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1. Introduction

If p>1, 1+1_1 Am,bn = 0,0 <> ah < o0 and
0 <> bl <o, then we have the following Hardy-Hilbert’s
inequality (cf. Hardy et al., 1934):

o p /o 1/q
Zr;m+n sin( n/p) (Za;) (;bﬁ) ’ (1)

with the best possible constant factor 7. The Mulholland’s
inequality with the same best possible constant factor

st Was
provided as follows (cf. Theorem 343 of Hardy et al. (1934), replac-

ing 9 b by ay, by):

x P p s o b 1/q
Zzlnmn sin( TC/p) (Zmlp> (nz;nlnq> ' )

n=2m=2
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Inequalities (1) and (2) are important in analysis and its applica-
tions (cf. Hardy et al., 1934; Mitrinovic et al., 1991).

In 2007, a Hilbert-type integral inequality in the whole plane
was given as follows (cf. Wang and Yang, 2011):

/oo * min{1 XY 8W) g o
—00 J—00 1 +xy+(Xy)2

<2m+2v3) ([ P [ e (y)dy)%, 3)

where the constant factor 2 In(3 + 2v/3) is the best possible. Some
new results on inequalities (1)-(3) were obtained by Gao and
Yang (1998), Yang et al. (2011), Krni¢ and Pecari¢ (2005), Peric
and Vukovic¢ (2011), He (2015), Adiyasuren et al. (2016), Yang
(2007), Li and He (2007), Krni¢ and Vukovic (2012), Huang (2015),
Huang and Yang (2013), Huang et al. (2014a,b), Huang (2010). In
2016, Yang and Chen gave a more accurate extension of (1) in the
whole plane as follows (cf. Zhong et al., 2017):

ii B(il,iz){im_éll(]h)]aly

=t (Im = f|+‘n ny [m=1

y {in et 1qu (4)

=1
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where the constant factor 2B(11,22)(0< A1, < 1,41+ 2 =
4, &1 € [0,3]) is the best possible. Another result on this kind of
inequalities was provided by Xin et al. (2016).

In this paper, by introducing independent parameters, applying
the weight coefficients, we give a Mulholland-type inequality in
the whole plane with a best possible constant factor similar to
(4) and the main result of Xin et al. (2016). Moreover, the equiva-
lent forms, a few particular cases and the operator expressions are
considered.

2. Some lemmas

In the following, we agree thatp>1 l+%:1,aeR:
170’ M+l =2 p =

(7007 00)7

7O_<A] /LZ

arccos 4 /1 —%gygn—arccosﬁll —%(y:oc,[;’),

€ (-1,1), satisfying
1 1
(1= cosy) -I<ixl " p(1+cosy)
(&) = (& o) or (17,4)), and

2
hy(i) == % eR, = (0,00)(7 = t, f). (5)

Remark 1. With regards to the above assumptions, it follows that

p(1+)(1Fcosy) =1 ((¢y) = (&) or (n,p)). In particular, for
p=1,wehavea=p=Zand ¢ =n=0.

For |t| > 1,t =x,y,((,7,t) =
Agy(t) =

and the following function:

(i?“rx) (01‘ (nvﬁy))v we set
6= {4+ (t—={)cosy,

[min{lnpAm (x) lnPAn B y)}r
[max{InpA. (x), InpA, ;(»)}]"**

H(X7y) =

Definition 1. Define two weight coefficients as follows:

> H(m,n) In"'pA;,(m)

0 (J,m) := 2 A(m) " 2 Ay () .m| e N\ {1}, (6)

o = H(m,n) In"pA,,n) N\ 1 ;
@(41,1) : %::ZA;«('") ln],,«llpAm(m),\nl eN\ {1}, (7)
where E’zm- = (= myn).

Lemma 1. (¢f. Xin et al.,, 2016) Suppose that g(t)(> 0) is strictly
decreasing in (1, co), satisfying [;° g(t)dt € R,. We have

st < > g /fg(r)dr. ®)

If (-1)'g®(t) >0 (i=0,1,2;t € ( [3 (t)dt € R, then we

have the following Hermlte-Hadamard S mequallty (¢f. Chen and
Yang, 2016):

< lw g(tydt. 9)

