj
expðxrÞ

Z 0

�s
ðr�s� sÞa�1 expðjkjðr�s� sÞaþjljðr�s� sÞa�bÞexpðxsÞ

expðxsÞ juðsÞjds

þ 1
expðxrÞ

Z r

0
ðr� sÞa�1 expðjkjðr� sÞaþjljðr� sÞa�bÞexpðxsÞ

expðxsÞ jgðs;yðsÞÞ�gðs;0Þjds

þ 1
expðxrÞ

R r
0ðr� sÞa�1 expðjkjðr� sÞaþjljðr� sÞa�bÞ expðxsÞ

expðxsÞ jgðs;0Þjds

By making use of the substitution r � s ¼ u and Lipschitz condi-
tion ðH2Þ, we obtain:

jðPyÞðrÞj
expðxrÞ 6

Pm�2

j¼0

rj
Cðjþ1Þ juðjÞ

0 j þ Pm�2

j¼0
jkjraþj expðjkjraj þ ljra�bÞjuðjÞ

0 j

þrm�1 expðjkjra þ jljra�bÞjuðm�1Þ
0 j

þ jkj
expðxrÞ

R 0
�s ðr � s� sÞa�1 expðxsÞ

expðxsÞ juðsÞjds� expðjkjra þ jljra�bÞ
þ Lg

expðxrÞ
R r
0ðr � sÞa�1 expðxsÞ

expðxsÞ jyðsÞjds� expðjkjra þ jljra�bÞ
þ 1

expðxrÞ
R r
0ðr � sÞa�1 expðxsÞ

expðxsÞ jgðs; 0Þjds� expðjkjra þ jljra�bÞ

6
Pm�2

j¼0

Tj

Cðjþ1Þ juðjÞ
0 j þ Pm�2

j¼0
jkjTaþj expðjkjTa þ jljTa�bÞjuðjÞ

0 j

þTm�1 expðjkjTa þ jljTa�bÞjuðm�1Þ
0 j
13
þ jkj
expðxrÞ

R s
0 ðr � sÞa�1 expðxðs� sÞÞdsmax

06r6T

juðrÞj
expðxrÞ

n o
expðjkjTa þ jljTa�bÞ

þ Lg
expðxrÞ

R r
0 ðr � sÞa�1 expðxsÞdsmax

06r6T

jyðrÞj
expðxrÞ

n o
expðjkjTa þ jljTa�bÞ

þ 1
expðxrÞ

R r
0 ðr � sÞa�1 expðxsÞdsmax

06r6T

jgðs;0Þj
expðxrÞ

n o
expðjkjTa þ jljTa�bÞ

¼
Xm�2

j¼0

Tj

Cðjþ1Þ juðjÞ
0 j þ

Xm�2

j¼0

jkjTaþjNjuðjÞ
0 j þ Tm�1Njuðm�1Þ

0 j

þ Njkj
expðxrÞ

R r
0 ðr � sÞa�1 expðxsÞdskukx

þ LgN
expðxrÞ

R r
0 ðr � sÞa�1 expðxsÞdskykx þ MN

expðxrÞ
R r
0 ðr � sÞa�1 expðxsÞds

¼
Xm�2

j¼0

Tj

Cðjþ1Þ þ jkjTaþjN
� �

juðjÞ
0 j þ Tm�1Njuðm�1Þ

0 j

þ Njkj
expðxrÞ

R r
0 u

a�1 expðxrÞ expð�xuÞdukukx
þ LgN

expðxrÞ
R r
0 u

a�1 expðxrÞ expð�xuÞdukykx
þ MN

expðxrÞ
R r
0 u

a�1 expðxrÞ expð�xuÞdu

¼ KjuðjÞ
0 j þ Tm�1Njuðm�1Þ

0 j þ Njkj R r
0 u

a�1 expð�xuÞdukukx
þLgN

R r
0 u

a�1 expð�xuÞdukykx þMN
R r
0 u

a�1 expð�xuÞdu
¼ KjuðjÞ

0 j þ Tm�1Njuðm�1Þ
0 j þ Njkj

xa

Rxr
0 va�1 expð�vÞdvkukx

þ LgN
xa

Rxr
0 va�1 expð�vÞdvkykx þ MN

xa

Rxr
0 va�1 expð�vÞdv

¼ KjuðjÞ
0 j þ Tm�1Njuðm�1Þ

0 j þ N
xa

Rxr
0 va�1 expð�vÞdv jkjkukx þ Lgkykx þM

� �
6 KjuðjÞ

0 j þ Tm�1Njuðm�1Þ
0 j þ N

xa

R1
0 va�1 expð�vÞdv jkjkukx þ Lgkykx þM

� �
¼ KjuðjÞ

0 j þ Tm�1Njuðm�1Þ
0 j þ NCðaÞ

xa jkjkukx þ Lgkykx þM
� �

6 KjuðjÞ
0 j þ Tm�1Njuðm�1Þ

0 j þ NCðaÞ
xa jkjkukx þ LgRþM
� �

:

