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1. Introduction

In 1965, Nachbin (1965) defined a topological ordered space by
adding a partial order relation to the structure of a topological
space. So it can be considered that the topological ordered spaces
are one of the generalizations of the topological spaces. McCartan
(1968) utilized monotone neighborhoods to introduce and study
ordered separation axioms. Also, McCartan (1971) presented the
notions of continuous and anti-continuous topological ordered
spaces. Later on, many studies are done on ordered spaces (see,
for example, Abo-Elhamayel and Al-shami, 2016; Arya and
Gupta, 1991; Das, 2004; El-Shafei et al., 2017; Farajzadeh et al.,
2012; Kumar, 2012; McCartan, 1971; Zangenehmehr et al., 2015).

In 1999, the notion of soft set theory was initiated by Molodtsov
(1999) to approach problems associated with uncertainties. He
demonstrated the advantages of soft set theory compared to prob-
ability theory and fuzzy theory. The applications of soft sets in
many disciplines such as economics, medicine, engineering and
game theory give rise to rapidly increase researches on it. Maji
et al. (2002, 2003) presented the first application of soft sets in
decision making problems and established several fundamental
operators on soft sets. Aktas and Çağman (2007) studied soft
groups and derived that every fuzzy set (rough set) may be consid-
ered soft set. Ali et al. (2009) pointed out that some results
obtained in Maji et al. (2003) are not true and improved some
operations on soft sets. Çağman and Enginoǧlu (2010) defined soft
matrices and then they constructed a soft max–min decision
method which can be used in handling problems that contain
vagueness without utilizing fuzzy sets and rough sets.

In 2011, the idea of soft topological spaces was formulated by
Shabir and Naz (2011). They studied the main concepts regarding
soft topologies such as soft closure operators, soft subspaces and
soft separation axioms. Min (2011) studied further properties of
these soft separation axioms and corrected some mistakes in
Shabir and Naz (2011). As a continuation of the study of elementary
concepts regarding soft topologies, Hussain and Ahmad (2011)
studied the properties of soft interior and soft boundary operators,
and investigated some findings that connected between them.
Aygünoǧlu and Aygün (2012) started to investigate soft compact-
ness and soft product spaces. To study soft interior points and soft
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neighborhood systems, Zorlutuna et al. (2012) introduced an idea of
soft points. Then the authors (Das and Samanta, 2013; Nazmul and
Samanta, 2013) simultaneously modified a notion of soft points,
which play the same role of the element in the crisp set, in order
to study soft metric spaces and soft neighborhood systems. By the
soft points, many results in soft sets and soft topologies are handled
easily. The soft filter and soft ideal (Sahin and Kuçuk, 2013; Yüksel
et al., 2014) notions were formulated and the main features were
discussed. Kandil et al. (2014) generated a soft topological space
stronger than the original soft topological space by utilizing a
notion of soft ideal. Hida (2014) gave two formulations of soft com-
pact spaces namely, SCPT1 and SCPT2, and compared these two for-
mulations in relation with some important soft topological
properties. Recently, we (El-Shafei et al., 2018) defined partial
belong and total non belong relations which are more effective to
theoretical and application studies in soft topological spaces and
then utilized them to study partial soft separation axioms.

The idea of this study is to establish a soft topological ordered
space which consists of a soft topological spaces endowed with a
partial order relation. From this point of view, it can be consider
that a generating soft topological ordered space and an original soft
topological space are equivalent if a partial order relation is an
equality relation. This paper starts by presenting the definitions
and results of soft set theory and soft topological spaces which will
be needed to probe results obtained herein. Then we define the
concepts of monotone soft sets and increasing (decreasing) soft
operators and illuminate their fundamental properties. One of
the significant findings obtained in Section 3 is Theorem (3.8)
which will be used to verify some results concerting soft product
spaces. In the last section of this paper, we introduce the notions
of ordered soft separation axioms, namely p-soft Ti-ordered spaces
ði ¼ 0;1;2;3;4Þ and illustrate the relationships among them with
the help of examples. Also, we investigate the characterizations
of p-soft regularly ordered and soft normally ordered spaces, and
point out that p-soft Ti-ordered spaces ði ¼ 0;1;2Þ are equivalent
if these soft spaces are p-soft regularly ordered. Moreover, we
use ordered embedding soft homeomorphism maps to define soft
topological ordered properties and then verify that the property
of being p-soft Ti-ordered spaces is a soft topological ordered prop-
erty, for ði ¼ 0;1;2;3;4Þ. Finally, we investigate soft compact
spaces in connection with some ordered soft separation axioms
and obtain interesting results.

2. Preliminaries

Let us recall some basic definitions and properties on soft sets,
soft topological spaces and partial order relations which we shall
need it to prove the sequels.

Definition 2.1. Molodtsov (1999) A pair ðG; EÞ is said to be a soft set

over X provided that G is a mapping of a set of parameters E into 2X .
Remark 2.2.

(i) For short, we use the notation GE instead of ðG; EÞ.
(ii) A soft set GE can be defined as a set of ordered pairs

GE ¼ fðe;GðeÞÞ : e 2 E and GðeÞ 2 2Xg.
Definition 2.3. Molodtsov (1999) For a soft set GE over X and x 2 X,
we say that:

(i) x 2 GE if x 2 GðeÞ, for each e 2 E.
(ii) x R GE if x R GðeÞ, for some e 2 E.
Definition 2.4. Maji et al. (2003) A soft set GE over X is called:

(i) A null soft set, denoting by f£, if GðeÞ ¼ £, for each e 2 E.

(ii) An absolute soft set, denoting by eX , if GðeÞ ¼ X, for each
e 2 E.
Definition 2.5. Maji et al. (2003) The union of soft sets GA and FB

over X is the soft set VD, where D ¼ A
S
B and a map V : D ! 2X

is defined as follows

VðdÞ ¼
GðdÞ : d 2 A� B
FðdÞ : d 2 B� A

GðdÞS FðdÞ : d 2 A
T
B

8><>:
It is written briefly, GA

eSFB ¼ VD.
Definition 2.6. Pei and Miao (2005) The intersection of soft sets GA

and FB over X is the soft set VD, where D ¼ A
T
B, and a map

V : D ! 2X is defined by VðdÞ ¼ GðdÞT FðdÞ, for all d 2 D. It is writ-

ten briefly, GA
eTFB ¼ VD.

In this connection, we draw the attention of the readers to that
there are other kinds of soft union and soft intersection of soft sets
were originated and investigated in Ali et al. (2009).

Definition 2.7. Pei and Miao (2005) A soft set GA is a soft subset of
a soft set FB if
(i) A#B.
(ii) For all a 2 A;GðaÞ# FðaÞ.

The soft sets GA and FB are soft equal if each of them is a soft subset
of the other. The set of all soft sets, over X under a parameter set A,
is denoted by SðXAÞ.

It should be noted that there are other kinds of soft subset and
soft equal relations were introduced and discussed in Qin and
Hong (2010).

Definition 2.8. Ali et al. (2009) The relative complement of a soft

set GE, denoted by Gc
E, where Gc : E ! 2X is the mapping defined by

GcðeÞ ¼ X n GðeÞ, for each e 2 E.
Definition 2.9. Shabir and Naz (2011) A collection s of soft sets
over X under a fixed parameters set E is said to be a soft topology
on X if it satisfies the following three axioms:
(i) eX and f£ belong to s.
(ii) The intersection of a finite family of soft sets in s

belongs to s.
(iii) The union of an arbitrary family of soft sets in s belongs to s.

