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In the present paper, an efficient modification the convergence parameter based on the Adomian
Decomposition Method (ADM) is proposed and investigated for a class of nonlinear evolution equations;
specifically, the Korteweg de Vries (KdV) equations. We show that the proposed analysis possesses
increased accuracy when compared to the standard ADM. Moreover, the optimal value of such a conver-
gence parameter is determined by minimizing the averaged residual error. For such a convergence
parameter value, an approximate solution is found to be closer to the available exact solution than the
corresponding approximate solution without a convergence parameter for the same number of solution
components. The approach proposed may be readily extended to other nonlinear differential and integral

© 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The well-known evolution equations that occur frequently in
mathematical physics and shallow water applications can be for-
mulated as

M

8mu N 8m(uk+]) 8i+lu
u[_’;amm—er’;bmWJrCaxiatJrf(x,t), (1)

where f(x,t) is the homogeneous term function; C,ay, b, real
constants; k and i natural numbers and MandN are nonnegative
integers. The exact solution of Eq. (1) is always very difficult to find
(Yusuf et al., 2018) which necessitates the study of its special cases
including the Korteweg de Vries (KdV) equation, the Benjamin-B
ona-Mahony equation (BBM), the Burger’s equation and the regu-
larized long-wave equation (RLWE) among others. The well-known
KdV equation reads
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Ue + Tully + Usy = f(x,t), x€la,b], t>0, (2)

where r is a constant mostly preferred 1 or 6 for solution descrip-
tion, see (Soliman and Abdou, 2008; Syam, 2005; Varley and
Seymour, 1998; Wazwaz, 1999; Wazwaz, 2001). Recently, the Ado-
mian decomposition method (ADM) (Adomian, 1983; Adomian,
1986; Adomian, 1988; Adomian, 1991; Adomian and Rach, 1992)
has been broadly used in treating a variety of mathematical prob-
lems mostly modeled in nonlinear differential and integral equa-
tions (Aly et al., 2012; AlQarni et al, 2016; Bakodah, 2012;
Bakodah, 2012; Bakodah et al, 2017; Bakodah et al., 2015;
Bakodah and Darwish, 2013; Bakodah et al., 2016; Banaja et al.,
2017; Bulut et al., 2013); see also (Sabi'u et al., 2018; Ebaid, 2011;
Ebaid et al., 2015; Duan and Rach, 2011; Duan et al., 2012; Duan,
2010; Inc et al., 2018; Nuruddeen et al., 2018; Qureshi and Ramos,
2018) for various modifications of the ADM and (Liao, 2010; Rach,
1987; Schiesser, 1994; Abdel-Gawad et al., 2018; Aliya et al., 2018;
Ansari et al., 2018; Yusuf et al., 2018; Zhang and Liang, 2016) for
other methods for solving various evolution equations, respectively.
The main part of the ADM is generating the Adomian’s polynomials

, n=0, 3)

=0

4" n .
dlnN<;A Ui>

with A; denoting the Adomian’s polynomials of degree n for the
nonlinear term appearing in the considered equation while

n:m
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u =3 Zoui(x,t) is the series solution converging to the exact one.
Furthermore, in the case of the Adomian’s polynomials for multi-
variable nonlinearities and differential nonlinearities, we have

a0 u iy "y Nium.i )
)

/=0

n>0,

n

where N(uy, - -, Up)is the multivariable nonlinearity of m argu-
ments. Again, both the one and multivariable Adomian’s polynomi-
als can respectively be rapidly generated to high orders by
algorithms and Mathematica subroutines crafted by Duan (Inc
et al., 2018). Moreover, Zhang and Liang (2016) recently proposed
a new convergence parameter for the ADM that controls the
convergence-region and the rate of the optimal series solution.
However, the recent modification of the ADM based on Zhang
and Liang (2016) will be proposed in this paper for a class of evo-
lution equations, particularly the KdV equations. Some special test
problems of interest would be numerically analyzed by the pro-
posed scheme and provide the error estimate and analysis. The
extension of the domain of convergence which provides more
accurate approximations can be regarded as the main advantage
of the scheme.

2. Analysis of the standard ADM

Considering the linear operators
am 7]
v ——andL; = s

Eq. (1) can be expressed as

Lim =

M N
Lu=>"anLoti+ > buLwt**" + CLLyu +f(x, t), (4)
m=0 m=0
with L fo (.)dt as the inversion operator of L;.