Taking maximum over ½0; T� and using the inequality (6.3), we
acquire the following relation:

kPykx 6 R:

Therefore, P : BR ! BR. In other words, P is well-defined on BR.
Step 2: We show that P is a contractive mapping.
We need to show that P is a contraction on BR. To see this, let

8y; z 2 BR. Note that

ðPyÞðrÞ � ðPzÞðrÞ ¼
Z r

0
Esa;a�b;aðk;l; r � sÞ gðs; yðsÞÞð

�gðs; zðsÞÞÞds; r > 0: ð6:6Þ
Thus, for any r 2 ½0; T�, from Lemma 5.1 and ðH2Þ-Lipschitz con-

dition, it follows that
jðPyÞðrÞ�ðPzÞðrÞj

expðxrÞ ¼ 1
expðxrÞ j

R r
0E

s
a;a�b;aðk;l; r � sÞ gðs; yðsÞÞ � gðs; zðsÞÞð Þdsj

6 1
expðxrÞ

R r
0 jEsa;a�b;aðk;l; r � sÞj expðxsÞ

expðxsÞ jgðs; yðsÞÞ � gðs; zðsÞÞjds
6 Lg expðjkjra þ jljra�bÞ 1

expðxrÞ
R r
0ðr � sÞa�1 expðxsÞ

expðxsÞ jyðsÞ � zðsÞjds
6 Lg expðjkjra þ jljra�bÞ 1

expðxrÞ
R r
0ðr � sÞa�1 expðxsÞdsmax

06r6T

jyðrÞ�zðrÞj
expðxrÞ

n o
¼ Lg expðjkjra þ jljra�bÞ 1

expðxrÞ
R r
0ðr � sÞa�1 expðxsÞds� ky� zkx

¼ Lg expðjkjra þ jljra�bÞ 1
expðxrÞ

R r
0u

a�1 expðxrÞ expð�xuÞdu� ky� zkx
¼ Lg expðjkjra þ jljra�bÞR r

0u
a�1 expð�xuÞdu� ky� zkx

¼ Lg expðjkjra þ jljra�bÞ 1
xa

Rxr
0 va�1 expð�vÞdv � ky� zkx

6 Lg expðjkjra þ jljra�bÞ 1
xa

R1
0 va�1 expð�vÞdv � ky� zkx

¼ expðjkjra þ jljra�bÞ LgCðaÞ
xa � ky� zkx

6 expðjkjTa þ jljTa�bÞ LgCðaÞ
xa � ky� zkx

:¼ NLgCðaÞ
xa ky� zkx

Taking maximum over ½0; T�, we achieve the following result:
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kPðyÞ � PðzÞkx 6 NLgCðaÞ
xa ky� zkx: ð6:7Þ

If we choose x > NLgCðaÞ
� �1=a, then P is a contraction. So, by

Banach’s fixed point theorem, there exists a unique fixed point of
P which is just the unique global continuous solution of the IVP
(6.1) as a desired result. The proof is complete. h
Remark 5.1. In the proof of Theorem 5.1, the existence interval
½0; T� does not depend on the parameters of (6.1). Therefore, by
repeating the arguments, it can be easily seen that if the assump-
tions ðH1Þ and ðH2Þ satisfy for all t 2 ½0;1Þ, then the assertion of
this theorem hold on the half real line Rþ, that is, for any
ðm� 1Þ-times continuously differentiable initial data
u : ½�s;0� ! R, the nonlinear fractional-order LE with a constant
delay (6.1) has a unique global continuous solution on ½0;1Þ.
6. Ulam-Hyers stability analysis on FLE with a constant delay

In this section, we are going to discuss stability of the Langevin
type DDE (6.1) with two different Caputo fractional derivatives in
Ulam-Hyers sense on the time interval ½0; T�.

Let e > 0. Consider the Cauchy problem for Caputo type frac-
tional Langevin DDE (6.1) and following inequality:

ðCDa
0þzÞðrÞ � lðCDb

0þzÞðrÞ � kzðr � sÞ � gðr; zðrÞÞ�� ��
6 e; for r 2 ½0; T�: ð7:1Þ

Definition 6.1. The Eq. (6.1) is Ulam-Hyers stable if there exists
h > 0such that for each e > 0 and for each solution z 2 Cð½0; T�;RÞof
the inequality (7.1) there exists a solution y 2 Cð½0; T�;RÞ of the Eq.
(6.1) satisfying the inequality with respect to a weighted norm:

ky� zkx 6 he; r 2 ½0; T�: ð7:2Þ
Remark 6.1. A function z 2 Cð½0; T�;RÞ is a solution of the inequal-
ity (7.1) if and only if there exists a function f 2 Cð½0; T�;RÞ which
satisfying the following conditions:

(i) jf ðrÞj 6 e;
(ii) ðDa

0þzÞðrÞ�lðDb
0þzÞðrÞ�kzðr�sÞ�gðr;zðrÞÞ :¼ f ðrÞ; r2 ½0;T�.

