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Circulant graphs are useful networks because of their symmetries. For k > 2and n > 2k + 1, the circulant
graph C,(1,2,...,k) consists of the vertices vp, v1,2,,...,v,_1 and the edges v;v;,1, ViVia,. .., ViV
where i=0,1,2,...,n—1, and the subscripts are taken modulo n. The metric dimension
B(Cn(1,2,...,k)) of the circulant graphs C,(1,2,...,k) for general k (and n) has been studied in several
papers. In 2017, Chau and Gosselin proved that (C,(1,2,...,k)) > k for every k, and they conjectured
that if n =2k +r, where k is even and 3 <r < k-1, then g(Cy(1,2,...,k)) = k. We disprove both by
showing that for every k > 9, there exists an ne€ [2k+5,2k+ 8] C [2k+ 3,3k —1] such that
B(Cn(1,2,...,k)) < [Z] + 2. We conjecture that for k > 6, (Ca(1,2,...,k)) cannot be less than [%] + 2.
© 2023 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Circulant graph

1. Introduction

The metric dimension is an invariant which has applications in
pharmaceutical chemistry (see Chartrand et al., 2000), pattern
recognition and image processing (see Melter and Tomescu,
1984), robot navigation (see Khuller et al., 1996), and Sonar and
coast guard Loran (see Slater, 1975).

In a graph G having vertex set V(G), the number of edges in a
shortest path connecting two vertices u, v € V(G) is the distance
d(u,v) between u and v. If d(u,w) # d(v,w), then a vertex w
resolves two vertices u and » For an ordered set
W = {w;,w,,...,w,}, the ordered z-tuple

r(v|W) = (d(v,wy),d(v,wy),...,d(v,w,))
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is the representation of distances of v in terms of W. If all the ver-
tices of G have different representations, then W c V(G) is a resolv-
ing set of G. The metric dimension B(G) is the number of vertices in
a smallest resolving set.

Circulant graphs are very useful networks because of their sym-
metries. For k>2 and n > 2k+1, the circulant graph
Cn(1,2,...,k) has the vertices vo, vy, v2,..., 0,1 and the edges
ViVi1, ViVisa, ..., ViVi, Where i=0,1,2,...,n—1, and the sub-
scripts are taken modulo n. We assume that n > 2k + 1, because
for n<2k,Cy(1,2,...,k) would contain multiple edges. So,
{£1,£2,..., £k} is the set of generators of Cy(1,2,...,k).

In this paper, we focus on the following question: For a fixed k,
find

min{(Cn(1,2,...,k)) | n = 2k +1}.

By Borchert and Gosselin (2018) and Javaid et al. (2008), we have
4 if n=1 (mod4),

3 ifn=0,2,3 (mod4).

By Borchert and Gosselin (2018) and Imran et al. (2012), forn > 8,
5 if n=1 (mod6),

4 ifn=0,2,3,4,5(mod 6).

pea1.2) =

BCa(1,2,3)) = {
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Since B(C,(1,2)) > 3 and /J(Cn(172,3)) > 4, Grigorious et al. (2014)
assumed and proved that B(Cy(1, .,k)) = k+ 1. Their result
does not hold. In Vetrik (2017) it was proved that g(Cyx(1,2,...,k))

can be k, and that for n > k* + 1 where k >
ﬁ(cn(1a27 . 7k)) = k7

and for n = r (mod 2k) where k + 2 <r < 2k+1and k > 2, we have

B(Cr(1,2,...,k))

Chau and Gosselin (2017) obtained several strong results, but their
inequality (1) is incorrect. They proved that for n = r (mod 2k),

>k+1.

B(Cn(1,2,...,k)) = k (1)
if 3<r<k and

B(Cr(1,2,...,k) = k+1

if k+1 < r <2k + 2. They also conjectured that if n = 2k + r where
kis even and 3 <r <k —1, then

B(Cn(1,2,...,k)) =k. (2)

We disprove (1) and (2) by showing that for every k
exists an n € [2k + 5,2k + 8] C [2k + 3,3k — 1] such that

> 9, there

B(Ca(1,2,....k)) < %’1 +2.

The importance of this result is that it has not been known before
that g(C,(1,2,...,k)) can be less than k.

