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1. Introduction X1 X1 lnðm=nÞambn p
� �2
If p > 1; 1p þ 1
q ¼ 1; am; bn P 0; a ¼ famg1m¼1 2 lp; b ¼ fbng1n¼1 2 lq,

kakp ¼ ðP1
m¼1a

p
mÞ

1
p > 0; kbkq > 0, then we have the following well-

known Hardy-Hilbert’s inequalityX1
m¼1

X1
n¼1

ambn

mþ n
<

p
sinðp=pÞ kakpkbkq; ð1Þ

and the following more accurate Hardy-Hilbert’s inequality with
the same best possible constant factor p

sinðp=pÞ (cf. Hardy et al.,

1934, Theorem 315, 323):X1
m¼1

X1
n¼1

ambn

mþ n� 1
<

p
sinðp=pÞ kakpkbkq: ð2Þ

We still have the following Hilbert-type inequality with the best

possible constant factor p
sinðp=pÞ

h i2
(cf. Hardy et al., 1934,

Theorem 342):
m¼1n¼1
m� n

<
sinðp=pÞ kakpkbkq: ð3Þ

Inequalities (1), (2) and (3) are important in Analysis and its appli-
cations (cf. Hardy et al., 1934; Mitrinović et al., 1991; Yang, 2011).

Assuming that flmg1m¼1 and ftng1n¼1 are positive sequences with

Um ¼
Xm
i¼1

li;Vn ¼
Xn
j¼1

tj m;n 2 N ¼ f1;2; . . .gð Þ;

We have the following Hardy-Hilbert-type inequality (cf. Hardy
et al., 1934, Theorem 321):

X1
m¼1

X1
n¼1

ambn

Um þ Vn
<

p
sinðp=pÞ

X1
m¼1

apm
lp�1

m

 !1
p X1

n¼1

bq
n

mq�1
n

 !1
q

: ð4Þ

For li ¼ tj ¼ 1 ði; j 2 NÞ, inequality (4) reduces to (1).
In 2015, by using the transfer formula, Yang (2015) gave the fol-

lowing multidimensional Hilbert’s inequality: For
i0; j0 2 N;a; b > 0,

kxka : ¼
Xi0
k¼1

jxðkÞja
 !1

a

ðx ¼ ðxð1Þ; . . . ; xði0ÞÞ 2 Ri0Þ;

kykb : ¼
Xj0
k¼1

jyðkÞjb
 !1

b

ðy ¼ ðyð1Þ; . . . ; yðj0ÞÞ 2 Rj0 Þ;

0 < k1 6 i0;0 < k2 6 j0; k1 þ k2 ¼ k; am; bn P 0, we have

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jksus.2018.01.004&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.jksus.2018.01.004
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:bcyang@gdei.edu.cn
https://doi.org/10.1016/j.jksus.2018.01.004
http://www.sciencedirect.com/science/journal/10183647
http://www.sciencedirect.com


B. Yang / Journal of King Saud University – Science 31 (2019) 164–170 165
X
n

X
m

1
kmkka þknkkb

ambn < K
1
p
1K

1
q
2

X
m

kmkpði0�k1Þ�i0
a apm

" #1
p X

n

knkqðj0�k2Þ�j0
b bq

n

" #1
q

;

ð5Þ
where

P
m ¼P1

mi0
¼1 . . .

P1
m1¼1 ,

P
n ¼P1

nj0¼1 . . .
P1

n1¼1, the series in

the right-hand side of (5) are positive values, and the best possible

constant factor K
1
p
1K

1
q
2 is indicated by

K
1
p
1K

1
q
2 ¼

Cj0 1
b

� �
bj0�1C j0

b

� �
24 35

1
p

Ci0 1
a

� �
ai0�1C i0

a

� �
24 351

q

p
k sin pk1

k

� � :
With regards to the above assumptions, we still have the fol-

lowing multidimensional Hilbert-type inequality (cf. Yang, 2014):

X
n

X
m

lnðkmka=knkbÞ
kmkka �knkkb

ambn < K
X
m

kmkpði0�k1Þ�i0
a ap

m

" #1
p X

n

knkqðj0�k2Þ�j0
b bq

n

" #1
q

;

ð6Þ
where,

K ¼
Cj0 1

b

� �
bj0�1C j0

b

� �
24 35

1
p

Ci0 1
a

� �
ai0�1C i0

a

� �
24 351

q

p
k sin pk1

k

� �" #2

is the best possible. For i0 ¼ j0 ¼ k ¼ 1; k1 ¼ 1
q ; k2 ¼ 1

p, inequality (5)

((6)) reduces to (1) ((3)). Some other results on this type of inequal-
ities and multiple inequalities were provided by Hong (2005), Krnić
et al. (2008), Krnić and Vuković (2012), Rassias and Yang (2014), Shi
and Yang (2015), Hong (2006, 2010), Perić and Vuković (2011), He
(2015), Adiyasuren et al. (2016).

Recently, by using the weight coefficients, Huang (2015) gave an
extensionof (3) as follows: For 0 < k1; k2 6 1; k1 þ k2 ¼ k; am; bn P 0,

X1
m¼1

X1
n¼1

lnðUm=VnÞ
Uk

m �Vk
n

ambn <
p

ksin pk1
k

� �" #2 X1
m¼1

Upð1�k1Þ�1
m apm
lp�1

m

" #1
p X1

n¼1

Vqð1�k2Þ�1
n bq

n

mq�1
n

" #1
q

;

ð7Þ

where, the constant factor p
k sinðpk1k Þ

� �2
is the best possible (the series

in the right-hand side of (7) are positive values). Another results on
Hardy-Hilbert-type inequalities and Hilbert-type inequalities were
given by Yang (2015), Shi and Yang (2015), Huang (2015), Wang
et al. (2015), Yang and Chen (2016), Brnetić and Pečarić (2004),
Krnić and Pečarić (2005), Krnic et al. (2005), Li et al. (2007), Laith
(2008), Agarwal et al. (2015).