According to the Remark 6.1, the solution of following
equation:

ðCDa
0þzÞðrÞ � lðCDb

0þzÞðrÞ � kzðr � sÞ ¼ gðr; zðrÞÞ þ f ðrÞ; r 2 ½0; T�;
ð7:3Þ

can be represented by

zðrÞ ¼ Pm�2

j¼0

rj
Cðjþ1Þ þ kEsa;a�b;aþjþ1ðk;l; r � sÞ
h i

uðjÞ
0

þEsa;a�b;mðk;l; rÞuðm�1Þ
0 þ k

Rminfr�s;0g
�s Esa;a�b;aðk;l; r � s� sÞuðsÞds

þR r
0E

s
a;a�b;aðk;l; r � sÞgðs; zðsÞÞdsþ R r

0E
s
a;a�b;aðk;l; r � sÞf ðsÞds

:¼ ðPzÞðrÞ þ R r
0E

s
a;a�b;aðk;l; r � sÞf ðsÞds; 0 6 r 6 T:

ð7:4Þ
14
By using Lemma 5.1, the difference zðrÞ � ðPzÞðrÞ can be evalu-
ated as follows:

jzðrÞ � ðPzÞðrÞj 6
R r
0E

s
a;a�b;aðk;l; r � sÞf ðsÞds

��� ���
6
R r
0jEsa;a�b;aðk;l; r � sÞjjf ðsÞjds

6 era�1 expðjkjra þ jljra�bÞR r
0ds

6 eTa expðjkjTa þ jljTa�bÞ :¼ eTaN:

ð7:5Þ

Eventually, we are ready to state and prove the Ulam-Hyers sta-
bility result for FLE with a constant delay:

Theorem 6.1. Assume that ðH1Þ � ðH2Þ are satisfied. Then the Eq.
(6.1) is Ulam-Hyers stable on ½0; T�.
Proof. Suppose that z 2 Cð½0; T�;RÞ is a solution of the inequality
(7.1). Let y be a unique solution of the Cauchy problem for Langevin
type fractional-order DDE (6.1), that is

yðrÞ ¼ Pm�2

j¼0

rj
Cðjþ1Þ þ kEsa;a�b;aþjþ1ðk;l; r � sÞ
h i

uðjÞ
0

þEsa;a�b;mðk;l; rÞuðm�1Þ
0 þ k

Rminfr�s;0g
�s Esa;a�b;aðk;l; r � s� sÞuðsÞds

þR r
0E

s
a;a�b;aðk;l; r � sÞgðs; yðsÞÞds :¼ ðPyÞðrÞ; 0 6 r 6 T:

ð7:6Þ
By using estimation (6.7) and (7.5), we have:

jyðrÞ�zðrÞj
expðxrÞ ¼ 1

expðxrÞ jðPyÞðrÞ � ðPzÞðrÞ � R r
0E

s
a;a�b;aðk;l; r � sÞf ðsÞdsj

6 1
expðxrÞ jðPyÞðrÞ � ðPzÞðrÞj þ R r

0jEsa;a�b;aðk;l; r � sÞjjf ðsÞjds
6 LgCðaÞ

xa expðjkjTa þ jljTa�bÞky� zkx þ eTa expðjkjTa þ jljTa�bÞ
:¼ LgNCðaÞ

xa ky� zkx þ eTaN:

Taking maximum over ½0; T�, we acquire

ky� zkx 6 LgNCðaÞ
xa ky� zkx þ eTaN;

that yields that

ky� zkx 6 e
TaN

1� CðaÞLgN
xa

:

By choosing x > CðaÞLgN
� �1

a which implies that

ky� zkx 6 he ð7:7Þ
where

h :¼ TaN

1� CðaÞLgN
xa

> 0:

The proof is complete. h
Remark 6.2. In the proof of Theorem (6.1), the Ulam-Hyers stabil-
ity interval ½0; T� does not depend on the parameters of (6.1) and
(7.1). Therefore, by repeating the arguments, it can be easily seen
that if the assumptions ðH1Þ and ðH2Þ satisfy for all t 2 ½0;1Þ, then
the assertion of this theorem hold on the half real line Rþ, that is,
for any ðm� 1Þ-times continuously differentiable initial data
uð�Þ : ½�s; 0� ! R, the fractional nonlinear delayed LE with two
incommensurate fractional-orders (6.1) is stable in Ulam-Hyers’s
sense on ½0;1Þ.



