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1. Introduction

If p > 1; 1p þ 1
q ¼ 1; am; bn P 0;0 <

P1
m¼1a

p
m < 1 and

0 <
P1

n¼1b
q
n < 1, then we have the following Hardy-Hilbert’s

inequality (cf. Hardy et al., 1934):

X1
n¼1

X1
m¼1

ambn

mþ n
<

p
sinðp=pÞ

X1
m¼1

apm

 !1=p X1
n¼1

bq
n

 !1=q

; ð1Þ

with the best possible constant factor p
sinðp=pÞ. The Mulholland’s

inequality with the same best possible constant factor p
sinðp=pÞ was

provided as follows (cf. Theorem 343 of Hardy et al. (1934), replac-
ing am

m ; bnn by am; bn):

X1
n¼2

X1
m¼2

ambn

lnmn
<

p
sinðp=pÞ

X1
m¼2

apm
m1�p

 !1=p X1
n¼2

bq
n

n1�q

 !1=q

: ð2Þ
Inequalities (1) and (2) are important in analysis and its applica-
tions (cf. Hardy et al., 1934; Mitrinović et al., 1991).

In 2007, a Hilbert-type integral inequality in the whole plane
was given as follows (cf. Wang and Yang, 2011):Z 1

�1

Z 1

�1

minf1; jxyjgf ðxÞgðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xyþ xyð Þ2

q dxdy

< 2 lnð3þ 2
ffiffiffi
3

p
Þ
Z 1

�1
jxjf 2ðxÞdx

Z 1

�1
jyjf 2ðyÞdy

� �1
2

; ð3Þ

where the constant factor 2 lnð3þ 2
ffiffiffi
3

p
Þ is the best possible. Some

new results on inequalities (1)–(3) were obtained by Gao and
Yang (1998), Yang et al. (2011), Krnić and Pečarić (2005), Perić
and Vuković (2011), He (2015), Adiyasuren et al. (2016), Yang
(2007), Li and He (2007), Krnić and Vukovic (2012), Huang (2015),
Huang and Yang (2013), Huang et al. (2014a,b), Huang (2010). In
2016, Yang and Chen gave a more accurate extension of (1) in the
whole plane as follows (cf. Zhong et al., 2017):

X1
nj j¼1

X1
mj j¼1

ambn

m� nj j þ n� gj jð Þk < 2B k1; k2ð Þ
X1
mj j¼1

m� nj jpð1�k1Þ�1apm

" #1
p

�
X1
nj j¼1

n� gj jqð1�k2Þ�1bq
n

" #1
q

; ð4Þ
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where the constant factor 2B k1; k2ð Þ 0 < k1; k2 6 1; k1 þ k2 ¼ð
k; n;g 2 0; 12

� �Þ is the best possible. Another result on this kind of
inequalities was provided by Xin et al. (2016).

In this paper, by introducing independent parameters, applying
the weight coefficients, we give a Mulholland-type inequality in
the whole plane with a best possible constant factor similar to
(4) and the main result of Xin et al. (2016). Moreover, the equiva-
lent forms, a few particular cases and the operator expressions are
considered.

2. Some lemmas

In the following, we agree thatp > 1; 1p þ 1
q ¼ 1;r 2 R ¼ ð�1;1Þ;

�r < k1; k2 6 1� r; k1 þ k2 ¼ k;qP 1,

arccos

ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

q

s
6 c 6 p� arccos

ffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

q

s
ðc ¼ a;bÞ;

f 2 ð�1;1Þ, satisfying
1

qð1� cos cÞ � 1 6 f 6 1� 1
qð1þ cos cÞ

ððf; cÞ ¼ ðn;aÞ or ðg;bÞÞ, and

hcðk1Þ :¼ 2ðkþ 2rÞcsc2c
ðk1 þ rÞðk2 þ rÞ 2 Rþ ¼ ð0;1Þðc ¼ a; bÞ: ð5Þ

Remark 1. With regards to the above assumptions, it follows that
qð1� fÞð1� cos cÞ P 1 ððf; cÞ ¼ ðn;aÞ or ðg; bÞÞ. In particular, for
q ¼ 1, we have a ¼ b ¼ p

2 and n ¼ g ¼ 0.