Lemma 2. The following inequalities are valid for
M >—-0,—-0</<1-0:
hg(41)(1 = 0(J2,m)) < @(42,m) < hg(Zq),|m| € N\ {1}, (10)
where
. In p(2-+17)(1+cos B) . G, 5,1
(M1 +0)(A+0) Pipa,om - (min{1,u})” u*
0(72,m) =22+ 0) / (m i
i+20 0 (max{1,u})**
1
=0 ——— | €(0,1). 11
<ln/»z+GpAéa(m)> ( ) ( )

Proof. For |m| € N\ {1}, we put

HO (m,y) = [min{ln pA;,(m),In p(y — n)(cos f — 1)}]" y< -1,
7 [max{In pA:,(m), In p(y — n)(cos p — 1)}
HO(m.y) - Minn A (m). Inply —m)(cospr D))"
0 [max{In pAc,(m), In p(y — n)(cos f+ 1)}
wherefrom
HO(m, —y) — min{inpAs(m). Inply + (1 —cosp)”_
’ [max{In pA.,(m),In p(y + n)(1 - cos )}]"**"
We find
& H"(mn) In" pA; ,(m)
@k, m) = ,,; (n—m)(cos f—1) In'"2p(n — n)(cos g — 1)
00 2 m n)
+n:2 n-— n) cosﬁ+1)
In" pA.,(m)
In"2p(n—n)(cos p+ 1)
~In"' pA;,(m z“: H" (m, —n)
1-cosf = (n+mn)n'"*p(n+n)(1 - cos )
' pA: 4 )i H® (m, n)
1+cos L= n'"p(n—n)(1+cosf)

(12)

In virtue of 4, >0,-0 </, <1-0, and /; + 4, = /4, we find

that fory > 1,i=1,2,
HY(m, (-1)ly)
y - (~1)'yjin" " [y—(—l)"n][n(—n"cosm

1
(-1 (1n pAsz(m)) " In 2~ "p[y i) (14+(-1) cos g

IT<ly- (—1)"11][ )' s B < Ao (m)

(lnpA (m))
Y—(=1)yIn" 17 p[y— (1) [1+(~1) cos ]’

[y = (1|1 + (1) cos f] > Ac(m)
are strictly decreasing in (1,c0). By (12) and (8), we find
In" pA:,(m) /m H'Y(m, —y)dy
1—cosfp Ji (y+mIn'p(y+n)(1 - cosp)

In"' pA.,(m) /* H® (m,y)dy
T+cosp Ji (y—mIn'""py—n)(1+cosp)

Inpy—n(1+cosp)y
inpa,m ) i the above first

(2, m) <

In p(y+1)(1-cos §)
npAeaim (4=

(second) integral, in view of Remark 1, by simplifications, we
obtain

Setting u =
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1 1 * (min{1, u})u>!
@2, M) < <1 “cosp T+ cos ﬁ) / (max{1,u})"**

20 [ o u/z '
= 2cscp /0 u* du-&-/1 du = hy(h).

By (12) and (8), in the same way, we still have

In" pAc,(m) [ H(m,-y)d
(2, m) > 1 i)c;)s(ﬁ : / inz( Ydy
2 (y+min=?p(y +mn)(1 —cos f)
In™ pAf,ot(m) /oo h (m y)dy
Treosf 2 (y—min"=py —n)(1 +cos )
00 . P
> 2esC’f (min{1, up)"w= 2
pzentcon - (max{1,u})"

e (mi T pia—1
=hy(4) - 2csc2[}/ P M

0 (maX{] , u})‘*”
= hy(21)(1 = 0(42,m)) > 0,

where 0(i;,m)(< 1) is indicated by (11). It follows that for
Azo(m) = (2+n)(1 + cos f),

In p(2+n)(1+cos f)
_ (A +;L0_2(27~;+ o) / i wato-1dy
0
_ Ji+0 [Inp2+n)(1+cos B>
“+20 In pA: ,(m) '

Hence, (10) and (11

0 < 0(J2,m)

) are valid. O

In the same way, we still have.

