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This paper discusses the thermal stratification and suction/injection effects on the entropy generation
and heat transfer due to convective boundary layer flow over a vertical stretching cylinder using
Buongiorno’s model for nanofluids. For the nanoparticle volume fraction, the boundary conditions are
taken such that its normal fluxes are zero. The governing equations and the entropy equation are derived
in cylindrical coordinates, in details. Similar transformations are used to convert the governing equation
into ordinary differential equations and the resulting system is solved numerically using MATLAB func-
tion bvp4c. The obtained results are presented in terms of velocity profiles, temperature distributions,
nanoparticle volume fraction, local entropy generation, skin friction coefficient and local Nusselt number.
It is found that the minimum values of the entropy generation occur in the injection case, while the suc-
tion case maximizes the entropy generation. The increase in the thermal stratification parameter
decreases the profiles of velocity temperature and nanoparticle volume fraction, while it enhances the
entropy generation.
� 2017 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The study of heat transfer by mixed/natural convection bound-
ary layer flow over stretching cylinders has received considerable
attentions due to its great importance in many industrial engineer-
ing applications. These applications include, for example, fiber
technology, wire drawing, cooling of nuclear reactors during emer-
gency shutdown conditions, extrusion processes, rubber sheets
and polymer extrusion, manufacture of plastic and glass–fiber pro-
duction, etc (Kakaç and Pramuanjaroenkij, 2009). Hence, many
researchers were interested in studying this topic. Mansour et al.
(2011) discussed the effect of thermal stratification on mixed con-
vection flow of micropolar fluids over a permeable stretching tube.
They interested with both strong and weak concentration of
microelement cases. Their results indicated that the increase in
thermal stratification parameter causes enhancements in the rate
of heat transfer. Ahmed et al. (2014) focused on the presence of
heat generation/absorption effect in the flow region of nanofluid
flow over stretching cylinder. It is found that the increase in the
solid volume fraction has a dominant effect on the local Nusselt
number for all models under consideration. Grosan and Pop
(2011) reported on the boundary layer flow of a nanofluid past a
vertical tube with stagnation point. They indicated that there exist
dual solutions when the tube surface is cooled. The entropy gener-
ation analysis due to boundary layer flow and heat transfer past a
hyperbolic stretching cylinder is investigated by Majeed et al.
(2016). It is observed that the curvature parameter has dominant
effect on the flow and heat transfer characteristics. The results
obtained by Mukhopadhyay (2013) show that the increase in mag-
netic field parameter or slip parameter reduces the velocity pro-
files. Mukhopadhyay (2012) examined the boundary layer flow
and heat transfer past a vertical stretching cylinder saturated in
porous media. A similar solutions and a shooting technique were
used in the solution of problem. The increase in the curvature
parameter is found to has negative effect on the velocity profiles
and temperature distributions. Rashad et al. (2013) analyzed
mixed convection boundary layer flow over a horizontal cylinder
with a stagnation point and embedded in porous medium using
nanofluid. The results show that the increase in mixed convection
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Nomenclature

Be Bejan number
Br Brinkman number
Cf local skin-friction coefficient
DB Brownian diffusion coefficient
DT thermophoretic diffusion coefficient
g gravity acceleration vector (m/s2)
Gr Grashof number
k thermal conductivity (W/mK)
Le Lewis number
n thermal stratification parameter
Ns total entropy generation
Nu local Nusselt number
Nb Brownian motion parameter
Nt thermophoresis parameter
Nr buoyancy ratio
Pr Prandtl number
Re Reynolds number
ST dimensionless entropy generation due to the heat trans-

fer irreversibility
S000 Local entropy generation (W/m3 K)
S/ entropy generation due to mass diffusion
SF entropy generation due to viscous dissipation

T temperature (K)
u velocity vector (m/s)

Greek symbols
s stress tensor
ðqCÞp heat capacity of the nanoparticle material
/ nanoparticle volume fraction (%)
q density (kg/m3)
ðqCÞf heat capacity of the base fluid
c suction/injection parameter
X dimensionless temperature difference
R dimensionless concentration difference
� dimensionless constant
g similarity variable

Subscripts
f base fluid
p nanoparticles
w surface conditions
1 ambient conditions
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parameter increases the velocity profiles, while it decreases the
distributions of temperature and nanoparticle volume fraction.
The references (Anwar et al., 2008; Wang, 1988; Ishak et al.,
2008; Khan and Pop, 2010; Bachok and Ishak, 2010) discussed
the boundary layer flow over cylinders using regular fluid, nano-
fluid and viscoelastic fluid.

