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Preliminaries of g-calculus for functions of two variables over finite rectangles in the
plane are introduced. Some g-analogues of the famous Hermite-Hadamard inequality of functions
of two variables defined on finite rectangles in the plane are presented. A ¢,¢,-Holder inequality for
functions of two variables over finite rectangles is also established to provide some quantum
estimates of trapezoidal type inequality of functions of two variables whose ¢, ¢,-partial derivatives
in absolute value with certain powers satisfy the criteria of convexity on co-ordinates.
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1. Introduction

Quantum calculus or g-calculus is the study of calculus with-
out limits. In the eighteenth century, Euler initiated the study
of g-calculus by introducing the number ¢ in Newton’s work of
infinite series. Many remarkable results such as Jacobi’s triple
product identity and the theory of ¢-hypergeometric functions
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were obtained in the nineteenth century. In early twentieth
century, Jackson (1910) had started a symmetric study of
g-calculus and introduced ¢-definite integrals. The subject of
quantum calculus has numerous applications in different areas
of mathematics and physics such as number theory, combina-
torics, orthogonal polynomials, basic hypergeometric func-
tions, quantum theory, mechanics and in theory of relativity.
This subject has received exceptional consideration by many
researchers and hence it has appeared as an interdisciplinary
subject between mathematics and physics. Interested readers
are referred to Ernst (2012), Gauchman (2004) and Kac and
Cheung (2002) for some recent developments in the theory of
quantum calculus and theory of inequalities in quantum
calculus.

Theory of inequalities and theory of convex functions have
been observed to be profoundly dependent on each other and
consequently a vast literature on inequalities has been
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produced by a number of researchers using convex functions,
see Dragomir and Pearce (2000), Dragomir and Agarwal
(1998) and Ton (2007). The Hermite-Hadamard inequalities
are extensively studied during past three decades and the fol-
lowing inequalities, known as Hermite—-Hadamard inequali-
ties, provide a necessary and sufficient condition for a
continuous function f: /C R — R to be convex on [a,b],
where a,b € I with a < b

f(a+b) /f f(b). 1)

For further reading on integral inequalities using classical
convexity and other important inequalities we refer our reader
to Sudsutad et al. (2015) and Tariboon and Ntouyas (2014).
Most recently, Noor et al. (2015a,b,c) and Zhuang et al.
(2016) have contributed to the ongoing research and have
developed some integral inequalities which provide quantum
estimates for the right part of the quantum analogue of Her-
mite-Hadamard inequality through g¢-differentiable convex
and g¢-differentiable quasi-convex functions. Ghany (2009,
2012, 2013a,b) gave integral representations of basic com-
pletely monotone functions, integral representations of basic
completely alternating functions, g-derivative of basic hyperge-
ometric series with respect to parameters and discussed some
properties of the derivatives of basic hypergeometric series
with respect to parameters. Motivated by the recent progress
in the field of quantum calculus, our aim is to further develop
this theory for functions of two variables and to provide some
quantum analogues of Hermite-Hadamard inequality of func-
tions of two variables over finite rectangles. At the next step,
we will also provide some quantum estimates for the right part
of the g-analogue of Hermite-Hadamard inequality of func-
tions of two variables using convexity and quasi-convexity
on co-ordinates of the absolute value of the ¢,g¢,-partial
derivatives.

2. Preliminaries

The readers are referred to Tariboon and Ntouyas (2013),
Sudsutad et al. (2015), Kac and Cheung (2002) and Ernst
(2012) for some g-calculus essentials and inequalities over finite
intervals.

We will also use the following definite g-integrals to prove
our results.

Lemma 1 Sudsutad et al
hold

. 2015. Let 0 < g < 1, the following

q(1+4q+q)
(1+q+¢)(1+q)

1
A, :=/ (01— (14 )] odyt =
0

)

q(1 + 3¢ +24%)
(1+q+¢)(1+4q)

1
= [0l (1 g odyt =
0
and
1 Zq
CD(::/ 1 —(1+q)t| odjt = .
q ) | ( )|Oq (1+q)2

In what follows we introduce g-partial derivatives and def-
inite g-integrals for functions of two variables.

Definition 1. Let f: [a,b] x [¢,d] CR*> — R be a continuous
function of two variables and 0 <g¢; <1,0<g, <1, the
partial ¢,-derivatives, ¢,-derivatives and ¢,q¢,-derivatives at

(x,¥) € [a,b] x [c,d] can be defined as follows
aat]f(xvy) _f(q X+ (1 —4q )avy) 7f(xvy)

ox T d-aa-a 0 T
caqgf(xay) 7f(x7 ‘]2J’+ (l B 92)0) *f(X,y)

Oy U-au-a 0 V7C
and
e S)) |

0y x0,y (1 =¢q)(1 = q2) (v = ¢)(x —a)

x [flgix+ (1 =q)a,q,y + (1 = g;)c)
—Agix+ (1 =q)a,y) = f(x, 4.5 + (1 = g)¢)
+x, ), xFa, yFe

The function f: [a,b] x [¢,d] CR* — R is said to be partially
q,-» ¢,- and gq,q,-differentiable on [a,b] x [¢,d] if

D ) Dy fx,1) acly gy XY)
i and o,y eXist for all (x,y) € [a,b] X [c,d].