Let us note that the graphs C,(1,3) were studied in Javaid et al.
(2012), C4(1,4) in Azhar and Javaid (2018), C,(2,3) in Du Toit and
Vetrik (2019), C;(1,%) for even n in Salman et al. (2012), C,(1,2,4)
in Imran and Bokhary (2014), C,(1,2,5) in Imran et al. (2018),
Cn(1,2,3,4) in Grigorious et al. (2017) and Vetrik (2017),
Cn(1,2,...,k) also in Vetrik (2020), and some interesting networks
were investigated also in Arulperumjothi et al. (2023), Azeem et al.
(2022), Koam et al. (2022), Prabhu et al. (2022) and Prabhu et al.
(2022).

2. New bounds

We show that for every k > 7, there exists an n such that
B(Ca(1,2,...,k)) < [2] + 2. The case k=1 (mod 3) is studied in
Theorem 1, k =2 (mod 6) is studied in Theorem 2, k = 3 (mod 6)
is investigated in Theorem 3, k = 5 (mod 6) is considered in Theo-
rem 4 and k=0 (mod 6) is studied in Theorem 5. Note that the
subscripts of the vertices »; are taken modulo n.

Theorem 1. Let n =2k + 5 where k=1 (mod 3) such that k > 7
Then

BCa(1,2,....k)) < 2"3“+2.
Proof. Let W ={w}U{y;:i=2,5,...,2k+3}. We have

n =2k +5, so for any vertex v; ¢ W (where i =2,5,...,2k+3 or
0), there are 4 vertices v .1, Viik12, Viiks3, Virk+a at distance 2 from
v; (and 2k vertices at distance 1 from ;). Let
Vi = {Viiks1, Visks2, Visks3, Visksa ). 1t follows that the representa-
tions of a vertex of V(C,(1,2,...,k))\ V; and a vertex of V; are
not the same in terms of W.

For the vertices of V; wherei=5,8,...
{vis, vip3} C W, we get

,2k and the ordered set
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MVt { Vi3, Vig3}) = (
I(Viski2{ Vi3, Vig3}) = (
(Vi 3l{ Vi3, Viss}) = (
T(Vipkral{ i3, Vig3}) = (
Since vy, €W for i=58,....,k+1, and w3 €W for

i=k+4k+7,...,2k, the vertices of V; are resolved (for
i=5,8,...,2k). We have

VsUVsU...UVy = {¥kis, Vki7s- - -5 Usisa)

Note that 3k+4=k-1. Finally, we need to
, Ukys- We have v, 1, vp,4 € W and

resolve
Uky Vg1 - -

r(vk{ vakss, o, 12}) = (2,

1(Vki2{V2ks3, Vo, 12}) = (2,
(Uks3l{V2ks3, 0, 12}) = (1,2,2),

1(Vkis{ V2k3, Vo, V2}) = (

r

Thus all the vertices of C,(1,2, ..
ing set and we obtain p(C,(1,2,...,k)) < |W| =

k) are resolved. So, W is a resolv-
2I<+1 + 2. O

Theorem 2. Let n = 2k + 8 where k=2
Then

(mod 6) such that k > 8

2k +2

3 +2.

B(Ca(1,2,...,k) <

Proof. For i=0,1,2,... K1 let W; = {vg;, Vsir2}. We show that
W =WyuW,; u...UWk%] resolves Cp(1,2,...,k). We have
n =2k +8, so for any vertex v; where j=0,1,...,n—1, there are

7 Vertices vj i1, Vjiki2s YVjski3, Vjskra, Vjskss, Vjrks6, Vjrks7 at dis-
tance 2 from ¢; (and 2k vertices at distance 1 from ;). Thus there
are exactly 7 vertices at distance 2 from wvg € W; where
i=0,1,2,... ,"g—l. Those vertices are the vertices of the set

Vi = {Usitks1, Usivkr2, Usivk+3, Usiskrds Usisk+5s Vbisk+6s Ubisks7}-

So, the representations of a vertex of V(C,(1,2,...,k))\V; and a
vertex of V; are not the same in terms of W. For the vertices of V;
and {vsi -6, Usi_4, Usis2, Veirs} C W, we get

2.2.1.1),
1,2,1,1),
(Usisk+3{ Usi-6, Vsi-4, Usis2, Usive}) = (1,2,2,1),

( )= )
( )= )
( )= )
T(Usisksal{ Usi-e; Usi-a; Usis2, Usive}) = (1,1,2,1),
( )= )
( )= )
( )= )

T(Usisk+1{ Usi—6, Vsi-4, Usis2, Vsin6}) =
T (Vsitk+2|{ Vsi_6, Vsi—4, Usit2, Usir6}) =

1,1,2,1),
1,1,2,1),
1,1,2,2).