For tj j > 1; t ¼ x; y; ðf; c; tÞ ¼ ðn;a; xÞ (or ðg; b; yÞÞ, we set

Af;cðtÞ :¼ t � fj j þ ðt � fÞ cos c;
and the following function:

Hðx; yÞ :¼ minflnqAn;aðxÞ; lnqAg;bðyÞg
� �r
maxflnqAn;aðxÞ; lnqAg;bðyÞg
� �kþr :

Definition 1. Define two weight coefficients as follows:

xðk2;mÞ :¼
X1
nj j¼2

Hðm;nÞ
Ag;bðnÞ

lnk1qAn;aðmÞ
ln1�k2qAg;bðnÞ

; mj j 2 N n f1g; ð6Þ

-ðk1;nÞ :¼
X1
mj j¼2

Hðm;nÞ
An;aðmÞ

lnk2qAg;bðnÞ
ln1�k1qAn;aðmÞ

; nj j 2 N n f1g; ð7Þ

where
P¼21

jj j � � � ¼P�1
j¼�2 � � � þ

P1
j¼2 � � �ðj ¼ m; nÞ.
Lemma 1. (cf. Xin et al., 2016) Suppose that gðtÞð> 0Þ is strictly
decreasing in ð1;1Þ, satisfying R1

1 gðtÞdt 2 Rþ. We haveZ 1

2
gðtÞdt <

X1
n¼2

gðnÞ <
Z 1

1
gðtÞdt: ð8Þ

If �1ð ÞigðiÞðtÞ > 0 ði ¼ 0;1;2; t 2 ð32 ;1ÞÞ; R1
3
2

gðtÞdt 2 Rþ, then we

have the following Hermite-Hadamard’s inequality (cf. Chen and
Yang, 2016):

X1
n¼2

gðnÞ <
Z 1

3
2

gðtÞdt: ð9Þ
Lemma 2. The following inequalities are valid for
k1 > �r;�r < k2 6 1� r:

hbðk1Þð1� hðk2;mÞÞ < xðk2;mÞ < hbðk1Þ; mj j 2 N n f1g; ð10Þ
where

hðk2;mÞ :¼ðk1 þ rÞðk2 þ rÞ
kþ 2r

Z lnqð2þgÞð1þcosbÞ
P lnqAn;a ðmÞ

0

minf1;ugð Þruk2�1

maxf1;ugð Þkþr du

¼O
1

lnk2þrqAn;aðmÞ

 !
2 ð0;1Þ: ð11Þ
Proof. For jmj 2 N n f1g, we put

Hð1Þðm; yÞ :¼ minflnqAn;aðmÞ; lnqðy� gÞðcos b� 1Þg½ �r
maxflnqAn;aðmÞ; lnqðy� gÞðcosb� 1Þg½ �kþr

; y < �1;

Hð2Þðm; yÞ :¼ minflnqAn;aðmÞ; lnqðy� gÞðcos bþ 1Þg½ �r
maxflnqAn;aðmÞ; lnqðy� gÞðcosbþ 1Þg½ �kþr

; y > 1;

wherefrom

Hð1Þðm;�yÞ ¼ minflnqAn;aðmÞ; lnqðyþ gÞð1� cosbÞg½ �r
maxflnqAn;aðmÞ; lnqðyþ gÞð1� cos bÞg½ �kþr

; y > 1:

We find

xðk2;mÞ ¼
X�1

n¼�2

Hð1Þðm;nÞ
ðn� gÞðcos b� 1Þ

lnk1qAn;aðmÞ
ln1�k2qðn� gÞðcos b� 1Þ

þ
X1
n¼2

Hð2Þðm;nÞ
ðn� gÞðcosbþ 1Þ

� lnk1qAn;aðmÞ
ln1�k2qðn� gÞðcosbþ 1Þ

¼ lnk1qAn;aðmÞ
1� cosb

X1
n¼2

Hð1Þðm;�nÞ
ðnþ gÞln1�k2qðnþ gÞð1� cosbÞ

þ lnk1qAn;aðmÞ
1þ cosb

X1
n¼2

Hð2Þðm;nÞ
ðn� gÞln1�k2qðn� gÞð1þ cosbÞ

:

ð12Þ
In virtue of k1 > r;�r < k2 6 1� r, and k1 þ k2 ¼ k, we find

that for y > 1; i ¼ 1;2,

HðiÞðm; �1ð ÞiyÞ
½y� �1ð Þig�ln1�k2q y� �1ð Þig

h i
½1þ �1ð Þi cosb�

¼

1
½y� �1ð Þig� lnqAn;aðmÞð Þkþrln1�k2�rq y� �1ð Þig½ �½1þ �1ð Þi cosb�

;

1
q < ½y� �1ð Þig�½1þ �1ð Þi cos b� 6 An;aðmÞ

lnqAn;aðmÞð Þr
½y� �1ð Þig�ln1þk1þrq y� �1ð Þig½ �½1þ �1ð Þi cosb� ;

y� �1ð Þig
h i

½1þ �1ð Þi cosb� > An;aðmÞ

8>>>>>>>><>>>>>>>>:
are strictly decreasing in ð1;1Þ. By (12) and (8), we find

xðk2;mÞ < lnk1qAn;aðmÞ
1� cosb

Z 1

1

Hð1Þðm;�yÞdy
ðyþ gÞln1�k2qðyþ gÞð1� cos bÞ

þ lnk1qAn;aðmÞ
1þ cosb

Z 1

1

Hð2Þðm; yÞdy
ðy� gÞln1�k2qðy� gÞð1þ cos bÞ

:

Setting u ¼ lnqðyþgÞð1�cosbÞ
lnqAn;aðmÞ ðu ¼ lnqðy�gÞð1þcosbÞ

lnqAn;aðmÞ Þ in the above first

(second) integral, in view of Remark 1, by simplifications, we
obtain
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xðk2;mÞ < 1
1� cos b

þ 1
1þ cosb

� �Z 1

0

minf1; ugð Þruk2�1

maxf1;ugð Þkþr du

¼ 2csc2b
Z 1

0
uk2þr�1duþ

Z 1

1

uk2�1

ukþr du
� �

¼ hbðk1Þ:

By (12) and (8), in the same way, we still have

xðk2;mÞ > lnk1qAn;aðmÞ
1� cos b

Z 1

2

Hð1Þðm;�yÞdy
ðyþ gÞln1�k2qðyþ gÞð1� cosbÞ

þ lnk1qAn;aðmÞ
1þ cos b

Z 1

2

Hð2Þðm; yÞdy
ðy� gÞln1�k2qðy� gÞð1þ cosbÞ

P 2csc2b
Z 1

lnqð2þgÞð1þcosbÞ
lnqAn;a ðmÞ

minf1; ugð Þruk2�1

maxf1;ugð Þkþr du

¼ hbðk1Þ � 2csc2b
Z lnqð2þgÞð1þcos bÞ

lnqAn;a ðmÞ

0

minf1;ugð Þruk2�1

maxf1;ugð Þkþr du

¼ hbðk1Þð1� hðk2;mÞÞ > 0;

where hðk2;mÞð< 1Þ is indicated by (11). It follows that for
An;aðmÞ P ð2þ gÞð1þ cos bÞ,

0 < hðk2;mÞ ¼ ðk1 þ rÞðk2 þ rÞ
kþ 2r

Z lnqð2þgÞð1þcos bÞ
lnqAn;a ðmÞ

0
uk2þr�1du

¼ k1 þ r
kþ 2r

lnqð2þ gÞð1þ cosbÞ
lnqAn;aðmÞ

� �k2þr
:

Hence, (10) and (11) are valid. h

In the same way, we still have.