Buongiorno (2006) presented a comprehensive study for heat
transfer by convective in nanofluids. In this investigation, the
author presented a logical explanation for abnormal increase in
heat transfer coefficient for such fluid. He says that the nanofluids
properties vary significantly within the boundary layer and this
due to the effect of thermophoresis and temperature gradients.
Therefore, these effects cause a decrease of viscosity within the
boundary layer and consequently the heat transfer is enhanced.
Kuznetsov and Nield (2010) used Buongiorno’s model to discuss
the heat transfer by convective boundary layer flow along a vertical
plate via nanofluids. They showed that the heat transfer rate is a
decreasing function of buoyancy-ratio parameter, Brownian
motion parameter and thermophoresis parameter. Nield and
Kuznetsov (2009) used the nanofluid model of Buongiorno (2006)
to investigate the Ching-Minkowyze problem for natural convec-
tion of a nanofluid along a vertical plate saturated porous medium.
They indicated that the thickness of the mass fraction boundary
layer is smaller than the thermal boundary layer when Lewis num-
ber is greater than 1. Kuznetsov and Nield (2013, 2014) revised the
models (Kuznetsov and Nield, 2010; Nield and Kuznetsov, 2009)
such that the nanoparticle volume fraction on the wall is passively
rather than actively controlled. Elshehabey and Ahmed (2015) dis-
cussed the mixed convection of a nanofluid flow in a lid-driven
enclosure with non-uniform temperature distributions on both
side walls. They used the nanofluid model in Buongiorno (2006)
to simulate their problem. They noted that the presence of mag-
netic force causes a reduction in the nanofluid flow. Ahmed and
Mahdy (2016) developed the model in Buongiorno (2006) to dis-
cuss the bioconvection flow over a vertical wavy surface embedded
in a non-Darcy porous medium. They examined the negative
effects of the Grashof number and magnetic parameter on the local
Nusselt number and the local density number of the motile
microorganisms. On the other hand, the study of the entropy
generation due to nanofluid flow can be found in Mansour
et al. (2016), Shahi et al. (2011), Mahmoudi et al. (2013),
Khorasanizadeh et al. (2013), Mehrez et al. (2013), Parvin et al.
(2014), Noghrehabadi et al. (2013), Rashidi et al. (2015), Nayak
et al. (2016) and Mchirgui et al. (2012). Mansour et al. (2016)
reported on the entropy generation analysis in magnetohydrody-
namic natural convection flow a nanofluid in a square enclosure
filled with a porous medium. It is observed that the average Bejan
number increases as the Hartmann number increases. Shahi et al.
(2011) discussed the entropy generation due to natural convection
of a Cu-water nanofluid inside an enclosure with a protruded heat
source. They showed that putting the heat source mountains in the
bottom wall gives the maximum values of Nusselt number and
minimum entropy generation. Mahmoudi et al. (2013) focused
on the entropy generation due to MHD natural convection of a
water based nanofluid inside a trapezoidal enclosure. They indi-
cated that the entropy generation is a decreasing function of a
nanoparticle volume fraction, while it is increased by increasing
the magnetic field parameter. The problem of heat transfer by
mixed convection flow of a nanofluid in a lid-driven enclosure
when the entropy generation analysis is taken into account was
discussed by Khorasanizadeh et al. (2013). It is found that the min-
imum entropy generation occurs in pure fluid at low Rayleigh and
low Reynolds numbers. In the references (Mehrez et al., 2013;
Parvin et al., 2014; Noghrehabadi et al., 2013; Rashidi et al.,
2015; Nayak et al., 2016) the authors focused on the entropy gen-
eration due to convective flow of nanofluids inside an open cavity,
direct absorption solar collector, over a stretching sheet and past a
vertical plate saturated porous medium. The entropy generation
analysis due to double diffusive convection inside a square enclo-
sure filled with porous medium using Darcy model was investi-
gated by Mchirgui et al. (2012). The results revealed that the
entropy generation decreases as the Darcy number increases.
Sheikholeslami and Zeeshan (2017) discussed the Cu-water nano-
fluid flow in a permeable enclosure under the impact of Lorentz
forces. They indicated that the heat transfer is enhanced with rise
of the inclination angle and Hartmann number. The effects of ther-
mal radiation and magnetic dipole on the ferromagnetic fluid flow
over a stretching sheet were examined by Zeeshan et al. (2016).
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Shehzad et al. (2016) used a Buongiorno’s nanofluid model to dis-
cuss the convective heat transfer of nanofluid inside a wavy chan-
nel. Zeeshan et al. (2016) and Ellahi et al. (2016) interested with
particle shape effects on the boundary layer flow of nanofluid.
The results of Zeeshan and Majeed (2016) referred that the
increase in the ferromagnetic interaction increases the local skin
friction coefficient. Sheikholeslami and Rokni (2017) investigated
the double diffusion convection in the presence of induced mag-
netic field using the two phase nanofluid model. Recently several
authors focused on several methods of heat transfer enhancement
using nanofluid (Sheikholeslami and Bhatti, 2017; Sheikholeslami
and Shehzad, 2017a,b; Sheikholeslami and Sadoughi, 2017;
Sheikholeslami, 2017).