The triple ðX; s; EÞ is called a soft topological space (briefly, STS).
Every member of s is called soft open and its relative complement
is called soft closed.
Definition 2.10. Shabir and Naz (2011) A soft set xE over X is
defined by xðeÞ ¼ fxg, for each e 2 E.
Proposition 2.11. Shabir and Naz (2011) If ðX; s; EÞ is an STS, then
for each e 2 E, a family se ¼ fGðeÞ : GE 2 sg forms a topology on X.
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Definition 2.12. Shabir and Naz (2011) Let Y be a non-empty sub-

set of an STS ðX; s; EÞ. Then sY ¼ feY eTGE : GE 2 sg is said to be a soft
relative topology on Y and the triple ðY; sY ; EÞ is said to be a soft
subspace of ðX; s; EÞ.
Definition 2.13. Shabir and Naz (2011) For a soft subset HE of an
STS ðX; s; EÞ; IntðHEÞ is the largest soft open set contained in HE

and ClðHEÞ is the smallest soft closed set containing HE.
Definition 2.14. Zorlutuna et al. (2012) A soft subset WE of an STS
ðX; s; EÞ is called soft neighborhood of x 2 X, if there exists a soft
open set GE such that x 2 GEf#WE.
Definition 2.15. Zorlutuna et al. (2012) A soft mapping between
SðXAÞ and SðYBÞ is a pair ðf ;/Þ, denoted also by f /, of mappings such
that f : X ! Y ;/ : A ! B. Let GK and HL be soft subsets of SðXAÞ and
SðYBÞ, respectively. Then the image of GK and pre-image of HL are
defined by:

(i) f /ðGKÞ ¼ ðf /ðGÞÞB is a soft subset of SðYBÞ such that
f /ðGÞðbÞ ¼
eS

a2/�1ðbÞ
T

K f ðGðaÞÞ : /�1ðbÞTK –£

£ : /�1ðbÞTK ¼ £

8<:
for each b 2 B.
(ii) f�1
/ ðHLÞ ¼ ðf�1

/ ðHÞÞ
A
is a soft subset of SðXAÞ such that
f�1
/ ðHÞðaÞ ¼ f�1ðHð/ðaÞÞÞ : /ðaÞ 2 L

£ : /ðaÞ R L

(

for each a 2 A.
Definition 2.16. Zorlutuna et al. (2012) A soft map
f / : SðXAÞ ! SðYBÞ is said to be:

(i) Injective if f and / are injective.
(ii) Surjective if f and / are surjective.
(iii) Bijective if f and / are bijective.
Proposition 2.17. Nazmul and Samanta (2013) Let
f / : SðXAÞ ! SðYBÞ be a soft map. Then for each soft subsets GA and
HB of SðXAÞ and SðYBÞ, respectively, we have the following results:

(i) GAf# f�1
/ f /ðGAÞ and GA ¼ f�1

/ f /ðGAÞ if f / is injective.

(ii) f /f
�1
/ ðHBÞf#HB and f /f

�1
/ ðHBÞ ¼ HB if f / is surjective.
Definition 2.18. (Nazmul and Samanta, 2013; Zorlutuna et al.,
2012) A soft map f / : ðX; s;AÞ ! ðY ; h;BÞ is said to be:

(i) Soft continuous if the inverse image of each soft open subset
of ðY ; h;BÞ is a soft open subset of ðX; s;AÞ.

(ii) Soft open (resp. soft closed) if the image of each soft open
(resp. soft closed) subset of ðX; s;AÞ is a soft open (resp. soft
closed) subset of ðY ; h;BÞ.

(iii) Soft homeomorphism if it is bijective, soft continuous and
soft open.
Definition 2.19. Aygünoǧlu and Aygün (2012)

(i) A collection fGiE : i 2 Ig of soft open sets is called soft open

cover of an STS ðX; s; EÞ if eX ¼ eS
i2I
GiE .

(ii) An STS ðX; s; EÞ is called soft compact (resp. soft Lindelöf)

provided that every soft open cover of eX has a finite (resp.
countable) subcover.
Proposition 2.20. Aygünoǧlu and Aygün (2012) Every soft closed
subset HE of a soft compact (resp. soft Lindelöf) space is soft compact
(resp. soft Lindelöf).
Definition 2.21. Aygünoǧlu and Aygün (2012) Let GA and HB be
soft sets over X and Y, respectively. Then the cartesian product of
GA and HB is denoted by ðG� HÞA�B and is defined as
ðG� HÞða; bÞ ¼ GðaÞ � HðbÞ, for each ða; bÞ 2 A� B.
Theorem 2.22. Aygünoǧlu and Aygün (2012) Let ðX; s;AÞ and
ðY ; h;BÞ be two STSs. Let X ¼ fGA � FB : GA 2 s and FB 2 hg. Then the
family of all arbitrary union of elements of X is a soft topology on
X � Y.
Definition 2.23. Das and Samanta (2013) A soft set HE over X is
called countable (resp. finite) if HðeÞ is countable (resp. finite), for
each e 2 E.
Definition 2.24. (Das and Samanta, 2013; Nazmul and Samanta,

2013) A soft subset PE of eX is called soft point if there exists
e 2 E and there exists x 2 X such that PðeÞ ¼ fxg and PðaÞ ¼ £,
for each a 2 E n feg. A soft point will be shortly denoted by P x

e

and we say that P x
e 2 GE, if x 2 GðeÞ.

It is noteworthy that the above definition of soft point is a spe-
cial case of the definition of soft point which introduced in
Zorlutuna et al. (2012).

Definition 2.25. El-Shafei et al. (2018) For a soft set GE over X and
x 2 X, we say that

(i) xbGE if x 2 GðeÞ, for some e 2 E.
(ii) if x R GðeÞ, for each e 2 E.
Definition 2.26. El-Shafei et al. (2018) A soft set GE in SðXEÞ is said
to be stable if there exists a subset S of X such that GðeÞ ¼ S, for
each e 2 E.
Definition 2.27. El-Shafei et al. (2018) An STS ðX; s; EÞ is said to be:

(i) p-soft T0-space if for every pair of distinct points x; y 2 X,
there is a soft open set GE such that x 2 GE, or
y 2 GE, .

(ii) p-soft T1-space if for every pair of distinct points x; y 2 X,
there are soft open sets GE and FE such that x 2 GE,
and y 2 FE, .

(iii) p-soft T2-space if for every pair of distinct points x; y 2 X,
there are disjoint soft open sets GE and FE containing x and
y, respectively.

(iv) p-soft regular if for every soft closed set HE and x 2 X such
that , there are disjoint soft open sets GE and FE such
that HEf# GE and x 2 FE.
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(vi) (Shabir and Naz, 2011) Soft normal if for every two disjoint
soft closed sets H1E and H2E , there are two disjoint soft open
sets GE and FE such that H1E

f# GE and H2E
f# FE.

(vii) p-soft T3-space if it is both p-soft regular and p-soft
T1-space.

(viii) p-soft T4-space if it is both soft normal and p-soft T1-space.
Lemma 2.28. El-Shafei et al. (2018) If HE1�E2 is a soft closed subset of
a soft product space ðX � Y ; s1 � s2; E1 � E2Þ, then

HE1�E2 ¼ ðGE1 Þc � eYh i eS eX � ðFE2 Þc
h i

, for some GE1 2 s1 and FE2 2 s2.
Definition 2.29. Kelley (1975) a binary relation � on a non-empty
set X is called a partial order relation if it is reflexive, anti-
symmetric and transitive.

ðx; xÞ: for each x 2 Xf g is the equality relation on X and it is
indicated by M.
Definition 2.30. Kelley (1975) Let ðX;�Þ be a partially ordered set.
An element a 2 X is called:

(i) A smallest element of X provided that a � x, for all x 2 X.
(ii) A largest element of X provided that x � a, for all x 2 X.
Definition 2.31. Nachbin (1965) A triple ðX; s;�Þ is said to be a
topological ordered space, where ðX;�Þ is a partially ordered set
and ðX; sÞ is a topological space.
Definition 2.32. McCartan (1968) A topological ordered space
ðX; s;�Þ is called:

(i) Lower (Upper) T1-ordered if for each x 6� y in X, there is an
increasing (resp. a decreasing) neighborhood W of aðresp.
bÞ such that bðresp. aÞ belongs to Wc .

(ii) T0-ordered if it is lower T1-ordered or upper T1-ordered.
(iii) T1-ordered if it is lower T1-ordered and upper T1-ordered.
(iv) T2-ordered if for each x 6� y in X, there are disjoint neighbor-

hoods W1 and W2 of x and y, respectively, such that W1 is
increasing and W2 is decreasing.

3. Monotone soft sets

In this section, we first formulate the definitions of partially
ordered soft sets, increasing (decreasing) soft sets and increasing
(decreasing, ordered embedding) soft maps. Then we present and
investigate the main properties of these new concepts.