In this paper, by means of the weight coefficients, the transfer
formula, Hermite-Hadamard’s inequality and the technique of
analysis, a more accurate multidimensional Hardy-Hilbert-type
inequality with a best possible constant factor is given, which is
an extension of (6) and (7). Meanwhile, the equivalent forms and
the operator expressions are considered.

2. Some lemmas

If lðkÞ
i > 0;06 elðkÞ

i 6 1
2l

ðkÞ
i ðk¼ 1; . . . ; i0; i¼ 1; . . . ;mÞ;tðlÞj > 0;06etðlÞ

j 6 1
2t

ðlÞ
j ðl¼ 1; . . . ; j0; j¼ 1; . . . ;nÞ, then we set

UðkÞ
m : ¼

Xm
i¼1

lðkÞ
i ; eU ðkÞ

m :¼ UðkÞ
m � elðkÞ

m ðk ¼ 1; . . . ; i0Þ;

V ðlÞ
n : ¼

Xn
j¼1

tðlÞj ; eV ðlÞ
n :¼ V ðlÞ

n � etðlÞ
n ðl ¼ 1; . . . ; j0Þ;

Um :¼ ðUð1Þ
m ; . . . ;Uði0Þ

m Þ; elm :¼ ðelð1Þ
m ; . . . ; elði0Þ

m Þ;eUm :¼ ðeU ð1Þ
m ; . . . ; eU ði0Þ

m Þ ¼ Um � elm;
Vn :¼ ðV ð1Þ
n ; . . . ;V ðj0Þ

n Þ; etn :¼ ðetð1Þ
n ; . . . ; etðj0Þ

n Þ ;eVn :¼ ðeV ð1Þ
n ; . . . ; eV ðj0Þ

n Þ ¼ Vn � etn ðm;n 2 NÞ: ð8Þ
We also set functions lkðtÞ :¼ lðkÞ

m ; t 2 ðm� 1
2 ;mþ 1

2Þ ðm 2 NÞ;
tlðtÞ :¼ tðlÞn ; t 2 ðn� 1

2 ;nþ 1
2Þ ðn 2 NÞ, and

UkðxÞ : ¼
Z x

1
2

lkðtÞdt ðk ¼ 1; . . . ; i0Þ;

VlðyÞ : ¼
Z y

1
2

tlðtÞdt ðl ¼ 1; . . . ; j0Þ; ð9Þ

UðxÞ : ¼ ðU1ðxÞ; . . . ;Ui0 ðxÞÞ;

VðyÞ : ¼ ðV1ðyÞ; . . . ;Vj0 ðyÞÞ x; y P
1
2

� 	
: ð10Þ

It follows that

UkðmÞ ¼
Z m

1
2

lkðtÞdt ¼
Z mþ1

2

1
2

lkðtÞdt �
1
2
lðkÞ

m

6eU ðkÞ
m 6 Uk mþ 1

2

� 	
ðk ¼ 1; . . . ; i0;m 2 NÞ;

VlðnÞ 6eV ðlÞ
n 6 Vl nþ 1

2

� 	
ðl ¼ 1; . . . ; j0;n 2 NÞ;

and for x 2 m� 1
2 ;mþ 1

2

� �
;U0

kðxÞ ¼ lkðxÞ ¼ lðkÞ
m , k ¼ 1; . . . ; i0;ð

m2NÞ; for y2 n� 1
2 ;nþ 1

2

� �
;V 0

lðyÞ ¼ tlðyÞ ¼ tðlÞn , l¼ 1; . . . ; j0;n2Nð Þ.

Lemma 1. (cf. YangandChen, 2016) Suppose that gðtÞ ð> 0Þ is strictly
decreasing and strictly convex in 1

2 ;1
� �

, satisfying
R1
1
2

gðtÞdt 2 Rþ. We

have the following Hermite-Hadamard’s inequalityZ nþ1

n
gðtÞdt < gðnÞ <

Z nþ1
2

n�1
2

gðtÞdt ðn 2 NÞ; ð11Þ

and thenZ 1

1
gðtÞdt <

X1
n¼1

gðnÞ <
Z 1

1
2

gðtÞdt: ð12Þ
Lemma 2. If i0 2 N;a;M > 0;WðuÞ is a non-negative measurable
function in ð0;1�, and

DM :¼ x ¼ ðx1; . . . ; xi0 Þ 2 Ri0
þ ;u ¼

Xi0
i¼1

xi
M

� �a
6 1

( )
; ð13Þ

then we have the following transfer formula (cf. Hong, 2005):

Z
� � �
Z
DM

W
Xi0
i¼1

xi
M

� �a !
dx1 � � �dxs ¼

Mi0Ci0 1
a

� �
ai0C i0

a

� � Z 1

0
WðuÞui0

a�1du:

ð14Þ
Lemma 3. If i0; j0 2 N;a; b; e > 0;lðkÞ
m P lðkÞ

mþ1 ðm 2 N; k ¼ 1; . . . ; i0Þ;
tðlÞn P tðlÞnþ1 ðn 2 N; l ¼ 1; . . . ; i0Þ; b :¼ min16i6i0 ;16j6j0flðiÞ