We can similarly define higher order partial derivatives.

Definition 2. Suppose that f: [a,b] x [c,d| CR?> — R is a con-
tinuous function. Then the definite g¢,q¢,-integral on
[a,b] X [c,d] is defined by

[ [ ey = e -

Al =q)(1 —q,)

x ZZq'{q’a” dix+ (1= dq})a, g3y
m=0 n=0
(=) 2.1)

for (x,y) € [a,b] x

¥ x x »
/ /f(x»J’)adqlxadqzy:/ /f(x7y)('d,,2yadqlx

If (x1,,) € (a,x) X (c,), then

/ [y
TR i
/ / f)» y a (,lx[, [,2} / / fx y . qlxa qzy
/ /fxy dy, X, q,y+/ / SO V) aly Xadly, .

(2.2)

[¢,d]. Tt is clear from (2.1) that

From (2.2), we also note that

/ / S, D)oy, Xedy,y = /L) (/axf(x,y)adqlx> -
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Remark 1. It is easy to observe that the Definition 2 contains
the Definition 2.3 in Tariboon and Ntouyas (2014) as special
case when f'is a function of single variable.

The following theorems hold for definite ¢,¢,-double

integrals.

Theorem 1. Let f: [a,b] x
function. Then

adq,rf'éf,z Jo ST 8)ady tedy,s = £ (x,7)
X “()‘”q7 t,5)
(2) f ftl Dqlt( (')q,s ”d‘llt d S _f(x7y)
X nrl)q 7 f(ts) .
( ) j‘l jr S R v d |tl‘dt]2S:f(x7y)

_f(x7y]) _f(xlvy)+

1 ud,“lL Iy S a
SO, (o) € (@) x ().
Proof
(1) By Definition 2 and the definition of partial

q,9,-derivatives, we have

2
7919

w0y, Dy [(xf‘)(yc)(l ~0)(1-9)

X i (dix+ (1—qi)a, gy y+(1-g5)e )}

1
T —g)—)(x—a)

X [91‘12(1 —q)(1=g)(y—c)(x—a)

xzzqz ;lf n+1/ qr11+1) 7qm+1y+(1 q'2n+1) )

m=0 n=0

—q(x=a)y—)(1—q,)(1 —q,)
XZZq’EqZ’ x+ (=g a, g5 v+ (1-45)c)
m=0 n=0

g (x—a)y—)(1—q)(1 —q,)

N G dix+ (1= ) a gy y+ (1= g5 )e)

+x—a)y—)(l-g)(1-¢)

S i f(dix+ (1=l a, g5y + (1-¢3)c)

m=0 n=0

*ZZq’Iq’z"f dix+(

m=1 n=1

=D disfgix+ (1-gi)a.gsv+(1-45)c)

m=0 n=1

D i f(dix+(1

m=1n=0

+ > diagf(dix+ (1-a)adiy+ (1-d3)e) =f(x.»)

m=0 n=0

L=q)a,g5y+ (1-g3)c)

—qi)a. g3y +(1-¢5)c)

[, d CR* = R be a continuous

(2) By the definition of partial ¢,¢,-derivatives and Defini-
tion 2, we have

[
¢ Ja aUqlc0g,8
:/ / (1—q1>(1—q1><s—c)<z—a>

x[flgit+(1=q)a, g5+ (1= gqy)c) —flgit+ (1 —gqy)a,s)

_f(t’ ‘125+ (1 - (IZ)C) +f([7s)}t'dqzsad41 !

ey, Sady t

(1 7q;l+l)a q12n+1y+(1 7q12n+1)c)

NgE
NgE

Uit x+

Il
o
Il
o

m

f( n+lx+ (1 _ n+l)a7qg7y+ (1 _q;n)c)

n

dix+(1=d)a, g5 v+ (1-g5)e)

(4
H((gix+ (1= qi)a), (4'y+ (1 -¢5)c))]

HMS

Z dix+ (1= q})a, g5y + (1-g3)c)

—q)a.q5y+(1—¢5)c)

*iif(ﬂw(l

—0 n—1

—q)a,qyy+(1-q3)c)

3o e (

m=1n=0

o0 00

+2 > S(dix+(1=4)a), (¢5y+ (1= a5)c)) =/x.9).

m=0 n=0

(3) Using (2.2) and applying the result (2), we obtain

05, S
/ / G g9 N adql l,'d,hS
X uaq]xc qzy
/ / 0 f103) dql tdy,s
aﬂxi’ g

ac ‘ll‘lzf Wl tod, s
/ / aqle qzy q1°¢™

aﬁat q
/ / a0 oy, tedy, s
a aaz“xc t[zy ' :
a( q J
/ / aq/ll)élc qa dfll lcdqzs
= flx,») = fle,p) = flx,p) +fx, ). O

Theorem 2. Suppose that f,g:[a,b] x [c,d CR* = R are
continuous functions, o € R. Then, for (x,y) € [a,b] x [c,d],

(1) fcy fax [f(t,5) + gt S)]adqltcdqzs = fcy faxf(tv S)adqt+
f’vfxgts Jadg, tedy,s.