Definition 3.1. Let � be a partial order relation on a non-empty set
X and let E be a set of parameters. A triple ðX; E;�Þ is said to be a
partially ordered soft set.
Definition 3.2. Let ðX; E;�Þ be a partially ordered soft set. We
define an increasing soft operator i : ðSðXEÞ;�Þ ! ðSðXEÞ;�Þ and a
decreasing soft operator d : ðSðXEÞ;�Þ ! ðSðXEÞ;�Þ as follows, for
each soft subset GE of SðXEÞ

(i) iðGEÞ ¼ ðiGÞE, where iG is a mapping of E into X given by
iGðeÞ ¼ iðGðeÞÞ ¼ fx 2 X : y � x, for some y 2 GðeÞg.

(ii) dðGEÞ ¼ ðdGÞE, where dG is a mapping of E into X given by
dGðeÞ ¼ dðGðeÞÞ ¼ fx 2 X : x � y, for some y 2 GðeÞg.
Definition 3.3. A soft subset GE of a partially ordered soft set
ðX; E;�Þ is said to be:

(i) Increasing if GE ¼ iðGEÞ.
(ii) Decreasing if GE ¼ dðGEÞ.
Proposition 3.4. We have the following results for a soft subset GE of
a partially ordered soft set ðX; E;�Þ.

(i) GE is increasing if and only if for each P x
e 2 iðGEÞ, then P x

e 2 GE.
(ii) GE is decreasing if and only if for each P x

e 2 dðGEÞ, then
P x
e 2 GE.

(iii) If GE is increasing, then for each x 2 iðGEÞ, we have x 2 GE.
(iv) If GE is decreasing, then for each x 2 dðGEÞ, we have x 2 GE.
Proof. We only prove case (i), and the other follow similar lines.
Necessity: It comes immediately from Definition (3.3).

Sufficiency: By hypothesis, P x
e 2 iðGEÞ implies that P x

e 2 GE. Then
x 2 GðeÞ. Since � is reflexive, then x 2 iðGEÞ. So P x

e 2 iðGEÞ. This
means that iðGEÞf# GE. Thus GE ¼ iðGEÞ. Hence a soft set GE is
increasing. h
Proposition 3.5. Let fGjE : j 2 Jg be a collection of increasing (resp.
decreasing) soft subsets of a partially ordered soft set ðX; E;�Þ. Then:

(i) eS
j2J
GjE is increasing (resp. decreasing).

(ii) eT
j2J
GjE is increasing (resp. decreasing).
Proof. ðiÞ: We prove this case when a collection consists of

increasing soft sets. Let P x
e 2 eS

j2J
GjE . Then there exists j0 2 J such that

P x
e 2 Gj0E . Therefore iðP x

e Þf# iðGj0E Þ ¼ Gj0E
f# eS

j2J
GjE . Thus a soft set

eS
j2J
GjE

is increasing.
A similar proof is given for the case between parentheses.

By analogy with ðiÞ, one can prove ðiiÞ. h
Corollary 3.6. A collection of all increasing (resp. decreasing) soft
subsets of a partially ordered soft set ðX; E;�Þ forms a soft topology
on X.
Proposition 3.7. A soft subset GE of a partially ordered soft set
ðX; E;�Þ is increasing (resp. decreasing) if and only if Gc

E is decreasing
(resp. increasing).
Proof. Let GE be an increasing soft set. Suppose, to the contrary,
that Gc

E is not decreasing. Then there exists P x
e 2 dðGc

EÞ and
P x
e R Gc

E. So x 2 dðGcðeÞÞ and x R GcðeÞ. This means that there exists
y 2 GcðeÞ such that x � y. Since x 2 GðeÞ and the soft set GE is
increasing, then y 2 GðeÞ. But this contradicts that
GðeÞTGcðeÞ ¼ £. Hence Gc

E is decreasing. Similarly, one can prove
the proposition in case of GE is decreasing. h
Theorem 3.8. The finite product of increasing (resp. decreasing) soft
sets is increasing (resp. decreasing).
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Proof. We only prove the theorem for two soft sets in case of
increasing soft sets and one can prove it similarly for finite soft
sets.

Let GA and FB be two increasing soft subsets of ðX;A;�1Þ and
ðY ;B;�2Þ, respectively. Setting HA�B ¼ GA � FB such that
Hða; bÞ ¼ GðaÞ � FðbÞ, for each ða; bÞ 2 A� B. Suppose, to the con-

trary, that HA�B is not increasing. Then there exists a soft point Pðx;yÞ
ða;bÞ

such that Pðx;yÞ
ða;bÞ 2 iðHA�BÞ and Pðx;yÞ

ða;bÞ R HA�B. This means that

ðx; yÞ 2 iðHða; bÞÞ and ðx; yÞ R Hða; bÞ. So ðx; yÞ 2 iðGðaÞ � FðbÞÞ
implies that

x 2 i ðGðaÞÞ ¼ GðaÞ and y 2 iðFðbÞÞ ¼ FðbÞ ð1Þ
and ðx; yÞ R GðaÞ � FðbÞ implies that

x R GðaÞ or y R FðbÞ ð2Þ
From (1) and (2), we obtain a contradiction. Since the contradiction
arises by assuming that the soft set HA�B is not increasing, then HA�B

is increasing.
A similar proof is given for the case between parentheses. h

In the following two results, we present the main properties of
the increasing and decreasing soft operators.

Proposition 3.9. Let GE and FE be two soft subsets of ðX; E;�Þ and let
i : ðSðXEÞ;�Þ ! ðSðXEÞ;�Þ be an increasing soft operator. Then:

(i) iðf£Þ ¼ f£.
(ii) GEf# iðGEÞ.
(iii) iðiðGEÞÞ ¼ iðGEÞ.
(iv) i GE

eSFE

h i
¼ iðGEÞ eSiðFEÞ.
Proof. The proof of items ðiÞ and ðiiÞ are obvious.
ðiiiÞ: From ðiiÞ, we get that iðGEÞf# iðiðGEÞÞ. On the other hand, let

xbiðiðGEÞÞ. Then there exists ybiðGEÞ such that y � x. Also, there
exists zbGE such that z � y. Since � is transitive, then z � x. So
xbiðGEÞ. Thus iðiðGEÞÞf# iðGEÞ. This completes the proof of this
property.

ðivÞ: Obviously, iðGEÞ eSiðFEÞf# i GE
eSFE

h i
. On the other hand,

GE
eSFEf# iðGEÞ eSiðFEÞ. From ðiiiÞ and Definition (3.3), we infer that

iðGEÞ and iðFEÞ are increasing. From Proposition (3.5), we infer that

iðGEÞ eSiðFEÞ is increasing. So i GE
eSFE

h if# iðGEÞ eSiðFEÞ. Hence this

part of the proposition holds. h
Proposition 3.10. Let GE and FE be two soft subsets of ðX; E;�Þ and
let d : ðSðXEÞ;�Þ ! ðSðXEÞ;�Þ be a decreasing soft operator. Then:

(i) dðf£Þ ¼ f£.
(ii) GEf# dðGEÞ.
(iii) dðdðGEÞÞ ¼ dðGEÞ.
(iv) d GE

eSFE

h i
¼ dðGEÞ eSdðFEÞ.
Proof. The proof is similar to that of Proposition (3.9). h
Proposition 3.11. The following two results hold for a soft map
f / : SðXAÞ ! SðYBÞ.

(i) The image of each soft point is soft point.
(ii) If f / is bijective, then the inverse image of each soft point is soft

point.
Proof.

(i) Consider P x
a is a soft point in the domain. Then

f /ðP x
aÞ ¼ ðf /ðPÞÞB such that f /ðPÞðbÞ ¼

S
a2/�1ðbÞ

/ðPðaÞÞ. Since
PðaÞ ¼ singleton element of X : a ¼ a
£ : a – a

�
;

then this part of proposition holds.

(ii) Consider P y

b is a soft point in the codomain. Then

f�1
/ ðP y

b Þ ¼ ðf�1
/ ðPÞÞ

A
such that f�1

/ ðPÞðaÞ ¼ S
f�1ðPð/ðaÞÞÞ.