1 ; tðjÞ1 gð> 0Þ,
then we have

X
m
jeUmk�i0�e

a

Yi0
k¼1

lðkÞ
m 6

Ci0 1
a

� �
ebeie=a0 ai0�1C i0

a

� �þ Oð1Þ; ð15Þ

X
n
keVnk�j0�e

b

Yj0
k¼1

tðkÞn 6
Cj0 1

b

� �
ebeje=b0 bj0�1C j0

b

� �þ eOð1Þ ðe ! 0þÞ: ð16Þ
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Proof. For M > bi1=a0 , we set

WðuÞ ¼
0; 0 < u < ba i0

Ma ;

1

ðMu1=aÞi0þe
; ba i0

Ma 6 u 6 1:

8<:
By (14), it follows thatZ

fx2Ri0
þ ;xiPbg

dx

kxki0þea

¼ lim
M!1

Z
� � �
Z
DM

W
Xi0
i¼1

xi
M

� �a !
dx1 � � �dxi0

¼ lim
M!1

Mi0Ci0 1
a

� �
ai0C i0

a

� � Z 1

ba i0=M
a

u
i0
a�1

ðMu1=aÞi0þe
du ¼ Ci0ð1aÞ

ebeie=a0 ai0�1C i0
a

� � :
In view of (12) and the above result, since UkðmÞ 6 eU ðkÞ

m , we find

0 <
X

fm2Ni0 ;miP2g
keUmk�i0�e

a

Yi0
k¼1

lðkÞ
m

6
X

fm2Ni0 ;miP2g

Z
fx2Ri0

þ ;mi�1
26xi<miþ1

2g
kUðmÞk�i0�e

a

Yi0
k¼1

lðkÞ
m dx

<
X

fm2Ni0 ;miP2g

Z
fx2Ri0

þ ;mi�1
26xi<miþ1

2g
kUðxÞk�i0�e

a

Yi0
k¼1

lkðxÞdx

¼
Z
fx2Ri0

þ ;xiP
3
2g
kUðxÞk�i0�e

a

Yi0
k¼1

lkðxÞdx

¼v¼UðxÞ
Z
fv2Ri0

þ ;v iPlðiÞ
1
g
kvk�i0�e

a dv 6
Z
fv2Ri0

þ ;v iPbg
kvk�i0�e

a dv

¼ Ci0 1
a

� �
ebeie=a0 ai0�1C i0

a

� � :
For i0 ¼ 1; 0 <

P
fm2Ni0 ;mi¼1gkeUmk�i0�e

a
Qi0

k¼1l
ðkÞ
m 6 ðlð1Þ

1 Þ�e < 1; for

i0 P 2, we set

Hi :¼
X

fm2Ni0 ;mi¼1g
keUmk�i0�e

a

Yi0
k¼1

lðkÞ
m ði ¼ 1; . . . ; i0Þ:

Without lose of generality, we estimate Hi0 as follows:

Hi0 6
X

fm2Ni0 ;mi0
¼1g

kUðmÞk�i0�e
a

Yi0
k¼1

lðkÞ
m

¼ lði0Þ
1

X
m2Ni0�1

Yi0�1

k¼1
lðkÞ

mPi0�1
i¼1 Ua

i ðmÞ þ 1
2l

ði0Þ
1

� �ah i1
aði0þeÞ

<
X

m2Ni0�1

Z
fx2Ri0�1

þ ;mi�1
26xi<miþ1

2g

lði0Þ
1

Yi0�1

k¼1
lkðxÞdxPi0�1

i¼1 Ua
i ðxÞ þ 1

2l
ði0Þ
1

� �ah i1
aði0þeÞ

¼ lði0Þ
1

Z
fx2Ri0�1 ;xiP

1
2g

Yi0�1

k¼1
lkðxÞPi0�1

i¼1 Ua
i ðxÞ þ 1

2l
ði0Þ
1

� �ah i1aði0þeÞ dx
6

v¼UðxÞ
lði0Þ

1

Z
R
i0�1
þ

1

MaPi0�1
i¼1

v i
M

� �a þ 1
2l

ði0Þ
1

� �ah i1aði0þeÞ dv :
By (14), we find
0 < Hi0 6 lði0Þ
1 lim

M!1
Mi0�1Ci0�1 1

a

� �
ai0�1C i0�1

a

� � Z 1

0

u
i0�1
a �1du

Mauþ ð12lði0Þ
1 Þa

h ii0þe
a

¼
t¼ Mau

1
2l

ði0 Þ
1

� �a
21þe

ðlði0Þ
1 Þe

Ci0�1 1
a

� �
ai0�1C i0�1

a

� � Z 1

0

t
i0�1
a �1dt

ðt þ 1Þ
i0þe
a

¼ 21þe

ðlði0Þ
1 Þe

Ci0�1 1
a

� �
ai0�1Cði0�1

a Þ B
i0 � 1
a

;
1þ e
a

� 	
< 1;

namely, Hi0 ¼ Oi0 ð1Þ. Hence, we have

X
m

keUmk�i0�e
a

Yi0
k¼1

lðkÞ
m 6

X
fm2Ni0 ;miP2g

keUmk�i0�e
a

Yi0
k¼1

lðkÞ
m þ

Xi0
i¼1

Hi

6
Ci0 1

a

� �
ebeie=a0 ai0�1C i0

a

� �þXi0
i¼1

Oið1Þ ðe ! 0þÞ;

