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1. Introduction

If p>11+1=1,amby >0,a={an}y_, €l b={ba}; ; €l

lall, = 1a”) > 0,]|b|l, > O, then we have the following well-
known Hardy-Hilbert’s inequality

>3l

and the following more accurate Hardy-Hilbert’s inequality with
the same best possible constant factor (cf. Hardy et al.,

1934, Theorem 315, 323):
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e sm(n/p)

< sintezp Ao 1Pl (M)
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sin(/p)

llall,lIBllg- (2)

We still have the following Hilbert-type inequality with the best

possible constant factor (cf. Hardy et al, 1934,

Theorem 342):
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Inequalities (1), (2) and (3) are important in Analysis and its appli-
cations (cf. Hardy et al., 1934; Mitrinovic et al., 1991; Yang, 2011).

Assuming that {u,}, , and {v,},, are positive sequences with

m n
Um = ZMNVH = ZU] (m7n € N = {1727' })7
i=1 j=1

We have the following Hardy-Hilbert-type inequality (cf. Hardy
et al., 1934, Theorem 321):

1 1
00 00 a Vi o0 alr.;q p o0 bz q
- — . 4
ZZU + V,, sm(n/p) (; #g,1> <; yd-1 @
For y; = v; =1 (i,j € N), inequality (4) reduces to (1).

In 2015, by using the transfer formula, Yang (2015) gave the fol-
lowing multidimensional Hilbert’s inequality: For
iOajO € N7 avﬂ > Ov

1
3

io ’ . :
Il : = <Z|x<k>|“) (x= (x1,...,x) € RY),
k=1

1
Jo 7
; . )
Iyl = = (ZIY”‘)I/) y=0",....y%) R,
k=1
0 < 21 <ip,0 < 22 <Jg, 41 + 42 = 4,am, by > 0, we have
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where 3, = Z;:ioﬂ et 2 = En%jozl e

the right-hand side of (5) are positive values, and the best possible

11
constant factor K} K3 is indicated by

: M G
b [P0 7T e T
K‘%Kiz L}_U]Eﬁé)} L{io]r@)} ,1slnn(n,1).

With regards to the above assumptions, we still have the fol-
lowing multidimensional Hilbert-type inequality (cf. Yang, 2014):

1 1

In(|jm]|,/|In R N L

sy il /i) (mil,/ 1) bn<1<[Z||mu§<’°*““°afn} [E”"”ZUW?H%E}v
m n

ml;, — [Inll
(6)

where,

[ 0 H reg) H n }
ﬁjo—lr(jﬁ) orio—1 r(%) Jsin (%)

is the best possible. For iy = jo = 2= 1,21 = |, 22 = 3, inequality (5)
((6)) reduces to (1) ((3)). Some other results on this type of inequal-
ities and multiple inequalities were provided by Hong (2005), Krni¢
et al. (2008), Krni¢ and Vukovic (2012), Rassias and Yang (2014), Shi
and Yang (2015), Hong (2006, 2010), Peri¢ and Vukovic¢ (2011), He
(2015), Adiyasuren et al. (2016).

Recently, by using the weight coefficients, Huang (2015) gave an
extension of (3)as follows: For0 < 4,4, < 1,41 + /o = 4,am, by, = 0,

2 5 1 . 1
00 o0 lIl U /V T e Up(lf/q)flap P[ Vq(l—cz)flbq q
ZZ U m_v’n anbn < [ i (—f‘)} P D D = e

m=1 Hm n=1 v?l
(7)

2
where, the constant factor |:‘sin7zﬂ )] is the best possible (the series

in the right-hand side of (7) are positive values). Another results on
Hardy-Hilbert-type inequalities and Hilbert-type inequalities were
given by Yang (2015), Shi and Yang (2015), Huang (2015), Wang
et al. (2015), Yang and Chen (2016), Brneti¢ and Pecari¢ (2004),
Krni¢ and Pecaric (2005), Krnic et al. (2005), Li et al. (2007), Laith
(2008), Agarwal et al. (2015).

In this paper, by means of the weight coefficients, the transfer
formula, Hermite-Hadamard’s inequality and the technique of
analysis, a more accurate multidimensional Hardy-Hilbert-type
inequality with a best possible constant factor is given, which is
an extension of (6) and (7). Meanwhile, the equivalent forms and
the operator expressions are considered.