Lemma 3. The following inequalities are valid for
k2 > �r;�r < k1 6 1� r:

haðk1Þð1� ehðk1;nÞÞ < -ðk1;nÞ < haðk1Þ; nj j 2 N n f1g; ð13Þ
where

ehðk1;nÞ :¼ðk1 þ rÞðk2 þ rÞ
kþ 2r

Z lnqð2þnÞð1þcosaÞ
lnqAg;bðnÞ

0

minf1;ugð Þruk1�1

maxf1; ugð Þkþr du

¼O
1

lnk1þrqAg;bðnÞ

 !
2 ð0;1Þ: ð14Þ
Lemma 4. If ðf; cÞ ¼ ðn;aÞ (or ðg; bÞÞ, then for e > 0, we have

Heðf; cÞ :¼
X1
kj j¼2

ln�1�eq k� fj j þ ðk� fÞ cos c½ �
k� fj jðk� fÞ cos c

¼ 1
e
ð2csc2cþ oð1ÞÞ ðe ! 0þÞ: ð15Þ
Proof. By (9), we find

Heðf; cÞ ¼
X�1

k¼�2

ln�1�eqðk� fÞðcos c� 1Þ
ðk� fÞðcos c� 1Þ þ

X1
k¼2

ln�1�eqðk� fÞðcos cþ 1Þ
ðk� fÞðcos cþ 1Þ

¼
X1
k¼2

ln�1�eqðkþ fÞð1� cos cÞ
ðkþ fÞð1� cos cÞ þ ln�1�eqðk� fÞðcos cþ 1Þ

ðk� fÞðcos cþ 1Þ

" #

<

Z 1

3
2

ln�1�eqðyþ fÞð1� cos cÞ
ðyþ fÞð1� cos cÞ þ ln�1�eqðy� fÞðcos cþ 1Þ

ðy� fÞðcos cþ 1Þ

" #
dy

¼ 1
e

ln�eqð32 þ fÞð1� cos cÞ
1� cos c

þ ln�eq 3
2 � f
	 
ð1þ cos cÞ
1þ cos c

" #

¼ 1
e

1
1� cos c

þ 1
1þ cos c

þ o1ð1Þ
� �

ðe ! 0þÞ:
By (8), we still can find that

Heðf; cÞ ¼
X1
k¼2

ln�1�eqðkþ fÞð1� cos cÞ
ðkþ fÞð1� cos cÞ þ ln�1�eqðn� fÞðcos cþ 1Þ

ðn� fÞðcos cþ 1Þ

" #

>

Z 1

2

ln�1�eqðyþ fÞð1� cos cÞ
ðyþ fÞð1� cos cÞ þ ln�1�eqðy� fÞðcos cþ 1Þ

ðy� fÞðcos cþ 1Þ

" #
dy

¼ 1
e

ln�eqð2þ fÞð1� cos cÞ
1� cos c

þ ln�eqð2� fÞð1þ cos cÞ
1þ cos c

� �
¼ 1
e

1
1� cos c

þ 1
1þ cos c

þ o2ð1Þ
� �

ðe! 0þÞ:

Hence, we prove that (15) is valid. h
3. Main results and a few particular cases

We set

ka;bðk1Þ :¼ h1=p
b ðk1Þh1=q

a ðk1Þ ¼ 2ðkþ 2rÞ
ðk1 þ rÞðk2 þ rÞ csc

2=pbcsc2=qa: ð16Þ

Theorem 1. Suppose that am; bn P 0 ð mj j; nj j 2 N n f1gÞ, satisfy

0 <
X1
mj j¼2

lnpð1�k1Þ�1qAn;aðmÞ
An;aðmÞð Þ1�p ap

m < 1; <
X1
nj j¼2

lnqð1�k2Þ�1qAg;bðnÞ
Ag;bðnÞ
	 
1�q bq

n < 1:

We have the following equivalent inequalities:

I :¼
X1
nj j¼2

X1
mj j¼2

Hðm;nÞambn

< ka;bðk1Þ
X1
mj j¼2

lnpð1�k1Þ�1qAn;aðmÞ
An;aðmÞð Þ1�p ap

m

" #1
p

�
X1
nj j¼2

lnqð1�k2Þ�1qAg;bðnÞ
Ag;bðnÞ
	 
1�q bq

n

" #1
q

; ð17Þ

J :¼
X1
nj j¼2

lnpk2�1qAg;bðnÞ
Ag;bðnÞ

X1
mj j¼2

Hðm;nÞam
 !p" #1

p

< ka;bðk1Þ
X1
jmj¼2

lnpð1�k1Þ�1qAn;aðmÞ
An;aðmÞð Þ1�p apm

" #1=p
: ð18Þ

In particular, (i) for a ¼ b ¼ p
2 ;