Since /ðaÞ is a singleton element in B and P y
b is a soft point,

then
Pð/ðaÞÞ ¼ y : /ðaÞ ¼ b

£ : /ðaÞ – b

�
Since / and f are bijective, then

f�1ðPð/ðaÞÞÞ ¼ singleton element in X : /ðaÞ ¼ b

£ : /ðaÞ– b

�
This completes the proof of this part of proposition. h
Definition 3.12. Let P x
a and P y

a be two soft points in a partially
ordered soft set ðX; E;�Þ. We say that P x

a � P y
a if x � y.
Definition 3.13. A soft map f / : ðSðXAÞ;�1Þ ! ðSðYBÞ;�2Þ is said to
be:

(i) Increasing if P x
a�1P

y
a , then f /ðP x

aÞ�2f /ðP y
a Þ.

(ii) Decreasing if P x
a�1P

y
a , then f /ðP y

a Þ�2f /ðP x
aÞ.

(iii) Ordered embedding if P x
a�1P

y
a if and only if f /ðP x

aÞ�2f /ðP y
a Þ.
Theorem 3.14. The following two results hold for a soft map
f / : ðSðXAÞ;�1Þ ! ðSðYBÞ;�2Þ.

(i) If f / is increasing, then the inverse image of each increasing

(resp. decreasing) soft subset of eY is an increasing (resp. a

decreasing) soft subset of eX .
(ii) If f / is decreasing, then the inverse image of each increasing

(resp. decreasing) soft subset of eY is a decreasing (resp. an

increasing) soft subset of eX .

Proof. ðiÞ: Let GK be an increasing soft subset of eY . Suppose that

f�1
/ ðGKÞ is not increasing. Then there exists x 2 X and there exists

a 2 A such that P x
a 2 iðf�1

/ ðGKÞÞ and P x
a R f�1

/ ðGKÞ. So we infer that

there exists P y
a 2 f�1

/ ðGKÞ such that P y
a�1P

x
a . Since f / is increasing,

then f /ðP y
a Þ�2f /ðP x

aÞ and since f /ðP y
a Þ 2 f /ðf�1

/ ðGKÞÞf# GK , then

f /ðP x
aÞ 2 GK . This implies that P x

a 2 f�1
/ ðGKÞ. But this contradicts that

P x
a R f�1

/ ðGKÞ. Hence the soft set f�1
/ ðGKÞ is increasing.

A similar proof is given for the case between parentheses.

By analogy with ðiÞ, one can prove ðiiÞ. h
Theorem 3.15. Let f / : ðSðXAÞ;�1Þ ! ðSðYBÞ;�2Þ be a bijective
ordered embedding soft map. Then the image of each increasing (resp.

decreasing) soft subset of eX is an increasing (resp. a decreasing) soft

subset of eY .
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Proof. Let GL be an increasing soft subset of eX . Suppose that f /ðGLÞ
is not increasing. Then there exists y 2 Y and there exists b 2 B
such that P y

b 2 iðf /ðGLÞÞ and P y
b R f /ðGLÞ. So we infer that there

exists P z
b 2 f /ðGLÞ such that P z

b�2P
y
b . Since f / is ordered embedding,

then f�1
/ ðP z

bÞ�1f
�1
/ ðP y

b Þ and since f�1
/ ðP z

bÞ 2 f�1
/ ðf /ðGLÞÞ ¼ GL, then

f�1
/ ðP y

b Þ 2 GL. This implies that P y
b 2 f /ðGLÞ. But this contradicts that

P y
b R f /ðGLÞ. Hence the soft set f /ðGLÞ is increasing.
A similar proof is given for the case between parentheses. h

4. Ordered soft separation axioms

We devote this section to introducing soft ordered separation
axioms namely, p-soft Ti-ordered spaces ði ¼ 0;1;2;3;4Þ and to
studying their main properties. Various examples are considered
to show the relationships among them and to illustrate some
results obtained herein.

Definition 4.1. A quadrable system ðX; s; E;�Þ is said to be a soft
topological ordered space, where ðX; s; EÞ is a soft topological space
and ðX; E;�Þ is a partially ordered soft set.

Henceforth, we use the abbreviation STOS in a place of soft
topological ordered space.
Definition 4.2. A soft subsetWE of an STOS ðX; s; E;�Þ is said to be:

(i) Increasing soft neighborhood of x 2 X if WE is soft neighbor-
hood of x 2 X and increasing.

(ii) Decreasing soft neighborhood of x 2 X ifWE is soft neighbor-
hood of x 2 X and decreasing.
Definition 4.3. For two soft subsets GE and HE of an STOS
ðX; s; E;�Þ and x 2 X, we say that:

(i) GE containing x provided that x 2 GE.
(ii) GE containing HE provided that HEf# GE.
(iii) GE is a soft neighborhood of HE provided that there exists a

soft open set FE such that HEf# FEf# GE.
Definition 4.4. An STOS ðX; s; E;�Þ is said to be:

(i) Lower p-soft T1-ordered if for every distinct points x 6� y in X,
there exists an increasing soft neighborhood WE of x such
that .

(ii) Upper p-soft T1-ordered if for every distinct points x 6� y in X,
there exists a decreasing soft neighborhood WE of y such
that .

(iii) p-soft T0-ordered if it is lower soft T1-ordered or upper soft
T1-ordered.

(iv) p-soft T1-ordered if it is lower soft T1-ordered and upper soft
T1-ordered.

(v) p-soft T2-ordered if for every distinct points x 6� y in X, there
exist disjoint soft neighborhoods WE and VE of x and y,
respectively, such that WE is increasing and VE is decreasing.
Proposition 4.5. Every p-soft Ti-ordered space ðX; s;�; EÞ is p-soft
Ti�1-ordered, for i ¼ 1;2.
Proof. It is obtained immediately from the above definition. h
In what follows, we present two examples to illustrate that the
converse of the above proposition fails.

Example 4.6. Let E ¼ fe1; e2g be a set of parameters,
�¼ M

Sfðx; yÞ; ðx; zÞg be a partial order relation on X ¼ fx; y; zg
and s ¼ ff£; eX ;G1E ;G2E ;G3Eg be a soft topology on X. The soft sets
G1E ;G2E and G3E are defined as follows:

G1E ¼ fðe1; fygÞ; ðe2; fygÞg,
G2E ¼ fðe1; fzgÞ; ðe2; fzgÞg,
G3E ¼ fðe1; fy; zgÞ; ðe2; fy; zgÞg.
Then ðX; s;�; EÞ is a lower p-soft T1-ordered space. So it is p-soft

T0-ordered. On the other hand, there does not exist a soft open set
containing x and does not contain y or z. Thus ðX; s;�; EÞ is not
p-soft T1-ordered.
Example 4.7. Let E ¼ fe1; e2g be a set of parameters,
�¼ M

Sfð1; xÞ : x 2 Rg be a partial order relation on the set of real

numbersR and s ¼ ff£;GEf# eR : Gc
E is finite g be a soft topology on

R. Obviously, ðR; s;�; EÞ is p-soft T1-ordered, but is not p-soft
T2-ordered.
Theorem 4.8. Let ðX; s; E;�Þ be an STOS. Then the following three
statements are equivalent:

(i) ðX; s; E;�Þ is upper (resp. lower) p-soft T1-ordered;
(ii) For all x; y 2 X such that x 6� y, there is a soft open set GE con-

taining yðresp:xÞ in which x 6� aðresp: a 6� yÞ for every abGE;
(iii) For all x 2 X; ðiðxÞÞEðresp:ðdðxÞÞEÞ is soft closed.
Proof. ðiÞ ! ðiiÞ: Consider ðX; s; E;�Þ is an upper p-soft T1-ordered
space and let x; y 2 X such that x 6� y. Then there exists a decreasing
soft neighbourhood UE of y such that . Putting GE ¼ IntðUEÞ.
Suppose that GE

f� ðiðxÞÞcE. Then there exists abGE and .
Therefor a 2 ðiðxÞÞE and this implies that x � a. Now, abUE implies
that xbUE. But this contradicts that . Thus GEf# ðiðxÞÞcE. Hence
x 6� a, for every abGE.

ðiiÞ ! ðiiiÞ: Consider x 2 X and let abðiðxÞÞcE. Then x 6� a.
Therefore there exists a soft open set GE containing a such that
GEf# ðiðxÞÞcE. Since a and x are chosen arbitrary, then a soft set ðiðxÞÞcE
is soft open, for all x 2 X. Hence ðiðxÞÞE is soft closed, for all x 2 X.