2. Some lemmas

If u®>00< i <iu® (k=1,...ipi=1,....m),0{" >0,0<

o <ol (1=1,. L jei=1,,

1
i =2

X k) T7(k k
= o 0 - v
i=1
< 0 17 (U
I DU i
= Zvj 7V§1> = Vn) - l);]) (l: 1""7]0)’
j=1

n), then we set

71111(‘::) (k:17"'7i0)7

V= (VD VI 5, = (0., D)),

Vo= (VD,..., Vi) =V, — 5, (m,n € N). ®)
We also set functions p(t) ::,uﬁl,‘),te(mf%,m+%) (meN);
vi(t) = te(n—i,n+ 1) (n e N), and

Ue(x) : / L (Ode (k= 1, io),

i) = | “utdt (=1, jy), 9)
U(X) L= (Ul (X), L) Uio(x))7
VO):= (Vi) V) (%3 > ). (10)

It follows that

m m+
= [ miode= [ pode - 5
2

2
~ ) 1 .
<UL < Uy m+§ (k=1,...,io;meN),
Vi(n) <V Vl(n+ )(l_] .. Join €N,

and for xe(m-1,m+1),U(x) =) =uy, (k=1,....ip;

meN); forye (n—i,n-i-j),vl(y)_v,(y)_u,, , (I=1,... ji;neN).

Lemma 1. (cf. Yangand Chen, 2016) Suppose that g(t) (> 0) is strictly
decreasing and strictly convex in (1, o0), satisfying f; g(t)dt e R,. We
have the following Hermite-Hadamard’s inequality

/M g(t)ydt < g(n) < " g(t)dt (neN), (11
and then
/ g(tydt < Zg [O g(t)dt. (12)

Lemma 2. If i € N,a,M > 0,%¥(u) is a non-negative measurable
function in (0, 1], and

— _ fo. ) — 2 Xi\*
Dy == xf(xl,...,x,-o)eRwufZ(M) <1y, (13)

i=1

then we have the following transfer formula (cf. Hong, 2005):

io Tio
/ / < )dx1 dx = MG / Wt du.
Dy i—1 '0

oc'UF
(14)

Lemma 3. If io,j, € N,ot, 8, & > 0, u¥
o =, (neNiI=1,..
then we have

> il (meNik=1,..io),

i), b = miny <iciy 1jjo {141, 07} (> 0),

~ i ) o (1
D Ul [y < S ( ) +O(1) (15)
k=1

l"Jo 1
ST Lo < (’>

P b’ é/ﬁ[;lo 1F<—U> + 6(1) (8 — O*)- (16)
B
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Proof. For M > biy/*, we set

b%i
0, 0<u<iz,

Y(u) = 1 Pip <y < 1
oo SUS T

By (14), it follows that

Io
= dx; - - - dx;
/{xexox,zb} x|+ Mw/ /;M (H ) K
i

=lim MILID()/ u= F’“( )
i oc’ﬂl“(%) Wi/ (Mul/ot)lo+L b’ L/xouu 1F(;°>

In view of (12) and the above result, since U,(m) < U®, we find
~ L
—in—¢& k
0< > Ul TLw
{meNio;m; >2} k=1
< X [ uml Hu
{meNioym, >2y 7 (XeRY my—<x; <mj+5)
. o
—1p—¢€
/ , 10T [ree
{mEN’Om>2} {xeRm;—5<xi<m;+3} k=1
= UG, T [ (%
/{xeR"] >3 “ H «
—U _ iy —
L el s / N
J{veR?p;> "y {veR0;0;>b}
ip (1
e
EbSiS/aOtiO*1F<%)
1)\ ¢ .
For iy =1,0 < Y enoum 1 | Umll® “TTE s < (1)~ < 00;  for
> 2, we set
Hii= > Unll, aW i =1,....d).
{meNio;m;=1} k=1

Without lose of generality, we estimate H;, as follows:

Hy< Y Jum,™ Hﬂm

{meN'o mjy=1}
io—1 (k)

_ (o) k=1
—H 1 [ mig—17 160 \* sio +2)

meNo ! [S30U(m) + (1) ]