Lemma 3. The following inequalities are valid for
Ap>—-0,-0<M<l-0
hy(21)(1 = 0(21,1)) < @W(iq,n) < hy(41),|n] € N\ {1}, (13)
where
In p(2+¢)(1+cos o) . o. .
~ (A1 +0)J2+0) [ weaym  (min{l,u})’us!
0(A1,n) 2:%/ o1 i\
i+20 0 (max{1,u})
1
=0 ————] €(0,1). 14
(111”‘”“;01‘\:7,/3(")) O 1

Lemma 4. If ({,7) = (¢, o) (or (n,B)), then for ¢ > 0, we have

| -1-¢

pllk — ¢ + (k — ) cos y]
Ha(L,) = :
2 -tk Oeosy

:%(2csc2y+o(1)) (6—0%). (15)

Proof. By (9), we find

In""" bp(k O(cosy 1)  ~In""p(k — f)(cosy +1)
Z k—{)(cosy—1) ; (k—{)(cosy+1)

—2

i{ ®p(k+0)(1 - cos y)+ e p(k — {)(cosy + 1)

(k+0)(1 —cosy) (k—{)(cosy + 1)

[ " npy+ (1 —cosy)  Inply — Ocosy +1)
v+ 8)(1 - cos) v =Ocosy +1)

In*pG+0)(1 7cosy)+1n’5p(%fé)(1 + cos?y)
1—cosy 1+ cosy

k=2

A

dy

NI

1
&
1
g

— 1 1 . +
= <1—COS"/+1+COSV+01(1)>(&HO )

By (8), we still can find that

s &I ok + 01 —cosy)  InTp(n—)(cosy + 1)
H"((”V)Z[ T -Dcosy+ 1)
/"“‘“ In""p(y +)(1 —cosy) In""“ply —O)(cosy+1)

2 + (1 —cosy) y=0(cosy+1)
1 {ln"gp(2+c)(1 —€0sY) 916! +cosy)}
e 1—cosy 1+ cosy

02(1)>(g—>0+).

(k+2)(1 - cos?y)

\

dy

In"*p(2 -

“e\1-cosy  1+cosy

Hence, we prove that (15) is valid. O

3. Main results and a few particular cases

We set

2(4+20)

baal00) = IR0 = 50 G

csc?Ppescia. (16)

Theorem 1. Suppose that am,b, > 0 (jm|,|n| € N\ {1}), satisfy

gl LIPS i L AL
m=2 (Aca(m))' 2 (Aygp(n ))

We have the following equivalent inequalities:

I:= i iH(m,n)ambn

|n|=2|m|=2

> " A, (m) b
< kd-,/f(;ﬂ) [ —f(afn
\:%::2 (ch_;{(m))l P

= (Aym)

g (Sme)]
= —_— mn
\;::2 A”/f( \r;z

0< bl < oo.

= " A, m) 17
<k ,/;(/11){ "a"} . (18)
S| 2y
In particular, (i) for o = g = ’217; —1<éEn<1— lp, we have the
following equivalent inequalities 51m11ar to (4 )
o~ -~ (min{lnpjm — &, 1In p[n — 1[})"anby
n—am=z (max{lnpjm —¢|,In pjn — nye
_2(+20)
(41 +0)(42 +0)
1
y { X, [P0 p\m—gla ] [“ In®!2" pjn — nly q}
|mj=2 Im — f\] ’ " =2 [n ’7‘1 I !
(19)

1

{iln'"z p'""[fﬁ (min{ln pjm — &, In p|n — n|}) am} }
[n

=2 A= (max{In pm — &|,In pn — n|})"*"
20+20) [0 pim g, "
(/l] +0)(/12 +O') ) ‘m 5‘1 -p m .

(20)



248
(ii) For ¢ =#n =0, arccos /1 f% <o, B < 7T —arccos /1 f;,
have the following equivalent inequalities:

= & [min{In p(jm| + mcos &), In p(|n| + ncos p)})° anby
[max{In p(|m| + mcos o), In p(|n| + cos )}]"*°

[n[=2m|=2
) 1/p
x n” 1 p(jm| + mcos o)
< ky (2 a’
i ])LZZ (jm| + mcos o) P m
00 q(1-72)— 1/q
x [ n (”ﬁcfsﬁ)bn} , @1)
=2 (In] +cos p)

= In”2 " p(|n| + cos p)
|n| + cos f

[n[=2

" > [min{ln p(jm| + mcos o), In p(|n| + ncos )}’ an K
A= [max{In p(jm| + mcos o), In p(|n| + cos B)}]"**

lnpl 21)
(jm| + mcos o) P

m

1
"p(Im| + mcos ) aP]p.