T(Usiskss{ Usi—6, Vsi-4, Usis2, Vsin6}) =
1(Usisk+6{ Usi-6, Vsi-4 Usis2, Vsin6}) =
T(Usisk+71{ Usi-6, Vsi-4, Usis2, Usiv6}) =

The vertices Vg k.4, Usiikis € W, so the vertices of V; are resolved
(where i=0,1,2,... 1) Since VouVi U ..uvk%:
V(Ca(1,2,...,k)), the set W resolves the vertices of C,(1,2,...,k).
Therefore B(Ca(1,2,...,k) < |W| =21 +1). O

Theorem 3. Let n = 2k +6 where k=3
Then

(mod 6) such that k > 9

,k)) <2—k+2.

B(Cn(1727 3
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Proof. For i=0,1,2,...,% let W;={vs, Usir2}. We show that
W:Wouwlu...UW§ resolves C,(1,2,...,k). We have
n =2k + 6, so for any vertex v; where j =0,1,...,n—1, there are
5 vertices vjiki1, Vjiksi2s Yjrki3, Virksds Vjkss at distance 2 from v;.
For each W; = {vg;, vsi.2} where i=0,1,2,... ,’;, there are 7 ver-
tices at distance 2 from at least one of vg;, vsi,2. Those vertices
are the vertices of the set

Vi = {Uisks1, Ubiscks2, Vbisks3, Ubisk+d, Vbitks5s Visk+6, Ubisks7}-

So, the representations of a vertex of V(Cn(1,2,...,k))\V; and a
vertex of V; are not the same in terms of W. For the vertices of V;
and the ordered set {vsi_4, Usi, Usii2, Usiz6} C W, we get

I'(Vsik11{Vsi-4; Vsi, Vsita; Vsire}) = (2,2,1,1),
( )=1(1,2,1,1)
( )=1(1,2,2,1),
I'(Vsi k+al{Vsi-4; Vsi, Vsita, Usire }) = (1,2,2,1),
( )= ( )
( )= ( )
)=

)

T (Usisk+2{ Usi-a, Usi, Usis2, Usir6}

T(Usisk+31{ Usi-a, Usi, Usir2, Usir6}

1,2,2,1),
1,1,2,1),
(1,1,2,2).

T(Usisk+s|{ Usi—a, Usi, Usis2, Usis6}
T (Usisk+6/{ Usi—a, Usi, Usir2, Usit6}
T(Usisks7{ Usi-a, Usi, Usis2, Usis6 }

The vertices vgi k.3, Usiskis € W, so the vertices of V; are resolved
(where i=0,1,2,...,%). Since Vou V; U ‘.UV% =V(Cy(1,2,...,k)),
W  resolves the wvertices of Cn(1,2,...,k).
B(Ca(1,2,...,k) < [W|=2(+1). O

Therefore

Theorem 4. Let n = 2k + 6 where k=5 (mod 6) such that k > 11
Then

..,k))<2k3+2+2.

Proof. For i=0,1,2,....,k5, let Wi = {vsi, Usii2} and
Wi = {Usisk+3, Vsiskrs )} Let W' = {vk_1, Uaks2} and
W:(W()UW]U... (WE)UW’]U

UWs)U ..uWL%s)uW’.

Note that [W| = 2(55 + 1) +2(53+ 1) +2 =
W resolves C,(1,2,...,k). We have n = 2k + 6. so for any vertex v;
where j=0,1,...,.n-1, there are 5 vertices
Vjskits Visks2s Vjrks3s Vjskeas Vjskys at distance 2 from ;.