(i) T

1" Hk:1 My (x)dx

=
i1 .o\ o7 zlio+e)

[Siureo + (3u) ]

< Z / g1
i
o1 J (xR0 im;—3<x;<my+1}

meNio !
ig—1

_ / | g MeX)
ToeR A [ gt + ()]

v=U(x) . 1
(i)
S / i e
RO [ -1 L i) T
@)+ (G

By (14), we find

Lio+e)

i i ig-1

o) o MO (L) u'm'du
< 4y lim —
o

0<H M—o0 alﬂ 1F<zo 1) 0 " L o
[Mu+ G )’]

t— M*u

) 2

ro!(1) /ao £ 1dt
o
0

(i) ot (i) Jo e 1y

2 ety ig—1 1+¢
= oo B( , ) < 00,
(") )

o o

namely, H;, = 0;,(1). Hence, we have

~ . ) . X io ip
DUl I < > UL T s + D H

m k=1 {meN0;m; >2} k=1 i=1
r'o(L)

<W+ZO

i=1

(€—0"),

and then (15) follows. In the same way, we have (16). O

Definition 1. For 0 < o, 8,1 <
weight coefficients w(i;,n) and W(4,,

In(|Unll,/1Vally) IVl {2
W(i1,n) : = LT, (17)
Z Umll, ~ Vall; [1Umll2” 1H

In Um Vi g
Z (J j““/HN H/ﬁ) HNUm]”f, HUE{). (18)
1Umlls = IValls 1Valg™™ 12

1,211,722 > 0,21 + 2 = A, we define
m) as follows:

W(ia,m): =

Example 1. Setting g(t) := 18t (t > 0),g(1) = lim,_; {2t = 1, we find
[l +@E-1)] &, g (t—1)F
g0 =" =LV
k k
Dk (t—1)
Py T(_1<t_1<1)’

and then, g® (1) = 515 Hk=0,1,..),g(1) =

We put h(t) :=t—1—tInt, and find g'(t) = [(t 1 (teR+\{l})
Since Hh(t)=-Int>00<t<1);h(t)=-Int<0(t>1), we
have maxh(t) = h(1) =0 and g'(t) < 0(t > 0), with g’(1) = -1 < 0.

We put J(t):=—(t—1)>=2t(t—1)+2t2Int, and find
g"(t) :tz(fsf] (te R, \ {1}). Since J'(t)=—4(t—1)+4tIntJ"(t) =
4Int<0(0<t<1);J'(t)=4Int>0(t>1), we have minJ(t)=
J(1)=0,J(t)>0(teR:\{1}) and J(t) is strict decreasing in R,.
Since J(1)=0, we have J(t)<0(0<t<1);J(t)>0(t>1) and
g'(t) = zAl > 0(t > 0), with g"(1) =3 > 0.

b=t

For 0 <2< 1, we set G(u)=1g(u*) =14 (y>0). Then we
obtain
Gu) = g W'~ < 0:G"(u) = g"(W)u=2 + (7 — g (W'~ > 0.

With regards to the assumptions of Definition 1, we set
ki(x,y) =2 (x,y > 0), and find

0 (X
Oy =2y G(;) <0,

82 2 (X
GXZI (X y) Xzy G<§> >07
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9 _ y
gy ki) = —yx G( ) <0,
s s y
oy kY =% G( ) > 0.

In the same way, smce 0< 4 <1<ip,0< 22 <1<j, we still
can find that k;(x,y) ximh (k:(x,¥) yio,,_z) is strictly decreasing and

o) (y € (0,

strictly convex in x € (0, 00)), satisfying

i) o 1
g (b0 ) <05 (ke ) > 0

9 1 o 1
@ <k"‘(x7y)yju*/12> <0,8—y2 (k ( 7y)y10 ,2) > 0

We obtain

> du <y 1lnu
:/O k(1)1 :/O S du

v:_l.!’l/w /1// ldv s
2 Jo v-1 Jsin (%t

() >0(t>0;i=0,1,2),A>0,0 <<

2
)] cR.. (19)

< 1, then we

= H((A+x))A+x) %1 <0,

“1H((A +x°‘)%)(A +x“)37’2x“*2 >0 (x> 0).