< kyp(21) {Z

|m|=2

Proof. By Holder’s inequality with weight (cf. Kuang, 2010) and

(7), we find
P 00
) = { > H(m,n)
|m|=2
ln(lfiz)/PpAﬂﬂ(n)

(iH(m, n)an
p
- LAgAx(m))”‘*ln““J/‘JpAfa(m)} }

|m|=2
< 3 H(m,my i)~ A (m)

e In""" pA, 4(n)

Vo) -1
{ZHmn In""” q/pPAﬂ/f( n) r
=2 Aca(m)In' ™" pA. ,(m)
:(w(/l], )P App(n) & (Aza(m)P I p/qu.-,O((m)ap_
02" pA, (n) Appmn'2pA, ) "

By (13

|:(A5‘x(m))1/qln“;'])/quE,oc(m) . }
iy m
I pAy ()

4
an

H(m,n)
|m|=2

), it follows that

[ o H A: Pl (1=40P/4 A ” b
< WA [ S 3 HOM M Acsm) Y o m)
Ay s(m)In' "2 pA, 5(n)

Lin=2im=2

[ oo oo ] P/aY -0/ ) p ’
_ e | 3 3 HO M A ) T P pAs(m) }

| mi=2[n=2 Ay p(m)In"=2 pAy 5(n)

RSTEN

I pA(m)
Acam)™ "]

i (A, m)

Lim|=2

= h,/"(a)

By (10) and (16), we have (18).
Using Holder’s inequality again, we have

= [1n%~ (1/p) '1/;( ) & :| |:1n(]/p)22pAn,/f(n) :l
— PR N T Hm n)ay | |————2 " p,
Z{ 2 (Ayp(m) "

)) m—2
o0 q(1-ip)—
]{Z n

ﬂ/f( ) bz:| 37
nj=2

(Ayp(n ))1 !

N

(24)

and then by (18), we have (17).
On the other hand, assuming that (17) is valid, we set
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lnl’z 1

M(ZHmn

’7ﬁ( |m[=2

p-1
b, := ) , |n] e N\ {1},

and find

00 iy)— 1/p
j= |: £ lan(l 2) 1PA;7,/3(n) bq:|
1- n .
(App(m)) !
By (23), it follows that J < co. If ] = 0, then (18) is trivially valid; if
J >0, then we have

0 q(1-7p-1)
0< Z In p/]‘i;f(n)
(Ap (1))

(=2
y |: lnp(l—hf])pAi‘ﬂ(m) ” :| P |:Zoo: an(l—/ﬁz*l)pA”.ﬁ(n) bq:| q
w (Ag(m)tt (App)'® "

=2

bz :Jp =I< kxﬁ()q)

)

\\Mg

=2
_ |: o0 ln‘)(]*/iz*l)pA”ﬁ(n) bq]ﬁ
=2 (App(n)'1 "
~ lnp(]—)vl—l)pAy (m) 5
< Ky (7 — PR gp
’M){Z (Aca(m)™ "

[m|=2

Hence, (18) is valid, which is equivalent to (17). O

Theorem 2. With regards to the assumptions of Theorem 1, the con-
stant factork, (1) in (17) and (18) is the best possible.

Proof. For 0 < & < q(J; + 0), we set 1, = i +i(> —0), 72 = I3 -
(e (-0,1-0)),and

I AL (m) lnj"g’lpAé_“(m)

am = Ac.’l(m) = Ai.l(m) (|m| € N\{]})7

N Jp—(e/q)-1 -1

b, — In PAy () In"27" pA, 4(n) (jn| € N\ {1}).

Ayp(n) - Ay
By (15) and (13), we find

G [ A m) H“ ln‘”*”“pAw() }
Iy := - ab b4
1 LZZ Aca(m)'? ") 2 (Ags(n) !
s ln”pAc,a(m)H s r
- [mzz Aca(m) s Ans(n
%(2csc2a+o(l)) "(2csc?p +0(1)) /q( 0%),

0" pAc, (m)In”* " pAy ()
Aca(m)Ayp(n)

- Z"mzf iH(m, n)

P L () 3 (1 072.m)
fmj=2

o o(ln 1-Gtiato) pAkx(m)>

In"""*pA: ,(m)
Aso(m)

—hﬁ(Il){im

|m|=2

A, (m)

m[=2

- %hﬁ (xl + g) (2csc%0 + 0(1) — €0(1)).

If there exists a positive number K < k; 4(41), such that (17) is
still valid when replacing k, ;(4,) by K, then in particular, we have
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el = ey Y H(m, N)anby < eKI;.

|m|=2|n|=2

Hence, in view of the above results, it follows that
hy (m + 2) (2csCa + o(1) — £0(1))
< K- (2csc?a+0(1)) P (2cs2p + 0(1)) ",

and then

4(A+20)csc?p

2 Foesc?o < 2Kesc*Pacsc?/ip(e — 0T
(J1+0)(42 +0) A )
namely,

2(4+2
Ky p(21) = (+20) csc?Ppesc o < K.