1
q� 1 6 n;g 6 1� 1

q, we have the

following equivalent inequalities similar to (4):

X1
nj j¼2

X1
mj j¼2

minflnqjm� nj; lnqjn� gjgð Þrambn

maxflnqjm� nj; lnqjn� gjgð Þkþr

<
2ðkþ 2rÞ

ðk1 þ rÞðk2 þ rÞ

�
X1
mj j¼2

lnpð1�k1Þ�1qjm� nj
m� nj j1�p apm

" #1
p X1

nj j¼2

lnqð1�k2Þ�1q n� gj j
n� gj j1�q bq

n

" #1
q

;

ð19Þ

X1
nj j¼2

lnpk2�1q n� gj j
n� gj j

X1
mj j¼2

minflnqjm� nj; lnqjn� gjgð Þram
maxflnqjm� nj; lnqjn� gjgð Þkþr

" #p( )1
p

<
2ðkþ 2rÞ

ðk1 þ rÞðk2 þ rÞ
X1
mj j¼2

lnpð1�k1Þ�1q m� nj j
m� nj j1�p ap

m

" #1=p
:

ð20Þ
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(ii) For n ¼ g ¼ 0; arccos
ffiffiffiffiffiffiffiffiffiffiffi
1� 1

q

q
6 a; b 6 p� arccos

ffiffiffiffiffiffiffiffiffiffiffi
1� 1

q

q
, we

have the following equivalent inequalities:X1
nj j¼2

X1
mj j¼2

minflnqðjmj þm cosaÞ; lnqðjnj þ n cosbÞg½ �rambn

maxflnqðjmj þm cosaÞ; lnqðjnj þ cos bÞg½ �kþr

< ka;bðk1Þ
X1
mj j¼2

lnpð1�k1Þ�1qðjmj þm cosaÞ
jmj þm cosað Þ1�p apm

" #1=p

�
X1
nj j¼2

lnqð1�k2Þ�1qðjnj þ cosbÞ
jnj þ cos bð Þ1�q bq

n

" #1=q
; ð21Þ

X1
nj j¼2

lnpk2�1qðjnj þ cos bÞ
jnj þ cosb

(

�
X1
mj j¼2

minflnqðjmj þm cosaÞ; lnqðjnj þ n cosbÞg½ �ram
maxflnqðjmj þm cosaÞ; lnqðjnj þ cosbÞg½ �kþr

" #p)1
p

< ka;bðk1Þ
X1
mj j¼2

lnpð1�k1Þ�1qðjmj þm cosaÞ
jmj þm cosað Þ1�p apm

" #1
p

: ð22Þ

Proof. By Hölder’s inequality with weight (cf. Kuang, 2010) and
(7), we find

X1
mj j¼2

Hðm;nÞam
 !p

¼
X1
mj j¼2

Hðm;nÞ An;aðmÞð Þ1=qlnð1�k1Þ=qqAn;aðmÞ
lnð1�k2Þ=pqAg;bðnÞ

am

" #(

� lnð1�k2Þ=pqAg;bðnÞ
An;aðmÞð Þ1=qlnð1�k1Þ=qqAn;aðmÞ

" #)p

6
X1
mj j¼2

Hðm;nÞ An;aðmÞð Þp=qlnð1�k1Þp=qqAn;aðmÞ
ln1�k2qAg;bðnÞ

apm

�
X1
mj j¼2

Hðm;nÞ lnð1�k2Þq=pqAg;bðnÞ
An;aðmÞln1�k1qAn;aðmÞ

" #p�1

¼ -ðk1;nÞð Þp�1Ag;bðnÞ
lnpk2�1qAg;bðnÞ

X1
mj j¼2

Hðm;nÞ An;aðmÞð Þp=qlnð1�k1Þp=qqAn;aðmÞ
Ag;bðnÞln1�k2qAg;bðnÞ

apm:

By (13), it follows that

J < h1=q
a ðk1Þ

X1
nj j¼2

X1
mj j¼2

Hðm;nÞ An;aðmÞð Þp=qlnð1�k1Þp=qqAn;aðmÞ
Ag;bðnÞln1�k2qAg;bðnÞ

apm

" #1
p

¼ h1=q
a ðk1Þ

X1
mj j¼2

X1
nj j¼2

Hðm;nÞ An;aðmÞð Þp=qlnð1�k1Þp=qqAn;aðmÞ
Ag;bðnÞln1�k2qAg;bðnÞ

apm

" #1
p

¼ h1=q
a ðk1Þ

X1
mj j¼2

xðk2;mÞ ln
pð1�k1Þ�1qAn;aðmÞ
An;aðmÞð Þ1�p apm

" #1
p

:

ð23Þ
By (10) and (16), we have (18).

Using Hölder’s inequality again, we have

I ¼
X1
nj j¼2

lnk2�ð1=pÞqAg;bðnÞ
Ag;bðnÞ
	 
1=p X1

mj j¼2

Hðm; nÞam

" #
lnð1=pÞ�k2qAg;bðnÞ

Ag;bðnÞ
	 
�1=p bn

" #

6 J
X1
nj j¼2

lnqð1�k2Þ�1qAg;bðnÞ
Ag;bðnÞ
	 
1�q bq

n

" #1
q

;

ð24Þ

and then by (18), we have (17).
On the other hand, assuming that (17) is valid, we set
bn :¼ lnpk2�1qAg;bðnÞ
Ag;bðnÞ

X1
mj j¼2

Hðm;nÞam
 !p�1

; nj j 2 N n f1g;

and find

J ¼
X1
nj j¼2

lnqð1�k2Þ�1qAg;bðnÞ
Ag;bðnÞ
	 
1�q bq

n

" #1=p
:

By (23), it follows that J < 1. If J ¼ 0, then (18) is trivially valid; if
J > 0, then we have

0 <
X1
½n�¼2

lnqð1�k2�1ÞqAg;bðnÞ
ðAg;bðnÞÞ1�q bq

n ¼ Jp ¼ I < ka;bðk1Þ

�
X1
jmj¼2

lnpð1�k1�1ÞqAn;bðmÞ
ðAn;aðmÞÞ1�q ap

m

" #1
p X1

jnj¼2

lnqð1�k2�1ÞqAg;bðnÞ
ðAg;bðnÞÞ1�q bq

n

" #1
q

;

¼
X1
jnj¼2

lnqð1�k2�1ÞqAg;bðnÞ
ðAg;bðnÞÞ1�q bq

n

" #1
p

< ka;bðk1Þ
X1
jmj¼2

lnpð1�k1�1ÞqAn;bðmÞ
ðAn;aðmÞÞ1�q ap

m

" #1
p

:

Hence, (18) is valid, which is equivalent to (17). h
Theorem 2. With regards to the assumptions of Theorem 1, the con-
stant factorka;bðk1Þ in (17) and (18) is the best possible.
Proof. For 0 < e < qðk2 þ rÞ, we set ek1 ¼ k1 þ e
q ð> �rÞ; ek2 ¼ k2 � e

q

ð2 ð�r;1� rÞÞ, and

eam :¼ lnk1�ðe=pÞ�1qAn;aðmÞ
An;aðmÞ ¼ ln

ek1�e�1qAn;aðmÞ
An;aðmÞ ð mj j 2 N n f1gÞ;

ebn :¼ lnk2�ðe=qÞ�1qAg;bðnÞ
Ag;bðnÞ ¼ ln

ek2�1qAg;bðnÞ
Ag;bðnÞ ð nj j 2 N n f1gÞ:

By (15) and (13), we find

eI1 :¼
X1
mj j¼2

lnpð1�k1Þ�1qAn;aðmÞ
An;aðmÞð Þ1�p

eap
m

" #1
p X1

nj j¼2

lnqð1�k2Þ�1qAg;bðnÞ
Ag;bðnÞ
	 
1�q

ebq
n

" #1
q

¼
X1
mj j¼2

ln�1�eqAn;aðmÞ
An;aðmÞ

" #1
p X1

nj j¼2

ln�1�eqAg;bðnÞ
Ag;bðnÞ

" #1
q

¼ 1
e

2csc2aþ oð1Þ	 
1=p
2csc2bþ eoð1Þ	 
1=qðe ! 0þÞ;

eI :¼ X1
mj j¼2

X1
nj j¼2

Hðm;nÞeam
ebn

¼
X¼21

mj j

X1
nj j¼2

Hðm;nÞ ln
ek1�e�1qAn;aðmÞlnek2�1qAg;bðnÞ

An;aðmÞAg;bðnÞ

¼
X1
mj j¼2

xðek2;mÞ ln
�1�eqAn;aðmÞ
An;aðmÞ > hbðek1Þ

X1
mj j¼2

ð1� hðek2;mÞÞ ln
�1�eqAn;aðmÞ
An;aðmÞ

¼ hbðek1Þ
X1
mj j¼2

ln�1�eqAn;aðmÞ
An;aðmÞ �

X1
mj j¼2

O ln�1�ðepþk2þrÞqAn;aðmÞ
� �

An;aðmÞ

24 35
¼ 1
e
hb k1 þ e

q

� �
ð2csc2aþ oð1Þ � eOð1ÞÞ:

If there exists a positive number K 6 ka;bðk1Þ, such that (17) is
still valid when replacing ka;bðk1Þ by K, then in particular, we have
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eeI ¼ e
X1
mj j¼2

X1
nj j¼2

Hðm;nÞeam
ebn < eKeI1:

Hence, in view of the above results, it follows that

hb k1 þ e
q

� �
ð2csc2aþ oð1Þ � eOð1ÞÞ

< K � 2csc2aþ oð1Þ	 
1=p
2csc2bþ eoð1Þ	 
1=q

;

and then

4ðkþ 2rÞcsc2b
ðk1 þ rÞðk2 þ rÞ csc

2a 6 2Kcsc2=pacsc2=qbðe ! 0þÞ;

namely,

ka;bðk1Þ ¼ 2ðkþ 2rÞ
ðk1 þ rÞðk2 þ rÞ csc

2=pbcsc2=qa 6 K:

Hence, K ¼ ka;bðk1Þ is the best possible constant factor in (17).
The constant factor ka;bðk1Þ in (18) is still the best possible.

Otherwise we would reach a contradiction by (24)’ that the
constant factor in (17) is not the best possible. h
4. Operator expressions and a remark

Setting uðmÞ :¼ lnpð1�k1 Þ�1qAn;aðmÞ
An;aðmÞð Þ1�p ð mj j 2 N n f1gÞ; wðnÞ :¼

lnqð1�k2 Þ�1qAg;bðnÞ
Ag;bðnÞð Þ1�q ; wherefrom, w1�pðnÞ ¼ lnpk2�1qAg;bðnÞ

Ag;bðnÞ ð nj j 2 N n f1gÞ, we

define the following real weighted normed function spaces:

lp;u :¼ a ¼ amf g¼21
mj j ; aj jp;u ¼

X1
mj j¼2

uðmÞ amj jp
 !1=p

< 1
8<:

9=;;

lq;w :¼ b ¼ bnf g¼21
nj j ; bj jq;w ¼

X1
nj j¼2

wðnÞ bnj jq
 !1=q

< 1
8<:

9=;;

lp;w1�p :¼ c ¼ cnf g¼21
nj j ; cj jp;w1�p ¼

X1
nj j¼2

w1�pðnÞ cnj jp
 !1=p

< 1
8<:

9=;:

For a ¼ amf g¼21
mj j 2 lp;u, putting cn ¼P¼21

mj j Hðm;nÞam and c ¼ cnf g¼21
nj j ,

it follows by (18 ) that cj jp;w1�p < ka;bðk1Þ aj jp;u, namely c 2 lp;w1�p .