Fig. 1. Single of freedom vibration system.
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7. Application to the vibration theory: spring-mass-damper
systems

In this section, we discuss fractional-order vibration systems
which is widely used in physics and mechanical engineering
sciences.

For the sake of a physical law, it is known that the spring force is
defined by

Fs ¼ �KyðrÞ; r > 0;

and the damping force is given by

Fd ¼ �C CDb
0þy

� �
ðrÞ; r > 0; 0 < b 6 1;

where K – is a constant of spring stiffness, C – is a constant of the vis-
cous damping.

If there exist three kinds of forces namely: Fs; Fd and the
external force Fe, then in accordance with the Newton’s second
law, the motion of the mass M along a vertical straight line is illus-
trated by the following fractional-order vibration DDE with a single
degree of freedom:

My00ðrÞ þ C CDb
0þy

� �
ðrÞ þ Kyðr � sÞ ¼ FeðrÞ; r > 0; s > 0; ð8:1Þ

with initial condition

yðrÞ ¼ uðrÞ; �s 6 r 6 0; ð8:2Þ
where CDb

0þyis the fractional derivative of order b 2 ð0;1� in Caputo’s

sense of the displacement y. In the particular case, CDb
0þy can be

reduced to the ordinary differential operator whenever b ¼ 1. In
such case, we acquire the following classical vibration DE with a
constant delay:

My00ðrÞ þ Cy0ðrÞ þ Kyðr � sÞ ¼ FeðrÞ; r > 0; s > 0; ð8:3Þ
with initial condition

yðrÞ ¼ uðrÞ; �s 6 r 6 0: ð8:4Þ
The simplest model of fractional vibration system with linear

viscous damping (8.1) can be demonstrated as shown in Fig. 1. Fur-
thermore, in Fig. 1 we have considered forced vibrations with
fractional-order linear viscous damping under disturbing external
force Fe on the vibrating body. In the special case, if an external force
equals to zero i.e., FeðrÞ ¼ 0 this system so-called free vibrations
with viscous damping.

Here the coefficients of mass (M), spring stiffness (K) and viscous
damping (C) are connected as positive real constants.

7.1. A new representation of the solution of fractional vibration
differential equation (FVE) with a constant delay

The second order in-homogeneous ODEs with fractional-order
are arising in the field of vibration theory based on the well-
known principle of Newton’s second law (William, 1983). Our tar-
get is model the physical problem with an IVP such that we can
determine the replacement of mass y in the spring-mass-damper
systems.

Consider the vibration system characterized by fractional-order
linear viscous damping, associated with three elements, i.e., mass,
spring-pot and dash-pot see Fig. 1.

We study an IVP for the generalized form of FVE with a constant
delay in the special case where fractional orders 1 < a 6 2,
0 < b 6 1:
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k3 CDa
0þy

� �ðrÞ þ k2 CDb
0þy

� �
ðrÞ þ k1yðr � sÞ ¼ f ðrÞ; r > 0; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð8:5Þ
where ki; i ¼ 1;2;3 are positive real numbers.

To find the displacement yðrÞ, we apply Laplace transform tech-
nique to both sides of (8.5):

k3 saYðsÞ � sa�1u0 � sa�2u0
0

� �þ k2 sbYðsÞ � sb�1u0

� �
þ k1 YðsÞe�ss þ L ûðr � sÞf gðsÞ½ �
¼ FðsÞ:
From above equality, we find YðsÞ:

YðsÞ ¼ k3sa�1þk2sb�1

k3saþk2sbþk1e�ss u0 þ k3 sa�2

k3saþk2sbþk1e�ss u0
0

þk1
L ûðr�sÞf gðsÞ

k3saþk2sbþk1e�ss þ FðsÞ
k3saþk2sbþk1e�ss

¼ sa�1þk2
k3
sb�1

saþk2
k3
sbþk1

k3
e�ss

u0 þ sa�2

saþk2
k3
sbþk1

k3
e�ss

u0
0

þ k1
k3

L ûðr�sÞf gðsÞ
saþk2

k3
sbþk1

k3
e�ss

þ 1
k3

FðsÞ
saþk2

k3
sbþk1

k3
e�ss

¼ s�1 1� k1
k3

e�ss

saþk2
k3
sbþk1

k3
e�ss

� 

u0 þ sa�2

saþk2
k3
sbþk1

k3
e�ss

u0
0

þ k1
k3

L ûðr�sÞf gðsÞ
saþk2

k3
sbþk1

k3
e�ss

þ 1
k3

FðsÞ
saþk2

k3
sbþk1

k3
e�ss

:

ð8:6Þ
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Since Lemma 2.2, we have

saþ k2
k3
sb þ k1

k3
e�ss

� ��1
¼ saþ k2

k3
sb

� ��1
1þ k1

k3
ðsaþ k2

k3
sbÞ�1

e�ss
� ��1

¼ saþ k2
k3
sb

� ��1
1� k1

k3
saþ k2

k3
sb

� ��1
e�ss

�

þ k1
k3

� �2
saþ k2

k3
sb

� ��2
e�2ssþ . . .þ �k1

k3

� �l
saþ k2

k3
sb

� ��l
e�lssþ . . .