(M +0)(42+0)

Hence, K = k, 4(41) is the best possible constant factor in (17).

The constant factor kyp(41) in (18) is still the best possible.
Otherwise we would reach a contradiction by (24) that the
constant factor in (17) is not the best possible. O

4. Operator expressions and a remark

P01 pA , (m)

Setting Q(m) = o) ? (Im e N\ {1}), y(n) =
7'"%142)4”/‘”'”("), wherefrom, ' (n) = 71#, 2A L@ (pl e N\ {1}), w

(Anpm)*
define the following real weighted normed function spaces:

o 1/p
b :—{a = {an}:lal,, = (Z qo(m>|am") < oo},
|m|=2
o 1/q
lay :—{b = {ba}u ™3 bley = (Zl//(n)lbn"> < 00}7
[n|=2

1/p
=200 1
[ :—{c—{cn}n slely e = (Z¢ P(n)|ca P) <oo}.
|n|=2

Fora = {am}fmz‘“ € b, putting ¢, = E‘Tnz“xH
it follows by (18 ) that |c|, ,1-» < Ko5(41)

=2
(m,n)am and ¢ = {cn} ™,
|al, ,, namely c € 1, 1.

Definition 2. Define a Mulholland-type operator T:l,, — I, ,1-» as
follows: For a;, > 0,a = {am}fmz‘x €l there exists a unique

representation Ta = c € IMH,. We also define the following formal
inner product of Ta and b = {bn}fm200 € lgy (bn = 0) as follows:

(Ta,b) := i (iH(m,n)am>bn. (25)

[n|=2 \|m|=2

Hence, we may rewrite (17) and (18) in the following operator
expressions:

(Ta,b) <kap(21)lal, 4lblg,. (26)
Tal, i-» <kup(Z1)lal,,- (27)
It follows that the operator T is bounded with

Tal, -
M= sup TOR8r g, (28)

a=0)elpy  1Alpg

Since the constant factor k; 4(21) in (18) is the best possible, we have

2(4+20)

T = kop(ia) = m

csc?/P pesc? o, (29)

Remark 2. (i) For p=1,£=#%n=0in (19), we have the following
inequality:

o0

>, (min{In|m|,In [n|})’anb,

to

mam=2 (max{In|m|,Inn[})
2(A+20)
(1 +0)(%2 +0)
InP(1-%1)

1 1

im| "2 ) 1"
X —_—ab —— b, 30
LZZ m'? " sz "™ " 50

It follows that (19) is an extension of (30).

(i) Ifa_m =am and b_, = b, (m,n € N\ {1}), then (19) reduces
to

oy~ ) _[min{ln p(m — &), Inp(n — n))”
;Z{ [max{In p(m — ¢),In p(n — )"
[min{ln p(m — &),In p(n + n)]° n min{ln p(m +¢),Inp(n — )]_”
[max{inp(m — &), Inp(n+ ) [max{inp(m + &) In p(n— )"
N [min{ln p(m + &), In p(n + n)]° }a b, 2(.+20)

[max{In p(m + ¢),In p(n + )"’ (M1 +0)(22 +0)

> [P p(m — ¢) 'l)
X {m;[ (mfc”)“p + ah,

o lnq(l—x’.z)—lp(n _ ’,I) l q(1-72)— p(n + }’I) 1
x {HZ;[ ) + T by b . (31)

In particular, for p =1,¢ =75 =0, we have the following new
Mulholland-type inequality:

;,,; (max{lnm,Inn})
___At20
(;Ll + 0)(/12 + O')

1
% P11y Pl e pd-%2)-1, a
x {Zmll’ m ZTbg . (32)

+

I p(m 4 ¢)

(m+¢)'?

(min{ln m,In n})°
J+g mEn

m=2

5. Conclusions

In this paper, by introducing independent parameters, applying
the weight coefficients, we give a new Mulholland-type inequality
in the whole plane with a best possible constant factor in Theo-
rems 1 and 2. Moreover, the equivalent forms, a few particular
cases and the operator expressions are considered. The lemmas
and theorems provide an extensive account of this type of
inequalities.
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