Definition 2. Define a Mulholland-type operator T:lp;u ! lp;w1�p as

follows: For am P 0; a ¼ amf g¼21
mj j 2 lp;u, there exists a unique

representation Ta ¼ c 2 lp;w1�p . We also define the following formal

inner product of Ta and b ¼ bnf g¼21
nj j 2 lq;w ðbn P 0Þ as follows:

ðTa; bÞ :¼
X1
nj j¼2

X1
mj j¼2

Hðm; nÞam
 !

bn: ð25Þ

Hence, we may rewrite (17) and (18) in the following operator
expressions:

ðTa; bÞ <ka;bðk1Þ aj jp;u bj jq;w; ð26Þ
Taj jp;w1�p <ka;bðk1Þ aj jp;u: ð27Þ
It follows that the operator T is bounded with

Tj j :¼ sup
að–hÞ2lp;u

Taj jp;w1�p

aj jp;u
6 ka;bðk1Þ: ð28Þ

Since the constant factor ka;bðk1Þ in (18) is the best possible, we have
Tj j ¼ ka;bðk1Þ ¼ 2ðkþ 2rÞ
ðk1 þ rÞðk2 þ rÞ csc

2=pbcsc2=qa: ð29Þ

Remark 2. (i) For q ¼ 1; n ¼ g ¼ 0 in (19), we have the following
inequality:X1
nj j¼2

X1
mj j¼2

minfln jmj; ln jnjgð Þrambn

maxfln jmj; ln jnjgð Þkþr

<
2ðkþ 2rÞ

ðk1 þ rÞðk2 þ rÞ

�
X1
mj j¼2

lnpð1�k1Þ�1jmj
mj j1�p apm

" #1
p X1

nj j¼2

lnqð1�k2Þ�1 nj j
nj j1�q bq

n

" #1
q

; ð30Þ

It follows that (19) is an extension of (30).

(ii) If a�m ¼ am and b�n ¼ bn ðm;n 2 N n f1gÞ, then (19) reduces
to

X1
n¼2

X1
m¼2

minflnqðm� nÞ; lnqðn� gÞ½ �r
maxflnqðm� nÞ; lnqðn� gÞ½ �kþr

(

þ minflnqðm� nÞ; lnqðnþ gÞ½ �r
maxflnqðm� nÞ; lnqðnþ gÞ½ �kþr

þ minflnqðmþ nÞ; lnqðn� gÞ½ �r
maxflnqðmþ nÞ; lnqðn� gÞ½ �kþr

þ minflnqðmþ nÞ; lnqðnþ gÞ½ �r
maxflnqðmþ nÞ; lnqðnþ gÞ½ �kþr

)
ambn <

2ðkþ 2rÞ
ðk1 þ rÞðk2 þ rÞ

�
X1
m¼2

lnpð1�k1Þ�1qðm� nÞ
m� nð Þ1�p þ lnpð1�k1Þ�1qðmþ nÞ

mþ nð Þ1�p

" #
ap
m

( )1
p

�
X1
n¼2

lnqð1�k2Þ�1qðn� gÞ
n� gð Þ1�q þ lnqð1�k2Þ�1qðnþ gÞ

nþ gð Þ1�q

" #
bq
n

( )1
q

: ð31Þ

In particular, for q ¼ 1; n ¼ g ¼ 0, we have the following new
Mulholland-type inequality:X1
n¼2

X1
m¼2

minflnm; ln ngð Þr
maxflnm; ln ngð Þkþr

ambn

<
kþ 2r

ðk1 þ rÞðk2 þ rÞ

�
X1
m¼2

lnpð1�k1Þ�1m
m1�p

apm

" #1
p X1

n¼2

lnqð1�k2Þ�1n
n1�q

bq
n

" #1
q

: ð32Þ
5. Conclusions

In this paper, by introducing independent parameters, applying
the weight coefficients, we give a new Mulholland-type inequality
in the whole plane with a best possible constant factor in Theo-
rems 1 and 2. Moreover, the equivalent forms, a few particular
cases and the operator expressions are considered. The lemmas
and theorems provide an extensive account of this type of
inequalities.
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