Motivated by all the studies mentioned above, the main objec-
tive of this investigation is to study the entropy generation analysis
due to boundary layer flow and heat transfer of a nanofluid over a
vertical stretching cylinder using Buongiorno (2006) model. The
novelty of the present study appears in the investigation of the
case of nanofluid in which the nanoparticle volume fraction at
the boundary is active control and case of the entropy generation,
those are ignored by Mansour et al. (2011). In addition, common
examples of the practical applications for this subject are the
extrusion of metals into cooling liquids, food, plastic products,
the reprocessing of material in the molten state under high tem-
perature. The MATLAB function bvp4c is used to solve the govern-
ing equations after converting them to similar form. The viscous
dissipation term in cylindrical coordinates is derived in detail
and the Bejan number is defined. Far as we know, this investigation
did not present before.
Fig. 1. Physical model and coordinate system.
2. Assumption of the problem

Consider a steady two-dimensional flow of an incompressible
viscous nanofluid over a vertical stretching cylinder. The physical
model and coordinates system are depicted in Fig. 1. The r-axis is
measured in the radial direction and the z-axis is measured along
the cylinder axis. It is assumed that the flow is laminar. The model
used for nanofluid includes both the Brownian motion and ther-
mophoresis effects. Besides, the free stream conditions for temper-
ature and nanoparticles volume fraction are T1 and /1,
respectively, whereas, the cylinder surface conditions for tempera-
ture are TwðzÞ. Further, the normal fluxes of the nanoparticles vol-
ume fraction is taken to be equal zero when the thermophoresis is
considered. This makes the nanoparticles volume fraction at the
surface active control compared with constant conditions of the
nanoparticles volume fraction. The effects of radiation, Joule heat-
ing and viscous dissipation are neglected.
3. Mathematical analysis

The first stage in our analysis is the derivation of the governing
problem step by step as follows:

Introducing the governing equations in vector forms:

r � u ¼ 0 ð1Þ

qf ðu � ruÞ ¼ �rpþ q�g þr � s ð2Þ

ðqCÞf ðu � rTÞ ¼ kr2T þ ðqCÞp DBr/ � rT þ DT

T1
rT � rT

� �
ð3Þ

ðu � r/Þ ¼ DBr2/þ DT

T1
r2T ð4Þ

where q� ¼ /qp þ ð1� /Þ � fqf ð1� bðT � T1ÞÞg
In the above equations, u ¼ ður ;uh;uzÞ is the velocity vector; p is
the pressure; g is the gravity acceleration vector; s is the stress
tensor; ðqCÞf is the heat capacity of the base fluid; T is the temper-
ature; k is the thermal conductivity; ðqCÞp is the effective heat
capacity of the nanoparticle material; DB is the Brownian diffusion
coefficient; / is the nanoparticle volume fraction; DT is the ther-
mophoretic diffusion coefficient; q is the density and the sub-
scripts f and p refer to the base fluid and nanoparticles,
respectively.