ðiiiÞ ! ðiÞ: Let x 6� y in X. Obviously, ðiðxÞÞE is increasing and by
hypothesis, ðiðxÞÞE is soft closed. Then ðiðxÞÞcE is a decreasing soft
open set satisfies that y 2 ðiðxÞÞcE and . Hence the proof is
completed.

A similar proof can be given for the case between
parentheses. h
Corollary 4.9. If a is the smallest element of a lower p-soft T1-ordered
space ðX; s; E;�Þ, then aE is decreasing soft closed.
Corollary 4.10. If a is the largest element of an upper p-soft
T1-ordered space ðX; s; E;�Þ, then aE is increasing soft closed.
Proposition 4.11. If a is the smallest (resp. largest) element of a finite
p-soft T1-ordered space ðX; s; E;�Þ, then aE is decreasing
(resp. increasing) soft open.
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Proof. Wewill start with the proof for the smallest element, as the
proof for the largest element is analogous. Since a is the smallest
element of X, then a � x, for all x 2 X. By the anti-symmetric of
�, we have x 6� a, for all x 2 X. By hypothesis, there is a decreasing

neighborhood WE of a such that . It follows that aE ¼ eTWE.
Since X is finite, then aE is a decreasing soft open set. h
Proposition 4.12. A finite STOS ðX; s; E;�Þ is p-soft T1-ordered if and
only if it is p-soft T2-ordered.
Proof. Necessity: For each y 2 X n ðiðxÞÞE, we have ðdðyÞÞE is soft

closed. Since X is finite, then eS
y2XnðiðxÞÞE ðdðyÞÞE is soft closed. There-

fore eS
y2XnðiðxÞÞE ðdðyÞÞE

� �c
¼ ðiðxÞÞE is a soft open set. Thus ðX; s; E;�Þ

is a p-soft T2-ordered space.
Sufficiency: It follows immediately fromProposition (4.5). h
Theorem 4.13. An STOS ðX; s; E;�Þ is p-soft T2-ordered if and
only if for all x 6� y in X, there exist soft open sets GE and HE

containing x and y, respectively, such that a 6� b for every a 2 GðeÞ
and b 2 HðeÞ.
Proof. Necessity: Consider ðX; s; E;�Þ is p-soft T2-ordered and let
x; y 2 X such that x 6� y. Then there exist disjoint soft neighbor-
hoodsWE and VE of x and y, respectively, such thatWE is increasing
and VE is decreasing. Putting UE�E ¼ IntðWEÞ � IntðVEÞ. Let
abIntðWEÞ ¼ GE and bbIntðVEÞ ¼ HE. Suppose that a 2 GðeÞ and
b 2 HðeÞ such that a � b. As WE is increasing and VE is decreasing,

then it follows, by assumption, that WE
eTVE – f£. But this contra-

dicts the disjointness between WE and VE. Therefore a 6� b, for
every a 2 GðeÞ and b 2 HðeÞ.

Sufficiency: Let x 6� y in X and assume that for any soft open
sets GE and HE containing x and y, respectively, we have

that iðGEÞ eTdðHEÞ – f£. Then there exists e 2 E such that

x 2 iðGðeÞÞ eTdðHðeÞÞ. Therefore there exist a 2 GðeÞ and b 2 HðeÞ
such that a � x and x � b. This means that a � b. But this contra-
dicts, the given hypothesis, that a 6� b for every a 2 GðeÞ and

b 2 HðeÞ. Thus iðGEÞ eTdðHEÞ ¼ f£. This completes the proof. h
Proposition 4.14. If ðX; s; E;�Þ is an STOS, then for each e 2 E, a fam-
ily se ¼ fGðeÞ : GE 2 sg with a partial order relation �, form an
ordered topology on X.
Proof. From Proposition (2.11), a family se forms a topology on X.
From Definition (2.31), the triple ðX; se;�Þ forms a topological
ordered space. h
Proposition 4.15. If an STOS ðX; s; E;�Þ is p-soft Ti-ordered, then a
topological ordered space ðX; se;�Þ is always Ti-ordered, for i ¼ 0;1;2.
Proof. We prove the proposition when i ¼ 2 and the other two
cases are proven similarly. Let x; y be two distinct points in
ðX; se;�Þ such that x 6� y. As ðX; s;�; EÞ is p-soft T2-ordered, then
there exist disjoint an increasing soft neighborhood WE of a and
a decreasing soft neighborhood VE of b such that and

. Therefore WðeÞ is an increasing neighborhood of a and
VðeÞ is a decreasing neighborhood of b in ðX; se;�Þ such that
WðeÞTVðeÞ ¼ £. Thus a topological ordered space ðX; se;�Þ is
T2-ordered. h
Corollary 4.16. A p-soft T1-ordered space ðX; s; E;�Þ contains at least
2jXj soft open sets.
Definition 4.17. Let Y #X and ðX; s; E;�Þ be an STOS.
Then ðY ; sY ; E;�YÞ is called soft ordered subspace of ðX; s; E;�Þ
provided that ðY; sY ; EÞ is soft subspace of ðX; s; EÞ and
�Y ¼� T

Y � Y .
Lemma 4.18. If UE is an increasing (resp. a decreasing) soft subset of

an STOS ðX; s; E;�Þ, then UE
eTeY is an increasing (resp. a decreasing)

soft subset of a soft ordered subspace ðY; sY ; E;�YÞ.
Proof. Let UE be an increasing soft subset of an STOS ðX; s; E;�Þ. In
a soft ordered subspace ðY; sY ; E;�YÞ, let a 2 i�Y ðUE

eTeY Þ. Since

i�Y ðUE
eTeY Þf# i�Y ðUEÞ eTi�Y ðeY Þf# UE

eTeY , then a 2 UE
eTeY . Therefore

i�Y ðUE
eTeY Þ ¼ UE

eTeY . Thus UE
eTeY is an increasing soft subset of a

soft ordered subspace ðY ; sY ; E;�Y Þ.
The proof is similar in case of UE is decreasing. h
Theorem 4.19. The property of being a p-soft Ti-ordered space is
hereditary, for i ¼ 0;1;2.
Proof. Let ðY; sY ; E;�YÞ be a soft ordered subspace of a p-soft T2-
ordered space ðX; s; E;�Þ. If a; b 2 Y such that a 6�Yb, then a 6� b. So
by hypothesis, there exist disjoint soft neighborhoods WE and VE

of a and b, respectively, such that WE is increasing and VE is

decreasing. Setting UE ¼ eY eTWE and GE ¼ eY eTVE, then from the
above lemma, we obtain that UE is an increasing soft neighborhood
of a and GE is a decreasing soft neighborhood of b. Since the soft
neighborhoods UE and GE are disjoint, it follows that ðY ; sY ; E;�YÞ
is p-soft T2-ordered.

The theorem can be proven similarly in case of i ¼ 0;1. h
Proposition 4.20. Every p-soft Ti-ordered space ðX; s; E;�Þ is p-soft
Ti-space, for i ¼ 0;1;2.
Proof. The proof comes immediately from the definition of p-soft
Ti-ordered spaces and the definition of p-soft Ti-spaces, for
i ¼ 0;1;2. h

It can be given some examples to illustrate that the converse of
the above theorem fails. However, for the sake of economy, we
consider a set of parameters E is singleton and suffice with
Example 1 and Example 6 in McCartan (1968).

Definition 4.21. An STOS ðX; s; E;�Þ is said to be:

(i) Lower (resp. Upper) p-soft regularly ordered if for each
decreasing (resp. increasing) soft closed set HE and x 2 X
such that , there exist disjoint soft neighbourhoods
WE of HE and VE of x such that WE is decreasing (resp.
increasing) and VE is increasing (resp. decreasing).

(ii) p-soft regularly ordered if it is both lower p-soft regularly
ordered and upper p-soft regularly ordered.

(iii) Lower (resp. Upper) p-soft T3-ordered if it is both lower
(resp. upper) p-soft T1-ordered and lower (resp. upper) p-
soft regularly ordered.