For each W; = {vg;, vsi,2} where i=0,1,2,... ,’%‘3, there are
exactly 7 vertices at distance 2 from at least one of vg;, vg;,». Those
vertices are the vertices of the set

22 4 2. We prove that

Vi = {Uisks1, Ubiscks2, Vbisks3, Ubisk+d, Vsitks5s Visk+6, Ubisks7}-

So, the representations of a vertex in V(Cn(1,2,...,k))\ V; and a
vertex of V; are not the same in terms of W. For the vertices of V;
where i=0,1,2,... .,"*% in terms of the ordered set
{Vsi_4, Vsi, Usir2, Usire} C W, we get

I'(Vsiik+11{Vsi-4, Vsi, Vsira; Usirs}) = (2,2,1,1),
I(Vsiski2|[{ Vsi-4, Vsis Usira, Usivs}) = (1,2,1,1),
I'(Vsi k+3{ ¥si-4; Vsi, Vsira; Veirs}) = (1,2,2,1),
I(Vsiskyal{Vsi-a, Vsis Vsira: Usive}) = (1,2,2,1),
I'(Vsi k+5{Vsi-4; Vsi, Vsira; Usire }) = (1,2,2,1),
I'(Vsik+6|{ Vsi-4, Vsi, Vsisa; Vsirs}) = (1,1,2,1),
1(Vsiskes7|{ Vsi-4, Vsis Usira; Usivs}) = (1,1,2,2).

The vertices vgi k.3, Usiikis € W, so the vertices of V; are resolved by
W (wherei=0,1,2,... k1)
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Similarly, for each Wi = { Usi ks3> Usiikss } where
i=0,1,2,..., 6 , there are exactly 7 vertices at distance 2 from

at least one of vg; k.3, Usi k5. Those vertices are the vertices of the
set

!
Vi = {¥si-2, Usi_1, Usi, Usis1, Vsir2, Usis3, Vsira)-

So, the representations of a vertex of V; and a vertex of
V(Ca(1,2,...,k))\ V; are not the same in terms of W. For the ver-
tices of V; where i=0,1,2,...,%1 in terms of the ordered set
{Usik—1, Usitks3s Usirkss, Usirtkio} C W, we get

(Vgi—2|{ Usik—1, Vbisk+3, Vsitksss Vsivkeo}) = (2,2,1,1),
T(Usi-1|{ Vsisk-1, Vsitk+3, Usitkis, Vsirkrot) = (1,2,1,1),
T(Usil{ Usisk-1, Vbisk+3, Usitkss, Usiskro}) = (1,2,2,1),

)

(

(
T'(Usis1 |{ Usizk—1, Vbisk+3, Vsitkss, Vsivkeo)) = (1,2,2,1),
T(Usis2|{ Usitk—1, Ubisk+3, Vbitkss, Usivkso}) = (1,2,2,1)
( )=(1,1,2,1),
)=1(1,1,2,2).

The vertices v, vsi.2 € W, so the vertices of V; are resolved (where

T(Usis3|{ Vsitk-1, Vsitk+3, Vsitk+s, Vsitk+9 )
T'(Vsiza|{ Vsick—1, Vbisk+3, Vbitks5, Vsivks

izO,],Z,...,%).
We have
Vou V4 u...uvk%z{vkﬂmkﬂ,...mz,(,‘l}
and
VouViu...u V'k% = {Vaksa, Vakss, Vo, V1 - - -, Vk_7}-

Finally, we resolve the vertices

Vk_6, Vk-5,--., Uk and Up3, Vok_2, ..., Uaiy3-

Note that v_s, Vk_3, Uk_1, Vak-2, Yok, V2ks2 € W and

r(Vk-6{ ks, Vk-3, Vi1, Vak—2, V2 }) = (1,1,1,2,1),
T(Vx_4{ Vs, k3, Vk_1, Var—2, Vi }) = (1,1,1,2,2),
r(Vk—2[{ Vk=s, k-3, Vk_1, Var—2, U }) = (1,1,1,1,2),
r(vkl{ Vk-s, Vk_3, Vk_1, Vak—2, V2 }) = (1,1,1,1, 1),

T(Vak3{ Uk=s, Uk=3, Ukets Vakz, Vi}) = (2,1,1,1,1),
T(Vak1{ Uksy Uke3s Ukets Vakz, Vax}) = (2,2,1,1,1),
T(Vaks1 { Uksy Uk=3, Ukt Vakz, Vi }) = (1,2,2,1,1),
T(Vars3{ Ukes, Uke3; Ukets Vo, V2 }) = (1,1,2,1,1).

Thus all the vertices of C,(1,2,...,k) are resolved. So

ﬁ(Cn(],Z,.. )) ‘W‘ 2k+2+2 O

The proof of Theorem 5 is longer than the previous proofs,
because the resolving sets used in the proof of Theorem 5 are not
as simple as resolving sets used in the previous proofs.