�

¼ saþ k2
k3
sb

� ��1X1
l¼0

� k1
k3

� �l
saþ k2

k3
sb

� ��l
e�lss

¼
X1
l¼0

�k1
k3

� �l
saþ k2

k3
sb

� ��ðlþ1Þ
e�lss:

ð8:7Þ

Plugging the above relation (8.7) in (8.6), we attain that

YðsÞ ¼ s�1 þ s�1
X1
l¼0

� k1
k3

� �lþ1
sa þ k2

k3
sb

� ��ðlþ1Þ
e�ðlþ1Þss

" #
u0

þsa�2
X1
l¼0

� k1
k3

� �l
sa þ k2

k3
sb

� ��ðlþ1Þ
e�lssu0

0

þ k1
k3
L ûðr � sÞf gðsÞ

X1
l¼0

� k1
k3

� �l
sa þ k2

k3
sb

� ��ðlþ1Þ
e�lss

þ 1
k3
FðsÞ

X1
l¼0

� k1
k3

� �l
sa þ k2

k3
sb

� ��ðlþ1Þ
e�lss:

ð8:8Þ

Then applying inverse Laplace transform, Lemma 3.2 and Pas-
cal’s rule, we acquire

yðrÞ ¼ 1þ � k1
k3

� �X1
l¼0

X1
p¼0

lþp

p

0
@

1
A ð�k1

k3
Þ
l
ð�k2

k3
Þ
p
ðr�ðlþ1ÞsÞlaþpða�bÞþa

Cðlaþpða�bÞþaþ1Þ Hðr�ðlþ1ÞsÞ
2
4

3
5u0

þ
X1
l¼0

X1
p¼0

lþp

p

0
@

1
A ð�k1

k3
Þ
l
ð�k2

k3
Þ
p
ðr�lsÞlaþpða�bÞþ1

Cðlaþpða�bÞþ2Þ Hðr� lsÞu0
0

þ k1
k3

R r�s
�s
X1
l¼0

X1
p¼0

lþp

p

0
@

1
A ð�k1

k3
Þ
l
ð�k2

k3
Þ
p
ðr�ðlþ1Þs�sÞlaþpða�bÞþa�1

Cðlaþpða�bÞþaÞ Hðr�ðlþ1Þs� sÞûðsÞds

þ 1
k3

R r
0

X1
l¼0

X1
p¼0

lþp

p

0
@

1
A ð�k1

k3
Þ
l
ð�k2

k3
Þ
p
ðr�ls�sÞlaþpða�bÞþa�1

Cðlaþpða�bÞþaÞ Hðr� ls� sÞf ðsÞds

¼ 1� k1
k3
Esa;a�b;aþ1ð� k1

k3
;� k2

k3
;r�sÞ

h i
u0 þEsa;a�b;2ð� k1

k3
;� k2

k3
;rÞu0

0

þ k1
k3

Z minfr�s;0g

�s
Esa;a�b;að� k1

k3
;� k2

k3
;r�s� sÞuðsÞdsþ 1

k3

R r
0 E

s
a;a�b;að� k1

k3
;� k2

k3
;r� sÞf ðsÞds;

where ~uð�Þ : R ! R is the unit-step function defined as follows:

~uðrÞ ¼ uðrÞ; �s 6 r 6 0;
0; r > 0:




In the particular case, if we take a ¼ 2; b 2 ð0;1� and
k3 ¼ M; k2 ¼ C; k1 ¼ K , we derive vibration time-delay equa-
tion with single fractional-order damping term:

My00ðrÞ þ C CDb
0þy

� �
ðrÞ þ Kyðr � sÞ ¼ FeðrÞ; r > 0; s > 0;

yðrÞ ¼ uðrÞ; �s 6 r 6 0;

(

ð8:9Þ
with its exact analytical representation of solution

yðrÞ ¼ 1� K
M Es2;2�b;3ð� K

M ;� C
M ; r � sÞ

h i
u0 þ Es2;2�b;2ð� K

M ;� C
M ; rÞu0

0

þ K
M

Z minfr�s;0g

�s
Es2;2�b;2ð� K

M ;� C
M ; r � s� sÞuðsÞds

þ 1
M

R r
0 E

s
2;2�b;2ð� K

M ;� C
M ; r � sÞFeðsÞds; r > 0:

ð8:10Þ

We consider the values of each parameter such as
a ¼ 2; b ¼ 0:7;M ¼ 2;C ¼ 10;K ¼ 50 in Fig. 2 and 3. Since a natural
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frequency of fractional-order vibration system defined by m ¼
ffiffiffi
K
M

q
,

then for the given values of K and M, we find m ¼ 5. To compare
results under harmonic excitation in the form of a exponential func-
tion i.e., FeðrÞ ¼ F0 expðmrÞ; two kinds of periodic external forces
FeðrÞ ¼ F0 cosðmrÞ and FeðrÞ ¼ F0 sinðmrÞ of disturbing force FeðrÞ,
we provide three interesting cases for a replacement of mass yðrÞ
with respect to time r.

The plot of displacement yðrÞ will be demonstrated with F0 ¼ 25
and m ¼ 5 in the following cases:

Case1: If FeðrÞ ¼ F0 expðmrÞ , then see Fig. 2 (a);
Case2: If FeðrÞ ¼ F0 cosðmrÞ , then see Fig. 2 (b);
Case3: If FeðrÞ ¼ F0 sinðmrÞ , then see Fig. 2 (c).
To see comparison clearly in Fig. 2 [(b) and (c)], we describe two

plots (b and c) in the same graph in Fig. 3.
8. An example

In this section, we provide an example to verify our major the-
oretical results stated in Section 5 and 6. To show the existence and
uniqueness and stability analysis of solutions in the following
example, we need to apply Theorem 6.1.

Let a ¼ 1:2, b ¼ 0:8, s ¼ 2, m ¼ 2 and T ¼ 2. Consider
the following IVP for fractional Langevin DE with a constant delay:

CD1:2
0þ y

� �
ðrÞ � 3 CD1:8

0þ y
� �

ðrÞ � 5yðr � 2Þ ¼ cosðyðrÞÞ
r2þ1 ; 0 < r 6 2;

yðrÞ ¼ r þ 5; �2 6 r 6 0;

(

ð8:11Þ

with constants k ¼ 5;l ¼ 3 and uðrÞ ¼ r þ 5 is continuously differ-
entiable function for r 2 ½�2;0� and nonlinear perturbation
gðr; yðrÞÞ ¼ cosðyðrÞÞ

r2þ1 is continuous on a Cartesian product ½0;2� � R.
Since yð0Þ ¼ 6, and y0ð0Þ ¼ 1, the exact analytical representation

of solution of (8.11) can be represented as follows:

yðrÞ ¼ 5þ 25E2
1:2;0:4;2:2ð5;3; r � 2Þ

h i
þ E

2

1:2;0:4;2
ð5;3; rÞ

þ5
Rminfr�2;0g
�2 E

2

1:2;0:4;1:2
ð5;3; r � 2� sÞuðsÞds

þ R r
0 E

2

1:2;0:4;1:2
ð5;3; r � sÞgðs; yðsÞÞds; r > 0:

It is not difficult to see that condition ðH2Þ holds. By mean value
theorem, for 8y; z 2 R, there exists n 2 ðy; zÞ such that

jgðr; yÞ � gðr; zÞj ¼ j cosðyðrÞÞ � cosðzðrÞÞ
r2 þ 1

j 6 sin n
r2 þ 1

jy� zj
6 jy� zj; 8r 2 ½0;2�:

Then ðH2Þ holds with Lg � 1. By Theorem 6.1 and 6.1, the non-
linear FLE with a constant delay (8.11) has a unique solution which
is stable in Ulam-Hyers sense on ½0;2�.
9. Conclusions and future work

In recent years, the time-delay theory for Langevin equations in
the fractional sense has not been able to get substantial develop-
ment. As an urgent problem to be solved, we have investigated
explicit analytical solutions for linear homogeneous and inhomo-
geneous Langevin time-delay DEs with general fractional orders
in general and special cases via a newly defined delayed analogue
of bivariate M-L functions. In the application of vibration theory,
we acquire the solution of Langevin type DDE with two fractional
orders of 1 < a 6 2 and 0 < b 6 1 and compare results of displace-
ment of mass y under various kinds of external forces Fe. The main
contributions of our research work are as below:



Fig. 2. The plots of displacement of mass yðrÞ involving varying functions FðrÞ.