@ [ [Taf(t,s)a d tdqzsfocf} [T f(t,5)ady tdy,s.

(3) The following integration by parts formula for iterated
q,9,-double integrals holds:
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nr ( )
/ /f 341)6 D0y alg tedy,s

_f(xvy) ( 7}7) _.f(xayl) (xvyl)_f(xlvy)g(xlvy)

4 O fx,s
+f(x1,1)g(x1,31) */ g(x, g5+ (1 — 42)0)# gy
1 ¢ ‘Izs
"y O, f(x1,8
+/ g(x1,g,5+ (1 _‘]2)0)% cdy,s
N [’
X aa -t7
—/ g(qlt+(1—q1)a7y)Madqlt
X1 aaqll
* [la ]ft
/g(q1t+(1 a)a, yl)% oyt
q1

,// (@1+ (1~ )a o5+ (1 - g2)e)
‘”632 %f( )
>< [

aly tedg, s, (x1,y) €
L'aqzsuaqlt 92 ( ly])

(a,x) x (¢, p)-

Proof. The proof of (1) and (2) follows by definition of definite
q,q,-double integrals. (3) By applying (3) of Theorem 3.3
(Tariboon and Ntouyas, 2013), we have

/ </ 1, ‘“ 2c04,48(1:5) ﬂdq,z> odys

aOg,te 0g,8
_ 04,8(x,5) 04,8(a,s)
= [ e P 2
[ a0 0 D) ] g
anS anlt
L ¢2g X, S 7g(x 75)
/f d 13 117 /th L a(h; 'dqzs

s 8 a‘b Ky aaql t 2 1

:f(x,y)g(x,y) _f(xvyl)g(xvyl)
- [etnas (- 2D g

= f(x1,)g(x1,3) +f(x1,v1)g(x1, 1)
7 O f(x1,8
4 [ e+ (1= ) 2L g
Y1 ¢ ‘Izs
aaqlf(t:J’)
——
anlt a ‘11[
aaq]f(lvyl) (qu ¢
aOg,t !

f/ glgit+(1—q)a,y)

X1

+/ glgit+ (1 —qp)a,y,)
x|

¥ x
+/ / gqit+(1-q)a,q
Y1 1

caaz
q,)c )%H d, t.d,s

1-—
+ ( 8([2 Sﬂa B t q Uh]

which is the expected result. [

3. Main results

Before we proceed to prove the main results of this section, we
refer the readers to Dragomir (2001). Latif and Alomari (2009)
and Ozdemir et al. (2012) to study the basic properties of

convex and quasi-convex functions on the co-ordinates on
[a,b] x [c,d]. In this section, we first prove Hermite-Hadamard
type inequality for functions of two variable which are convex
on the co-ordinates on [a,b] x [c, d].

Theorem 3. Let f:[a,b] x [c,d CR* = R be convex on
co-ordinates on [a,b] x [c,d), the following inequalities holds

f(a;bf;d) gz(bl—a) /”hf(x,%d) udly X
+2(d17c) /Cdf(a;b,y) g,y
b

<@t5%55[ [ s, x

d
gm/cf(avy)rdqzy

d
+m:ﬁm:51ﬂmm%y

b
+m/ﬂx7d)adq1x

e | o

q,qu(a ¢) +q1f( ,d) + (b, ) +/1b,d)
(1+4¢)(1+¢,)

Proof. Since f:[a,b] x [c,d] CR* = R is convex on co-
ordinates on [a,b] x [c,d], we have

a+b c+d\ _(ta+(1—-t)b+tb+(1—1t)a c+
f< 2 2d)_f( 2 ’ 2d)
<%f(ta+(lft)b,c;d)

+%f(za+(l —z)b,czd)

The ¢,-integration with respect to ¢ over [0, 1], ¢,-integration
with respect to y over [c, d] on both sides of the above inequal-
ity and by the change of variables, give

a+b c+ 1 b ¢+
f< 7 2J)<b,a/af<x77d) ody X (3.1)
Now
a+b c+d\ _fa+b cs+(1—s)d+sd+ (1 —s)c
(5259 (5" : )
f(a+b +(1—s)d)
f(a+b d+(lfs)c)

The ¢,-integration with respect to x over [a, ], ¢,-integration
with respect to s over [0, 1] on both sides of the above inequal-
ity and by the change of variables, give

fa+b c+ 1 4 la+b
< . .
525 < gt [A(500) oy

Adding (3.1) and (3.2) and dividing both sides by 2, we get

(3.2)
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a+b c+ 1 b e+
f( 2 2d><2(b—a)/af(x7Td) adly X