Theorem 5. Let n = 2k + 6 where k = 0 (mod 6) such that k > 12
Then

B(Ca(1,2,....Kk)) < %k+2.

Proof. For i=0,1,....5-1, let  W;={vg, vsi2}. For
i=12,...k-2, let Wi = {Usirks3, Vsiskis ) Let
W' = {Uy_2, Uks2, Viss, Vak-3, Vak, Voksa} and

W=WouW,u ..qufl)u(W’luW’zu ..UW’%J)UW’.

Note that |W|=2(%+2(¢-2)+6=2%+2. We prove that W
resolves Cy(1,2,...,k). We have n =2k + 6, so for any vertex v;
where j=0,1,...,n—1, there are 5 vertices

Vjski1, Virks2, Vitki3s Ujikid, Vipkes at distance 2 from .
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For each W; = {vg;, vsiy2} Where i = 1,2,...,’6‘— 2, there are 7
vertices at distance 2 from at least one of vg;, vs;,2. Those vertices
are the vertices of the set

Vi = {Usitks1, Usivkr2, Usivk+3, Usisk+ds Uisks5s Ubisk+6s Ubiks7}-

So, the representations of a vertex of V(C,(1,2,...,k))\V; and a
vertex of V; are not the same in terms of W. For the vertices in V;
and the ordered set {vg;_4, Usi, Usii2, Usiz6} C W, we get

T'(Usitke1{ Usi-a, Usis Vsisa, Usise}) = (2,2,1,1),
T(Usipke2[{ Usi-a, Usis Usisa; Usise}) = (1,2,1,1),
T'(Vsitk+3{ Vsi—as Usis Usis2, Vsiss}) = (1,2,2,1),
T'(Usitkral{ Usi-a, Usis Usisa, Usiss}) = (1,2,2,1),
T'(Usitkes | { Usi-a, Usis Vsisa; Usise}) = (1,2,2,1),
T'(Vsitk+6{ Usias Vsis Usis2, Usiss}) = (1,1,2,1),
I'(Vsiik+71{ Vsi-4; Vsi, Vsira; Veirs}) = (1,1,2,2).

The vertices vgi k.3, Usitkis € W, so the vertices of V; are resolved by
W (wherei=1,2,...,k-2).

Similarly, for each Wi = {Usi k43, Usitkss ) where
i=1,2,... ,g — 2, there are 7 vertices at distance 2 from at least
one of v, 3, Usiikss. Those vertices are the vertices of the set

!
Vi = {Usi_2, Usi_1, Usi, Usis1, Vsir2, Usis3, Vsira)-

For the wvertices of Vi and the ordered set
{Vsisk-1, Vsiks3, Usirkss, Usirkro} C W, we get

T'(Usi—2|{ Vsizk—1, Vbisk+3, Vsirkss, Usiskeo}) = (2,2,1,1),

(Vi1 |{ Usitk—1, Vbisk+3, Vsitkss, Usiskro}) = (1,2,1,1),

T(Vsil{ Usisk-1, Usitks3s Vsickss, Vsitkso}) = (1,2,2,1),

(Vsi11{ Usitk-1, Vsirks3, Vsirkss, Usiskro}) = (1,2,2,1),

T(Usiy2[{ Usisk—1, Ubisk+3, Vsitksss Usiskio}) = (1,2,2,1),

(Vsi3l{ Usitk-15 Vsirks3, Vsirkss, Usiskro}) = (1,1,2,1),

T'(Usipal{ Vsick—1, Ubisk+3, Vsitkss, Usiskro}) = (1,1,2,2).

The vertices vs;, V6112 € W, so the vertices of V; are resolved.
We have

ViuVaU.. .UV ) ={0k7, Vkis, -, Va5 }
and
V/] UV/Z 0] "UV%—Z = «{1/47 1/5,...,Z/k,g}.