The definition of the gradient of a scalar, the divergence of the
velocity and the advection of velocity in cylindrical coordinates
may be expanded, respectively, as follows:

ru ¼ @u
@r

r̂ þ 1
r
@u
@h

ĥþ @u
@z

ẑ ð5Þ

r � u ¼ 1
r
@ðrurÞ
@r

þ 1
r
@uh

@h
þ @uz

@z
ð6Þ

u � ru ¼
ur

@ur
@r þ uh

r
@ur
@h � u2h

r þ uz
@ur
@z

ur
@uh
@r þ uh

r
@uh
@h þ uruh

r þ uz
@uh
@z

ur
@uz
@r þ uh

r
@uz
@h þ uz

@uz
@z

8>><
>>: ð7Þ

Also, taking into account the advantage of the symmetry of the
stress tensor, the divergence of stress tensor in the cylindrical coor-
dinates is presented as:

r � s ¼
1
r

@ðrsrr Þ
@r þ 1

r
@ðsrhÞ
@h � shh

r þ @ðsrzÞ
@z

1
r

@ðshhÞ
@h þ @ðsrhÞ

@r þ 2srh
r þ @ðshzÞ

@z

1
r

@ðrsrzÞ
@r þ 1

r
@ðshzÞ
@h þ @ðszzÞ

@z

8>><
>>: ð8Þ
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where the components of the stress tensor in cylindrical coordi-
nates are expressed as:

srr ¼ 2lf
@ur

@r
; shh ¼ 2lf

1
r
@ðuhÞ
@h

þ ur

r

� �
; szz ¼ 2lf

@uz

@z
;

srh ¼ lf r
@

@r
uh

r

� �
þ 1

r
@ur

@h

� �
; shz ¼ lf

@ðuhÞ
@z

þ 1
r
@uz

@h

� �
;

srz ¼ lf
@ðuzÞ
@r

þ @ur

@z

� �
ð9Þ

For a two-dimensional flow and using Eqs. (5)–(9) and considering
the boundary layer approximations, the governing equations of the
problem are written as:

@ur

@r
þ @uz

@z
þ ur

r
¼ 0 ð10Þ

qf uz
@uz

@z
þ ur

@uz

@r

� �
¼ lf

@2uz

@r2
þ 1

r
@uz

@r

" #
þ ðð1� /1Þqf1bgðT � T1Þ

� ðqp � qf1Þð/� /1ÞgÞ ð11Þ

qf uz
@ur

@z
þ ur

@ur

@r

� �
¼ � @p

@r
þ lf

@2ur

@r2
þ 1

r
@ur

@r
� ur

r2

" #
ð12Þ

ðqCÞf uz
@T
@z

þ ur
@T
@r

� �
¼ k

@2T
@r2

þ 1
r
@T
@r

" #

þ ðqCÞp DB
@T
@r

� @/
@r

� �
þ DT

T1

@T
@r

� �2
( )

ð13Þ

uz
@/
@z

þ ur
@/
@r

¼ DB
@2/
@r2

þ 1
r
@/
@r

" #
þ DT

T1

@2T
@r2

þ 1
r
@T
@r

" #
ð14Þ

The boundary conditions are expressed as:

r ¼ a; ur ¼ Uw; uz ¼ Vw; T ¼ TwðzÞ

¼ T1ðzÞ þ Azn; DB
@/
@r

þ DT

T1

@T
@r

¼ 0; ð15aÞ

r ! 1; uz ! 0; T ! T1ðzÞ; / ! /1ðzÞ ð15bÞ
where Uw ¼ �cac; Vw ¼ 2cz; c is a positive constant and c is a con-
stant such that c > 0 refers to mass suction and c < 0 refers to mass
injection. Also, T1ðzÞ and /1ðzÞ are considered to be equal
T0 þ n

1�n Az
n and /0 þ n

1�n Az
n, respectively, with a reference temper-

ature T0ð0Þ and a reference nanoparticle volume fraction /0ð0Þ. Fur-
ther n is the thermal stratification parameter with the range
0 6 n 6 1 and the suffices w and 1 denote surface and ambient
conditions.

Introducing the following similarity transformations, see Wang
(1988):

g ¼ r
a

� �2
; ur ¼ �ca

FðgÞffiffiffigp ; uz ¼ 2czF 0ðgÞ; # ¼ T � T1
Tw � T1

;