1 ¢ fa+b
+2(d_c)/tf< 2 7}’) cdqu- (33)

Consider now

s /(5

1 bl es+(1—s)d+sd+(1—s)c
“xma [ 2 ) e

b
\ﬁ/a flx,es 4+ (1 — 8)d) ody, x

b
ﬁ /a SO, sd + (1 —5)c) ody, x

The ¢,-integration with respect to s over [0, 1], yields

sia [ (5 < [ [ e
+m / / S0, 9) edy, Vady, x

1 b pd
“soaaa ), | e

(3.4)
Similarly
1 d a+b
2(d—c)/l,f< 5 ,y) odg,y
1 b d .
<m/ /f(x’y)cdqzyadm* (3.5)

Addition of (3.4) and (3.5), gives

2(b1,a) /abf(xvc;d)“'z(dlic) /{df(a;bvy) ('dqzy
1 b d
< m /H [ f(x,y)(,d,hyudql X. (36)

We also observe that

/ /fxy dy,Vady, x

—(b-a) / / b+ (1 1))y oy

—a// (1 = 0)f(a,y).dy,yod,,t
+(b-a) / / (b, y)dyyody 1

( a)
= a,y)ed,y +
1+q1 /(,f Vedir +4q

/ Ab,y)edyy. (3.7)

/:7 /cdf(x,y)(,dqzy,,dqlx
—(d—0) /ﬂb /Olf(x,sd-l— (1 = 5)¢)ed, 50y
@0 [ [ s ddynd,
(d—c) /b /d(l — $)f(X, ¢)cdy, S0y, x

/f d)dqlx+ /fxc dg,x. (3.8)

1“'(12

Adding (3.7) and (3.8) and multiplying the resulting inequality
by 72(,77”1)( o We get

— _C//fxy Ay, Vady, X
/fay dy,y
+m / fib)edyy
/f d)d,
+W§(bfa)/aﬂx’c)ﬂdq]x (3.9)
Lastly, we have
2(1+qu _c/fay "2y+ 2(l1+¢ —c/fby or)
+m [ v,
b
1—i—q2 )(b— a/fXL n*

1+‘11 / flasd+(1

+m£ f(b,5d+ (1 7S)C)0dq25

<—7*
21+q1

+
2(1+ ¢,)(

)C)Odfhs

1 1
+m/0 f(lb+(1 — t)a7d)0dqlt

q> !
72(1 ) /0 ftb+ (1 —1)a,

g fla,d) [ afla,c) [
<2(11+q1)/0 SoquS«f» (11+q1)/ (lfs)odqzs
b,c)

S(b,d)
+2(1""11)/0 Sod s 1"“ll / (1=5)0d
S(b,d)
+2(1+fiz)/o fod ! 1+c12 /
¢:/(b,c) ‘hfa ¢
+2(1+‘12)/ fody ! 2(1+q,) /
_09:/(a,0) +a,fla,d) + ¢:/(b,c) +/1b,d)
(1+q)(1+¢,)

C)Odq] t

(3.10)
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Remark 2. When ¢; — 1~ and ¢, — 17, Theorem 3 becomes
Theorem 1 from Dragomir (2001, page 778).

We need the following results to prove our main results.

Theorem 4 (Holder inequality for double sums). Suppose
(@nm) pmens Owm)ymen— With Gy, by € R 0r C and

%—i-[% =1,p,p' > 1, the following Hoélder inequality for double

sums holds
S5 b < (zzw) (zzb,,m| )
n=0 m=0 n=0 m=0 n=0 m=0

where all the sums are assumed to be finite.

Theorem 5 (q,¢9,-Holder inequality for functions of two
variables). Let f and g be functions defined on |a,b] X [c,d)]
and 0 < q;,q, < 1. Ifﬁ—i—%: 1 with ri,r, > 1, the following
q,9,-Holder inequality holds

//Vry (e 2) edy, adly, X
g</ / ) ey oy ) </[/ g cdyy ud, x) .

(3.11)

Proof. By the definition of ¢,¢,-integral and applying Theo-
rem 4, we have

//lfxy

=(1- ql)(l —q)(x—a)(y—o)

x ZZqTqZ’

el + (1 d)asdgy+ (1 - )e)
=SS = ) (1 - @) (x - @) — O ()

s+ (1= @agy + (1 -)a)]

< [(1=g)(1 = @) (x — @)y — )= (q1q)

x lg(qix+ (1= g)a. g3y + (1 - ¢5)c)|

< ((1 —g)(1 = g)(x—a)(y—c ZZqTq'z”