and then (15) follows. In the same way, we have (16). h
Definition 1. For 0 < a; b; k 6 1; k1; k2 > 0; k1 þ k2 ¼ k, we define
weight coefficients wðk1;nÞ and Wðk2;mÞ as follows:

wðk1;nÞ : ¼
X
m

lnðkeUmka=keVnkbÞ
keUmkka � keVnkkb

keVnkk2b
keUmki0�k1

a

Yi0
k¼1

lðkÞ
m ; ð17Þ

Wðk2;mÞ : ¼
X
n

lnðkeUmka=keVnkbÞ
keUmkka � keVnkkb

keUmkk1a
keVnkj0�k2

b

Yj0
l¼1

tðlÞn : ð18Þ
Example 1. Setting gðtÞ :¼ ln t
t�1 ðt > 0Þ; gð1Þ ¼ limt!1

ln t
t�1 ¼ 1, we find

gðtÞ ¼ ln½1þ ðt � 1Þ�
t � 1

¼
X1
k¼0

ð�1Þk ðt � 1Þk
kþ 1

¼
X1

k¼0

ð�1Þkk!
kþ 1

ðt � 1Þk
k!

ð�1 < t � 1 6 1Þ;

and then, gðkÞð1Þ ¼ ð�1Þkk!
kþ1 ðk ¼ 0;1; . . .Þ; g0ð1Þ ¼ � 1

2 ; g
00ð1Þ ¼ 2

3.

We put hðtÞ :¼ t � 1� t ln t, and find g0ðtÞ ¼ hðtÞ
tðt�1Þ2 ðt 2 Rþ n f1gÞ.

Since h0ðtÞ ¼ � ln t > 0 ð0 < t < 1Þ;h0ðtÞ ¼ � ln t < 0 ðt > 1Þ, we
have maxhðtÞ ¼ hð1Þ ¼ 0 and g0ðtÞ < 0 ðt > 0Þ, with g0ð1Þ ¼ � 1

2 < 0.

We put JðtÞ :¼ �ðt � 1Þ2 � 2tðt � 1Þ þ 2t2 ln t, and find

g00ðtÞ ¼ JðtÞ
t2ðt�1Þ3 ðt 2 Rþ n f1gÞ. Since J0ðtÞ ¼�4ðt�1Þþ4t ln t; J00ðtÞ ¼

4ln t< 0ð0< t< 1Þ; J00ðtÞ ¼ 4ln t> 0ðt> 1Þ, we have min J0ðtÞ ¼
J0ð1Þ ¼ 0; J0ðtÞ> 0ðt 2Rþ nf1gÞ and JðtÞ is strict decreasing in Rþ.
Since Jð1Þ ¼ 0, we have JðtÞ< 0ð0< t< 1Þ; JðtÞ> 0ðt> 1Þ and

g00ðtÞ ¼ JðtÞ
t2ðt�1Þ3 > 0ðt> 0Þ, with g00ð1Þ ¼ 2

3> 0.

For 0 < k 6 1, we set GðuÞ ¼ 1
k gðukÞ ¼ lnu

uk�1 ðu > 0Þ. Then we
obtain
G0ðuÞ ¼ g0ðukÞuk�1 < 0;G00ðuÞ ¼ g00ðukÞu2k�2 þ ðk� 1Þg0ðukÞuk�2 > 0.

With regards to the assumptions of Definition 1, we set

kkðx; yÞ ¼ lnðx=yÞ
xk�yk ðx; y > 0Þ, and find

@

@x
kkðx; yÞ ¼ @

@x
ykG

x
y

� 	
< 0;

@2

@x2
kkðx; yÞ ¼ @2

@x2
ykG

x
y

� 	
> 0;
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@

@y
kkðx; yÞ ¼ @

@y
xkG

y
x

� �
< 0;

@2

@y2
kkðx; yÞ ¼ @2

@y2
xkG

y
x

� �
> 0:

In the same way, since 0 < k1 < 1 6 i0;0 < k2 < 1 6 j0, we still
can find that kkðx; yÞ 1

xi0�k1
ðkkðx; yÞ 1

yj0�k2
Þ is strictly decreasing and

strictly convex in x 2 ð0;1Þ ðy 2 ð0;1ÞÞ, satisfying
@

@x
kkðx; yÞ 1

xi0�k1

� 	
<0;

@2

@x2
kkðx; yÞ 1

xi0�k1

� 	
> 0;

@

@y
kkðx; yÞ 1

yj0�k2

� 	
<0;

@2

@y2
kkðx; yÞ 1

yj0�k2

� 	
> 0:

We obtain

kðk1Þ : ¼
Z 1

0
kkðu;1Þ du

u1�k1
¼
Z 1

0

uk1�1 lnu
uk � 1

du

¼v¼uk 1
k2

Z 1

0

v ðk1=kÞ�1dv
v � 1

¼ p
k sin pk1

k

� �" #2
2 Rþ: ð19Þ

(ii) If ð�1ÞihðiÞðtÞ > 0 ðt > 0; i ¼ 0;1;2Þ;A > 0;0 < a 6 1, then we
have

d
dx

hððAþ xaÞ1aÞ ¼ h0ððAþ xaÞ1aÞðAþ xaÞ1a�1xa�1 < 0;