(iv) p-soft T3-ordered if it is both lower p-soft T3-ordered and
upper p-soft T3-ordered.
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Theorem 4.22. An STOS ðX; s; E;�Þ is lower (resp. upper) p-soft reg-
ularly ordered if and only if for all x 2 X and every increasing (resp.
decreasing) soft open set UE containing x, there is an increasing (resp.
a decreasing) soft neighbourhood VE of x satisfies that ClðVEÞf# UE.
Proof. Necessity: Let x 2 X and UE be an increasing soft open set
containing x. Then Uc

E is decreasing soft closed such that .
By hypothesis, there exist disjoint soft neighbourhoods VE of x
and WE of Uc

E such that VE is increasing and WE is decreasing. So
there is a soft open set GE such that Uc

E
f# GEf#WE. Since VEf#Wc

E,
then VEf#Wc

E
f# Gc

E
f# UE and since Gc

E is soft closed, then
ClðVEÞf# Gc

E
f# UE.

Sufficiency: Let x 2 X and HE be a decreasing soft closed set such
that . Then Hc

E is an increasing soft open set containing x. So
that, by hypothesis, there is an increasing soft neighbourhood VE of
x such that ClðVEÞf#Hc

E. Consequently, ðClðVEÞÞc is a soft open set
containing HE. Thus dððClðVEÞÞcÞ is a decreasing soft neighbourhood

of HE. Suppose that VE
eTdððClðVEÞÞcÞ– f£. Then there exists x 2 X

and there exists e 2 E such that x 2 VðeÞ and x 2 dððClðVÞÞcðeÞÞ. So
there exists y 2 ðClðVÞÞcðeÞ satisfies that x � y. This means that
y 2 VðeÞ. But this contradicts the disjointness between VE and

ðClðVEÞÞc . Thus VE
eTdððClðVEÞÞcÞ ¼ f£. This completes the proof.

A similar proof can be given for the case between
parentheses. h
Proposition 4.23. The following three properties are equivalent if
ðX; s; E;�Þ is p-soft regularly ordered:

(i) ðX; s; E;�Þ is p-soft T2-ordered;
(ii) ðX; s; E;�Þ is p-soft T1-ordered;
(iii) ðX; s; E;�Þ is p-soft T0-ordered.
Proof. The direction ðiÞ ! ðiiÞ ! ðiiiÞ is obvious.
To prove that ðiiiÞ ! ðiÞ, let x; y 2 X such that x 6� y. Since

ðX; s; E;�Þ is p-soft T0-ordered, then it is lower p-soft T1-ordered or
upper p-soft T1-ordered. Say, it is upper p-soft T1-ordered. From
Theorem (4.8), we have that ðiðxÞÞE is soft closed. Obviously, ðiðxÞÞE
is increasing and . Since ðX; s; E;�Þ is p-soft regularly
ordered, then there exist disjoint soft neighbourhoods WE and VE

of y and ðiðxÞÞE, respectively, such that WE is decreasing and VE is
increasing. Thus ðX; s; E;�Þ is p-soft T2-ordered. h
Corollary 4.24. The following three properties are equivalent if
ðX; s; E;�Þ is lower (resp. upper) p-soft regularly ordered:

(i) ðX; s; E;�Þ is p-soft T2-ordered;
(ii) ðX; s; E;�Þ is p-soft T1-ordered;
(iii) ðX; s; E;�Þ is lower (resp. upper) p-soft T1-ordered.
Definition 4.25. An STOS ðX; s; E;�Þ is said to be:

(i) Soft normally ordered if for each disjoint soft closed sets FE

and HE such that FE is increasing and HE is decreasing, there
exist disjoint soft neighbourhoodsWE of FE and VE of HE such
that WE is increasing and VE is decreasing.

(ii) p-soft T4-ordered if it is soft normally ordered and p-soft
T1-ordered.
Theorem 4.26. An STOS ðX; s; E;�Þ is soft normally ordered if and
only if for every decreasing (resp. increasing) soft closed set FE and
every decreasing (resp. increasing) soft open neighborhood UE of FE,
there is a decreasing (resp. an increasing) soft neighborhood VE of FE

satisfies that ClðVEÞf# UE.
Proof. Necessity: let FE be a decreasing soft closed set and UE be a
decreasing soft open neighborhood of FE. Then Uc

E is an increasing

soft closed set and FE
eTUc

E ¼ f£. Since ðX; s; E;�Þ is soft normally
ordered, then there exist disjoint a decreasing soft neighborhood
VE of FE and an increasing soft neighborhood WE of Uc

E. Since WE

is a soft neighborhood of Uc
E, then there exists a soft open set HE

such that Uc
E
f#HEf#WE. Consequently, Wc

E
f# Hc

E
f# UE and

VEf#Wc
E. So it follows that ClðVEÞf# ClðWc

EÞf#Hc
E
f# UE. Thus

FEf# ClðVEÞf# ClðWc
EÞ f#Hc

E
f# UE. Hence the necessary part holds.

Sufficiency: Let F1E and F2E be two disjoint soft closed sets such
that F1E is decreasing and F2E is increasing. Then Fc2E

is a decreasing
soft open set containing F1E . By hypothesise, there exists a
decreasing soft neighborhood VE of F1E such that ClðVEÞf# Fc2E

.

Setting HE ¼ eX n ClðVEÞ. This means that HE is a soft open set

containing F2E . Obviously, F2E
f#HE; F1E

f# VE and HE
eTVE ¼ f£. Now,

iðHEÞ is an increasing soft neighborhood of F2E . Suppose that

iðHEÞ eTVE – f£. Then there exists e 2 E such that x 2 iðHðeÞÞ and
x 2 VðeÞ ¼ dðVðeÞÞ. This implies that there exist a 2 HðeÞ and
b 2 VðeÞ such that a � x and x � b. As � is transitive, then a � b.

Therefore bbHE
eTVE. This contradicts the disjointness between HE

and VE. Thus iðHEÞ eTVE ¼ f£. Hence the proof is completed. h
Proposition 4.27. Every p-soft Ti-ordered space ðX; s; E;�Þ is p-soft
Ti�1-ordered, for i ¼ 3;4.
Proof. From Proposition (4.23), we obtain that every p-soft T3-
ordered space is p-soft T2-ordered. To prove the proposition in case
of i ¼ 4, let a 2 X and FE be a decreasing soft closed set such that

. Since ðX; s; E;�Þ is p-soft T1-ordered, then ðiðaÞÞEÞ is an
increasing soft closed set and since ðX; s; E;�Þ is soft normally
ordered, then there exist disjoint soft neighborhoods WE and VE

of ðiðaÞÞEÞ and FE, respectively, such that WE is increasing and VE

is decreasing. Therefore ðX; s; E;�Þ is lower p-soft regularly
ordered. If FE is an increasing soft set, then we prove similarly that
ðX; s; E;�Þ is upper p-soft regularly ordered. Thus ðX; s; E;�Þ is p-
soft regularly ordered. Hence ðX; s; E;�Þ is p-soft T3-ordered. h

The converse of the above proposition is not always true as
illustrated in the following two examples.

Example 4.28. Let E ¼ fe1; e2; e3g be a set of parameters,
�¼ M

Sfð1;2Þg be a partial order relation on the set of natural

numbers N and s ¼ fGEf# fN such that or ½1 2 Gðe2Þ and Gc
E

is finite �g be a soft topology on N . Obviously, ðN ; s; E;�Þ is p-soft
T2-ordered. In the following, we illustrate that ðN ; s; E;�Þ is p-soft
regularly ordered. A soft subset HE of ðN ; s; E;�Þ is soft closed if
1 2 HE or ½1 R Hðe2Þ and HE is finite�.

On the one hand, consider f£ – HE – fN is a decreasing soft
closed set. Then we have the following two cases:

(i) Either 1 2 HE. Then for each x 2 N such that , we
define a soft set GE as follows GðeÞ ¼ fxg, for each e 2 E. So
GE is an increasing soft open set containing x and its relative
complement is a decreasing soft open set containing HE.
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(ii) Or [1 R Hðe2Þ and HE is finite]. Suppose that . Then we
have the following two cases:
1. Either x ¼ 1. Then . So we define a soft set GE as fol-

lows GðeÞ ¼ N n HðeÞ, for each e 2 E. Thus GE is an
increasing soft open set containing 1 and its relative
complement is a decreasing soft open set containing HE.

2. Or x – 1. Then we define a soft set GE as follows
GðeÞ ¼ fxg, for each e 2 E. Thus GE is an increasing soft
open set containing x and its relative complement is a
decreasing soft open set containing HE.

Thus ðN ; s; E;�Þ is lower p-soft regularly ordered.