V| g,y oty x

dix+ (1= dq})a, ¢y + (1 - ¢5)c)|

n=0 m=0

< [dix+ (1 —gq})a, ¢y + (1= g5)e) ")

x ((1—611)(1 — ) (x—a)(y—c qu’fq’z"

n=0 m=0

oL
< |g(gix+ (1= q))a, g5y + (1 - g5)c)|")>

([ [ )
([ fer

Lemma 2. Let f:ACR>—R be a twice partially
q,9,-differentiable function on A° for 0 < q,,q, < 1. If partial

acOg g J119)
aOg 1 Oy, s

[a,b] x [¢,d] C A°, then the following equality holds

1
B
edy,y o, 1x> . O

q,q,-derivative is continuous and integrable on

419:/(a,¢) + qif(a, d) + q,/(b, ¢) +/(b,d)

(1 +‘I|)(1 +4,)

f(Y L)a g, X

Ym.f/z(avbﬂyd)m =

_ /8
(1 +q"‘)( 7a) a

b
m/f oD el
1_,_611 d—c) /fay iy
‘m [ 6.3
- a<d >/ /“” ) oy

111‘12
= (I=(+q))(1—=(14+4g,)s
09 [ a0 - (e

a,aql qu((l —t)a+1tb,(1 —s)c+ sd) o
«Og 1 Oyys o

todys. (3.12)

Proof. By the definition of partial ¢,¢,-derivatives and definite
q,4,-integrals, we have

1 1
/ / (I=(I+g)0)(1=(1+q,)s)
0 0

M{“)‘] (1 =t)a+1b,(1—s)c+sd)
x — od,
d,“t 0y, 8 n

X [f(tqler(l 7tq )a 9q2d+(17€q2 ¢)—fl1q, b+(lfrq])a sd+(1—3s)c)
—f(th+(l—r)a Gysd+ (1= qy5)c) +f(tb+ (1 — t)a,sd+ (1 —s)c)] ody, T ody, s

0w ZZ (1-(1+4,)q3)

n=0 m=0
X[f( r]7+lb+( "“)aq””'d-ﬁ—(l—q”’ 1) )
S b+ (=g )a,gd+ (1-¢5)e)

—f(q'l’b+(1 ~di)a, g5 d+ (1-g5")e) +/(gib+ (1= df)a,q'd+ (1 - ¢3')c)]

ZZf ¢ib+(1-q})a q’z”d+(1*q’z“)t’)

tody,s

—(1+4,)4})

T - 0) e
ZZ/ qib+(1—q!)a, (1 —¢2)c+q2d)

n=1 m=0
ZZ[ q’l’b+ a g d+ (1 — ”’) )

n=0 m=1
b7 ZZM’.’M 1=q)a.gyd+(1-¢5)c)

n()ml)

1+
- q1 ZZ(] (gib+ (1 —q})a,q5d+ (1 —g5)c)

n=1 m=1

T T ““’ Zquf bt (1= ) (1 - g3 e+ g3d)

n=1m=0
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n=0 m=0
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n=1m=1

1+ o
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=1 m=0

1+ .
q ZZqTf (@ib+(1=d})a,gzd+(1—-q))e)

n()ml

1+
= fZ SIS b+ (1t (1-)0
=0 m=0
T+g)(1+ 0 om0 m m
+%;;qlq2 (gio+ (1-q})a,gyd+(1-¢5)c)

(I+g)(1+¢) <& nom _ _om m
T a)d— C)ggqlq (1=q})a,(1—g3)c+q3d)
(I+q)(1+¢) < nom el _ m _om
b -a- L);;qlqz (@ib+ (1= g)a.gid+ (1-q)c)
(I+q)(1+4) ¢

oo ch{"cﬂl/ dib+ (1= aqrd+ (1-gq))c). (3.13)

n=0 m=0
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We observe that

— ,CZZMI“

n=1 m=1

_ f(a ¢) 1
b-ad=0 " G-ad=0

x§;Z¥@%+ ))a.qyd+ (1-q4)c),
ZZf b+ (1= di)a

n=1m=0

Ja,gvd+ (1 —q5)c)

(3.14)

)

o fw@ B 1
(b—a)(d—c) (b—a)(d-c)
x ZZf(q'l’b +(1=gl)a, (1 - q¥)c+qrd), (3.15)
b—a)(d—c) ;;f —di)a,qid+ (1= q7)e)
flb,c) 1
_w—@w @_w—@u—@

(3.16)

DRI

n=1 m=1

—qi)a,qyd+ (1 - 43')c),

( —Ll —L iifquzb+ ql)a q’zﬂd+(liqm> )
_ }(bad) 1
(b - aa- 9T =0
XEZE}”%*’lfqla%d+( —d3)e). (1)
1+(11

qulf

q' n=1 m=1
:<1+%vwc>_ a+qo
%@*)W*d %@*@W*@( :

1+gq,
ngq b+ (1= a)ac) = =g —

X ZZq (gib+ (1= q})a,gyd+ (1 = ¢5)c),

n=1 m=1

q/;)a qg1d+ (1 _ m) )