Hence, by (11), for m; -3 <x; <m;j+1 (i=1,...,ip;m € N), we
have [T¢_, ' = IT¢; #4(x) and

In(|Um)]|,./11Vall) o Tk
[l § I
1

U@, — IVall;
§ / | 1n<||U<x2Hm/||yn||f> Ulx
RO myexm—yy U~ [Vl

T [ (x)dx
k=1

Lemma 4. With regards to the assumptions of Definition 1, (i) we

have
w(a,n) <Kz() (n € N©), (20)
W (J2,m) <Ky(1) (m € N®), 21)
where,
) o)
Kp(ia) = ] k(21),Ky(2q1) = ——%—~k(X1); (22)
BT ) orio~ 11"(’0)
() for W =>p¥,  (meN),u =0l (neN),U¥ =
VfQ =oo(k=1,...i,l=1,...,j,), we have
0 < Ky(21)(1 =0,(n)) <w(41,n) (n e N’U), (23)

where, for ¢ := maxlgkgio{u(]")} (>0),

0< 0;.(n) =

1dto<71//2>
Vally'

1 VAl Int
- S
22k(21) /0 t—1

(24)

Proof. (i) Since HUmHa > ||U@m)|,, by (12),(14) and Example 1 (ii),
for 0 < 4y < 1 <ip, 4> 0, it follows that

Wi n)<Zln(||U<m>Ha/||vn||,f> IVl ﬁu“‘)
’ e Um)|, — Vall; IUm)|e

UG5 = 1Vl

< / )
I
m (xR0 my—Lax;<m;+1}

IVall? {2

x ——F__TTp, (x)dx
\\U(X)Ilif"‘g ’

In([UE) 1,/ Vally) IVl 2
-/ Pt e | [ odx
R0y UKL — [Vally IUGIE i
_ In(||v 1% o~
_ / (I /}Vna/uNnuf) AT
RO [|2]f} — [Vl

[, @] AVl 1
:llm/ .
Dy M/[ o (ﬁ;’)‘] ~[IVall;

MPT™ (1) / In(Mu'"* /| Val| )| Va2
o Muwl—||V,;

()

(M) Pyt 1du

[:Miu/l/% ) ;

wary  T() /” t* 't
- 2 i i _

Poio-1T() Jo  t—1

Hence, we have (20). In the same way, we have (21).
=y (x+3); for

_ T k(i)

- =Ky(h).
o 1T(Y)

(i) Since for m;<x <mj+1 1Y) > o 41
mi+3<x<m+1, ,um = W(x +1), by (12) and in the same way,

for c = makag,ﬂo{,u] } (> 0), we have

In(|UmMAH1,/1Vally) IVall? o
LCEEDY (1o "f>; (e i T
UMD —1Vally 2 =)

> [ I (U1l ) IVl
> ) - = —
oeRimenamey UGEHDI—1Vall;

l°H,uk <x+ )

-/ ln(HU<x+f>||a/uvnuﬁ)an||;2
pefo UG+~ Vally

x |U( X+

x |JU( x+

10H'uk<x+ )
e In (I12/17l,) 1V
=
[c.00)'0

211 =1V all;

o " dv.

For M > ciy/”, we set
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»
0, 0<u<3?,

Y(u) = In(Ma'/%/|Vall;) My o

i
- w<u<l
MAH ||V

By (14), it follows that

/ In (|l / 1Vl )Vl
Rz XL Vallj

_llm/ / ( Xl )d?h
Dy i=1

1 \/ Y
y /1 In(Mu"™ /|| V|V 7
it M — ||V ||}
[:Miu’:/“

wi TG / L M
ocfn*11“<’73),12 vl £=1

I3 dx

dX,O—lll‘l‘lM r ()

)

(Mu"/*)" " u#1du

Hence, we have

r‘iO 1 00 1
w(q,n) >%/ o RULIFERIN
oo L)% e vy £ 1
—K,(i1)(1 = 0,(n)) > 0.