S ¼ /� /1
/w � /1

ð16Þ

Substituting Eq. (16) in Eqs. (11), (13) and (14), the following
ordinary differential equations are obtained:

gF 000 þ F 00 þ Re½FF 00 � F 02 þ Gr½#� NrS�� ¼ 0 ð17Þ

g#00 þ ð1þ RePrf Þ#0 � nRePrf 0 #þ n
1� n

h i
þ PrgðNbS

0#0 þNt#
022Þ ¼ 0

ð18Þ
gS00 þ ð1þ ReLef ÞS0 � nReLef 0 Sþ n
1� n

h i
þ Nt

Nb
ðg#00 þ #0Þ ¼ 0 ð19Þ

where the prime denotes the differentiation with respect to g and
Re ¼ ca2

2tf
is the Reynolds number, Pr ¼ tf

a is the Prandtl number,

Le ¼ tf
DB

is the Lewis number, Nb ¼ ðqCÞpDBð/w�/1Þ
tf ðqCÞf is the Brownian

motion parameter, Nt ¼ ðqCÞpDT ðTw�T1Þ
T1tf ðqCÞf is the thermophoresis parame-

ter, Nr ¼ ðqp�qf1Þð/�/1Þ
ð1�/1Þqf1bðTw�T1Þ is the buoyancy ratio,

Gr ¼ ð1�/1Þqf1bgðTw�T1Þ
qf 4c2z

¼ ð1�/1Þqf1bgðTw�T1Þz
qf V

2
w

is the Grashof number.The

boundary conditions are, also, converted to:

F ¼ c; F 0 ¼ 1; # ¼ 1; NbS
0 þ Nt#

0 ¼ 0atg ¼ 1: ð20aÞ

F 0 ! 0; # ! 0; S ! 0 as g ! 1: ð20bÞ
As it has been referred by Kuznetsov and Nield (2013), the local
Sherwood number, in this case is identically zero; however, the
local skin-friction coefficient and the local Nusselt number are,
respectively, given by:

Cf ¼
2lf

qf V
2
w

@uz

@r

� �
r¼a

ð21Þ

Nu ¼ �a
DT

@T
@r

� �
r¼a

ð22Þ

Using the dimensionless quantities presented in Eq. (16), Eqs. (21)
and (22) are converted to:

Rez
a

Cf ¼ F 00ð1Þ ð23Þ

Nu ¼ �2#0ð1Þ ð24Þ
4. Entropy generation analysis

In the present problem, the entropy generation consists of three
sources. i.e. entropy generation due to heat transfer, viscous dissi-
pation and mass diffusion, as presented in Mchirgui et al. (2012).
Here, the equation of the entropy is expressed as:

SG ¼ k

T2
1
ðrTÞ2 þ lf

T1
Uþ RdDB

/1
ðr/Þ2 þ RdDB

T1
r/ � rT ð25Þ

At this point, it is important to derive the form of viscous dissipa-
tion term in cylindrical coordinates as follows:

U ¼ 1
lf
s : ru ð26Þ

Using Eqs. (8) and (9), Eq. (26) can be written as:

U ¼ 2
@ur

@r

� �2
þ 2

1
r
@uh

@h
þ ur

r

� �2
þ 2

@uz

@z

� �2

þ r
@ðuh=rÞ

@r
þ 1

r
@ur

@h

� �2
þ 1

r
@uz

@h
þ @uh

@z

� �2
þ @uz

@r
þ @ur

@z

� �2
ð27Þ

For two dimensional flow and using Eq. (5), the entropy equation is
given by:

S000 ¼ k

T2
1

@T
@r

� �2

þ @T
@z

� �2
" #

þ RdDB

/1

@/
@r

� �2

þ @/
@z

� �2
" #

þ RdDB

T1

@T
@r

@/
@r

þ @T
@z

@/
@z

� �

þ lf

T1
2

@ur

@r

� �2
þ 2

@uz

@z

� �2
þ @uz

@r
þ @ur

@z

� �2" #
ð28Þ
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Using boundary layer approximations:

S000 ¼ k

T2
1

@T
@r

� �2
" #

þ RdDB

/1

@/
@r

� �2
" #

þ RdDB

T1

@T
@r

@/
@r

� �
þ lf

T1

@u
@r

� �2

ð29Þ
Converting Eq. (29) to dimensionless form using characteristic
entropy generation rate S0000 as:

NS ¼ S000

S0000
ð30Þ

where;

S0000 ¼ kðDTÞ2
ðaT1Þ2 ð31Þ

Using Eq. (16), the similar form of Eq. (30) is obtained as follows:

NS ¼ ST þ S/ þ SF ð32Þ

where ST ¼ 4g#02, S/ ¼ � R
X

	 
2ð4g/02Þ þ � R
X ð4g/0#0Þ; SF ¼ Br

X ½ F2g� F 0�2In
Eq. (32), X ¼ DT

T1
is the dimensionless temperature difference, R ¼ D/

/1

is the dimensionless concentration difference, Br ¼ lf V
2
w

kDT is the Brink-

man number and � ¼ RdDB/1
k is dimensionless constant. Also, ST is the

dimensionless entropy generation due to the heat transfer irre-
versibility, S/ is the entropy generation due to mass diffusion and
SF is the entropy generation due to viscous dissipation.