Applymg the above inversion operator coupled to initial
datau(x,0) = h(x) on Eq. (4), we obtain

u = h(x)

M N
+ L;l (Z AmLymu + Z mexm Uk+1 + CLth‘u +f(X, t)> . (5)

m=0 m=0
Thus, the standard ADM offers the following sequential recur-
sion solution of Eq. (1) by decomposing u(x,t) to infinite series
> moUn(X,t) as

Uo(x, t) = h(x) + L (F(x, 1)),

Un1 (%, 1) <Z ALty + Z bmLmA, + CLtLX,un) >0, (6)

m=0 m=0

where A,,n > 0, are the Adomian polynomials (Adomian, 1983;
Adomian, 1986; Adomian, 1988; Adomian, 1991).

3. Analysis of the ADM with a convergence parameter

In this section, the concept of a convergence parameter Zhang
and Liang (2016) shall be applied to derive the general recursive
scheme of Eq. (1) and later demonstrate its application to solve
several special cases in the next section. To begin with, a
convergence-control parameter ¢ and an artificial parameter €
are introduced to Eq. (4) which reads

M N
Liu = (ec + €2(1 - ¢)) <Z ALt + ) b Lnt**! 4 CLthiu>

m=0 m=0

+fx.0). (7)

One then set

zm: vi(x,t,0)€ (8)
i=0

Applying the inversion operator L;‘ on Eq. (7) , we get

M N
u(x,t,c.€) = (ec+€*(1-0))L;" (Z A Lmtt + Z byLen k! 4+ CL,Ly u)

m=0 m=0
+h(x)+L; 'f(x,0). 9)

Now, putting Eq. (8) into Eq. (9) and bringing together the coef-
ficients of like-powers ofe; we obtain the following recursive
scheme:

vo(x,t,0)=h(X)+ L, "f(x,0), v1(x,t,C)

M N
= cL;1 (Z A Lym Vo + meLXm Bo+CLL,; vo> , Un(X,t,0)

:CL;1 <Zam xm Un— ]+Zb LxmBn ]+CL[LXx Un— ])

m=0

+(1=c)L (Zame Un_ 2+meLxmBn 24+ CLeLi vy 2)
m=0 m=0

n>2, (10)

with B, the Adomian’s polynomials to be computed using

B, = {de” (Zev,xtc)}eoyn>0.

When €=1 in Eq. (8), the solution u(x,t) with convergence-
parameter c is presented by

Zv,xtc (11)
i=0

Then we calculate an n""-order approximation to the solution as

Pmia (X7 L C) = Z yn(X., t, C).
n=0

To extend the domain of convergence or rather obtain more
accurate approximations; the value of the parameter c is to be
determined using the discrete averaged square residual error
defined as (Nuruddeen et al., 2018)

m 2
(X, £,C) 7%2’(: Xk: {F(Z yn(iAx,iAt,c)>] ) (12)

i=1 j=1 k=0

= =

Further, the averaged residual error E,, against the determined
value of c¢ gives the optimal value of ¢ when plotted. We will
demonstrate later that the new approach is easily implemented
on any symbolic software such as Maple or Mathematica. Also,
the optimal value of c is obtained via solving the differential
equation

OE(x,t,c)
ac

Finally, it can be remarked that the optimal choice ofc could sig-
nificantly be improve the convergence region and rate of the series
solution. We show the effectiveness of the present approach by
investigating certain test KdV and coupled KdV systems.

=0.

4. Applications

The present section demonstrates the high-accuracy of pre-
sented method by considering certain KdV and coupled KdV sys-
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tems of type Eq. (1). We will present the numerical results based
on our method and demonstrate its accuracy by studying the abso-
lute error and the number of iterations involved.

Example 1. Consider the KdV equation with the given initial data:

U — 6uu, +us, =0, )t < 1, (13a)

u(x,0) :%(x— 1). (13b)

Here, v(x,0,c) is selected as vo(x,t,c) =g(x,t) =1(x—1), and
consequently Eq. (10) leads to

v1(X,t,c) = c/o [(vo(x,t,C))s, — aBoldt,

ot

vx&nc»:cA[@n@xxnh—aan+<l—c{éhvd&noxx
— aBo}dt.

Using the parameterized recursion scheme in Eq. (10) with the
appropriate Adomian polynomials yields the first several solution
components as

v1(x,t) = 1ct(fl +X),

6 (14)
vz(x,t):%t(l —c+C2t) (-1 +x), (15)
v3(x,t) :%ct2(2—26+czt)(—1 +X), (16)
va(x,t) = %ﬁ(l —2c-3ct+ A+ 2(1+31) (-1 +x), (17)

and so on. Substituting Eqs. (14)-(17) into Eq. (11) gives the
solutionu(x, t), from which it can easily be verified that the closed
form solution when ¢ = 0 is in this form:

05 1.0 L5 20 25 30

Fig. 1. The residual errors at m=1, 2, 3, 4, and 5.