On the other hand, consider f£ – HE – fN is an increasing soft
closed set. Then we have the following two cases:
(i) Either 1 2 HE. Then 2 2 HE. So for each x 2 N such that
, we define a soft set GE as follows GðeÞ ¼ fxg, for each

e 2 E. Thus GE is a decreasing soft open set containing x and
its relative complement is an increasing soft open set con-
taining HE.

(ii) Or [1 R Hðe2Þ and HE is finite]. Suppose that . Then
we have the following two cases:
1. Either x ¼ 1. Then we define a soft set GE as follows

GðeÞ ¼ N n HðeÞ, for each e 2 E. Thus GE is a decreasing
soft open set containing 1 and its relative complement
is an increasing soft open set containing HE.

2. Or x – 1. If x ¼ 2, then . So, by the definition of soft
open sets in this soft topology, we obtain that HE is an
increasing soft open set. Obviously, its relative comple-
ment is a decreasing soft open set containing x. If
x – 1– 2, then we define a soft set GE as follows
GðeÞ ¼ fxg, for each e 2 E. Thus GE is a decreasing soft
open set containing x and its relative complement is an
increasing soft open set containing HE.

Thus ðN ; s; E;�Þ is upper p-soft regularly ordered.
From the above discussion, we conclude that ðN ; s; E;�Þ is p-

soft regularly ordered. Hence ðN ; s; E;�Þ is p-soft T3-ordered. To
illustrate that ðN ; s; E;�Þ is not soft normally ordered, we define an
increasing soft closed set HE and a decreasing soft closed set FE as
follows:

Hðe1Þ ¼ f1;2g;Hðe2Þ ¼ f3g;Hðe3Þ ¼ f4g;
Fðe1Þ ¼ f3g; Fðe2Þ ¼ f4g and Fðe3Þ ¼ f1;5g.
Since the two soft closed set are disjoint and there do not exist

disjoint soft neighborhoods WE and VE containing HE and FE,
respectively, then ðN ; s; E;�Þ is not soft normally ordered. Hence
ðN ; s; E;�Þ is not p-soft T4-ordered.
Example 4.29. It can be considered that the p-soft Ti-ordered
spaces are equivalent for Ti-ordered spaces if E is singleton.
So by taking E ¼ feg, we consider Example 4 which given in
McCartan (1968). It is p-soft T2-ordered, but it is not p-soft
T3-ordered.
Definition 4.30. Let fðXi; si; Ei;�iÞ : i 2 f1;2; . . . ;ngg be a finite
family of soft topological ordered spaces. The product of these soft

topological ordered spaces is given by X ¼ Qi¼n

i¼1
Xi; s is the product

topology on X; E ¼ Qi¼n

i¼1
Ei and �¼ fðx; yÞ : x; y 2 X such that

ðxi; yiÞ 2 �i for every i 2 f1;2; . . . ;ngg, where x ¼ ðx1; x2; . . . ; xnÞ
and y ¼ ðy1; y2; . . . ; ynÞ.
Lemma 4.31. If HE1�E2 is a decreasing (resp. an increasing) soft closed
subset of a soft ordered product space ðX � Y ; s1 � s2; E1 � E2;�Þ, then
HE1�E2 ¼ ½Gc

E1
� eY � eS½eX � Fc

E2
�, for some increasing (resp. decreasing)

soft open sets GE1 2 s1 and FE2 2 s2.
Proof. Suppose that HE1�E2 is a decreasing soft closed subset of a
soft product space ðX � Y ; s1 � s2; E1 � E2;�Þ. Then from Lemma
(2.28), there exist soft open sets GE1 2 s1 and FE2 2 s2 such that

HE1�E2 ¼ ½Gc
E1
� eY � eS½eX � Fc

E2
�.

To prove that GE1 and FE2 are increasing, consider that at least
one of them is not increasing. Without lose of generality, consider
that GE1 is not increasing. Then Gc

E1 is not decreasing. It follows that

there exist e 2 E1 and x 2 X such that P x
e 2 dðGc

E1 Þ and P x
e R Gc

E1 . By

choosing P y
k R FE2 , we obtain that Pðx;yÞ

ðe;kÞ 2 d½Gc
E1 � eY � and

Pðx;yÞ
ðe;kÞ R ½Gc

E1 � eY � eS½eX � FcE2 �. This implies that HE1�E2 is not a

decreasing soft set. But this contradicts the given condition. Hence
GE1 and FE2 are increasing soft sets.

A similar proof is given for the case between parentheses. h

Now, we are in a position to verify the following main theorem
in this section.

Theorem 4.32. The finite product of p-soft Ti-ordered spaces is p-soft
Ti-ordered, for i ¼ 0;1;2;3;4.

Proof. We prove the theorem in case of i ¼ 2 and i ¼ 3, and the
other follow similar lines.

(i) Consider ðX � Y; s; E;�Þ is the soft ordered product space of
two p-soft T2-ordered spaces ðX; s1; E1;�1Þ and
ðY; s2; E2;�2Þ and let ðx1; y1Þ and ðx2; y2Þ be two distinct
points in X � Y such that ðx1; y1Þ 6� ðx2; y2Þ. Then x1 6�1x2 or
y1 6�2y2. Without lose of generality, say x1 6�1x2. Since
ðX; s1; E1;�1Þ is p-soft T2-ordered, then there exist disjoint
soft neighborhoods WE1 and VE1 of x1 and x2, respectively,
such that WE1 is increasing and VE1 is decreasing. So

WE1 � eY is an increasing soft neighborhood of ðx1; y1Þ and

VE1 � eY is a decreasing soft neighborhood of ðx2; y2Þ such

that ½WE1 � eY � eT½VE1 � eY � ¼ f£E1�E2 . Hence the proof is
completed.

(ii) Consider ðX � Y; s; E;�Þ is the soft ordered product space of
two p-soft T3-ordered spaces ðX; s1; E1;�1Þ and
ðY; s2; E2;�2Þ and let HE1�E2 be a decreasing soft closed set.

Then HE1�E2 ¼ ðGc
E1
� eY Þ eSðeX � Uc

E2
Þ, for some increasing soft

open sets GE1 2 s1 and UE2 2 s2. For every , we
have and . It follows that

and . Since ðX; s1; E1;�1Þ and ðY ; s2; E2;�2Þ
are p-soft regularly ordered, then there exist disjoint soft
neighbourhoods F1E1

and F2E1
of x and Gc

E1
, respectively, such

that F1E1
is increasing and F2E1

is decreasing, and there exist

disjoint soft neighbourhood F3E2
and F4E2

of y and Uc
E2
,

respectively, such that F3E2
is increasing and F4E2

is decreas-

ing. Thus ðF2E1
� eY Þ eSðeX � F4E2

Þ is a decreasing soft neigh-

bourhood of HE1�E2 in ðX � Y ; s; E;�Þ and ðF1E1
� F3E2

Þis an

increasing soft neighbourhood of ðx; yÞ in ðX � Y; s; E;�Þ.
Since ½F1E1

� F3E2
� eT½ðF2E1

� eY Þ eSðeX � F4E2
Þ� ¼ f£E1�E2 , then

ðX � Y; s; E;�Þ is lower p-soft regularly ordered. Similarly,
one can prove that ðX � Y ; s; E;�Þ is upper p-soft regularly
ordered. Hence ðX � Y ; s; E;�Þ is p-soft T3-ordered. h
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Definition 4.33. A soft ordered subspace ðY; sY ; E;�YÞ of an STOS
ðX; s; E;�Þ is called soft compatibly ordered provided that for each
increasing (resp. decreasing) soft closed subset HE of ðY ; sY ; E;�YÞ,
there exists an increasing (resp. a decreasing) soft closed subset

HH
E of ðX; s; E;�Þ such that HE ¼ eY eTHH

E .
Theorem 4.34. Every soft compatibly ordered subspace ðY; sY ; E;�YÞ
of a p-soft regularly ordered space ðX; s; E;�Þ is p-soft regularly
ordered.
Proof. Let y 2 Y and HE be a decreasing soft closed subset of
ðY; sY ; E;�YÞ such that . As the soft ordered subspace
ðY; sY ; E;�YÞ of ðX; s; E;�Þ is soft compatibly ordered, then there
exists a decreasing soft closed subset HH

E of ðX; s; E;�Þ such that

HE ¼ eY eTHH
E . So that by hypothesis, there exist disjoint soft neigh-

borhoods VE and WE of y and HH
E , respectively, such that VE is

increasing and WE is decreasing. It follows, by Lemma (4.18) thateY eTVE is an increasing soft neighborhood of y and eY eTWE is a
decreasing soft neighborhood of HE in ðY; sY ; E;�YÞ such that

ðeY eTVEÞ eTðeY eTWEÞ ¼ f£Y . Consequently, ðY ; sY ; E;�YÞ is lower p-
soft regularly ordered. Similarly, one can prove that ðY ; sY ; E;�Y Þ
is upper p-soft regularly ordered. Hence the proof is com-
pleted. h
Corollary 4.35. Every soft compatibly ordered subspace ðY; sY ; E;�YÞ
of a p-soft T3-ordered space ðX; s; E;�Þ is p-soft T3-ordered.