(3.18)

00

1+ ‘11 >
%< == 22

n=1 m=0

U+mH d)
06— a)d- o*

X ZqTf qib+ (

(qi6+ (1= di)a, (1 - g5)c + ¢5'd)

(1 +(11)
W(b—a)(d—c)

(1+4q)
W)+ =g

X}j}jﬂfﬂb+(1—qﬁail—q%6+qﬁﬁ

n=1 m=1

ZZq.f ib+

"
a9

X —Zq’]’ (g16+ (1
1+q1 qu

nOmO

(3.19)

1+
q‘ —a)a,did+ (1-g¢)c)

q})a,d) + Zq’}f(q’]’b + (1 —4})a,c)

n=0
—d)a,qyd+(1-¢5)c),

(3.20)
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+q2) m 1= 1\ .
Tb—a)d—o) leq —di)a.qyd+ (1 - q3)c)
_ (+gflad) (144
%(—@(—0 4, (b —a)(d—c)

m m (1 +q2)
Xg;%f“%d+ A)) = G- ad—9
x}j}jwﬂﬂb+(l qa,qyd+ (1—qy)e),  (3.21)

n=1 m=1
(1’:7%'212()‘] (@ib+(1=di)a, (1-g3)c+45'd)
_ (14+4q,)
T (b—a)d—c)
Zq J(T=a)e+grd) + > gf(a, (1—g5) e+ ¢vd)
m=0
1
s aJ)rqz ZZq (gip+ (1= q)a, (1-g5)c+q3d),
n=0 m=0

(3.22)
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ZZ?"

nlml

1+
( % —di)agid+(1-4)c),

(3.23)

1+g)(1+
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q,19>(b—a)( Py
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(l +ql 1+q2 n . m n
+7 9,9 qb+
T I

—q})a,¢yd+(1-¢3)c)

(3.24)
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—qi)a, (1 —45)c+d5'd)

_(1+ql)(l+qz) . .
_W;% (b, (1 =¢5)c+q5d)

(I+q)(1+
b% ng}}m;qw+1—) (1= di)e+q3d)
ql a nOmO

(3.25)
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WZZ%M (@ib+ (1 -qi)a,gyd+(1-q7)c)

n=0 m=1

(1+g)(0+) T J .,
= a0 @+ (1= d)a.d

1+ 1+ et . §
—WZZM“‘ @b+ (1= g)agid+ (1—q2)e).
qz n=0 m=0
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Using (3.14)—(3.26) in (3.13) and simplifying, we get

//(1—<1+q1>r><1—<1+q2>s>

majl S =na+1b, (1 —s)c+ sd)
a0g, %04,
_ q19:/(a; ¢) + qif(a, d) + ¢,/(b, ¢) + f(b, d)
419,(b — a)(d — ¢)
(1 +‘11)

o ) Zq (gib+ (1-q})a,c)

(1+4q1) 1*‘]1)
41%( )(d —

]_ o0
( (+zz()l (d_qi Zq fa q2,d+

m=|

ody, 1 0dgys

Zq’f i+ (1—qi)a,d)

—qy)c)

(1 Jqu (1

%qz )Zq

(1 +(11)(1 +‘12)(1 -q)(1 = q,)

0192(b = a)(d = ¢)

S @iy f(gib + (1 ql)a,qyd + (1 - ¢5')c)

n=0 m=0
_ 019:/(a; ) + 4. /la, d) + qf(b; ) +/1b,d)
q:19>(b —a)(d —¢)

1+q
SR L. § Y A— /fvcc dy, x
q,(b fa d—c)

(1+‘I1
q19>(b — /f’fd) < -

(1
_ +(12 / fa y qz)’
¢ (b

1+q
2 /f qzy
%‘Iz d—c)
1+ +
(L+q,)( qz //f/\y dg,y odyx.  (3.27)

419,(b —
(b—a)(d—c)
Multiplying both sides of (3.27) by %, we get the

e+ q5d)

desired equality. [

Remark 3. As ¢, — 1~
Y(a,b,c,d)(f), where

_Ma,0) +/a,d) +

bf /f’Cc /bf(x,d)dx
/f a,y)dy — =5 /fby
+m / / S(x,y)dydx

and hence the result of Lemma 2 becomes the result of Lemma
1 proved in Sarikaya et al. (2012, page 139).

and ¢, — 17,

Yf/|~f/z (a7 b7 ¢ d)(f) -

f(b ¢) +/(b,d)

Y(a,b,c,d)(f) :=

Now, we can present some integral inequalities for func-
tions whose partial ¢,q,-derivatives satisfy the assumptions
of convexity on co-ordinates on [a, b] x [c,d).