Table 1a
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1(x-1)
uxH =570

Also, to validate the obtained solutions, the curves of the dis-
crete averaged square residual errors E,; versus c are shown in
Fig. 1. This figure points out that the optimal value of c is
about1.3392966.

The results produced by the proposed method are overall more
accurate than the standard ADM, as shown in Table 1a.

The results in Table 1a reveal that the proposed approach is
more accurate than the standard ADM in most cases for the chosen
values for x and t (Fig. 2).

<1 (18)

Remark. As shown in Table 1a, the numerical results of the
proposed method are closer to the values obtained from the
analytical solution. Moreover, as shown in Table 1b that the
error turned out to be smaller as the number of iterations
increased.

Example 2. To further illustrate the effectiveness of the proposed
method, two versions of the modified KdV (mKdV) equations are
considered:

(i) The first version is given by the following equation

Up + 6u%Uy + Usy = 0, (19)
with the initial condition
4a
uix,0)=a- A 11 (20)

where a is any real constant. On applying the analysis of the
previous example, the first several solution components are com-
puted as

4a
Pt =4 ggna

5
) = 192a°ctx

(1+4a2x?)*’

192a%t(x — cx + 36a*tx* + a* (=3¢’ — 4(-1 + o))

va(x,t) = a +4a2x2)3

)

(14]722)4 1152a’ct* (—1 + 8a*x* + 48a’x*
+ 4a2x

+48a*tx(—1 + 4a°x?) + c(1 — 8a’x* — 48a’x*)),

1/3()(, t) = —

and so on. The other calculated terms give the closed form solu-
tion when c=0 as

4a
(4a%(x — 6a*t)* + 1)

ux,t)y=a-—

Fig. 3 gives the plots of the averaged residual errors E,, against ¢
showing the optimal value of ¢ around 1.001.

Absolute errors of the proposed method compared with absolute errors of the classical ADM, where t € {0,0.3,0.5} and x € [0.1,0.5], ¢ = 1.3392966.

X/t Present Standard ADM Present Standard ADM Present Standard ADM
0.2 0.5 0.6

0.1 0.0000360 0.0000600 0.0034728 0.0093750 0.0002255 0.029160

0.2 0.0000320 0.0000533 0.0030869 0.0083333 0.0002004 0.025920

0.3 0.0000280 0.0000466 0.0027011 0.0072916 0.0001754 0.022679

0.4 0.0000240 0.0000400 0.0023152 0.0062500 0.0001503 0.019440

0.5 0.0000200 0.0000333 0.0019293 0.0052083 0.0001253 0.016199
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107
03 |== uplt 061 e wpl
-~ uap[t]
02 - uad[t] 04 —_ uad[t] 0l — wd m
ol —  exact[t] 021 |— exact[t] —  exact[t]
05 10 L5 20 25 30 05 10 15 20 25 30 05 10 5 20 25 30
-01 —02
-05
t=0.1 t=05 t=0.7
Fig. 2. The plots of the exact, proposed method and the ADM solutions, respectively at t=0.1, 0.5 and 0.7.
Table 1b u
The absolute errors of the proposed method against the number of components at
x=0.5. X
n t=0.1 t=04
1 0.00260878 0.00808335
2 0.00076428 0.00482109
3 0.0000180 0.00411788
4 0.00003267 0.00152784
— EI
2.x< 1077 | — B
H H Fig. 4. The plots of the exact, proposed method and the ADM solutions, respectively
. — B att=1.0.
15x10~7 |
— E4
1Lx10"7 |
-6
s 1081 25 %10
2.x1070}
0.5 1.0 15 20 25 3.0 3
Fig. 3. The residual errors at m=1, 2, 3, and 4. 15x10-6 1
The results produced by our method are put side by side with Lx10-6l
those obtained by the standard ADM and listed in Table 2. The pro-
file of the solitary wave at t = 0.5 is displayed in Fig. 4. s x10-71
(ii) The second version of the mKdV equation has the traveling ‘ ‘
wave solution with the initial data: 25 30
u(x,0) = Vasech(k + vax), (21) Fig. 5. The residual errors at m =1, 2, 3, and 4.

with k constant and for a > 0.
Repeating the previous analysis, we have

V3 (X, t) = 21—4a7/2ct25ech(k + \/a_x)4(30(—1 + ¢)Cosh(k + v/ax)
vo(x, t) = VaSech(k + vax),