Finally, we resolve the vertices

Uk-7, Uk6, - - - » Vkeg ANd Ugy_a, Va3, . .., Vakys.Vo, V1, V2, U3

if k > 18, and it remains to resolve all the vertices if k = 12. Note
that

Uk_6, Vk—4, Uk—2, Uks2, Vks5, V2k—3, U2k, Vakid, Vo, V2 € W,

so those vertices are resolved. We obtain

T(Uk-7|{V2k-3, Vaks Vaksa, Vo, 12}) = (2,1,1,1,1),
(V-5 { Vak-3, Vak, Vakya, Vo, 12}) = (2,2,1,1,1),
(Vk=3|{ Var=3, Vak, Varsa, Vo, ¥2}) = (1,2,1,1,1),
T(Uk-11{V2k-3, Yok, Vaksa, Vo, 12}) = (1,2,2,1,1),
r(vk[{ Vak=3, Vak, Vaksa, Vo, 02}) = (1,1,2,1,1),

(Vg1 { Var=3, Vak, Varss, Vo, V2}) = (1,1,2,2,1),
(Vks3|{ Vak-3, Vak, Voksa, Vo, ¥2}) = (1,1,2,2,2),
r(l//<+4|{7/2k,3, Dok, Vok+4, Vo, I/z}) (1 ] 1, 2 2)
T(Ukss|{V2k-3, Vaks Vaksa, o, 12}) = (1,1,1,1,2).

and
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T(Vak-al{ Uk=6; Uk—as Uk—2; Uks2; Ukss}) = (2,1,1,1, 1),
I(Vak—2l{Vk—6; Vk-4, Vk-2; Vis2, Ukss}) = (2,2,1,1,1),

T(Vak1{ Ukess Uk—as Uk—2, Uks2; Ukas}) = (2,2,2,1, 1),
T(Vaks1 { Uk—6s Uk—as Uk—2, Uks2s Ukss}) = (1,2,2,1, 1),

I(Vak2l{ Vk-6; Vk-a, Vk-2, Uiy, Ukys}) = (1,1,2,1,1),

T(Vaks3{ Ukess Ukeas Uk—2, ka2, Ukes}) = (1,1,2,2, 1),

T(Vakys{ Uk—6s Uk—as Uk-2; Uks2; Ukss}) = (1,1,1,2,1),

r(V1{ V-6, Vk-4, Vk-2, Vky2, Viys}) = (1,1,1,2,2),

r(V3{ V-6, Vk-a, Vk2, Uky2, Viys}) = (1,1,1,1,2).
Fori=k—7k—5k—3,k—1,k;k+1,k+3,k+4,k+ 6, we obtain
I(Vil{ k-6, Vk-4, Uk-2, Uks2, Viss}) = (1,1, 1,1, 1),

and for i =2k — 4,2k — 2,2k — 1,2k + 1,2k + 2,2k + 3,2k + 5,1, 3,
r(vil{ Vak_3, Vak, Vaksa, Vo, V2 }) = (1,1,1,1,1).

Thus all the vertices of C,(1,2,...,k) are resolved for k > 18

If k =12, it remains to consider 4 and v;9. We have
1(Val{Vkss, Vak3}) = r(val{vn7, v21}) = (2,2)

and
r(viol{v2, k-6}) = r(v19l{v2, Us}) = (2,2).

It can be seen above that no other vertex has such representation in
terms of the ordered sets { vy.s, v2_3} and {v,, v4_s}. So, W resolves
all the vertices of Cn(1,2,...,k). Thus
B(Ca(1,2,...,k) < [W|=%+2. O

From Theorems 1-5, we obtain the following corollary.

Corollary 1. Forevery k
that

> 7, there exists ann € [2k + 5,2k + 8] such

BCa(1,2,.... k) < [23"%2

Let us note that for k = 7 and 8, we have [%] + 2 = k, so Corol-
lary 1 is important for k >

3. Concluding remarks and further work

We showed that for every k > 7, there is an n € [2k + 5,2k + 8]
such that (Ca(1,2,...,k)) < [4] + 2. The importance of this result
is that it has not been known before that g(C,(1,2,...,k)) can be
less than k. We believe that f(C,(1,2,...,k)) cannot be less than
[4] + 2 for k > 6, thus we provide Conjecture 1 as a possible future
work. Note thatn > 2k + 1, otherwise C,(1,2,...,k) would contain
multiple edges.

Conjecture 1. For every k > 6 (and n > 2k + 1),

2k
pC1.2 ) > 5] 2
Conjecture 1 would not hold for k = 4 and k = 5. For example,

for k=5 and n =13, the set {vp, v1, v, v4,vs} is one possible
resolving set of C13(1,2,...,5).
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