Theorem 6. Let f: ACR?> = R be a twice partially q,q,-
differentiable function on A° with 0 < ¢; < 1 and 0 < g, < 1. If

Oy o f
1], _deri ; 71,490
partial q,q,-derivative FONERE

is continuous and integrable on

2 r
w2

aOgyt Oy s

[a,b] X [¢,d]| C A° and
[0,8] x [cd) for r >

is convex on co-ordinates on

1, then the following inequality holds

q,9,(b —a)(d—c) 1
Yy, .q,(a,b,c,d)(f)] <m(®q|®qz)

r

v, ¥ A, W
X{ a "9 (9 l 8[175 + a1 " 92 ﬂaqlt(aqzs
1
0 w0l SB[
ALY, 00y /0,0) Ag Ag |~ 4 (3.2
* Dt D | TR 70,1 0,s (3.28)

Proof. Taking the absolute value on both sides of the equality
of Lemma 2, using the ¢,¢,-Hdolder inequdlity for functions of

ac 3,1 o)
aOg 1 c0gys

two variables and convexity of on co-ordinates on

[a,b] x [c,d], we have

c Db —a)d—c)
!Ylll»qz(a’l%(’ f)’ m

- (/0 /0 (1= (1 +g)0)(1 = (1 +45)s)] ody, 1 dqls)
: (/ / (1= +a)n( *<l+qz>s>l)

1
-3

r

a0y fla,0) w0, fla,d)
_ _ 91,9 _ T dgr
x[((l 1)(1—s) Dt Dos +(1—=1)s a&,,tc@qzs
w2 SO |l S, *
_ <Y q1.q 4z
O s | T adut Dy Od‘f"(’dqzs '
(3.29)

From Lemma 1, we observe that

[ 1005 @00 (4009 a1 s

([ o) ([ 00

= (Dthq)‘]z’

/O ; (1= =9)[(1 = (1 +¢g)0)(1 = (14 g2)9)[ oy, t odyys

1
(/ (1—0)1-(1 +q1)t|odq,f)
0
1
x(/ (1 =91 = (14 g5)s] ody, ):ququv
0

1

/0 / (1= 0)s/(1 = (1 +g)0)(1 = (1 + 42)5)| oyt ol

0
1
:(/ (I=0)|1 = (14q)) Odqlz>
0
A, Y,

( dq-( +qz>v|od>



g-analogues of Hermite—Hadamard inequality of functions 271
Lot We observe that
[ [ =10 =+ 0000 = (14 )9 ody s |
o Jo ) T
! 1—(1+g¢ t'zdt:/ 1—(1+q)0)" od, ¢
([ J = a adu= [ 0= 04007 o,
0 1
1 +/ (1 + )t — 1) ody 1
([ 0=+ @l ads) = 8,7, A
0
(3.32)

/1 / 510 = (1 @))(1 = (14 49)] oy, oy

— (/Olt\l —(I+q)1 odm’)

9 (/0‘(1,5)“,( sl ads) = 8,8,

Using the values of the above ¢,gq,-integrals, we get the
required inequality. [

Remark 4. When ¢, — 1™ and ¢, — 1™ in Theorem 6, we get
the result proved in Theorem 4 in Sarikaya et al. (2012, page
146).

Theorem 7. Let f:ACR*—R be a twice partially
q,q,-differentiable function on A° with 0<gq, <1 and

acly f .
0 < q, < 1. If partial q,q,-derivative % is continuous and
c¥qp
n
integrable on |a,b] x [¢,d] CA° and g‘ Iq Z,/y is convex on

co-ordinates on |a,b] x
inequality holds

ab.c 019>(b — a)(d - ¢) VA (r))E
| ‘11‘12( b d)(f)| [(l+q1)(l+q2)]l+% (A‘II(Z)A‘IZ( 2))
X {‘Iﬂz

a,c ( ) q a,ca;l _q/([l, d)
a 04,8 " 0yt Oyys
v ”
|2<%a4/16:)
naml rﬁqzs

AT }, (3.30)

aOg, t 04,8
Proof. Taking the absolute value on both sides of the equality
of Lemma 2, using the ¢,¢,-Hdlder inequality for functions of

[e,d] for r >1,

then the following

where L +L1 =1.
r L)

. . A .
two variables and convexity of % on co-ordinates on
atqyt c¥qp”
[a,b] x [¢,d], we have
—a)(d-c)

0,9:(b
Y, 0 (a,b,c, <
Yol DN <G5

([ 1= @00 =0+ @ oy o)

r

0(0 Zf(a7c)
(/_/[1_’1_) Bt Brs
a<82 fla d)” 01’02 f(b,c) ;
_ 91,92 _ 919>
=08 s | T T8, B
1
a0, J(b, )] g
st 62; 825 Odq|t0dqzs . (331)

Consider the first ¢,-integral from (3.32) and making use of the
substitution 1 — (1 + ¢,)7 = s, we obtain

T , 1 L

SH S | (3.33)

Consider the second ¢, -integral from (3.32) and making use of
the substitution (1+¢,)r —1 =1, we get

1 " 1 i .
/1 ((1+6]1)[—])“0dqlt:Tq1/0 szgdq]s

T+q;

(1—q)g"

= —”. (3.34)
(1 +‘]1)(1 —q H)
Substitution of (3.33) and (3.34) in (3.32) gives
1 (1 )( +q117+1)
1—(1+g¢ odg t =———————
[ =asar =g
= 4,,(r2). (3.35)
Similarly, one can have
1 ( ra+1
r 42) (1 + 45
/ 1= (1+qy)sl” odyys = #ﬂ)
0 (1+¢,)(1—g7")
A (12). (3.36)

Finally, we also have

1 1
a1 /b
1—1)od, t =——, 1—5)od,s = ,
/0( )011 1+91 ) ( )Oq.