—6(—1+c)Cosh 3 (k + vax)] + a**c*t(—23Sinh[k

v1(x,t) = a*ctSech(k + vax)Tanh(k + vax), +vax] + Sinh[3(k + vax)])),
; and so on. At ¢ = 0, the other calculated terms give the follow-
3 . .
vy (x,t) = ZaztSech(k +Vax)" (a*?c’t(-3 + Cosh[2(k + vax)]) ing exact solution:
~2(=1+c)Sinh[2(k + vax)]), u(x,t) = VaSech[k + va(x — at)]. (22)
Table 2
Absolute errors of the proposed method compared with absolute errors of the classic ADM, where t € {0.3,0.5} and x € [0.1,0.5], ¢ = 1.0003.
x/t Present Standard ADM Present Standard ADM
0.3 0.5
0.1 1.554 x 1071° 9.436 x 10716 2.665 x 1071° 1.854 x 10714
0.2 1.998 x 1071° 7.771 x 1071¢ 7.216 x 10713 1.781 x 107
0.3 2276 x 107 1° 7.216 x 1071¢ 1.171 x 1071 1.676 x 10714
0.4 2.498 x 107 1° 7.216 x 10716 1.593 x 1071° 1.559 x 10714

0.5 2.831x10°1° 4.996 x 10716 2.015x 10°1° 1382 x 107
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Table 3

Absolute errors of the present method compared with absolute errors of the classical ADM, where t € {0.3,0.5} and x € [0.1,0.5], ¢ = 1.0273.

H.O. Bakodah et al./Journal of King Saud University - Science 31 (2019) 1424-1430

x/t Present Standard ADM Present Standard ADM
0.3 0.5
0.1 6.418 x 10710 1.744 x 107° 4241 x 107° 3.851 x 1078
0.2 5.807 x 1071° 1.578 x 107° 3.835x10°° 3.485 x 10°#
0.3 5.254 x 107'° 1.428 x 107° 3.469 x 107° 3.154 x 1078
0.4 4.754 x 1071° 1.293 x 107° 3.137 x 107° 2.854 x 1078
0.5 4301 x10°1° 1.170 x 10°° 2.838 x10°° 2,582 x 1078
where r; and r, are constants with the following initial data:
u
10 t
u(x,0) = o+ yesch(kx), k = /B, o = —;—landy = 6—/;
08 — —  Present I2 )
' We thus obtain the following solitary-wave solution iteratively
06 | R ADM upon choice of r; =1, =1, x =1 and 8 = 0.0001 as follows:
uq(x,t) =2.449489 x 10’8ctSech(O.le)Tanh(O.le)
04 — Exact ( 2 2
x (—2499.99 +1.Sech(0.01x)” 4+ 0.9999996Tanh(0.01x) ),
02 | 6
uy(x,t) = tSech(0.01x) (6.123724 x 107" ¢?tSech(0.01x)
10 =3 : o —0.000061Tanh(0.01x) + <2.44948 %1078 — 2.44948]}

Fig. 6. The plots of the exact, proposed method and the ADM solutions, respectively
at t=1.0.

2.x10713¢

1.5x 10713}

1.x10713¢

5.x 107141

Fig. 7. The residual errors at m=1, 2, 3, and 4.

Here also, Fig. 5 gives the plots of the averaged residual errors
E,, against ¢ showing the optimal value of ¢ around 1.03.

The results derived by the present method are much better than
those obtained by the standard ADM as showed in Table 3. In addi-
tion, the profile of the solitary wave at time t = 0.5 is compared in
Fig. 6.

Example 3. Consider the combined KdV-mKdV equation

x10’8c> Tanh(0.01x)> — 3.061862 x 10~''c?tTanh(0.01x)*
+1.2247 x 10 "*2tTanh(0.01x)°
+cztSech(O.le)“(4.530931 %107 - 1.592168

X 10’]3Tanh(0.01x)2) + Sech(0.01x)*Tanh(0.01x)(2.44948
x107° +1.2247448 x 10 "¢ +5.5113519
x107"°c?tTanh(0.01x) — 2.08206 x 10’]3cthanh(0.01x)3>
and so on. The other calculated terms give the closed form solu-
tion as
u(x,t) = oo+ ySech[k(x + at)]. (23)

We illustrate the plots of the residual errors E, against ¢ with
the optimal value of ¢ approaches0.556 in Fig. 7.