Fig. 3. Displacement of mass (yðrÞ) vs time (r) graph involving two various
functions for FðrÞ.
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� we introduce the exact analytical representation of homoge-
neous and inhomogeneous Langevin type time-delay equations
with general fractional orders by means of a newly defined
delayed M-L type function via double infinite series;

� we estimate a new delayed M-L type function with respect to
exponential function;

� we introduce a new weighted maximum norm with regard to
exponential function in Cmð½0; T�;RÞ;m P 2 and prove sufficient
conditions to provide the existence and uniqueness of global
solution on ½0; T� for nonlinear Langevin equations with a con-
stant delay and general fractional orders in Caputo sense;

� we verify that our solutions with regard to M-L type functions
are identical with the results by means of generalized Wright
functions for delay-free systems;

� we study stability problem for the solutions of time-delay FLEs
in Ulam-Hyers sense in a weighted space of continuous
functions;
17
� we propose a new representation of solutions to the fractional-
order vibration equations with a constant delay.

There are a number of potential directions in which the results
acquired here can be extended. Our future work will proceed to
study the asymptotic stability of the trivial solution with the help
of the Lyapunov methods and relative controllability results of
solutions with the aid of Gramian matrix and rank criterion to
the FLEs with a constant delay.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgements

This research did not receive any specific grant from funding
agencies in the public, commercial, or not-for-profit sectors.
References

Ahmad, B., Nieto, J.J., Alsaedi, A., El-Shahed, M., 2012. A study of nonlinear Langevin
equation involving two fractional orders in different intervals. Nonlinear Anal.
Real. World. Appl. 13, 599–606.

Ahmadova, A., Mahmudov, N.I., 2020. Existence and uniqueness results for a class of
fractional stochastic neutral differential equations. Chaos Soliton Fract. 139.
https://doi.org/10.1016/j.chaos.2020.110253..

Ahmadova, A., Mahmudov, N.I., 2021. Langevin differential equations with general
fractional orders and their applications to electric circuit theory. J. Comput.
Appl. Math. 388,. https://doi.org/10.1016/j.cam.2020.113299 113299.

Ahmadova, A., Mahmudov, N.I., 2021. Ulam-Hyers stability of Caputo type
stochastic neutral differential equations Statist. Prob. Lett. 108949. https://
doi.org/10.1016/j.spl.2020.108949.

Ahmadova, A., Huseynov, I.T., Fernandez, A., Mahmudov, N.I., 2021. Trivariate
Mittag-Leffler functions used to solve multi-order systems of fractional
differential equations. Commun. Nonlinear Sci. Numer. Simul. 97C, 105735.

http://refhub.elsevier.com/S1018-3647(21)00258-5/h0005
http://refhub.elsevier.com/S1018-3647(21)00258-5/h0005
http://refhub.elsevier.com/S1018-3647(21)00258-5/h0005
https://doi.org/10.1016/j.cam.2020.113299
https://doi.org/10.1016/j.spl.2020.108949
https://doi.org/10.1016/j.spl.2020.108949
http://refhub.elsevier.com/S1018-3647(21)00258-5/h0025
http://refhub.elsevier.com/S1018-3647(21)00258-5/h0025
http://refhub.elsevier.com/S1018-3647(21)00258-5/h0025


I.T. Huseynov and N.I. Mahmudov Journal of King Saud University – Science 33 (2021) 101596
Baghani, O., 2017. On fractional Langevin equation involving two fractional orders.
Commun. Nonliear Sci. Numer. Simul. 42, 675–681. https://doi.org/10.1016/j.
cnsns.2016.05.023.

Baghani, H., Nieto, J.J., 2019. On fractional Langevin equation involving two
fractional orders in different intervals. Nonlinear Anal.- Model. 24 (6), 884–897.

Baghani, H., Sun, H., Nieto, J.J., 2021. New existence and stability results for
fractional Langevin equation with three-point boundary conditions. Comput.
Appl. Math. 40, 48.

Bazhlekova, E., 2013. Properties of the fundamental and the impulse-response
solutions of multi-term fractional differential equations. Complex Analysis and
Applications’13 (Proc. Intern. Conf. Sofia), Bulg. Acad. Sci. Sofia. 55-64..

Camargo, F.R., Chiacchio, A.O., Charnet, R., Oliverira, E.C., 2009. Solution of the
fractional Langevin equation and the Mittag-Leffler functions. J. Math. Phys. 50,
063507.

Cong, N.D., Doan, T.S., Tuan, H.T., 2018. Asymptotic Stability of Linear Fractional
Systems with Constant Coefficients and Small Time-Dependent Perturbations.
Vietnam J. Math. 46, 665–680. https://doi.org/10.1007/s10013-018-0272-4.

Darzi, R., Agheli, B., Nieto, J.J., 2020. Langevin equation involving three fractional
orders. J. Stat. Phys. 178, 986–995.

Diethelm, K., Luchko, Y., 2004. Numerical solution of linear multi-term initial value
problems of fractional order. J. Comput. Anal. Appl. 6, 243–263.