One can easily verify the following proposition and so the proof
will be omitted.

Proposition 4.36. Every soft closed compatibly ordered subspace
ðY; sY ; E;�Y Þ of a p-soft T4-ordered space ðX; s; E;�Þ is p-soft T4-
ordered.
Definition 4.37. A soft topological ordered property or soft topo-
logical ordered invariant is a property of a soft topological ordered
space which is invariant under ordered embedding soft homeo-
morphism maps.
Theorem 4.38. The property of being a p-soft Ti-ordered space is a
soft topological ordered property, for i ¼ 0;1;2;3;4.
Proof. We prove the theorem in case of i ¼ 2 and i ¼ 4, and the
other follow similar lines.

(i) Suppose that f / is an ordered embedding soft homeomor-
phism map of a p-soft T2-ordered space ðX; s;A;�1Þ onto
an STOS ðY ; h;B;�2Þ and let x; y 2 Y such that x 6�2 y. Then
P x
b 6�2 P y

b , for each b 2 B. Since f / is bijective, then there exist

Pa
a and Pb

a in eX such that f /ðPa
aÞ ¼ P x

b and f /ðPb
aÞ ¼ P y

b and

since f / is an ordered embedding, then Pa
a 6�1P

b
a. So a 6�1b. By

hypothesis, there exist disjoint soft neighborhoods WE and
VE of a and b, respectively, such that WE is increasing and
VE is decreasing. Since f / is bijective soft open, then
f /ðWEÞ and f /ðVEÞ are disjoint soft neighborhoods of x and
y, respectively. It follows, by Proposition (3.15), that
f /ðWEÞ is increasing and f /ðVEÞ is decreasing. This completes
the proof.

(ii) Suppose that f / is an ordered embedding soft homeomor-
phismmap of a soft normally ordered space ðX; s;A;�1Þ onto
an STOS ðY ; h;B;�2Þ and let HE and FE be two disjoint soft
closed sets such that HE is increasing and FE is decreasing.

Since f / is bijective soft continuous, then f�1
/ ðHEÞ and

f�1
/ ðFEÞ are disjoint soft closed sets and since f / is ordered

embedding, then f�1
/ ðHEÞ is increasing and f�1

/ ðFEÞ is decreas-
ing. By hypothesis, there exist disjoint soft neighborhoods

WE and VE of f�1
/ ðHEÞ and f�1

/ ðFEÞ, respectively, such that

WE is increasing and VE is decreasing. So HEf# f /ðWEÞ and

FEf# f /ðVEÞ. The disjointness of the soft neighborhoods
f /ðWEÞ and f /ðVEÞ completes the proof. h

In the rest of this section, we present some results that connect
between soft compactness and some ordered soft separation
axioms.

Theorem 4.39. If DE is a stable soft compact subset of a p-soft T2-
ordered space ðX; s; E;�Þ, then iðDEÞ (dðDEÞ) is a soft closed set.

Proof. Consider DE is a stable soft compact subset of a p-soft T2-
ordered space ðX; s; E;�Þ and let a 2 ðiðDEÞÞc . Then for all b 2 DE,
we have b 6� a. Therefore there exist an increasing soft neighbor-
hood GiE of b and a decreasing soft neighborhood HiE of a such that

GiE
eTHiE ¼ f£. Thus DEf#S

i2IGiE . Since DE is soft compact, then

DEf# eSi¼n
i¼1GiE . Also, a 2 eTi¼n

i¼1HiE . Since ð eSi¼n
i¼1GiE Þ eTð eTi¼n

i¼1HiE Þ ¼ f£,

then iðDEÞ eTð eTi¼n
i¼1HiE Þ ¼ f£. So a 2 ð eTi¼n

i¼1HiE Þf# ðiðDEÞÞc and this
means that a 2 Int½ðiðDEÞÞc�. Since a is chosen arbitrary, then
ðiðDEÞÞc is a soft open set. Hence iðDEÞ is soft closed. A similar proof
can be given for the case between parentheses. h
Theorem 4.40. Let FE be a decreasing (resp. an increasing) soft com-
pact subset of a p-soft T2-ordered space ðX; s; E;�Þ. If , then
there exist a decreasing (resp. an increasing) soft neighborhood WE

of x and an increasing (resp. a decreasing) soft neighborhood VE of

FE with WE
eTVE ¼ f£.
Proof. Let FE be a decreasing soft compact set such that and
ybFE. Since FE is decreasing, then x 6� y and since ðX; s; E;�Þ is p-
soft T2-ordered, then there exist disjoint soft neighborhoods WiE

and ViE of x and y, respectively, such that WiE is increasing and
ViE is decreasing. Therefore fViEg forms a decreasing soft neighbor-
hood cover of FE. By hypothesis, FE is soft compact, it follows that

FE # eSi¼n
i¼1ViE . Now, eSi¼n

i¼1ViE is a decreasing soft neighborhood of FE

and eTi¼n
i¼1WiE is an increasing soft neighborhood of x. In view of dis-

jointness of the soft neighborhoods eSi¼n
i¼1ViE and eTi¼n

i¼1WiE , the theo-
rem holds. A similar proof is given in case of FE is increasing soft
compact. h
Corollary 4.41. Every soft compact p-soft T2-ordered space
ðX; s; E;�Þ is p-soft T3-ordered.
5. Conclusion

The concept of topological ordered spaces was first presented
by Nachbin (1965). The idea of soft sets was given by Molodtsov
(1999) for dealing with uncertain objects and then the notion of
soft topological spaces was formulated depend on the soft sets
notion by Shabir and Naz (2011). In this work, we present a notion
of monotone soft sets and establish some properties associated
with it such as the relative complement of an increasing (resp. a
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decreasing) soft set is decreasing (resp. increasing) and the finite
product of increasing (resp. decreasing) soft sets is increasing
(resp. decreasing). In the last section, we generate an STOS
ðX; s; E;�Þ which is finer than the given STS ðX; s; EÞ by adding a
partial order relation on the universe set X and then we define
new ordered soft separation axioms namely, soft Ti-ordered spaces
ði ¼ 0;1;2;3;4Þ which are strictly stronger than soft Ti (Shabir and
Naz, 2011) and p-soft Ti (El-Shafei et al., 2018) in case of i ¼ 0;1;2.
By analogy with the equivalent conditions of T1-ordered and
regularly ordered spaces on topological ordered spaces, we give
the equivalent conditions for p-soft T1-ordered and p-soft regularly
ordered spaces on soft topological ordered spaces. In Proposition
(4.23), we investigate the conditions under which such p-soft
Ti-ordered spaces ði ¼ 0;1;2Þ are equivalent, and in Theorem (4.32),
we point out that the finite product of p-soft Ti-ordered spaces is
p-soft Ti-ordered, for i ¼ 0;1;2;3;4. By using ordered embedding
soft homeomorphism maps we define soft topological ordered
properties and then verify that the property of being a p-soft
Ti-ordered space is a topological ordered property, for
i ¼ 0;1;2;3;4. The important role which soft compactness play
with some of the initiated ordered soft separation axioms are
studied. From this study, it can be seen that an STOS ðX; s; E;�Þ
consider an STS if � is an equality relation and consider a topolog-
ical ordered space if E is a singleton set. Finally, the concepts intro-
duced and results obtained herein form an introductory platform
and open scopes for studying further important topics related to
soft topological ordered spaces. We plan in an upcoming paper,
to introduce and study new ordered soft separation axioms by
utilizing total belong 2 and partial non belong R.
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