The results obtained by the proposed scheme are in good con-
formity with that of the standard ADM, listed in Table 4. In addi-
tion, the profiles of the solitary wave at t=0.5and1.0 are
compared in Figs. 8 and 9.

Example 4. Here, the coupled mKdV equation is considered as

ur = 3(uv), — 3uluy +%um + % Vi — 3y,

U = =300y — 3UP Uy — U — 30x + 3404, (24)

with initial data

Up + MUl 4 ToUUy + Uz, = 0, (23)

Table 4

Absolute errors of the proposed method compared with absolute errors of the classical ADM, where t € {0.9,1.0} and x € [0.1,0.5], ¢ = 0.556.
x/t Present Standard ADM Present Standard ADM

0.9 1.0

0.1 6.6613 x 1077 0.00000104 3.832x10°° 0.00000127
0.2 5.9739 x 1077 0.00000115 9.763 x 1077 0.00000139
0.3 5.2864 x 1077 0.00000126 8.904 x 1077 0.00000152
0.4 6.2070107 0.00000137 8.045 x 1077 0.00000164
0.5 5.4336 x 1077 0.00000148 7.185 x 1077 0.00000176
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Y u(x,0) = b + kTanh(kx)
kl - zk 9
J. k
v(x,0) =51+ ) +biTanh(ky). (25)
1

Eq. (24) becomes a generalized KdV equation for u = 0 and the
mKdV equation forv =0, respectively. At this point, we may
choose b; = 1;k = 1; 1 = 1. Therefore using the recursive relation
in Eq. (10) and the Adomian’s polynomials in Eq. (11) gives the
solution components as follows:

1 + Tanh

uO(Xa t) = 2

(%),

05 1.0 15 20 25 vo(x,t) =1+ Tanh(x),

Fig. 8. The plots of the exact, proposed method and the ADM solutions, respectively

at t=0.5. 1 5
uq(x,t) = fZCtSech(x) ,
u 1 2
—0475505 & v1(x,t) = 7ZCtSech(x) ,
—0475510 1
h(x.t) =~ 15 c2t?Sech(x)*Tanh(x),
—0475515 1
vy (X, t) = — Ec2 t2Sech(x)*Tanh(x),
—0.475520
£) =3 4 Tanh 1 tSech(x)(4 + ctTanh
— 0475525 us (X7 ) E + lan (X) - EC ec (X) ( +ctlan (X))7
05 10 1.5 20 2.5 30
Fig. 9. The plots of the exact, proposed method and the ADM solutions, respectively v3(x,t) = 1 + Tanh(x) — ]1_6 CtSech(x)2 (4 + ctTanh(x)),
att=1.0.
v u
15+ 15
== Present ol o= Presert -= Present
— ADM 1.0 |
—  ADM — ADM
0.5
—  Exact 05
—  Exact - —  Exact
B rere——— , Cox
-4 -2 2 4 ) ) \ \
-
-05 -4 -2 Y
-05
(a)t=00 (b) t=10 (e)t=30
Fig. 10. The plots of the exact, proposed method and the ADM solution, respectively at t = 0.0, 1.0 and 3.0.
u u
15 _ = -=  Present
- - Present / 4 — ADM
10 / / 2
— ADM —  Exact 1 %
osf 7/ / X
—  Exact y 3 n X 4 2 /Tl ) 4
—4 2 >(/ 2 i -2
05 -3
(a)t =50 (b) t=70 (e)t =100

Fig. 11. The plots of the exact, proposed method and the ADM solution, respectively at t =5.0, 7.0 and 10.0.
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and so on. The behavior of the two solutions given by the pre-
sented scheme and that of the ADM for certain values of time is
depicted and compared with the exact solutions in Figs. 10 and
11. Besides, the exact solutions of u(x, t) and v(x, t) were previously
given in (Schiesser, 1994) as

u(x,t) = %4— Tanh(x + at), v(x,t) = 1 + Tanh(x + at),

1 2 6k.  3b1?
a—Z —4k —6/1+H+ kz

5. Conclusion

In conclusion, we have proposed a method based on the recent
modification of Adomian decomposition method (ADM) by Zhang
and Liang to numerically solve several evolution equations with
nonlinearities; particularly the Korteweg de Vries equations. This
modification depends on embedding a convergence parameter in
the Adomian components. The obtained approximate solutions
have been compared to the solutions of the classical AD with the
aid of the Mathematica software. The investigated examples show
that better accuracy was achieved by the proposed method when
compared with those by the ADM for the same number of solution
components. The proposed scheme should be considered for exten-
sion to other classes of partial differential equations arising in engi-
neering applications.
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