The Bejan number Be is defined as the ratio between the
entropy generations due to heat transfer ST and the total entropy
generation NS and it can be written as:

Be ¼ ST
NS

ð33Þ
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-3.5

-3.0
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F'
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 Wang [10]
 Ishak et al. [11]
 Mansour et. al.[2]
 present

Fig. 2. Validation test at Gr ¼ 0 and c ¼ 0.
5. Numerical section and validation

Numerical method used to solve the equations (17)–(19)
depends, strongly, on the MATLAB software. Here, we need to
reduce the higher order derivatives with respect to g. This can be
obtained by introducing the following new variables:

F ¼ Y1ðgÞ; F 0 ¼ Y2ðgÞ; F 00 ¼ Y3ðgÞ; # ¼ Y4ðgÞ; #0 ¼ Y5ðgÞ;
S ¼ Y6ðgÞ; S0 ¼ Y7ðgÞ ð34Þ
Using (34), Eqs. (17)–(19) transform to the following first order dif-
ferential system:

dY1

dg
¼Y2 ð35aÞ

dY2

dg
¼ Y3 ð35bÞ

dY3

dg
¼ ð�Y3 � Re½Y1Y3 � Y2

2 þ Gr½Y4 � NrY6��Þ
g

ð35cÞ

dY4

dg
¼ Y5 ð35dÞ

dY5

dg
¼

�ð1þRePrY1ÞY5þnRePrY2 Y4þ n
1�n

	 
�PrgðNbY5Y7þNtY
2
5Þ

� �
g

ð35eÞ

dY6

dg
¼ Y7 ð35fÞ
dY7

dg
¼

�ð1þ ReLeY1ÞY7 þ nReLeY2 Y6 þ n
1�n

	 
þ Nt
Nb
ðg dY5

dg þ Y5Þ
� �

g
ð35gÞ

Subject to the following boundary conditions:

Y1ð1Þ ¼ c; Y2ð1Þ ¼ 1; Y4ð1Þ ¼ 1; NbY7ð1Þ þ NtY5ð1Þ ¼ 0 ð36aÞ

Y2ðgmaxÞ ¼ 0; Y4ðgmaxÞ ¼ 0; Y6ðgmaxÞ ¼ 0 ð36bÞ
The second step in this technique is calling the function bvp4c from
MATLAB library to solve the previous system. The value of gmax is 20,
while the step size is 0.04. Also, the accuracy of this method is
tested by comparing the obtained data with those obtained by
Mansour et al. (2011), Wang (1988) and Ishak et al. (2008). Fig. 2
shows excellent agreements are found between the present results
and previously published results.
6. Results and discussion

The obtained numerical results are discussed in this section.
The governing physical parameters are Grashof number Gr, suc-
tion/injection parameter c, the index parameter n, the Reynolds
number Re, the thermophysical parameter Nt , the Brownian
motion parameter Nb and the buoyancy parameter Nr those are
varied in wide ranges i.e. 0 6 Gr 6 5; �0:5 6 c 6 0:5;
0 6 n 6 0:5; 0:5 6 Re 6 3, 0:1 6 Nt 6 0:5; 0:1 6 Nb 6 0:5; 0:1 6
Nr 6 0:5, respectively. For the nanofluidmodel, water is considered
as a base fluid with Pr ¼ 7:0. The data is depicted in Figs. 2–14 in
terms of velocity profiles, temperature distributions, nanoparticle
volume fraction profiles and local entropy generation rate. The val-
ues of skin friction coefficient and local Nusselt number are pre-
sented in Tables 1–3. The values of � ¼ 0:001; R ¼
0:01; X ¼ 100 and Br ¼ 1 are taken into account through the
procedures.