d2

dx2
hððAþ xaÞ1aÞ ¼ h00ððAþ xaÞ1aÞðAþ xaÞ2a�2x2a�2

þ ð1� aÞh0ððAþ xaÞ1aÞðAþ xaÞ1a�2x2a�2

þ ða� 1Þh0ððAþ xaÞ1aÞðAþ xaÞ1a�1xa�2

¼h00ððAþ xaÞ1aÞðAþ xaÞ2a�2x2a�2

þ Aða� 1Þh0ððAþ xaÞ1aÞðAþ xaÞ1a�2xa�2 > 0 ðx > 0Þ:
Hence, by (11), for mi � 1

2 < xi < mi þ 1
2 ði ¼ 1; . . . ; i0;m 2 NÞ, we

have
Qi0

k¼1l
ðkÞ
m ¼Qi0

k¼1lkðxÞ and

lnðkUðmÞka=keVnkbÞ
kUðmÞkka � keVnkkb

kUðmÞkk1�i0
a

Yi0
k¼1

lðkÞ
m

<

Z
fx2Ri0

þ ;mi�1
2<xi<mi�1

2g

lnðkUðxÞka=keVnkbÞ
kUðxÞkka � keVnkkb

kUðxÞkk1�i0
a

Yi0
k¼1

lkðxÞdx:
Lemma 4. With regards to the assumptions of Definition 1, (i) we
have

wðk1;nÞ <Kbðk1Þ ðn 2 Nj0Þ; ð20Þ
Wðk2;mÞ <Kaðk1Þ ðm 2 Ni0 Þ; ð21Þ
where,

Kbðk1Þ ¼
Cj0 1

b

� �
bj0�1Cðj0bÞ

kðk1Þ;Kaðk1Þ ¼
Ci0 1

a

� �
ai0�1C i0

a

� � kðk1Þ; ð22Þ

(ii) for lðkÞ
m P lðkÞ

mþ1 ðm 2 NÞ; tðlÞn P tðlÞnþ1 ðn 2 NÞ;UðkÞ
1 ¼

V ðlÞ
1 ¼ 1 ðk ¼ 1; . . . ; i0; l ¼ 1; . . . ; j0Þ, we have

0 < Kaðk1Þð1� hkðnÞÞ < wðk1; nÞ ðn 2 Nj0Þ; ð23Þ
where, for c :¼ max16k6i0flðkÞ

1 g ð> 0Þ,
0 < hkðnÞ :¼ 1
k2kðk1Þ

Z ck ik=a
0

=keV nkkb

0

ln t
t � 1

t
k1
k �1dt ¼ O

1

keVnkk1=2b

 !
:

ð24Þ

Proof. (i) Since keUmka P kUðmÞka, by (12), (14) and Example 1 (ii),
for 0 < k1 < 1 6 i0; k > 0, it follows that

wðk1;nÞ 6
X
m

lnðkUðmÞka=keVnkbÞ
kUðmÞkka � keVnkkb

keVnkk2b
kUðmÞki0�k1

a

Yi0
k¼1

lðkÞ
m

<
X
m

Z
fx2Ri0

þ ;mi�1
2<xi6miþ1

2g

lnðkUðxÞka=keVnkbÞ
kUðxÞkka � keVnkkb

� keVnkk2b
kUðxÞki0�k1

a

Yi0
k¼1

lkðxÞdx

¼
Z
fx2Ri0

þ ;xi>
1
2g

lnðkUðxÞka=keVnkbÞ
kUðxÞkka � keVnkkb

keVnkk2b
kUðxÞki0�k1

a

Yi0
k¼1

lkðxÞdx

¼v¼UðxÞ
Z
R
i0
þ

lnðkvka=keVnkbÞ
kvkka � keVnkkb

kvkk1�i0
a keVnkk2b dv

¼ lim
M!1

Z
DM

lnðM Pi0
i¼1

v i
M

� �ah i1=a
=keVnkbÞkeVnkk2b

Mk Pi0
i¼1

v i
M

� �ah ik=a
�keVnkkb

M
Xj0
i¼1

v i

M

� �a" #1
a

8<:
9=;

k1�i0

dv

¼ lim
M!1

Mi0Ci0 1
a

� �
ai0C i0

a

� � Z 1

0

lnðMu1=a=keVnkbÞkeVnkk2b
Mkuk=a�keVnkkb

ðMu1=aÞk1�i0u
i0
a�1du

¼
t¼Mkuk=a

keV nkkb Ci0ð1aÞ
k2ai0�1Cði0aÞ

Z 1

0

t
k1
k �1 ln t
t � 1

dt ¼ Ci0ð1aÞkðk1Þ
ai0�1Cði0aÞ

¼ Kaðk1Þ:

Hence, we have (20). In the same way, we have (21).

(ii) Since for mi 6 xi < mi þ 1
2 ;l

ðkÞ
mi

P lðkÞ
miþ1 ¼ lkðxþ 1

2Þ; for

mi þ 1
2 6 xi < mi þ 1;lðkÞ

m ¼ lkðxþ 1
2Þ, by (12) and in the same way,

for c ¼ max16k6i0flðkÞ
1 g ð> 0Þ, we have

wðk1;nÞP
X
m

ln kUðmþ1
2Þka=keVnkb

� �
keVnkk2b

kU mþ1
2

� �kka�keVnkkb
kU mþ1

2

� 	
kk1�i0
a

Yi0
k¼1

lðkÞ
m

>
X
m

Z
fx2Ri0

þ ;mi6xi<miþ1g

ln kU xþ1
2

� �ka=keVnkb
� �

keVnkk2b
kUðxþ1

2Þkka�keVnkkb

�kUðxþ1
2
Þkk1�i0

a

Yi0
k¼1

lk xþ1
2

� 	
dx

¼
Z

1;1½ Þi0

ln kUðxþ1
2Þka=keVnkb

� �
keVnkk2b

kUðxþ1
2Þkka�keVnkkb

�kUðxþ1
2
Þkk1�i0

a

Yi0
k¼1

lk xþ1
2

� 	
dx

P
v¼U xþ1

2ð ÞZ
c;1½ Þi0

ln kvka=keVnkb
� �

keVnkk2b
kvkka�keVnkkb

kvkk1�i0
a dv:

For M > ci1=a0 , we set
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WðuÞ ¼
0; 0 < u 6 ca i0

Ma ;

lnðMu1=a=keV nkbÞ
Mkuk=a�keV nkkb

ðMu1=aÞk1�i0
; ca i0

Ma < u 6 1:

8><>:
By (14), it follows thatZ

fx2Ri0
þ ;xiPcg

ln kxka=keVnkb
� �

keVnkk2b
kxkka�keVnkkb

kxkk1�i0
a dx

¼ lim
M!1

Z
� � �
Z
DM

W
Xi0
i¼1

xi
M

� �a !
dx1 � � �dxi0 ¼ lim

M!1
Mi0Ci0 1

a

� �
ai0C i0

a

� �
�
Z 1

ca i0=M
a

lnðMu1=a=keVnkbÞkeVnkk2b
Mkuk=a�keVnkkb

ðMu1=aÞk1�i0u
i0
a�1du

¼
t¼Mkuk=a

keV nkkb Ci0 1
a

� �
ai0�1C i0

a

� �
k2

Z 1

ck ik=a
0

=keV nkkb

lnt
t�1

t
k1
k �1dt:

Hence, we have

wðk1;nÞ >
Ci0ð1aÞ

ai0�1Cði0aÞk2
Z 1

ck ik=a0 =keV nkkb

ln t
t � 1

t
k1
k �1dt

¼Kaðk1Þð1� hkðnÞÞ > 0:

Since tk1=ð2kÞ ln t
t�1 ! 0 ðt ! 0þÞ, there exists a constant M > 0, such

that tk1=ð2kÞ ln t
t�1 6 M ðt 2 0; ckik=a0 =keV 1kkb

� �
. We obtain

0 < hkðnÞ ¼ 1
k2kðk1Þ

Z ck ik=a
0

=keV nkkb

0

ln t
t � 1

t
k1
k �1dt

6 M

k2kðk1Þ

Z ck ik=a0 =keV nkkb

0
t
k1
2k�1dt ¼ 2M

kk1kðk1Þ
ci1=a0

keVnkb

 !k1
2

;

and then (23) and (24) follow. h
3. Main results

Setting functions

eUðmÞ :¼ keUmkpði0�k1Þ�i0
a�Yi0

k¼1
lðkÞ

m

�p�1 ; eWðnÞ :¼ keVnkqðj0�k2Þ�j0
b�Yj0

l¼1
tðlÞn
�q�1 ðm 2 Ni0 ; n 2 Nj0Þ;

and the following normed spaces

l
p;eU : ¼ a ¼ famg; kak

p;eU :¼
X
m

eUðmÞjamjp
 !1

p

< 1
8<:

9=;;

l
q;eW : ¼ b ¼ fbng; kbk

q;eW :¼
X
n

eWðnÞjbnjq
 !1

q

< 1
8<:

9=;;

l
p;eW1�p

: c ¼ fcng; kck
p;eW1�p

:¼
X
n

eW1�pðnÞjcnjp
 !1

p

< 1
8<:

9=;;

we have

Theorem 1. If p > 1; 1p þ 1
q ¼ 1; 0 < a; b; k 6 1; k1; k2 > 0; k1 þ k2 ¼ k,

then for am; bn P 0; a ¼ famg 2 l
p;eU ; b ¼ fbng 2 l

q;eW ; kak
p;eU ; kbkq;eW

> 0, we have the following equivalent inequalities

I :¼
X
n

X
m

lnðkeUmka=keVnkbÞambn

keUmkka � keVnkkb
< K

1
p
bðk1ÞK

1
q
aðk1Þkak

p;eUkbkq;eW ;
ð25Þ
J :¼
X
n

Yj0

k¼1
tðkÞn

keVnkj0�pk2
b

X
m

lnðkeUmka=keVnkbÞam
keUmkka � keVnkkb

" #p8<:
9=;

1
p

< K
1
p
bðk1ÞK

1
q
aðk1Þkak

p;eU : ð26Þ

where,

K
1
p
bðk1ÞK

1
q
aðk1Þ ¼

Cj0 ð1bÞ
bj0�1Cðj0bÞ

" #1
p

Ci0 1
a

� �
ai0�1C i0

a

� �
24 351

q

p
k sin pk1

k

� �" #2
: ð27Þ
Proof. By Hölder’s inequality with weight (cf. Kuang, 2004), we
have

I ¼
X
n

X
m

lnðkeUmka=keVnkbÞ
keUmkka � keVnkkb

keUmk
i0�k1

q
a

keVnk
j0�k2

p
b

�Yj0

l¼1
tðlÞn
�1

p
am�Yi0

k¼1
lðkÞ

m

�1
q

2664
3775

� keVnk
j0�k2

p
b

keUmk
i0�k1

q
a

�Yi0

k¼1
lðkÞ

m

�1
q

�Yj0

l¼1
tðlÞn
�1

p
bn

2664
3775

6
X
m

Wðk2;mÞ k
eUmkpði0�k1Þ�i0

a apm�Yi0

k¼1
lðkÞ

m

�p�1

264
375

1
p X

n

wðk1;nÞ
keVnkqðj0�k2Þ�j0

b bq
n�Yj0

l¼1
tðlÞn
�q�1

264
375

1
q

:

Then by (20) and (21), we have (25). We set

bn :¼
Yj0

l¼1
tðlÞn

keVnkj0�pk2
b

X
m

lnðkeUmka=keVnkbÞam
keUmkka � keVnkkb

" #p�1

;n 2 Nj0 :

Then we have J ¼ kbkq�1

q;eW . Since the right-hand side of (26) is finite, it

follows that J < 1. If J ¼ 0, then ( 26) is trivially valid; if J > 0, then
by (25), we have

kbkq
q;eW ¼Jp ¼ I < K

1
p
bðk1ÞK

1
q
aðk1Þkak

p;eUkbkq;eW ;
kbkq�1

q;eW ¼J < K
1
p
bðk1ÞK

1
q
aðk1Þkak

p;eU ;
namely, (26) follows. On the other hand, assuming that (26) is valid,
by Hölder’s inequality (cf. Kuang, 2004), we have

I ¼
X
n

�Yj0

l¼1
tðlÞn
�1=p

keVnkðj0=pÞ�k2
b

X
m

lnðkeUmka=keVnkbÞam
keUmkka � keVnkkb

� keVnkðj0=pÞ�k2
b�Yj0

l¼1
tðlÞn
�1=p

� bn 6 Jkbk
q;eW : ð28Þ

Then by (26), we have (25), which is equivalent to (26 ). h
Theorem 2. With regards to the assumptions of Theorem 1, if

lðkÞ
m P lðkÞ

mþ1 ðm 2 NÞ; tðlÞn P tðlÞnþ1 ðn 2 NÞ;UðkÞ
1 ¼ V ðlÞ

1 ¼ 1 ðk ¼ 1; . . . ;

i0; l ¼ 1; . . . ; j0Þ, then the constant factor K
1
p
bðk1ÞK

1
q
aðk1Þ in (25) and

(26) is the best possible.
Proof. For

0 < e < minfpk1; pð1� k2Þg; ek1 ¼ k1 � e
p ð2 ð0;1ÞÞ; ek2 ¼ k2 þ e

p ð< 1Þ,
we set
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ea ¼feamg; eam :¼ keUmk�i0þek1
a

Yi0
k¼1

lðkÞ
m ðm 2 Ni0Þ;

eb ¼febng; ebn :¼ keVnk�j0þek2�e
b

Yj0
l¼1

tðlÞn ðn 2 Nj0 Þ:

Then by (15) and (16), we obtain

keak
p;eUkebkq;eU ¼

X
m

keUmkpði0�k1Þ�i0
a eap

m�Yi0

k¼1
lðkÞ

m

�p�1

264
375

1
p X

n

keV nkqðj0�k2Þ�j0
b

ebq
n�Yj0

l¼1
tðlÞn
�q�1

264
375

1
q

¼
X
m

keUmk�i0�e
a

Yi0
k¼1

lðkÞ
m

 !1
p X

n

keVnk�j0�e
b

Yj0
l¼1

tðjÞn

 !1
q

6 1
e

Ci0 1
a

� �
beie=a0 ai0�1C i0

a

� �þ eOð1Þ
0@ 1A1

p Cj0 1
b

� �
beje=b0 bj0�1C j0

b

� �þ eeOð1Þ
0@ 1A

1
q

:

By (23) and (24), we find

eI : ¼X
n

X
m

lnðkeUmka=keVnkbÞeam

keUmkka � keVnkkb

" #ebn ¼
X
n

wðek1;nÞ
keVnkj0þeb

Yj0
l¼1

tðlÞn

>Kaðek1Þ
X
n

1� O
1

keVnkek1=2b

0B@
1CA

0B@
1CA 1

keVnkj0þeb

Yj0
l¼1

tðlÞn

¼Kaðek1Þ
Cj0 ð1bÞ

ebeje=b0 bj0�1C j0
b

� �þ eOð1Þ � O1ð1Þ
0@ 1A:

If there exists a constant K 6 K
1
p
bðk1ÞK

1
q
aðk1Þ, such that (25) is

valid when replacing K
1
p
bðk1ÞK

1
q
aðk1Þ by K, then we have

eeI < eKkeak
p;eUkebkq;eU , namely,

Ka k1 � e
p

� 	 Cj0 1
b

� �
beje=b0 bj0�1C j0

b

� �þ eeOð1Þ � eO1ð1Þ
0@ 1A

< K
Ci0 1

a

� �
beie=a0 ai0�1C i0

a

� �þ eOð1Þ
0@ 1A1

p Cj0 1
b

� �
beje=b0 bj0�1C j0

b

� �þ eeOð1Þ
0@ 1A

1
q

:

For e! 0þ, it follows that

Cj0 1
b

� �
bj0�1C j0

b

� � Ci0 1
a

� �
kðk1Þ

ai0�1C i0
a

� � 6 K
Ci0 1

a

� �
ai0�1C i0

a

� �
24 351

p Cj0 1
b

� �
bj0�1C j0

b

� �
24 35

1
q

;

and then K
1
p
bðk1ÞK

1
q
aðk1Þ 6 K. Hence, K ¼ K

1
p
bðk1ÞK

1
q
aðk1Þ is the best pos-

sible constant factor of (25). The constant factor in (26) is still the
best possible. Otherwise, we would reach a contradiction by (28)
that the constant factor in (25) is not the best possible. h
4. Operator expressions