Since £t . 0 (¢ — 0"), there exists a constant M > 0, such
that /It < M (t e (O,C” ’/“/HVlH/f) We obtain

IVl ;
0<92(n):L/ o ¢ Int 14
k(M) Jo t—1

- M /cijg/%/;nll,t,z_l 1 — 2M Cl(l)/ot 7
S 02k() Jo ZICVAN Ay

and then (23) and (24) follow. O

3. Main results

Setting functions

| ‘7 Hq(io*/"-z)*}o

7!14
( Jo l),(1)>

. ”[N] Hp(io*il)*io -
D(m) := - ——— P(n) :=
o 09)P

( k:v“'”)

and the following normed spaces

Ls:= {a{am} lal ;= (Zcb |amp> <oo},
- {” = {bu}i Il 5 = (Z‘T’(nnbnw) < oo},
L {C {eaksllcll G,y = (Z‘P] P(n)|cy |P> < 00}7

we have

(m e N _n e Nv),

=3

q

Theorem 1. Ifp > 1,0 +:=1,0< 0, $,A< 1, 1,72 > 0,21 + 22 =4,

then for am,b, = 0,a= {am} el ~ b {bn }el |\a|| ||bH =
> 0, we have the following equwalent inequalities
0(|Unllo/IIVall,)@nb
722 - B < K (K SIbl 5
7 NUnlls = 1Vall; P
(25)

1

o (| Tnll,/IVall)am]” |
{Z ‘V ”Jo P2 |:§m: / :| }

Ul = 1Vl

< K”(M)K" ()lall 3 (26)

where,

1

R P I R O N A
i =[] Lw(g)} i R

Proof. By Holder's inequality with weight (cf. Kuang, 2004), we
have

1= 55 MOl 170l (18127 (T ) o

e > o7z 1
IOl =170 7, (1 i)

k=1F"m

||vn||ﬁ (L )%

1
1Onla™ ([F°,08)

n

1 1
|P(i0*/"~1 )—io @,

q
LN]m V q(o—%2) Jobq
ZW(Az,m)” Iz > w(a,n )“ Iy
m

o k)P jo  \97!
( kzll"") ! ( 1:10")

Then by (20) and (21), we have (25). We set

] I ~ = p-1
I {Z 1n<||um||a/|vn|ﬁ>am} -
IValle ™ L5 10l VAl

Then we have | = HbH"’q}. Since the right-hand side of (26) is finite, it
q,

follows that J < co. If ] = 0, then ( 26) is trivially valid; if J > 0, then
by (25), we have

1 1
Ib17 5 =P =1 < Ky )KiGin)lal, 5101, 5
4 1 1
b1 =J < KKl .

namely, (26) follows. On the other hand, assuming that (26) is valid,
by Holder’s inequality (cf. Kuang, 2004), we have

. 1/p
jo (1) U %
B> 00 L B P A L
HV HUO/P ~%2 m HUmH; - HVHHE (H]l(; 07(1)>1/p
x by <]Hqu§' -

Then by (26), we have (25), which is equivalent to (26 ). O

Theorem 2. With regards to the assumptions of Theorem 1, if

1 = 1 menN), vl =0l neN),UY =V =0 (k=1,...,
io,l=1,...,j,), then the constant factor K,,(}.l)K;().]) in (25) and

(26) is the best possible.

Proof. For
0<e<min{pi,p(1 =)}, Jq = A1 — £ (e
we set

(0,1), 72 =1 +£ (< 1),

£
p
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~ .~ o )
G ={@n}. Gn = Ol T [l (m € N©),
k=1

~ o~ o~ ~ . D )
b ={by}, by = ||V, [> 2 [ [0 (n € NP).

1=1

Then by (15) and (16), we obtain

1

P ~
- )i~ Go—t2)—
TR ST St A S Ll
p,® q.0 i p-1 j q-1
" < . (k)) " ( . U(l))
w1 Hm =171

~ .o 7 _ o Jo @
= (ZHUmH;IO%H#gf)) (ZHVnH,}JrsHUE{)>
m k=1 n =1
o (1 :]5 r‘jo 1 ~ :
TR o) %W+EO(1) :
e \pig a1 (k) b po T (%)