Figs. 3–6 show the profiles of velocity, temperature, nanoparti-
cles volume fraction and entropy generation for different values of
Grashof number Gr. Here, three values of suction/injection param-
eter c are considered. The value of c ¼ �0:5 represents the injec-
tion case, the value of c ¼ 0 denotes the impermeable cylinder
and the value of c ¼ 0:5 refers to the suction case. The results
reveal that the increase in Gr enhances the nanofluid velocity,
nanoparticle volume fraction distributions and local entropy gen-
eration rate, while on contrary, the temperature distributions are
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reduced by increase Gr. The physical explanation of these behav-
iors is due to the buoyancy force arising from the temperature dif-
ference inside the flow domain. This force makes the fluid flows
rapidly. Beside, based on the fact that the increase in the velocity
decreases the temperature, the effect of Gr on the temperature dis-
tributions can be explained. Further, the increase in suction/injec-
tion parameter causes a decrease in the velocity profiles and
temperature distributions, while it increases the distributions of
nanoparticle volume fraction. This can be attributed to the total
mass of the nanofluid that decreases in the suction case ðc > 0Þ
which makes the fluid movement slower. Also, the suction case
makes the fluid cooler and hence the temperature distributions
decreases. In addition, Fig. 6 shows that the entropy generation
takes its maximum values in the suction case and takes its mini-
mum values in the injection case. This behavior is due to the
momentum boundary layer thickness and thermal boundary layer
thickness those have a dominance effect on the entropy generation
in the suction case.

Figs. 7–10 display the profiles of velocity, temperature,
nanoparticles volume fraction and local entropy generation for
different values of Reynolds number Re and thermal stratification
parameter n. It should be mentioned that the case of n ¼ 0 means
the temperature difference in the flow domain is constant and
n ¼ 0:5 means variable temperature differences. It is clear that
the increase in Re acts as a retarding force for the nanofluid flow.
Like the velocity behavior, the temperature distributions decrease
as Re increases, while on contrary, the nanoparticle volume frac-
tion and the local entropy generation get higher values by increase
Re. Moreover, the thermal stratification effect gives behavior simi-
lar to the effect of Re on F0, #, S. However, the local entropy gener-
ation is very sensitive for the increase in thermal stratification
parameter. The increase in n enhances the temperature gradients
in the flow region. Consequently, the local entropy generation
increases, slightly, by increasing n. To explain the thermal stratifi-
cation effect, it should be referred to its definition. When the nano-
fluid is warmer than 4 �C it gets less dense for each increment in
degree Celsius. This allows for thermal layering; where warmer
nanofluid is stored on top of colder nanofluid this phenomenon
defined as ‘‘thermal stratification”. Now, the increase in n leads
to decrease the temperature difference which in turn decreases
the mixed convection.
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In Fig. 11, the profiles of the dimensionless velocity for different
values of thermophysics parameter are plotted. It is observed that
the velocity profiles are reduced by the increase in Nt. Besides,
Fig. 12 is plotted to visualize the distributions of nanoparticle vol-
ume fraction for different values of Nt. Here, the negative values of
nanoparticle volume fraction is due to the fact that the effect of
thermophoresis is such that an elevation. Hence, there exists a
depression in the relative value of nanoparticle volume fraction
at the wall (see Kuznetsov and Nield, 2013). Moreover, the increase
in Nt causes a clear enhancement in the distributions of SðgÞ, par-
ticularly, near the wall. Fig. 13 shows the temperature distribu-
tions for different values of Nt. The results indicated that the
increase in Nt enhances the temperature distributions and this is
due to the buoyancy force resulting from the temperature differ-
ence ðTw � T1Þ inside the flow domain. Unlike the effect of Nt on
SðgÞ, the increase in Nb leads to vanishing the behavior of S, as it
can be noted in Fig. 14. The velocity profiles and temperature dis-
tributions are insensitive with the variations of Nb and thus it is
omitted. In Fig. 15, the influence of buoyancy ratio on the velocity
profiles is depicted. The increase in Nr declares the nanofluid
motion. This can be attributed to the temperature differences
inside the boundary layer that decreases by the increase in Nr
and as a result the mixed convection decreases.