With regards to the assumptions of Theorem 1, in view of

cn : ¼
Yj0

k¼1
tðkÞn

keVnkj0�pk2
b

X
m

lnðkeUmka=keVnkbÞ
keUmkka � keVnkkb

am

" #p�1

;n 2 Nj0

c ¼fcng; kck
p;eW1�p

¼ J < K
1
p
bðk1ÞK

1
q
aðk1Þkak

p;eU < 1;

we can set the following definition:
Definition 2. Define a multidimensional Hilbert’s operator
T : l

p;eU ! l
p;eW1�p

as follows: For any a 2 l
p;eU , there exists a unique

representation Ta ¼ c 2 l
p;eW1�p

, satisfying

TaðnÞ :¼
X
m

lnðkeUmka=keVnkbÞ
keUmkka � keVnkkb

am ðn 2 Nj0 Þ: ð29Þ

For b 2 l
q;eW , we define the following formal inner product of Ta and

b as follows:

ðTa; bÞ :¼
X
n

X
m

lnðkeUmka=keVnkbÞ
keUmkka � keVnkkb

am

" #
bn: ð30Þ

Then by Theorem 1, we have the following equivalent
inequalities:

ðTa; bÞ <K
1
p
bðk1ÞK

1
q
aðk1Þkak

p;eUkbkq;eW ; ð31Þ

kTak
p;eW1�p

<K
1
p
bðk1ÞK

1
q
aðk1Þkak

p;eU : ð32Þ

It follows that T is bounded with

kTk :¼ sup
að–hÞ2l

p;eU
kTak

p;eW1�p

kak
p;eU 6 K

1
p
bðk1ÞK

1
q
aðk1Þ: ð33Þ

Since by Theorem 2, the constant factor K
1
p
bðk1ÞK

1
q
aðk1Þ in (32) is the

best possible, we have

kTk ¼ K
1
p
bðk1ÞK

1
q
aðk1Þ ¼

Cj0ð1bÞ
bj0�1Cðj0bÞ

" #1
p

Ci0 ð1aÞ
ai0�1Cði0aÞ

" #1
q p
k sinðpk1k Þ

" #2
: ð34Þ

Remark 1. (i) For elðkÞ
i ¼ 0 ðk ¼ 1; . . . ; i0; i ¼ 1; . . . ;mÞ; etðlÞj ¼ 0

ðl ¼ 1; . . . ; j0; j ¼ 1; . . . ;nÞ, setting

UðmÞ : ¼ kUmkpði0�k1Þ�i0
a�Yi0

k¼1
lðkÞ

m

�p�1 ðm 2 Ni0 Þ;

WðnÞ : ¼ kVnkqðj0�k2Þ�j0
b�Yj0

l¼1
tðlÞn
�q�1 ðn 2 Nj0Þ;

then (25) and (26) reduce the following equivalent inequalities with

the same best possible constant factor K
1
p
bðk1ÞK

1
q
aðk1Þ:X

n

X
m

lnðkUmka=kVnkbÞambn

kUmkka � kVnkkb
< K

1
p
bðk1ÞK

1
q
aðk1Þkakp;Ukbkq;W; ð35Þ

X
n

Yj0

k¼1
tðkÞn

kVnkj0�pk2
b

X
m

lnðkUmka=kVnkbÞam
kUmkka � kVnkkb

" #p8<:
9=;

1
p

< K
1
p
bðk1ÞK

1
q
aðk1Þkakp;U:

ð36Þ
Hence, (25) and (26) are more accurate extensions of (35) and (36).

(ii) For lðkÞ
i ¼ 1 ðk ¼ 1; . . . ; i0; i ¼ 1; . . . ;mÞ; tðlÞj ¼ 1 ðl ¼ 1; . . . ;

j0; j ¼ 1; . . . ;nÞ; (35) reduces to (5); for i0 ¼ j0 ¼ 1, (35) reduces to
(6). Hence, (35) is an extension of (5) and (6); so is (25).
5. Conclusions

In this paper, by means of the weight coefficients, the transfer
formula, Hermite-Hadamard’s inequality and the technique of real
analysis, a more accurate multidimensional Hardy-Hilbert-type
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inequality with a best possible constant factor is given by Theo-
rems 1 and 2, which is an extension of some published results.
Moreover, the equivalent forms with the best possible constant
factor are obtained by Theorems 1 and 2, and the operator expres-
sions are also considered. The method of weight coefficients is very
important, which helps us to prove the main inequalities with the
best possible constant factor. The lemmas and theorems of this
paper provide an extensive account of this type of inequalities.
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Adiyasuren, V., Batbold, T., Krnić, M., 2016. Multiple Hilbert-type inequalities
involving some differential operators. Banach J. Math. Anal. 10 (2), 320–337.

Huang, Q.L., 2015. A new extension of a Hardy-Hilbert-type inequality. J.
Inequalities Appl. 2015, 397.

Yang, B.C., 2015. An extension of a Hardy-Hilbert-type inequality. J. Guangdong
Univ. Educ. 35 (3), 1–7.

Shi, Y.P., Yang, B.C., 2015. A new Hardy-Hilbert-type inequality with multi-
parameters and a best possible constant factor. J. Inequalities Appl. 2015, 380.

Huang, Q.L., 2015. A new extension of Hardy-Hilbert-type inequality. J. Inequalities
Appl. 2015, 397.

Wang, A.Z., Huang, Q.L., Yang, B.C., 2015. A strengthened Mulholland-type
inequality with parameters. J. Inequalities Appl. 2015, 329.

Yang, B.C., Chen, Q., 2016. On a more accurate Hardy-Mulholland-type inequality. J.
Inequalities Appl. 2016, 82.
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