), we find

By (23) and (24

~ In(||Unl| /|\7nﬁ)am}~ w(ia,n) {2
I:= P b, = ~ USP
Z[Z 1Tmll;, = [ Vallj 2 Vi |f;“,H

n m

~ ‘l 0
o[ 1-o[ ) | L fp
7 V] [ H

_ Ju( ) —
_ [ _
Kv(ll)( “'3//fﬁlo 1r(]0> +O(l) Ol(l))
If there exists a constant K < Ké(h)l(i(il), such that (25) is
replacing  K%(i1)K(21) by K,

el < 81<||ﬁ\\p7$||b||q_$, namely,
rJo ~
K, ()l—f) ¢+80(1)—801(1)
b.s F//f/g]o 11"<Io>
1 . 1
ol F e (1 .
k(6o ()
T ()

q
———+80(1) ] .
b o (i) )
For ¢ — 07, it follows that

re(3) r"o(;)kul)gxl rg H () ]
vt ort) o] ey

and then K% (71)K% (/1) < K. Hence, K = K%(41)K%(/1) is the best pos-
sible constant factor of (25). The constant factor in (26) is still the
best possible. Otherwise, we would reach a contradiction by (28)
that the constant factor in (25) is not the best possible. [

valid when then we have

4. Operator expressions
With regards to the assumptions of Theorem 1, in view of

| 0n Zln(HU mllo/11Vall)
I m
Rz ||’° P2 |5 1Unlly = IVall;

Hac -
c={ca}. el 5

-1
,n e No

1 1
=] <K(2)K(2)lall 5 < oo,

pyt-p

we can set the following definition:

Definition 2. Define a multidimensional Hilbert's operator
T:1 ~—1 ~ as follows: For any a €| ~, there exists a unique
p,® p,Y1-p p,®

representation Ta = ¢ € Ip i satisfying

In(|Unll,/I1Vall,) 4
Tan) =Y —— L U g (n e No). (29)
Z 1Tmllz = 1Vally
For b e l , we define the following formal inner product of Ta and
b as follows
In(|U 1%
(Ta,b) =" Zwam b,. (30)
m U 1Umlly = 1Vallg
Then by Theorem 1, we have the following equivalent
inequalities:
1 1
(Ta, b) <Ky (a)Ks (i)l 1B 5. 31
l " l "
ITall 5., <Kp(i0)Kz(1)llall 5 (32)

It follows that T is bounded with

Ta ) i i
ITl = sup W{”’«qwm(m (33)
a el ~
p.®

Since by Theorem 2, the constant factor K (A )K" (1) in
best possible, we have

r‘]u 1 % io (1 % 2
T = K (1)K () = [ (’f)«)} [.F (d)‘)H ”ml)}- (34)

n (32) is the

po'TE) | oo T()| | Zsin(5

Remark 1. (i) For ,ufk) (k:17..‘,i0;i:]7...,m)75;’>:0
(l:177]0~.’:177 ),Settlng

plio—71)—io .
o(m): = 7||U"f““ — (meNv),

o k)P
< k:l'um )
1% qGo—42)~Jo )

¥(n): = [Valls (neNP),

do (1) a1
(I v7)
then (25) and (26) reduce the following equivalent inequalities with

the same best possible constant factor K‘l’,;(i])Ki(A]):

(|[Unl/|1Vally)ambs
ZZ

7 Unlly = [Vall;

1 1
< KG(A)KE(20)llallp.01bllg - (35)

. 1
0 v(") In(|Unll,/IVall)an]" |
{Z“/ ||Jo 1253 |:¥ (HHUm””; /_|||VL|/’; :| } <K/f( )Kq( )”aHPCI)
(36)
Hence, (25) and (26) are more accurate extensions of (35) and (36).
(i) For Y =1(k=1, igi=1,...m’=11=1,...,
Jo;j=1,...,n), (35) reduces to (5): for ip = j, = 1, (35) reduces to
(6). Hence, (35) is an extension of (5) and (6); so is (25).

5. Conclusions
In this paper, by means of the weight coefficients, the transfer

formula, Hermite-Hadamard’s inequality and the technique of real
analysis, a more accurate multidimensional Hardy-Hilbert-type
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inequality with a best possible constant factor is given by Theo-
rems 1 and 2, which is an extension of some published results.
Moreover, the equivalent forms with the best possible constant
factor are obtained by Theorems 1 and 2, and the operator expres-
sions are also considered. The method of weight coefficients is very
important, which helps us to prove the main inequalities with the
best possible constant factor. The lemmas and theorems of this
paper provide an extensive account of this type of inequalities.
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