Edwards, J.T., Ford, N.J., Simpson, A.C., 2002. The Numerical solution of linear multi-
term fractional differential equations: systems of equations. Manch. Cent.
Numeric. Comput. Math. 148, 401–418.

Fazli, H., Sun, H., Nieto, J.J., 2020. Fractional Langevin equation involving two
fractional orders: existence and uniqueness. Mathematics 743, 1–10. https://
doi.org/10.3390/math8050743.

Fernandez, A., Kürt, C., Özarslan, M.A., 2020. A naturally emerging bivariate Mittag-
Leffler function and associated fractional-calculus operators. Comp. Appl. Math.
39. https://doi.org/10.1007/s40314-020-01224-5.

Fox, C., 1928. The asymptotic expansion of generalized hypergeometric functions.
Proc. London Math. Soc. 27, 389–400.

Gomez-Aguilar, J.F., Rosales-Garcia, J.J., Bernal-Alvarado, J.J., Cordova-Fraga, T.,
Guzman-Cabrera, R., 2012. Fractional mechanical oscillators. Revis. Mexic.
Fisica. 58, 348–352.

Gorenflo, R., Kilbas, A.A., Mainardi, F., Rogosin, S.V., 2014. Mittag-Leffler Functions,
Related Topics and Applications. Springer-Verlag, Berlin.

Hong, D., Kim, Y., Wang, J., 2006. A new approach for the analysis solution of
dynamic systems containing fractional derivative. J. Mech. Sci. Technol. 20,
658–667. https://doi.org/10.1007/BF02915983.

Huseynov, I.T., Mahmudov, N.I., 2020. Delayed analogue of three-parameter Mittag-
Leffler functions and their applications to Caputo type fractional time-delay
differential equations. Math. Meth. Appl. Sci. 1–25. https://doi.org/10.1002/
mma.6761.

Huseynov, I.T., Ahmadova, A., Fernandez, A., Mahmudov, N.I., 2020. Explicit analytic
solutions of incommensurate fractional differential equation systems. Appl.
Math. Comp. 125590. https://doi.org/10.1016/j.amc.2020.125590.

Huseynov, I.T., Ahmadova, A., Mahmudov, N.I., 2021. Fractional Leibniz integral
rules for Riemann-Liouville and Caputo fractional derivatives and their
applications. arXiv:2012.11360..

Khusainov, D.Ya., Ivanov, A.F., Shuklin, G.V., 2005. On a representation of solutions
of linear delay systems. Dif. Eq. 41, 1054–1058.

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., 2006. Theory and Applications of
Fractional Differential Equations. Elsevier, Amsterdam.

Kobelev, V., Romanov, E., 2000. Fractional Langevin equation to describe anomalous
diffusion. Prog. Theor. Phys. 139, 470–476.

Li, M., Wang, J.R., 2017. Finite time stability of fractional delay differential
equations. Appl. Math. Lett. 64, 170–176.
18
Li, M., Wang, J.R., 2018. Exploring delayed Mittag-Leffler type matrix functions to
study finite time stability of fractional delay differential equations. Appl. Math.
Comput. 324, 254–265.

Lim, S.C., Li, M., Teo, L.P., 2008. Langevin equation with two fractional orders. Phys.
Lett. A 372, 6309–6320. https://doi.org/10.1016/j.physleta.2008.08.045.

Liu, L., Duan, J., 2015. A detailed analysis for the fundamental solution of fractional
vibration equation. Open Math. 13, 826–838. https://doi.org/10.1515/math-
2015-0077.

Luchko, Y.F., Gorenflo, R., 1999. An operational method for solving fractional
differential equations with Caputo derivatives. Acta Math. Vietnam 24, 207–
233.

Mahmudov, N.I., 2018. Delayed perturbation of Mittag-Leffler functions and their
applications to fractional linear delay differential equations. Math. Meth. Appl.
Sci. 1–9. https://doi.org/10.1002/mma.5446.

Mahmudov, N.I., 2020. Fractional Langevin type delay equations with two fractional
derivatives. Appl. Math. Lett. 103,. https://doi.org/10.1016/j.aml.2020.106215
106215.

Mahmudov, N.I., Al-Khateeb, A., 2020. Existence and stability results on Hadamard
type fractional time-delay semilinear differential equations. Mathematics 8,
1242.

Mahmudov, N.I., Huseynov, I.T., Aliyev, N.A., Aliyev, F.A., 2020. Analytical approach
to a class of Bagley-Torvik equations TWMS. J. Pure Appl. Math. 11, 238–258.

Mainardi, F., Pironi, P., 1996. The fractional Langevin equation: Brownian motion
revisited. Extr. Math. 10, 140–154.

Mittag-Leffler, G., 1903. Sur la nouvelle fonction E_a(x))Ċ.R. Acad. Sci. Paris 137,
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