1+q,
1
d,lt—iand / s odg,s = O
/0 ! ’ 1+f12

Remark 5. When ¢, — 17 and ¢, — 1™ in Theorem 7, we get
the following inequality proved in Sarikaya et al. (2012, page
1

144).
g(bfagdfc)cbil)

P | |Pfad) I N C O
{ ‘ dtds + | Dtds + s + | Dtds }
X .
4

3o

X (a,b,c, )7

(3.37)
Indeed, the inequality (3.37) follows by applying L’Hospital
rule to the limits
— 4

r+1
qy

and lim —— q2+1 .
»=1" ] — qizz

lim
a1 —
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The next two results are for quasi-convex functions on co-
ordinates on [a,b] x [c, d)].

Theorem 8. Let f:ACR?>—R be a twice partially
q19,-differentiable  function on A° with 0<gq, <1 and

0< g, < 1. If partial q,q,-derivative 4,0,,[[,71(;)“ is continuous
2
and integrable on [a,b] X [c,d]| CA° and % is quasi-

convex on co-ordinates on la,b] x [¢,d] for r =1, then the

following inequality holds

q19>(b—a)(d—c) 49,9,
Yoo @b D) <SS T ((1+q1)2(1+qz)2>

2 X 2 X 2 2
% Sup U(aql 4 (a7 (’) (l.(‘aql_qu(b7 (’) a(aql qu( ’ {I(a q1 5 ‘]Tf ‘[)| .
Dt 0,5 || 001045 |'| 01Dy || aDyyt D5 |
(3.38)

Proof. Lemma 2, an application of the ¢,¢,-Holder inequality
w2 of | .
e le, . yield

d‘”/ 9y S

on [a,b] x

cDnb—a(d=o)
Youae (@0 YN < T Sy

(/ /“‘1+QJMP—U+%)MMzm10 N
X(A A‘“‘“*qu“*1+%hﬂ

1
00’ 1= a+h,(1—s)c ' '
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aOg, 1 04,8
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([ [ 1000000 - 1+ 009 s )

O (T s e
aOg 1 04,8 aOg 1 04,8 WOg t Oy |’

% ‘”a;hflz (bd)
aOg,t 0g,8

a2t

}) (3.39)

Now using the properties of supremum and Lemma 1, we get
the required result from (3.39). O

Theorem 9. Let f:ACR>—R be a twice partially
q:9,-differentiable  function on A° with 0<gq, <1 and

PR
@cFyy.4,]
a0y ! 0y S

atd )
[e,d| CA° and 7“0(”, 5

[e,d] for ry > 1, then the following

0 < g, < 1. If partial q,q,-derivative is continuous and
r
is convex on

integrable on [a,b] x

co-ordinates on |a,b] x
inequality holds

(b—a)(d—c 1
Yy, 4. (a,byc,d)(f)] < ql(le(l)iq))(Aq' (r2) Ay, (r2))"
>< Su (1,(‘aql>‘1*f( b ) alajl qu( ) {l( 419> ( ”(az| (/Tf(b7d)
PV @t 05 || Bt Dos || Bt D5 || a1 Dy ||
(3.40)

Proof. With the similar reasoning as in proving (3.38), we

notice that

chpb—a)d—c)
T, a,b,c —_—
Yoo bre DI )

(/ /\1— (1001 (1 a9 oy s )

vt 8 1—0a+th,(1—s)c g
X (/ / - ql‘qrf(( ) ( ) qullodqzs> .
0 0

aOg, t 04,8
(3.41)
Using the properties of the supremum, the quasi-convexity of
wl ol |

on [a,b] x [¢,d)], (3.35) and (3.36), we get (3.40). O

D1 Dgys

Remark 6. As ¢, — 1~ and ¢, — 1™ in Theorems 8 and 9, we
get the corresponding results of classical calculus of functions
of two variables.

4. Conclusion

In this manuscript partial ¢,¢,-derivative and definite ¢,q,-
integrals over the finite rectangles are discussed for the first
time. Some g-analogues of integral inequalities for functions
of two variables are presented using the notion of g-calculus
of functions of two variables over the finite rectangles and the
concept of two types of convexity on co-ordinates. The results
of this paper have very clear physical understanding of mini-
mizing the error bounds in the two variable trapezoidal rule.
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