Lastly, Tables 1–3 present the values of skin friction coefficient
F00(1) and local Nusselt number �2#0ð1Þ for different values of Gr,
c;Re;n;Nr and Nb. The results indicated that all the values of F00

(1) is negative in the case of c > 0 (suction case). In addition, the
increase in c leads to increase the momentum and thermal bound-
ary layer thickness. Therefore, the absolute values of F00(1) and the
rate of heat transfer �2#0ð1Þ increase as c increases. Besides, the
increase in Gr causes enhancement in the local Nusselt number,
whereas it decreases jF00ð1Þj. Further, both of jF00ð1Þj and �2#0ð1Þ
increase as the thermal stratification parameter n or Reynolds
number Re increases. The effect of Nr on jF00ð1Þj is more significant
at the low values of Nb (Nb = 0.1) compared with the case of
Nb = 0.3. morevere, jF00ð1Þj increases as Nr increases. This behavior
is observed for Nb = 0.1, while on contrary the case Nb = 0.3, jF00ð1Þj
is reduced as Nr increases. The local Nusselt decreases as Nr
increases for all values of Nb. In addition, the increase in Nb
enhances the rate of heat transfer.
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Table 1
Values of skin-friction coefficient and local Nusselt number for different values of Gr
and c at Re ¼ 2;Nr ¼ Nb ¼ Nt ¼ 0:1;n ¼ 0:1; Pr ¼ 0:7; Le ¼ 2.

c Gr F00(1) �2#0ð1Þ
�0.5 0 �1.1812 0.9495

1 �0.5315 1.1241
3 0.5513 1.3530
5 1.5029 1.5229

0 0 �1.5944 6.0671
1 �1.2353 6.1687
3 �0.5520 6.3461
5 0.0956 6.4990

0.5 0 �2.1472 16.0439
1 �1.9732 16.0604
3 �1.6258 16.0938
5 �1.2793 16.1274

Table 2
Values of skin-friction coefficient and local Nusselt number for different values of Re
and n at Gr ¼ 1; Nr ¼ Nb ¼ Nt ¼ 0:1; c ¼ 0:2; Pr ¼ 0:7; Le ¼ 2.

n Re F00(1) �2#0ð1Þ
0 0.1 �0.4231 1.6599

0.5 �0.7635 3.8315
1 �1.0578 5.8323
3 �1.8212 12.3603

0.5 0.1 �0.4950 3.0380
0.5 �0.9272 6.8962
1 �1.2657 10.1446
3 �2.1996 19.8017

Table 3
Values of skin-friction coefficient and local Nusselt number for different values of Nb
and Nr at Re ¼ 2; Gr ¼ 1; Nt ¼ 0:1; c ¼ 0:2; n ¼ 0:1; Pr ¼ 0:7; Le ¼ 2.

Nb Nr F00(1) �2#0ð1Þ
0.1 0 �1.5167 9.7463

0.1 �1.5330 9.7358
0.3 �1.5684 9.7128

0.3 0 �1.5169 9.7551
0.1 �1.5212 9.7523
0.3 �1.5299 9.7466
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Fig. 15. Profiles of the dimensionless velocity for different values of Nr at
Re ¼ 2; n ¼ 0:1; Gr ¼ 1; Nr ¼ Nb ¼ Nt ¼ 0:1; c ¼ 0:2; Pr ¼ 7:0; Le ¼ 2.
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7. Conclusions

The steady two-dimensional boundary layer flow and heat
transfer of nanofluids over a vertical permeable stretching cylinder
in the presence of thermal stratification effect was, theoretically,
studied. The entropy generation analysis due to this type of con-
vective heat transfer was employed. A comprehensive analysis
for the governing equations including the derivation of these equa-
tions in cylindrical coordinates, similar solutions and numerical
method was presented. Comparisons with previously published
results were produced and found to be in excellent agreements.
From the present study, the following findings are concluded:

� The maximum values of the entropy generation occur in the
suction case, while on contrary the injection case minimizes
the entropy generation.

� The increase in the thermal stratification parameter enhances
the entropy generation.

� The increase in the Grashof number increases the velocity pro-
files and nanoparticle volume fraction, whereas it reduces the
temperature distributions.

� The increase in the suction/injection parameter or Reynolds
number causes a reduction in profiles of the velocity and tem-
perature; however, it increases the nanoparticle volume
fraction.

� The thermal stratification parameter has negative effect on the
profiles of velocity, temperature and nanoparticle volume
fraction.

� The increase in the thermophoresis parameter reduces the
velocity profiles, while it enhances both the temperature and
nanoparticle volume fraction distributions.

� The Brownian motion parameter has negative effect on the
nanoparticle volume fraction distributions, while the velocity
and temperature is insensitive with the variation of the Brown-
ian motion parameter.

� The increase in the buoyancy ratio impedes the fluid flow.
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